
PHYSICAL REVIEW C VOLUME 48, NUMBER 4 OCTOBER 1993

Systematic variation of fission barrier heights for symmetric and asymmetric mass divisions
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The excitation functions and the mass yield curves for proton-induced fissions of U, U, U,
Np, Pu, Pu, Pu, 'Am, and Am targets were studied. The excitation functions for near-

symmetrically divided fragments were found quite different in shapes and threshold energies from those
of asymmetrically divided ones in all the fissioning systems studied. In order to obtain the fission barrier
heights for symmetric and asymmetric mass division, the conventional Bohr-Wheeler type calculations
for the competition between fission and neutron emission were performed. In the calculation, two in-
dependent fission channels, symmetric and asymmetric, were assumed, and fission barrier heights and
level density parameters that could best reproduce the shapes of the excitation functions (incident energy
dependence) of typical symmetric and asymmetric products were deduced. Barrier heights for sym-
metric and asymmetric mass divisions both decrease as the mass of fissioning nuclide Af increases, and
they also exhibit slight dependence on the atomic number. Difference between the two barrier heights is
2.0—2.5 MeV in the region of Af =236—245. From similar analysis of excitation function data reported
in literature, it is found that the difference changes from a large positive value for N —150, neutron num-
ber of the fissioning nuclide, to a large negative value for 1V-126, and the two barrier heights become
comparable at N= 135—138.

PACS number(s): 25.85.Ge, 27.90.+b

I. INTRODUCTION

Many experimental data on mass and kinetic-energy
distributions have suggested the fact that the shell struc-
ture of the two final fragments plays an important role in
deciding the mass division. It is also reasonable to think
from the studies on the intermediate structure in the
fission cross sections that the fission probability is deter-
mined by the state density around the fission barrier. The
question is, then, is there any experimental evidence that
supports the influence of the nuclear structure near the
barrier on the final mass division? It has long been
known that the yields of symmetrically and asymmetri-
cally divided products vary differently with the incident
energy, possibly due to difFerent threshold energies.
These observations have led Turkevich and Niday [1] to
suggest, as an operational principle, that the fission has
"two independent modes, " one associated with sym-
metric and the other with the asymmetric mass distribu-
tions. The two-mode character was also supported by
Britt, Wegner, and Gursky [2] who measured the
kinetic-energy distribution of fission fragments as a func-
tion of mass ratio. Konecny, Specht, and Weber [3] and
Weber et al. [4] carefully measured fission probabilities
and fragment anisotropies of Ac, ' Ra, and

Ra by direct reactions and found different thresholds
for symmetric and asymmetric fission and different angu-
lar anisotropies for the two components at the energy

close to the fission barrier.
On the theoretical side, the importance of the saddle

point in deciding the final mass division was claimed by
the charged-liquid-drop model according to which there
was no quasistable state after the descent from the saddle
toward scission, the dynamical motion determining the
fate of mass division [5]. Although the liquid-drop model
could only give a saddle with reflection symmetry which
resulted in the symmetric mass division, Moiler and
Nilsson [6] first pointed out with incorporation of the
shell effect by the Strutinsky prescription [7,8] that a
reflection asymmetric saddle was energetically more
favored to the symmetric one at the outer barrier. It was
shown that there could be some correlation between the
calculated saddle mass asymmetry and the experimental-
ly observed mean asymmetry [9—11].

To advance these experimental and theoretical studies,
systematic studies on excitation energy dependence of
mass yield curves are further needed from the light to the
heavy actinide region. Such investigations had been car-
ried out for the proton-induced fission of Th, U,
235U 236U 237Np 239P 242P 244P 241Am d 243Amp~ 7 7

by the present authors [12,13]. The aim of the present
paper is to study how, in terms of the "two-mode" pro-
cess, the two kinds of fission barrier heights vary as a
function of the number of protons and neutrons of the
fissioning compound nucleus. For this purpose, the exci-
tation functions of fission fragments reported were ana-
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lyzed by the Bohr-Wheeler —type statistical calculation of
fission and evaporation.

