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We investigate the behavior of the operator responsible for sequential pion double charge exchange
in nuclei in the plane wave limit with a view to studying its extension in space, especially the short-

range part.
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I. INTRODUCTION

Pion double charge exchange (DCX) offers one of
the most promising possibilities for studying correlations
among nucleons in nuclei because it requires at least two
interactions for the process to take place. A number of
studies [1-3] have demonstrated that the reaction is in-
deed sensitive to nucleon-nucleon correlations. This sen-
sitivity is a direct reflection of the structure of the DCX
operator itself. Over the years several mechanisms which
contribute to pion DCX have been investigated. These
include pion charge exchange with virtual nuclear mesons
[5], the delta rescattering mechanism [4], and the pion ab-
sorption mechanism [6]. In this paper we consider only
the sequential operator, which is always present, and do
not treat these other mechanisms which may also be im-
portant in certain cases. By the sequential mechanism
we mean that the reaction proceeds through two succes-
sive single TN charge-exchange interactions. The DCX
operator is (at least) a two-body operator in the nucleon
coordinates and hence is moderately complicated. It is
the aim of this paper to seek a qualitative understanding
of the sequential DCX operator. It is not our purpose
to provide state-of-the-art calculations of specific DCX
cross sections suitable to be compared with experimen-
tal data. Such calculations have already been performed
(and continue to be done), with varying degrees of suc-
cess; see the references already cited. It is our hope that
some of the results of this paper will influence future cal-
culations in this area.

There are several reasons for studying the DCX (or
more generally the double scattering) operator. These
topics are explored in more depth in this paper.

(1) The range of the operator is not well known.

(2) DCX is very sensitive to the correlation stucture of
the nuclear wave functions. Although implicit in many
specific calculations, the explicit form of the DCX opera-
tor, including processes in which both nucleons flip their
spins, has not, to our knowledge, been given. The cal-
culation is normally done by performing the integrations
over the nuclear wave functions first (it is indeed a good
deal more efficient) and then doing the integration over
the intermediate momentum of the neutral pion. The
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operators are particularly simple for forward DCX. They
are given by Egs. (22) and (23) for nonflip DCX and by
Eqgs. (27) and (28) for the double-flip DCX. We believe
that these forms will be useful for those who want to see
how sensitive DCX is to particular nuclear models.

(3) It has been observed in both distorted wave and
plane wave calculations that for incident pion energies
below 200 MeV the introduction of the double-spin-flip
amplitude decreases the cross section. This reduction
seems to be present independent of the distortion (and
some other factors, such as nuclear size). Because of
the resilience of the destructive-interference effect, it is
natural to suspect that the cancellation is inherent in
the DCX operator itself. Thus, in order to obtain some
understanding of this cancellation a simple model can be
examined. We will see in Sec. III that this cancellation
should indeed be expected.

(4) The plane-wave DCX operator resembles the one-
pion-exchange potential since the dominant (or only)
coupling to the nucleon is p wave in nature. In both op-
erators there is a § function present in the relative spatial
coordinate in the limit of zero-range form factors. The
question regarding the removal from the DCX operator
is no doubt similar to that of the case of the nucleon-
nucleon potential. However, for pion double charge ex-
change the possibility of a test by the direct measurement
of cross sections exists, giving an alternative to inferences
from nucleon-nucleon scattering.

(5) By looking at the double-scattering operator in
general we will see that, because of the low-lying Ass
resonance, classical pion propagation in the nucleus is
subject to possible very large corrections. This obser-
vation brings into question intranuclear cascade calcula-
tions frequently used to calculate inclusive reactions, but
also suggests a possible technique for correcting them.

We concentrate here primarily on the reaction which
takes place on two active neutrons external to an inert
core. If their angular momentum is nonzero, they may
be coupled to other external neutrons (as in the case of
the calcium isotopes) to form a spin-zero ground state.

From somewhat indirect arguments it has been inferred
[7, 8] that the principal internucleon spacing being sam-
pled is the order of 1 fm. This range is determined by
the following three elements.
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(1) The intrinsic coordinate dependence of the DCX
operator, F, itself: This operator, which is the focus of
this paper, is an intricate function of the coordinates of
the active nucleons.

