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Reconciling deformation parameters from fusion with those from Coulomb excitation
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The e8'ects of deformation on sub-barrier fusion were first demonstrated almost fifteen years ago.
Since that first analysis, it has become generally accepted that quadrupole deformation parameters
deduced from fusion are significantly lower than those deduced &om Coulomb excitation. Following
a detailed analysis of the excitation function for Sm + 0 we find the excitation function is
best fitted with deformation parameters which are consistent with Coulomb excitation data when a
sufficiently complete model is used. The shape of the deduced barrier distribution strongly favors
the inclusion of a positive hexadecapole moment.

PACS number(s): 25.70.Jj

Heavy ion fusion cross sections at energies near and
below the Coulomb barrier can be orders of magnitude
higher than those expected from penetration of a sin-
gle one-dimensional barrier. The importance of defor-
mation in producing such enhancement has been beauti-
fully demonstrated [1—4] using spherical 0 projectiles
on a series of samarium targets, which range from the
spherical, closed shell nucleus, 4Sm, to the permanently
deformed Sm; the sub-barrier enhancement increases
rapidly with neutron number. The analyses [1,3—5] of
these cross sections, in terms of a range of barriers aris-
ing from difFerent orientations of permanently deformed
target nuclei, were only partially successful. The cross
sections could be reproduced but the quadrupole defor-
mation parameters, P2, required for is4Sm, for exam-
ple, were considerably smaller than the values extracted
from Coulomb excitation [6—13) or inelastic n-scattering
[14] measurements. Possible reasons for the discrepancy
were discussed in Refs. [1,5]. More recently higher pre-
cision measurements for the reaction Sm + 0 were
made and the analysis also gave a small value of Pq for

Sm [15]. The P2 parameters extracted from three dif-
ferent analyses of fusion data for is4Sm + isO all lie in
the range 0.20 to 0.23, considerably smaller than values
obtained from Coulomb excitation measurements which
range from 0.26 [6] to 0.34 [13]. This latter range is
largely due to difFerent pararnetrizations of the nuclear
density distribution, to which the deformation parame-
ters are sensitive (see Ref. [12], for example).

This Rapid Communication shows that the agreement
between the values from fusion is fortuitous; two of the
analyses used approximations which lead to spuriously
low values while the other suffered from insufBcient data.
We show that a careful theoretical analysis of fusion data,
for the deformed nucleus Sm, yields deformation pa-
rameters which are indeed consistent with those from
other measurements.

Of the three sets of analysis, the earliest [1,5] used the
most precise treatment of the efFects of deformation for

the reactions i4s is~Sm + isO. However, the parameters
defining the nuclear potential, excluding deformation ef-
fects, could not be defined unambiguously due to a lack
of data at high energies, where the efFects of deforma-
tion are negligible. For this reason the reaction sSm
+ isO was used to provide a spherical reference poten-
tial. Initially i4sSm was assumed to be spherical, yield-
ing Pz = 0.2 for is4Sm. Even when Sm was assumed
to have a small permanent deformation, P2 = 0.13 [the
root-mean-square (rms) value from Coulomb excitation]
the extracted deformation of s Sm was still small. This
would be expected if the efFective deformation of the vi-
brational 4 Sm were underestimated. Treating a vibra-
tional nucleus as deformed tends to do this because the
rrns deformation ignores the largest surface excursions
which produce the lowest barriers. Also, as recognized
in [5], the barrier distributions are different [16]: the de-
formed one is less symmetric giving smaller weights to
the lower barriers. Both effects reduce the importance
of the low barriers and thus underestimate the effective
deformation for i4sSm, giving a low P2 for is4Sm.

Subsequently, following measurements of fusion for
sSm + sO [3, 4], deformation parameters were

extracted using the Wong model [17]. Wong was the first
to derive simple analytical expressions, using a perturba-
tive approach, to quantify the effects of nuclear deforma-
tion on fusion and these have been used for many years.
The model gives the barriers for a deformed nucleus as a
function of the angle, 8, between its symmetry axis and
the beam direction. It requires a knowledge of the aver-
age height, V~, of the interaction barrier, its curvature,
hu, the fusion radius, R~, and P2. The values of U~ and
BJ3 in Refs. [3,4] were obtained by fits to the high energy
cross sections for each of the Sm targets. The low energy
data for the Sm target were then 6tted with h~ and
P2 as free parameters, resulting in a P2 value for i44Sm

consistent with zero and hw = 3.9 MeV. The data for
the heavier targets were then fitted with her fixed at this
value and Pq as the only free parameter. The resultant
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deformation parameter for 5 Sm was 0.2.
The Wong prescription used in Refs. [3,4] takes the ra-