II. STATISTICAL MODEL CALCULATION

A. Systematical trend of experimental data

Mass yield curves of proton induced fission for U,
235U 236U 237Np 239P 242P 244P 241Am d 243Am

7 p~ 9

were obtained from the observed cross section (mb) of
each fission product and have been reported in a separate

paper [12] together with the experimental procedure and
data treatment. The range of proton energies considered
in the present work is listed in Table I for each target nu-
cleus. The mass divisions were mainly asymmetric and
the probability of symmetric fission increased more rapid-
ly as a function of the excitation energy compared with
that of asymmetric fission in all reactions.

The typical excitation functions of asymmetrically di-
vided fission products are different from those of symme-
trically divided ones as shown in Figs. 1(a)—1(g). The rel-
ative yield of the symmetric to the asymmetric fission is
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FIG. 1. (Continued).

represented by the peak-to-valley ratio of the mass yield
curve as a function of excitation energy and shown in
Figs. 2(a) and 2(b). For more detail investigation, in-
cident energy dependence of the cross section for each
fragment mass (A) to Nb, rr(A)/o( Nb), is investigat-
ed. The ratios of the o(A)/o. ( Nb) for Np+p are
plotted in Fig. 3 as a function of the incident energy of
protons. As can be seen from the figure, the value of the
o.( A)/o ( Nb) for symmetric regions (such as " Cdg) in-
creases from a small value toward unity with an increase
of the proton energy, i.e., the probability of symmetric
fission increases more rapidly compared with that of
asymmetric fission in all reaction systems. However, the
cross-section ratios for the asymmetric products
( A ( 105 and 131( A) are rather independent of proton
energy. Thus, they can be grouped into two as a first ap-
proximation, and within each group the yield ratio
among any two products shows no incident energy
dependence except for some minor Iluctuations. (It is to
be noted that the yield ratios are somewhat different in
the region intermediate between the symmetric and
asymmetric, but they may be interpreted as a mixture of
the asymmetric and symmetric groups. )

These systematic studies of incident energy dependence
strongly suggests the existence of at least two different
threshold energies, one for symmetric mass division and
the other for asymmetric one for fission of actinides rang-
ing from Z =91 through 96.

B. General consideration

The two kinds of threshold energies in the process of
deformation leading to mass division may be interpreted
in two ways. The first postulate is that there are two
different saddles which determine the fission rates of sym-
metric and asyrnrnetric mass division independently al-
though some fluctuation of mass division will be intro-
duced during the descent from the saddle to scission.
This postulate was first introduced by Turkevich and Ni-
day [1] in 1951, and called "two-mode" hypothesis.

TABLE I. Reactions of proton-induced fissions and the
range of the incident energy.

Reaction

232Th +p a

233U +p
235U+p
236U +p
238U+pb
237Np +p
239pu +p

Pu+p
'4'Pu+p
'Am+p
Am+p

'From Ref. [14].
From Ref. [15].

E„...„(MeV)

9—22
8—16
9—18
9-16
10-25
10-32
10-18
12, 18
10-18
9—16
10-16

Theoretically, Pashkevich [16] and Brosa and co-workers
[17,18] claim that there are two kinds of saddles in the
potential energy surface, one symmetric and the other
asymmetric with respect to the reAection plane perpen-
dicular to the nuclear symmetry axis. The second postu-
late is that there is only one-saddle at the deformation of
the second barrier which is reAection asymmetric in

shape [6] according to the microscopic-macroscopic cal-
culation using the Strutinsky prescription [7,8] and this
saddle determines the fission rate. The threshold for
symmetric mass' division is considered to originate from a
static or dynamical barrier during the motion from the
saddle toward scission, thus the process requiring extra
energy at the saddle point for symmetric division.
Moiler, Nix, and Swiatecki [19]recently claims that there
is such a static barrier in the potential energy surface of

Fm but no such barriers for lighter actinide nuclides.
According to the second postulate, the energy depen-

dence of the yields cT(A, E) of typical symmetric and
asymmetric fission products may be described by



1670 T. OHTSUKI, H. NAKAHARA, AND Y. NAGAME 48

a, ( A, E) y, (A)=rf(E,Ef)P(E,Ef+fi) '

o, ( A, E)
a~(E)

y, (A)
=&f(E,Ef )[1 P—(E,Ef+5)] r, (E) ' (2)