(2) The nuclear wave function or two-body density
matrix: The correlations, even in a simple shell model,
strongly affect the number of close neutron pairs, and so
greatly influence the DCX cross section. The DCX cross
section is obtained, in the impulse approximation, by in-
tegrating F' over the nuclear wave function. Our aim is
to provide a convenient form for F' which the reader may
then evaluate their own nuclear wave functions.

(3) The pion-nuclear optical potential: The pion wave
function is distorted by the nuclear medium. For ex-
ample, the absorptive nature of the potential tends to
suppress DCX for configurations in which the nucleons
are widely spaced; conversely, a pion-nucleus resonance
in the optical potential might enhance DCX from widely
spaced pairs. _

A completely clean description of F' independent of the
nuclear wave function and the optical distortions is not
possible. In order to make some progress in this direc-
tion we invoke two approximations. First, we adopt the
closure approximation on the nuclear intermediate wave
function so that F’ becomes a local function of the nucleon
coordinates. This approximation could be improved by
applying binding corrections to the active nucleons. Sec-
ond, within the sequential mechanism, we will ignore the
optical distortion of the intermediate 7% meson. This is,
unfortunately, only a rough approximation, although it
may be partially softened by a choice of the effective en-
ergy of 7%, Although our results are strictly valid only
within the plane-wave impulse approximation (PWIA),
optical distortions of the incident 7+ and outgoing 7~
may in principle be included by (a) replacing the expo-
nential factor in front of Eq. (3) by the overlap of the
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incident and outgoing pionic (distorted) wave functions
and (b) treating the initial and final pion momenta, k
and k', as derivative operators on the incoming and out-
going pion distorted waves, respectively. Consequently,
certain aspects of our results hold in the distorted-wave
case. The advantage of our approach is that the opera-
tor F' (which is F' with the external pion waves removed)
is then a function of the relative coordinates of the two
neutrons rather than of the coordinates of both neutrons.
Consequently, we will be able to express the results in
terms of a single central function and its derivatives.

In this way one can explictly examine certain features
of the problem, such as the vanishing of the “long-range
term” for the two nucleons aligned along the z axis at
the same energy that the 0° single charge exchange cross
section has a deep minimum or that the “double-spin-
flip” part of the amplitude is of “near-zone” character,
i.e., gives no contribution to the amplitude at long range.
Because the farther the intermediate 7° travels, the more
its propagation is affected by the nuclear medium, we
expect that the model is more reliable for DCX from close
neutron pairs. The longer-range results might be also
expected to be relevant, at least qualitatively, at low pion
energies, for which the nucleus is relatively transparent.

Although the emphasis in this paper is on the DCX
process, the same general formulas will also apply to any
double-scattering process of a spin-0 particle on a pair of
nucleons for which the s- and p-wave elementary ampli-
tudes dominate.

II. GENERAL FORMULATION

The sequential (double-scattering) operator for the
pion double-charge-exchange amplitude in the plane wave
limit and assuming closure over the intermediate nuclear
states is

—ik'-rg f(q, kl)eiqv(rz _rl)f(k, q)eik'rl

~ 1 e
F(k,k'; = —
( ) ,1'1,1'2) 27T2/dq

q? — K2 — je

(1)

2 — K2 — e

_ et S @k f ko q)
= o2 q q

= ek Pl K ).

The DCX operator is a function of the coordinates
ry,rz and spin variables o1, o2 (implicit in the two sin-
gle charge exchange operators f) of the two nucleons.
F is the lowest-order two-nucleon DCX operator, and
since it changes two neutrons (protons) into two protons
(neutrons), it represents the isotensor part of the general
two-nucleon operator. Here r (= rz —ry) is the radial
vector between the two nucleons. It is precisely the de-
pendence of F' on this variable which is of interest. The
quantity f, the pion-nucleon charge-exchange (off-shell)
amplitude, is an operator in the nucleon spin space. We
shall use the form

(2)

f(a,d', E) = Xo(E)v(q)v(q) + M1 (E)v(q)v(¢')a - o

+iAf(E)v(q)v(¢')o - q x ¢/, (4)

where the Ag, A1, and Ay are taken from the phase shifts
[9] (see Table I) and v(q) is the off-shell form factor for
the pion-nucleon interaction. While many of the results
which follow are independent of the particular choice of
v(q), a form must be chosen when calculations are made.
In these cases we will use
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TABLE I. Table of \’s calculated from the phase shifts of Ref. [9].
Tiab (MeV) P.m. (MeV/c) Ao (fm) A1 (fm?) A5 (fm®)

Real Imag. Real Imag. Real Imag.

