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Multipion correlations arising from the symmetrization of the n-pion wave function affect the ex-
tracted information from two-pion correlation measurements. The influence of multipion correlations
on a sample of like-pion pairs can be expressed as a multipion correlation factor, the distribution of
which offers good sensitivity to the multipion correlation effect. Analyses of the multipion correlation
factor for two Bevalac streamer chamber data samples of 2.14 GeV Ne + Pb and 1.84 GeV Ar +
Pb collisions show that the multipion correlation effect in the former sample is greater than in the
latter. This result mainly arises from the fact that the pion source for Ne projectiles is smaller than
for Ar projectiles. The residual correlations in the reference sample are related to the multipion
correlation factor in multipion events, which can be expressed as a residual correlation factor. The
influence of multipion correlations on two-pion interferometry analyses arises from the ratio of the
residual correlation factor to the multipion correlation factor.

I. INTRODUCTION

The study of Bose-Einstein correlations among iden-
tical pions in high energy heavy ion collisions provides
information about the space-time structure, degree of co-
herence, and the dynamics of the region where the pions
were produced [1-3]. In a multipion event, there are mul-
tipion correlations among the identical pions. Two-pion
interferometry investigates only the two-body correlation
between identical pions. In order to reveal the proper-
ties of nuclear matter at progressively higher tempera-
ture and density, heavy ion collisions should be studied
at increasing bombarding energy and the number of iden-
tical pions in each event becomes higher. Therefore, it
becomes more and more important to investigate the de-
pendence of multipion correlations on parameters of the
pion source, to study the influence of multipion corre-
lations on two-pion correlations, and to develop a pion
interferometry technique which involves the multipion
correlation effect [4-12]. Furthermore, two-pion inter-
ferometry results depend on the reference (background)
sample. In the usual pion interferometry analyses, the
reference sample is constiucted by selecting pions from
different events with the same pion multiplicity, and there
are residual correlations in the reference sample {2,13,14].
The multipion correlations, the residual correlations, and
the influence of these effects on two-pion interferometry
are the subject of this investigation.

In this paper we concentrate on the effect of multi-
pion correlations at Bevalac energies. It is more difficult
to study multipion correlations in very energetic heavy
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ion collisions since the simple space-time interpretation
of pion interferometry often breaks down due to strong
correlations between spatial and momentum coordinates
[15-19] and the computation time for a Monte Carlo sim-
ulation of the event grows exponentially with pion mul-
tiplicity. Nevertheless, our work presented here is a first
step in this direction.

The content of the present paper is as follows: In Sec.
II, the effect of the multipion correlations on the sample
of like-pion pairs in multipion events is discussed, which
can be expressed as a multipion correlation factor. In
Sec. III, we study the dependence of the residual correla-
tion in the reference sample on the multipion correlation
factor, and investigate the influence of multipion corre-
lations on two-pion interferometry analyses. In Sec. IV,
the data for 2.14 GeV Ne + Pb and 1.84 GeV Ar + Pb
at the Bevalac streamer chamber are analyzed, and the
multipion correlation effects in these two experiments are
compared. Finally, the conclusions are given in Sec. V.

In the following, assuming a Gaussian space-time
source [20], the two-pion correlation function takes the
form

C2(q,q0) = 1 + X exp(—q*R?/2 — ¢37%/2), (1)

where q and gg are the relative momentum and the rela-
tive energy of the two pions, and A is the coherence factor
for two-pion correlations. Because our Bevalac streamer
chamber data are not sensitive to the lifetime (3, 21-23],
we take 7 = 0 for simplicity in our analyses.
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II. THE INFLUENCE OF MULTIPION
CORRELATIONS ON THE SAMPLE
OF LIKE-PION PAIRS

Denoting the identical pion multiplicity of an event by
n, the n-pion correlation function in the event can be
defined as

P.(P1,P2,---,Pn) @)
P(p1)P(p2)--- P(pn)’

where P,(p1,P2,...,Pn) is the probability of observing
n identical pions of momenta ps, p2, .. ., Pr in the event,
and P(p;) is the single-pion-inclusive distribution with-
out the effect of identical pion correlations.