dius of the nuclear potential to be R(8) = RII [1+PqY2(8)]
but makes the assumption that the radial position of
the resulting potential barrier is independent of 8 and
the same as that for the spherical problem. The bar-
rier height is then taken to be the sum of the deformed
Coulomb and nuclear potentials at this radius. Figure 1
shows the extreme potentials for is4Sm + isO with 8 =
0 and 90' as well as the potential for the spherical case,
Clearly the Wong model leads to "barriers" which are
lower than the true maxima in the potentials. More im-
portantly, because the potential falls much more rapidly
inside the barrier than outside, the Wong approximation
considerably overestimates the range of barriers. It is
then necessary to use a smaller deformation parameter
to reduce this range of barriers in order to give an opti-
mum fit to the experimental data. As indicated above,
this reduction gives a value of P2 outside the range from
Coulomb excitation but in agreement with the earlier
more detailed analysis of Refs. [1,5].

Recently we determined the fusion barrier distribution
for Sm +isO [15] from new high precision data. We
interpreted this distribution in terms of the quadrupole
deformation of is Sm, with the fusion radius now depen-
dent on the orientation of the target nucleus. However,
we only used the monopole term of the Coulomb interac-
tion in that analysis. The best fit to these new data was
then obtained with P2 = 0.22.

The monopole interaction is not adequate for large de-
formations and the Coulomb potential for a deformed
charged distribution should have been used. This is de-
rived from the general formulas of Ref. [18] and, to first
order in P2, is given by

V~(r, 8) = (ZiZ2e /r) [1+3Pg Y2(8)R~/5r ],

70

60— a= EL, o(L, 8) sin 8d8,

where Zq and R2 are the atomic number and mean radius
of the target and the projectile is assumed to be spherical.
It is easy to show that the use of this potential instead of
the spherical one gives essentially the same distribution
of barrier heights if P2(1 — 3R2/5R~) is equal to the P2
value obtained using the spherical Coulomb potential.
For is Sm + isO, R2/R~ 0.6, implying that the P2 we
previously extracted was about 64'Fo of the value expected
using a more realistic deformed Coulomb potential.

Thus three different analyses of the is4Sm + isO fu-
sion data have produced low values of P2. Two of them
made approximations which demonstrably lead to spu-
riously low values. The other made no such approxima-
tions but probably underestimated the efFective deforma-
tion of i Sm, used as a reference.

Our new data [15] are sufficientl extensive and ac-
curate to Bt the Sm cross sections directly, without
reference to any other system. We have therefore per-
formed calculations of the orientation dependent barri-
ers, without the previous approximations, and including
the effects of angular momentum, Ih. Vr'e have used the
potential

V(r, 8) = V~(r, 8) + V~(r, 8) + VI.(r), (2)
where V~(r, 8) is the Coulomb potential including
quadrupole and hexadecapole terms and expanded to
order P2 and P4. The nuclear potential, VIv(r, 8), is
essentially taken to have an exponential tail and may
therefore be simply parametrized by its surface diffuse-
ness, a, and potential strength at some radius. For con-
venience we also parametrize the potential in terms of
the resulting barrier height, Bo, for the spherical case.
The exponent in V~(r, 8) contains a factor R(8)/a, with
R(8) = R2[1+P2Yq(8) + P4Y4(8)], to account for the an-
gular dependence of the radius of the deformed Sm.
Coulomb and nuclear radii were evaluated using a radius
parameter of 1.06 fm. In Eq. (2) VL, is the usual angular
momentum barrier. The barrier height, B(L,8), posi-
tion, and curvature are calculated numerically for each L
and target nucleus orientation. The fusion cross section
may then be calculated using
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FIG. 1. Calculated potentials for Sm + 0 with no de-
formation and with the samarium target nucleus (P2 = 0.376)
oriented at 8 = 0' and 90' to the beam direction. The "bar-
riers" from the Wong prescription, indicated at 10.7 fm, are
generally lower than the true maxima but, more importantly,
extend to considerably lower values for small 8.

where

srA2(2L + 1)
1 + exp [2ir (B(L, 8) —E)/h(u (L, 8)]

'

In practice the integration in Eq. (3) was performed us-
ing the eigenchannel formalism of Ref. [19]. The results
converge for any number of eigenchannels greater than
six, corresponding to a standard coupled-channels calcu-
lation including states up to 10+ in the rotational band
of ~548m; twenty eigenchannels were used in our calcula-
tions.