20 66.3 -0.187 -0.006 0.615 0.013 0.282 0.007

40 95.3 -0.185 -0.007 0.631 0.041 0.300 0.021

60 118.6 -0.184 -0.007 0.651 0.089 0.321 0.045

80 138.9 -0.183 -0.005 0.669 0.162 0.340 0.081

100 157.3 -0.181 -0.003 0.674 0.270 0.353 0.134

120 174.4 -0.180 0.000 0.640 0.415 0.345 0.206

140 190.5 -0.179 0.003 0.527 0.575 0.298 0.285

160 205.7 -0.177 0.006 0.321 0.680 0.203 0.337

180 220.3 -0.176 0.010 0.087 0.665 0.094 0.329

200 234.3 -0.175 0.014 -0.083 0.555 0.016 0.275

220 247.8 -0.173 0.018 -0.168 0.424 -0.020 0.210

240 260.9 -0.172 0.021 -0.195 0.312 -0.029 0.155

260 273.6 -0.170 0.025 -0.195 0.229 -0.024 0.116

280 285.9 -0.169 0.028 -0.184 0.169 -0.015 0.088

300 297.9 -0.167 0.031 -0.169 0.125 -0.005 0.070

a? + k2 5 include an effective excitation of the nucleus, chosen to
v(g) = o? + g2’ (5) improve the closure approximation. The reaction ampli-

which has a single parameter a to describe the range of
the pion-nucleon interaction. For the figures we use a =
800 MeV/c. k is the on-shell momentum corresponding
to the center-of-mass energy E. It is a simple matter
to use independent ranges for each pion-nucleon partial
wave, but for simplicity we have used a common range.
Since we have used the closure approximation to sum
over all intermediate nuclear states, we have introduced
the intermediate momentum «, usually taken to be the
on-shell momentum of the intermediate 7°. It could also

J

[Xo + A1q - K'][Ao + M1k - qJv3(g)etaT

tude is given by the matrix element of this operator taken
between the initial and final nuclear wave functions.

In general, all cross terms from the two occurrences of
the SCX operators and the three terms in Eq. (4) in-
terfere, but for a double-analog transition between shell-
model wave functions made up of orbitals all with the
same parity, the spin-dependent and spin-independent
terms do not interfere, i.e., there are non-spin-flip (NSF)
and double-spin-flip (DSF) terms only. We shall examine
the structure of the operator for this case. Thus we have
two terms:

' _
Fivsr (I, X', 1) = 272 g% — K2 — ie (6)
and
AZ -k . !/ 2 iq-r
_ 7 [o1 -k x q] [o2 - q x k'] v*(g)e
FDSF(k’ k',r) T T ox2? /dq q%? — k2 — i€ ) (7)

Replacing the vector q in the amplitudes by —iV we
can write the operators in terms of the function g(r) (con-
sidered by Glauber [10]) and its derivatives:

FNSF(k, k,,l‘) = (Ao ——ZAlk . V)(Ao —iA]_k/ . V)g("‘),

(8)
Fpsr(k,k',r) = \(01 -k x V) (02-V x k) g(r),
(9)
where
_ 1 v (g)eiar
9(r) =53 /de~ (10)

For large r, —iVg(r) kfg(r) so that, for r|k or
r|k’ and |k| = |k'| = x the amplitude contains a fac-
tor Ag + A1k? and hence is small at 50 MeV where the
single charge exchange is nearly zero. For short ranges
the reaction still proceeds even for r aligned along the
momenta.

For the model case [Eq. (5)]

eirz'r —ear k2 + a2 kIZ + aZ _
g(’!‘) — _ ( 2( 5 ) ar (11)
r 2a(k? + a?)
In the case |k| = |k’| = k we have, for small r,
g(r) = Co+ 1Cor? + 1C3r3 + - - -, (12)

where
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_ (o + ik)?

C
0 2a

, C2 = —(2ik® + o® + 3k%a) /6,
(13)
C; = (a® + k?)?/8.
Note that for a function v(g) with a stronger suppres-

sion for large g (such as a Gaussian) all odd coefficients
would be zero.