~00

:(o)
50—

I I I I I I I I I I

)0
C3

5.0—

0.5
12

I I I I I I I I I I I I I

14 16 18 20 22 24 26 28 30 52 34 36 58

Ex (MeV)

where I f(E,Ef ) is the total fission width in the decay of

a, ( A, E)
oz(E)'

o, (A, E)

y, (A)=I f,(E,Ef, )

y, (A)f f Q(E, Ef a ) P (E)
(4)

the compound nucleus with E and Ef being the excita-
tion energy and the barrier height of the saddle. I,(E)
and o z(E) are the total decay width and the formation
cross section of the compound nucleus, respectively.
P(E,Ef+5) is a fraction of the fission width leading to
symmetric mass division and it depends on the extra en-
ergy 5 required for going toward mass symmetric defor-
mation from the saddle configuration. y ( A ) is a fraction
of either symmetric or asymmetric fission resulting in the
final fragment mass A. The function y ( A) is indepen-
dent of E since the yield ratios among symmetric prod-
ucts themselves and asymmetric ones themselves are in-
dependent of the incident proton energy to the first ap-
proximation within the energy range studied as shown in
Fig. 3 and discussed above.

At present, experimental data are analyzed with an as-
sumption of two fission modes and their threshold ener-
gies are derived. Although the two-mode hypothesis is
conceptually different from the model described by Eqs.
(1) and (2), they are identical in appearance for deriving
threshold energies. Let the fission width decaying
through the symmetric and asymmetric saddle be
rf, (E,Ef, ) and I f, (E,Ef, ), respectively. Then, the
yields of typical symmetric and asymmetric fission prod-
ucts can be described by
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where Ef, and Ef, are the barrier height of the sym-
metric and asymmetric saddle, respectively. From com-
parison of Eqs. (1) and (3), and (2) with (4)

I f, (E,Ef, ) ~ I f(E,Ef )P(E,Ef +5),
rf. (E,Ef, ) rf(E, Ef)[1 P(E,Ef+5)—] .

Therefore, even though the two-mode hypothesis is used
in the following analysis and Ef, and Ef, are derived,
the Ef, corresponds to (Ef+5) and (Ef, Ef, ) =5, the-
extra energy discussed in the second postulate of the dis-
cussion above so long as the probability P (E,Ef +o) fol-
lows the statistical argument.

C. Statistical model calculation

I I I

)0 14 18 22 26
Ex ( MeV)

FICx. 2. (a) Variation of the peak-to-valley ratio for Np+p
(closed triangles) and ' Th+p (closed circles) from Ref. [14].
(b) Variation of the peak-to-valley ratio for various targets as a
function of the excitation energy. Upper part shows Z =93
(open squares indicate ratio for U+p, open triangles for' U+p, closed circles for U+p, and open circles for

U+p), middle part for Z =95 (solid triangles for "Pu+p,
open circles for Pu+p, and closed circles for Pu+p), and
bottom part for Z =96 (open circles for Am+p and closed
circles for 'Am+ p).

We can calculate the competition of fission to neutron
emission I f /I „,where I

„

is the neutron emission
width, with the Bohr-Wheeler —type [20] statistical calcu-
lation. If the existence of two different saddles, sym-
metric and asymmetric, is assumed as in the two-mode
hypothesis, the competition between the symmetric
fission mode and the asymmetric one should be included
in the calculation as separate exit channels:

r, =r„+rf,+rf. +r, ,

I f =I f, +I f, .

There are many parameters involved in the calculation,
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but they can be determined rather unambiguously by
choosing a set of parameters that gives the best 6t to the
experimental data such as oI(E), o, (A, E), a, (A, E),
and peak-to-valley ratios observed in this work. [Al-
though total symmetric and asymmetric 6ssion cross sec-

tions, I &,(E,E&, ) and I &, (E,E&, ), have not been ob-
served, the energy dependence of I'~(E, E&) should be the
same with that of 0.( A, E) as y ( 2 ) is independent of E in
Eqs. (3) and (4).] I"&, and I"&, can be expressed with the
level density and the barrier penetration formula as
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D E
f,s

p(E E—I, —v)

1+exp( —2m' /A'co, )