The high precision data of Ref. [15] were fitted using
this model. Approximate values of the nuclear parame-
ters, c and Bo, were obtained by Gtting only the cross
sections for bombarding energies above 70 MeV, where
the calculated cross sections are not expected to be sensi-
tive to the deformation parameters. Subsequently these
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parameters were readjusted in conjunction with the de-
formation parameters Pz and P4 to optimize the fit to the
complete excitation function.

Initially P4 was set to zero and Pz was varied, giving
an optimum fit with Pz = 0.376. This is considerably
larger than that from all earlier fusion analyses and also
larger than other nonfusion estimates which vary from
0.26 [6] to 0.34 [13]. The quality of the fit with P4 = 0 is
sensitively illustrated in Fig. 2(a) where the shapes of the
d (Eo)/dEz distributions, related to the distribution of
barrier heights [20], obtained from experiment and the-
ory are compared. There are clear systematic differences
in shape, over a large energy range, which cannot be ac-
counted for using only a quadrupole deformation; also
the lowest energy cross sections are dramatically under-
estimated.

The inclusion of a P4 deformation greatly improves the
fit to the cross sections. Now the y per point, in fitting
the cross sections, is about 8 compared with 21 with P4 =
0. The change in shape of the barrier distribution, shown
in Fig. 2(b), reduces the obvious systematic discrepancies
in Fig. 2(a). There appears to be some structure in the
distribution around 60 MeV which cannot be explained
in terms of the nuclear shape and which we are unable
to reproduce.

The optimum fits are obtained with Pz and P4 values
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FIG. 2. The curvature of Eo. vs F extracted from the
measured excitation function (full circles) for Sm + ' 0,
compared vrith the theoretical values using (a) P2 = 0.376
and P4 = 0.0 and (b) P2 = 0.304 and P4 = +0.052. Large,
systematic difFerences in (a) are reduced by the inclusion of
the posi tive hexadecapole deformation.

of 0.304 and 0.052, respectively. The value of P2 is now
consistent with other nonfusion measurements while the
P4 value is within the range of previously published val-
ues, 0.044 [10] to 0.13 [6]. This range of deformation
parameters results, in large degree, from the choice of
the Coulomb radius parameter; analyses of Coulomb ex-
citation data [9, ll, 12] which use a radius parameter of

1.10, close to our value of 1.06, all yield values of P2
close to 0.30 and P4 near O.ll. The inelastic scattering
data of Ref. [14] give P2 ——0.29 and P4 = 0.06, when
adjusted to this same radius parameter. The agreement
between these results and our new fusion analysis is re-
markable but on the basis of this one fusion measurement
it is not clear to what degree it is fortuitous.

However, the sensitivity of the deformation parameters
to the choice of radius is small in our model; a 10% in-
crease in radius gives 5% decrease in the P s. Thus it
is clear that the interpretation of fusion for this reaction
does require much larger deformation parameters than
those previously published.

The nuclear potential which gives the optimum fit has
a value of —8.53 MeV at 10.5 fm and a diffuseness of a =
1.27 fm. This gives Bo = 59.50 MeV and the resulting hw

of the spherical barrier at L = 0 is 3.1 MeV. The value
of a = 1.27 fm is higher than that obtained from elastic
scattering data [21]. However, a double-folded potential
for heavy ions [22] does produce a rather deep potential
with an effective surface diffuseness of the same order of
that obtained in our analysis.

Previous measurements for this reaction were made
with insufficient detail and would not have been sensitive
to the P4 deformation. It is interesting to note, however,
that the use of the Wong model, with oiily a quadrupole
deformation, produces a distribution of barrier heights
more resembling that of Fig. 2(b) than Fig. 2(a). The
reason for this can be seen in Fig. 1. The asymmetry
of the potential causes the range of "barriers" from the
Wong model to be compressed above the spherical one
and extended below, similar to the effeet of including a
P4 deformation.

The remaining discrepancies evident in Fig. 2(b) still
appear to be systematic and this may reflect the inade-
quacy of the model at this 3% level. There are several
effects resulting from transfer reactions and projectile ex-
citation, for example, which may affect the theoretical
distribution but which are more difBcult to take into ac-
count.

In summary, we have fitted the fusion excitation func-
tion for is4Sm + 0 with a model which uses a distribu-
tion of fusion barriers arising from the static deformation
of the target nucleus. The best fit to the data requires
the inclusion of a positive hexadecapole deformation and
the magnitudes of both Pz and P4 are consistent with
values extracted from other reactions. The remarkable
agreement obtained may be somewhat fortuitous given
the uncertainties in the analyses of all data. However, it
is clear that the values extracted in this work are much
more realistic than the much smaller Pz values previously
published. These low values resulted from the limited
data available and approximations in estimating the ef-
fects of deformation on the fusion barrier distributions.
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