For |k| = |k'| =  the needed derivatives are given by
i Lptkr —ar ikr —ar
1oy ke +ae eT —e 1, 5 o —ar
g(T’)— r - 7‘2 +§(a +k )e ,
(14)
k2 ikr 2,—ar ik ikr —ar
g"(r):— e + a‘e _2ze +2ae
r r
ikr —ar

€ —€ 1 2 2\ —ar

+2T — Ea(a + k*)e7 7. (15)

We note the appearance of three types of terms: (1) those
of short range (e~°"), (2) those of intermediate range
(“near zone”) (e**" /r% and e**" /r?), and (3) those of long
range (“radiation zone”) (e’*"/r). Only the short-range
terms are model dependent, the others are independent
of the explicit form of v(g). This last class of terms is
due entirely to the p-wave nature of the pion-nucleon
interaction.
Two useful combinations of these functions are

gt (1) =9"(r) + 24 (r) = V(1)

2 (eikr _ e—ar) 3 a(a2 + kZ)e_ar
- T 2

(16)

and

Fnsr(k, K, 1) = A2g(r) —idodi(k-F + k' - #)g'(r) —

The last term has the same form as the “tensor opera-
tor” Sia(r) = o1+ F op - F — %01 - 03, so familiar in the
nucleon-nucleon problem. In fact this last term has the
same form as the one-pion-exchange potential [with re-
placement by the corresponding g*(r) and g~ (r)] except
the spin operators have been replaced by momenta. The
radiation (large r) limit of this expression is

el

—, (21)

()\0 + )\lk . K,)(AO + /\1"-‘: . k,)

where we have set k = £k.

The classical expression for the cross section for dou-
ble charge exchange from two nucleons is simply the
cross section for a single charge exchange on the first
particle [o(k, )] multiplied by the probability that an-
other charge exchange occurs on the second nucleon
[0(x,k’)/r?]. This product is equal to the absolute

(1) =g"(r) ~ ~4'(r). (17)

Note that g*(r) contains a function which limits to a

. 3 —-—
0 function, g-e~%", so that

ikr—@

: +y — 128
drm g7 () =K s

or (18)

: 2 2 4(r)
oiim (¢° = k)9(r) = =57
This last expression can also be obtained directly from
Eq. (10). It is often argued that the é function should not
appear in the analogous case of the one-pion-exchange
contribution to the nucleon-nucleon potential. The ex-
traction of this term in the same manner as is done in
the nucleon-nucleon problem [11] leads to the result that
g* (r) becomes simply —k2g(r). While it can be argued
that the & function is as inappropriate here as in the
nucleon-nucleon case (all DCX calculations to date have
included it to our knowledge), we will restrict ourselves
to simply considering the two possibilities, i.e., with and
without its inclusion.

While each of g”(r) and ¢'(r)/r contain a é function,
g~ (r) is exactly the combination for which the § functions
cancel, in fact, g~ (r) satisfies the condition

g~ (0) =0. (19)

Thus for large o, we expect that g*(r) is large and g~ (r)
is small for small 7.

A. Spin-independent contribution

Evaluating Eq. (8)

MGk-Kgtr)+((k-# K- -# —1k-kK)g (r)]. (20)

f

square of Fnsr in the radiation limit, given in Eq. (21).
Since it is the classical expression which is used in mod-
eling nuclear reactions with intranuclear cascades, it is of
interest to compare the two expressions over the range of
r of importance in the nucleus. Figure 1 shows the quan-
tum and classical cross sections for k = k’, i.e., 0° and
|k| = & as a function of the angle between the two nucle-
ons (equal to the two single-charge-exchange scattering
angles). It is seen that the agreement between the two is
very poor in the near-zone region. This potentially signif-
icant quantum correction is due largely to the properties
of the pion in the following sense: the near-zone correc-
tions arise from the p-wave nature of the interaction; if A\,
were zero the expression would contain only the function
g(r), which has no near-zone components. For small x,
the near-zone corrections are particularly important, so
it is precisely the pion-nucleon interaction, with its pre-
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FIG. 1. Comparison of the classical and quantum-

mechanical double-scattering cross sections at 100 MeV. The
solid line represents the quantum-mechanical cross section
with the é function included and the dash-dotted curve the
same quantity without it. The dashed line gives the classical
expression.

cocious p-wave strength due to the 3-3 resonance, which
gives the strongest violation of the classical limit.