E p(E E—&, —~)
dK

2n. 0 1+exp( —2~~/%co, )
(10)

where D is the average level spacing of the compound nu-
cleus and ~ is the kinetic energy in the fission degree of
freedom. The parameters involved in the calculation are
a„the level density parameter at ground-state deforma-
tion, a&, and a&, the level density parameter at sym-
metric and asymmetric saddle-point deformation, respec-
tively, A „andA„,the barrier curvature energy for syrn-
metric and asymmetric fission, respectively, Ef s, Ef s2,
Ef 3 and E&,4 the symmetric fission barrier height for
first, second, third, and fourth chance fission, respective-
ly, and E&,&, E&,2, E&,3, and E&,4 the asymmetric
fission barrier height for first, second, third, and fourth
chance fission, respectively. The calculation was per-
formed by means of the AucE code [21] which was
modified to include the symmetric fission barrier and
asymmetric fission barrier as parameters.

In the calculation, fission competition is considered up
to the fourth chance fission which is the fission of a nu-
cleus formed after evaporation of three neutrons from the
compound nucleus. As for the barrier shape, it would be
most appropriate to use a double-humped barrier whose
existence is well established by experimental data.
Indeed, for detailed study of the double-humped potential
surface, fission cross sections should be observed at exci-
tation energies comparable to the barrier heights, and the
data have to be analyzed by taking into considerations
fission channels of specific spins and parities, transmis-
sion coefficient through a double-humped fission barriers,
and the coupling between the levels in well I and II
[22,23]. But as the energy considered in the present cal-
culation is rather high and a subtle difference in the bar-
rier penetration does not essentially affect the final result,
only a single barrier is considered in the calculation in or-
der not to complicate the calculation by introducing
many more unknown parameters. (In Ref. [4], the ratios
of symmetric to asymmetric fission probabilities were ob-
served as a function of excitation energy and the data
were analyzed by use of a double-humped fission barrier.

It was confirmed in the present work that the second bar-
rier heights they derived for symmetric and asymmetric
fission, could also as well be deduced by applying the
single-barrier analysis to their data observed at excitation
energies more than 2 MeV above the barriers. ) It is to be
noted that most of the fission threshold energies or the
fission barrier heights reported in literature are E&, since
the fraction of symmetric fission is small and it does not
alter the results obtained by fitting theoretical calculation
to the experimental excitation function of total fission
cross section.

The calculation was repeated many times by varying
the free parameters until a best set of parameters was ob-
tained that could reproduce typical shapes of the excita-
tion functions observed for symmetrically and asymme-
trically divided products, and the peak-to-valley ratios.
In the fitting procedure, the barrier heights were first
varied by setting the level density parameters as
a&, =a&, = 1.05. However, the calculated peak-to-valley
ratios were larger than the experimental values even if
unrealistic barrier heights were chosen. Therefore, the
level density parameters for symmetric fission had to be
taken larger than those for the asymmetric a&, )aI, by
3 —13%, and, then, the barrier heights were changed for
the best fit to the observed peak-to-valley ratios and the
excitation functions. This choice of level density parame-
ters is qualitatively in agreement with the earlier observa-
tion by Gavron et al. [24] who pointed out the necessity
of including y deformation for the reAection-symmetric
second saddle. The barrier curvature parameters (A'co)

were fixed at the commonly used value of 1.0 MeV be-
cause they were insensitive to the fitting in the present ex-
citation energy region. The level density parameter a„
for neutron emission was fixed to 3/8 in accordance
with the value deduced from neutron capture data.

D. Result of calculations

The parameters deduced are summarized in Table II.
The a&, were around 1.02 —1.07 times larger than a„,
and a&, around 1.12—1.15 times larger than a„.The
asymmetric fission barrier heights for the first chance
fission are compared with reported values [22,23] and
tabulated in Table III. The uncertainties of the deduced

TABLE II. Parameters used in the statistical model calculation for first chance fission.

Reaction

Th+p
233U +p
235U +p
236U +p
238U +p

237+@+p
239Pu+p
242Pu+ p
244Pu+ p
"'Am+ p

Am+p

Ef, (MeV)

5.9
5.8
5.7
6.0
5.3
5.9
5.1

5.0
4.7
44
4.3

Ef, (MeV)

8.8
6.8
7.7
8.1

7.4
7.9
7.2
7.0
6.8
7.0
6.6

af, /a„
1.02
1.05
1.05
1.05
1.05
1.05
1.05
1.05
1.06
1.07
1.06

af, /a„
1.17
1.22
1.20
1.20
1.21
1.21
1.21
1.20
1.19
1.22
1.17

Ef Ef (Me V)

2.9
1.0
2.0
2.1

2.1

2.0
2.1

2.0
2.1

2.6
2.3
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TABLE III. Comparison of fission barrier heights deduced in the present work with literature
values. Ef indicates the asymmetric barrier height obtained from present work. E„andEz for the
first and second barrier heights from Refs. [23,22], respectively.

Fissioning
Nuclei

af, /a„Ef(MeV)
(This work)

E„(MeV) E~ (MeV)
(Ref. [23])

E„(MeV) E~ (MeV)
(Ref. [22])

233p

234Np

236Np

237Np

239Np
238p

Am
Am
Am

242Cm

'44Cm

1.02
1.05
1.05
1.05
1.05
1.05
1.05
1.05
1.06
1.07
1.06

5.9
5.8
5.7
6.0
5.3
5.9
5.1

5.0
4.7
44
4.3

6.2
5.7
5.9
5.9
6.1

5.5
6.5
6.2
6.2
5.8
5.8

6.2
5.2
5.7
5.6
5.6
5.0
5.4
5.6
5.3
4.0
4.3

5.8
5.3
5.7
5.7
5.8
5.9
6.3
6.0
5.9

6.2

6.0
5.0
5.2
5.5
5.5
5.2
4.8
4.8
5.8

4.2

5.0

1.0

0.5

CL
I

CO

I

0

C3

0.05
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barrier heights are estimated to be about -0.3 MeV by
considering the ambiguity involved in the fitting pro-
cedure. The reproduced shapes of excitation functions
for typical symmetric and asymmetric products are
shown in Figs. 1(a)—l(g) by solid and dashed curves.
Reproduced energy dependence of valley-to-peak ratios
are also shown by solid lines in Figs. 4(a) —4(d).

III. DISCUSSIONS

The level density parameters for symmetric and asym-
metric saddles deduced in the present analysis are shown
in Table II. It should be noted that the level density pa-
rameters for the asymmetric fission mode (af, ) stay
around 1.02 —1.07, though the level density parameters
(af, ) for the symmetric fission mode remain constant at
around 1.17—1.22. These results are in agreement with
those reported by Tang and Wilhelmy [25], and Gavron
et al. [24].

The evaluated fission barrier heights for the symmetric
and asymmetric fission as a function of the mass of the
fissioning nucleus are shown in Fig. 5, and they are also
plotted against the neutron number in Fig. 6. Triangles
indicate symmetric fission barrier heights (Ef, ), squares
are for the asymmetric ones (Ef, ), and closed circles for
the difference between those of the symmetric and the
asymmetric fissions (Ef, Ef, ). D—ashed lines and dot-
dashed lines show the results of the theoretical calcula-
tion of the asymmetric second barrier and the difference
between the symmetric and asymmetric second barrier
heights, respectively, for even-even isotopes of U, Pu, and
Cm reported by Moiler and co-worker [11,26]. As most
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FIG. 5. Deduced fission barrier heights and the difference in
the barrier heights between symmetric fission and asymmetric
one as a function of the mass number of the fissioning nucleus.
Closed triangles indicate symmetric barrier height, closed
squares indicate asymmetric one, and closed circles indicate the
difference in barrier heights between symmetric fission and
asymmetric one. Dashed lines indicate asymmetric second bar-
rier height predicted by Moiler and co-worker [11,26], dot-
dashed lines for the predicted difference between the symmetric
and asymmetric second barrier heights.

C)

UJ

tI3

LU

9.0
233' 2373'

8.0 — sp)„~
7.O—

FA

Clfloyyyy

4.0—
'P2y3a

Cm

Np

I I I I I I I I

138 140 142 144 146 148 150 152 154

N

5.0—

FIG. 6. Same as Fig. 5, but plotted against the neutron num-

ber of fissioning nuclide.

of the fissioning nuclides investigated in this study are ei-
ther even odd, odd even, or odd odd in the proton and
neutron numbers, our results cannot be directly corn-
pared with their theoretical results, but the latter are
shown in the figures for reference. From the figure, it is
found that the symmetric fission barrier (Ef, ) is anoma-

lously high for Pa and rather small for Np, but it
tends to decrease as Af or Xbecomes larger.