For 0° DCX to the double analog state (k' = k) and
K =k we find

Fnsr(k, k,r) = Z 91 (r)Pr(x), (22)
L=0,1,2

where z = k - f and

AR

gt (r), 91(r) = —2iXoA1kg(r),
(23)

go(r) = A3g(r)

g2(r) = —%)\szg' (r)-

The dash-dotted line in Fig. 2 shows the non-spin-flip
DCX operator at z = 0 (90 °) as a function of energy
at » = 1 fm. We have extended the plots into the res-
onance region even though the plane-wave impulse ap-
proximation is a very poor approximation in an absolute
sense, to illustrate the comparison between spin-flip and
nonflip components. This configuration, in which the nu-
cleons are oriented perpendicular to the beam axis, pro-
vides the most important contribution to DCX for pions
of energy of approximately 50 MeV; at this energy the
single-charge-exchange cross section is nearly zero in the
forward direction.

1.0 T T T

F(1)(fm )

~-1.0 L 1 1
300 400

1.0 T T T

IMAGINARY

-1.0 1 L 1 SR
0 100 200 300 400
T, (MeV)
FIG. 2. Non-spin-flip and double-spin-flip DCX operators

at £ = 0 (90°) as a function of energy at an internucleon
spacing of 1 fm. The solid line corresponds to the total, the
dashed line to the DSF operator, and the dash-dotted line to
the NSF operator.

B. Double-spin-flip term

For the NSF part of the operator the spin structure
was irrelevant but for the DSF it is necessary to assume
something about the singlet-triplet decomposition of the
two-nucleon wave function. The Appendix develops the
equations necessary to treat the general case, but here
we assume the pure singlet case for which the operator
is [see Eq. (48)]
e1-ex = —(k x q)- (K x q) = —k-K'g*+ (k- q)(K - q),

(24)
which in coordinate space is
k-kK'VZ—(k-V)(k V). (25)
The singlet projection of the DSF operator becomes
Flsp(k,kK',r) = A3[2k -k g7 (r) + (k-# k'-%
—3k-Kk')g™(r)].
(26)
Atk =K/,

F]gSF(ka k, l‘) = Z SL(T)PL(:E)7 (27)
L=0,2
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where
so(r) = 2X3Kk%gt(r), s2(r) = —2X3k%g7(r).  (28)

The dashed line in Fig. 2 shows the DSF operator at
z =0 and » = 1 fm as a function of energy.

It is curious that even if z = 1 (both nucleons lined up
in the beam direction) the double-flip term is not zero. At
first sight this seems paradoxical since each scatter would
then be in the forward direction where each single-spin-
flip amplitude vanishes. The contribution comes com-
pletely from the off-shell and near-zone regions of Fgp.
Its contribution to the projected amplitude from z near 1
(i-e., the nucleons lined up in the beam direction) is com-
parable to the nonflip amplitude at 50 MeV. The cancel-
lation is exact (as it must be) in the far zone, since for

x = 1 Fpgr is proportional to g™ (r) — g~ (r) = 3g/'(r)/r
which falls as 1/r2.

III. PROJECTED OPERATOR

As pointed out in the Introduction, the DCX ampli-
tude is obtained by integrating F(k,k’,ri,r2) over the
wave function of the two active neutrons. Although Fis
a function of both vectors r; and rj, for forward scatter-
ing (k = k') it depends only on the relative coordinate,
r = r; —ry as can be seen from Eq. (3). The most
important component of the wave function [12] is that
in which the neutron pair is in a relative s state (and
hence in a spin-singlet state). For this case, the angular
integration over r is easily performed and leads to Q(r),
a function only of the distance between the neutrons. In
this section we will examine this function in detail:

Q=3 [ dze™® {lgo(r) + 50(r)] Po(@) + 91 () Pa(2) + [ga(r) + ()] Pa(a)} (29)
= Jo(kr) [go(r) + s0(r)] — ij1(kr)gu(r) — j2(kr) [g2(r) + s2(r)] (30)

2 2
= jo(kr)\3g(r) = io(kr) (A = 2X3)g* () — 2AoAukg (r)is (kr) + “o o (kr) (A + AD)g~ (r). (31)

The short-range part of this operator contains a § func-
tion in the limit of large a:

2
lim Q(r) = — (X2 —2X2)8(r)/r® oo . (32)
a—r oo 3
Here the explicit cancellation between the NSF and DSF
terms is evident. For A3 dominance Ay = %/\1 so that
the short-range part of the operator is decreased by a
factor of 2 by the inclusion of double spin flip. Figure 3
shows the absolute value of the projected operator with
and without the inclusion of the double spin flip. It is
seen that when the DSF operator is important below 300
MeV it diminishes the sensitivity of DCX to the short-
range part of the nucleon-nucleon wave function.