The difference between the symmetric and the asym-
metric fission barrier (E~, Ef, ) is ra—ther constant in

this region except for Pa and Np. Among the
fissioning nuclides of Np isotopes, the symmetric and
asymmetric barrier heights increase with the neutron
number up to X =144 and decrease at X =146. It is to
be remembered that the barrier heights in this work were
obtained by simply applying the Bohr-Wheeler —type cal-
culation with a single fission barrier along the respective
fission path. However, as shown in Table III, the asym-
metric barrier heights obtained in this work are closer to
the second asymmetric barrier heights rather than to the
higher first barrier heights reported by Bjyylrnholm and
Lynn [23] especially for the nuclides with Z =95 and 96.
This result is reasonable since in the present work the sta-
tistical analysis was applied to the cross-section data ob-
served at excitation energies larger than 15 MeV. At ex-
citation energies well above the barrier, the effect of bar-
riers on the transmission is small and the excitation ener-

gy and level density at the saddle mostly determine the
fission decay width.

The difference between the two barriers or the extra
energy required for the symmetric mass division over the
asymmetric one (Ef, Ef, ) as a funct—ion of neutron
number is shown in Fig. 7 for the wider range of fission-

ing nuclides from Po to Am. The values of (Ef, Ef,)—
reported by Specht [27] and Weber et al. [4] for the Ra
and Ac region and by Itkis et al. [28] for the Po and At
region are also shown in the figure for lighter fission sys-
tems. The (Ef, Ef, ) value change—s from a large posi-
tive value at X—150 to a large negative value at X—126,
and the two barrier heights become comparable at
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N =135—138. This trend indicates that the shape of the
mass distribution systematically changes from symmetric
for the Bi and Po region, triple humped for the Ra and
Ac region, and to double humped for most of actinides.

In Fig. 8 are plotted the location in the Z-X plane of
the fissioning nuclides for which symmetric and asym-
metric fission thresholds have been deduced semiernpiri-
cally. The broken line shows the theoretically predicted
dividing line where the symmetric and asymmetric
second barrier heights become equal according to the
microscopic-macroscopic calculation of the potential en-
ergy surface by Moiler and co-worker [11,26]. Further in-
vestigation is required to define the area in the (Z, X)
plane where the (E~, EI, ) value —becomes equal and to
seek the correlation between the mass division mecha-
nisrn and the nuclear shell structure of the fissioning nu-
clide.

IV. CONCLUSION

For the interpretation of the observed excitation func-
tions of fission products in proton induced fission of U,
235U 236U 237Np 239p 242p 244p 241Am and 243Amp~
targets, statistical model calculations were performed by
including the competition of the symmetric fission pro-
cess and asymmetric one with neutron emission. With
this statistical calculation, shape of the excitation func-
tions and the peak-to-valley ratios could well be repro-
duced using reasonable parameters. It is found that the

125 130 135
N

140 145

FIG. 8. Z and X plot showing the fissioning nucleus for
which symmetric and asymmetric fission threshold energies
have been determined empirically. The broken line shows the
demarcation where the heights of the symmetric and asym-
metric second barriers become equal according to the prediction
by microscopic-macroscopic calculation of the potential energy
surface [11,26].
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fission barrier heights obtained for asymmetric and sym-
metric mass divisions decrease as the mass of the fission-
ing nucleus increases. The difference between the two
barrier heights (E, E, ) was fou—nd to change from a
large positive value for N-150 to a large negative value
for N —126, and the two become comparable at
N =135—138. This trend is in agreement with the previ-
ously known fact that the shape of the mass distribution
changes from symmetric mass distribution for the Bi and
Po region, triple humped for Ra and Ac region and to
double humped for most of actinides systematically.
However, further experimental studies are needed to clar-
ify how the mass division mode changes as a function of
the neutron number of the fissioning nuclide of the same
Z.
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