It is interesting to consider the large r limit of Eq.
(31),

—1

2kr2

lim Q(r) = [(Ao — A1k?)%e®*™ — (Ao + A1k?)?].

(33)

This limit is most useful at low energies, for which the
pion mean free path within the nucleus is large. The
double-spin-flip contributions do not appear, they have
canceled exactly. Also noteworthy is that the coefficient

f

of the nonoscillating part of the expression is proportional

to the square of the forward single-charge-exchange oper-

ator, which is very small near 50 MeV. What remains is
2ikr

an operator proportional to “5—. The expectation value

of this residual operator will tend toward zero as k be-
comes large. Thus we see again that the long-range part
of the DCX amplitude is small near 50 MeV to the ex-
tent that the form factor constrains each individual single
charge exchange to take place in the forward direction.
Figure 4 shows the behavior as a function of energy of
the two coefficients in Eq. (33) as well as that of the §
function.

Of course Eq. (33) represents only the large r limit,
and we must look at the complete expression to observe
the rest of the dependence. To this end we write the
operator as the sum of two terms, one representing the
part that oscillates at long range and another which goes
as 1/r? for large r:

Q=Q"+Q . (34)

This can be done in a simple (nonunique) fashion by writ-
ing the Bessel functions in Eq. (31) in terms of spherical
Hankel functions:

Q*(r) = hg (kr)[go(r) + so(r)] — ih3 (kr)ga(r) — hi (kr)[ga(r) + s2(r)]

2

(35)
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Figure 5 shows the behavior of r2Q¥ (r) the projected
operator as a function of r at 200 MeV. The oscillatory
behavior of Q1 and the total operator is apparent while
Q™ is nearly constant.

To reveal the difference in the “range” of the oscillating
part and the “1/r2” part, the total operator has been
integrated over a Gaussian sample function with a radial
extent R by multiplying by %2(R,r), where

3r2 3 6
¥(R,r) = Ne 182, NZ = wmV (36)
and R? = (r?):
Q*(R) = / T rrdr? (R, r)QF(r). (37)

Figure 6 shows the absolute integrated operator for

4 L 300 MeV |

180 MeV
0.75

4 b 50 MeV ]

Q(r) (fm)

w
'

2
r(fm)

FIG. 3. Absolute value of the projected operator with
(solid curve) and without (dotted curve) the inclusion of the
double-spin-flip amplitude. The dash-dotted curve is the ab-
solute value of the sum without the é function.
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FIG. 4. Behavior as a function of energy of the two

coefficients in Eq. (33) as well as that of the § function.
C* = |Xo £ ME?2.

Tmin = 1 fm at 200 and 50 MeV as a function of R.
At 200 MeV the sum approaches Q(R) for large r so the
oscillating part dies out. At 50 MeV the same thing must
happen eventually but because of the smaller value of &k
the cancellation between @+ and Q~ dominates over the
nuclear volume.
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FIG. 5. Behavior of the real and the imaginary parts of

r2Q*(r) as a function of r at 200 MeV. The oscillatory be-
havior of Q%1 and the total operator is apparent while Q~ is
nearly constant.



48 PION DOUBLE-CHARGE-EXCHANGE OPERATOR

8 T T T T “
50 MeV
6 -
®
=
3 L _
st P T
5 ,/ T~
i =~ T =
2 / Il R -—
_ ‘ e L R
/
i
/
0 ‘ '
0 8 10
R(fm)
.8 T T T T
6 .
'S L7
£ 200 MeV
= 4L .
g
&
2+ -
.0 1 1
0 2 4 8 10
R(fm)
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from 1 fm at the energies (a) 200 MeV and (b) 50 MeV as
a function of R. The dotted curve gives Q*(R), the dash-
dotted curve is @ (R), and the solid curve is the sum of the
two.

IV. CONCLUSIONS

In this paper we have presented explicit forms for the
DCX operator [Egs. (20) and (26) and Appendix for the
general spin state of the struck nucleon pair]. These ex-
pressions are suitable for integration over model nuclear
wave functions. The operators corresponding to forward
scattering are particularly simple [Egs. (22), (23), (26),
and (27)]. We have also examined several qualitative fea-
tures of the operator and have tracked down the origin of
the strong cancellation between the nonflip and spin-flip
amplitudes which is so prominent in previous calcula-
tions. Further, the question was raised as to whether the
portion of the operator which is proportional to é(r) (in
the a — oo limit) should be removed as is sometimes an
issue in the one-pion-exchange contribution to NN scat-
tering. This may have dramatic effects on the flip-nonflip
cancellation just mentioned. Lastly, we have examined
the somewhat intricate 7 = |r; — rz| dependence of the
DCX operator.

The DCX operator has three basic behaviors corre-
sponding to three “ranges” in the internucleon spacing.

The first behavior corresponds to a classical range in
that it falls off with a rapid decrease after a characteristic
distance (with the monopole function used for illustration
it has an exponential fall off with range 1/a). The form
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of the operator in this zone depends on the inclusion (or
not) of the § function.

After this initial short-range phase of the operator
there is a “near-zone” range which is of varying impor-
tance depending on the energy of the reaction. In a typ-
ical case this range lies within the nuclear volume.

The specification of the next two behavioral character-
istics is not as simple. Beyond the near-zone region the
function can be separated into one part which behaves
as €7 /72 and another which goes as 1/72. In the mean
(i.e., after integrating over a wave function) the oscillat-
ing function will decrease more rapidly than the other
with the increasing size of the system. In this sense it
has a “shorter range,” the characteristic size of which is
determined by ﬁ
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APPENDIX: SPIN REDUCTION FOR THE
DOUBLE-SPIN-FLIP TERM

We define the basic tensor operators by
tT = —(to+ity) /V?2, t71 = (ta—ity)/V2, t°=t,,
(A1)

and a tensor operator made up of a bilinear combination
of two of these elementary quantities t; and t, by

T =Y cph ity (A2)
7y
In this notation the dot product is
tr-to = Yt (~1)* = —VBTY, (A3)
"
and the inversion is given by
! 1,1,L
thth = Cou T (A4)
LM
To express the operator
0= (01-kxq)(e2-qx k) (45)

in tensor form we put e; = k X q, e2 = q x k/, and write
0= or e (-1)* x Yo" es (1)
© u

’

=3 ooy Hettel (—1) (A6)
nop'

= (-)EFMuMEM, (A7)
L,M

where ¥ and E are defined as bilinear tensor operators in



1554 W. R. GIBBS, M. ELGHOSSAIN, AND W. B. KAUFMANN 48

terms of the Pauli matrices (o1, 02) and the pair (e, e2).
The operators E}f” are

1

EO = ———e; - ey, A8
0 \/§ 1 2 ( )

E} = j[ef (e + ie}) — (] + ieY)e3]
= "[(e1 x e2)" +i(es x e3)Y], (A9)

2

i 4 - *
E} = E(efeg —efes) = ﬁ(el x e)*, Er'=E",

(A10)
B2 = L(eF +ie?) (e + iel), (A11)
B} = —3[(ef +ied)e} + €5 (5 +ie})], (A12)

3 1
EY = 4/ZeeZ———e;-e3, E;'=—FEl* E;?=FE%.
2 \/;3162 \/691 €2 2 2 2 2

(A13)
Since for a double-analog transition the intitial and fi-

nal states are the same, only the symmetric combinations
will enter.

1 -1 _ -, Y,z zLY 2 -2 _ jz_ T Y,y
E;+E; " =i(efes+eiel), E;+E;° =ele;—ejel.

(A14)

For k=k'=3, since e = e = 0 and e; = —eg,

Eg =ey - el/\/§,

EM =0,

B} + Ey* = (ef)” — ()%,

(A15)

E} =E;'=0,

Eg = —%el - eg

= ﬁel -ey.

We can evaluate the spin operator in the singlet-triplet
basis using the Wigner-Eckart theorem:
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