Assuming that the probability of observing two iden-
tical pions of momenta p;,ps in an n-pion event is
P,;,(p1,Pp2), the two-pion correlation function in the
event is defined as

Cn(p17p27 ce e ,pn) =

_ P2/n(p1ap2)
Co/n(P1,P2) = P(p1)P(pa)’

where P/, (p1, p2) is related to P,(p1, p2, . -

3)
-y Pn) by
Py (p1,P2) /'"/dps"'dPnPn(Pl,Pz,u-,pn)-
(4)
According to the definition of the correlation function
Eq. (3), and using the relative momentum ¢ of two pi-
ons as a variable in two-pion interferometry analyses, the

two-pion correlation function in an n-pion event is ob-
tained from

Cor2/n(Q)
Ca/n(q) x Tncor(q) ' (5)
where
Cory/n(gq) = /dpl /dp2P2/n(P1»p2)6(lp1 - p2/—9q)
(6)

is the distribution of correlated-pion pairs in terms of g,
and

Uncor(q) = /dp1 /dsz(pl)P(p2)5(|P1 - p2l—9)
(7

is the distribution of uncorrelated-pion pairs in terms of
q. In particular, Eq. (1) represents the two-pion correla-
tion function Cy/2(q) in a two-pion event, which is also
denoted by C2(q) from Eq. (2).

From Eq. (5), the two-pion correlation function in an
n-pion event can be written as

C2/n(‘1) = C2(Q)_C‘-n—2(Q) ) (8)
where

- _ Cor2/n(q)

Crn-2(q) = ﬂm ) (9)

and

Cory/2(q) = /dm/dszz(phpz)é([m - P2/ —9),
(10)

which is the distribution of correlated-pion pairs in a two-
pion event, and & is a normalization constant. We call
Cr—2(q) the multipion correlation factor, which reflects
the influence of multipion correlations on the two-pion
correlation function [for n =2, C,_2(q) = 1].

The Metropolis approach is the standard Monte Carlo
technique which allows one to generate an ensemble of
multibody configurations according to some probabil-
ity density. Using this approach, Monte Carlo events
with multipion correlations can be generated [8,24]. In
our Monte Carlo simulations, the probability of mul-
tipion correlations is calculated using the Ryser-Wilf-
Nijenhuis (RWN) algorithm [8, 25], and the pion source
is completely incoherent. Figure 1 shows the variation of
Cr—2(g) with source radius R and temperature 7' and
with pion multiplicity, for the Monte Carlo simulated
events, where Figs. 1(a), (b), and (c) show the multipion
correlation factor for eight-pion, five-pion, and three-pion
events, respectively. The total number of correlated-pion
pairs for every kind of event is 2 x 10°, and the single-
pion-inclusive distribution is simulated according to the
Boltzmann distribution. In Figs. 1(a), (b), and (c), the
open triangle symbol corresponds to the pion source pa-
rameters T' = 50 MeV, R = 3.0 fm; the solid dot symbol
corresponds to the pion source parameters T' = 80 MeV,
R = 3.0 fm; and the open square symbol corresponds to
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FIG. 1. Multipion correlation factors Cn—2(g) for Monte

Carlo multipion events; (a) for eight-pion events, (b) for five-
pion events, and (c) for three-pion events. The symbols A,
e, and [ correspond to the following pion source parameters:
(T =50 MeV, R = 3.0 fm), (T = 80 MeV, R = 3.0 fm), and
(T =170 MeV, R =5.5 fm).
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the pion source parameters T' = 70 MeV, R = 5.5 fm.

From Fig. 1 it can be seen that C,_2(q) ~ 1, and
the influence of multipion correlations can be neglected
when the radius of a pion source is large and the pion
multiplicity is low. Conversely, when the radius of a pion
source is small and the pion multiplicity is high, the mul-
tipion correlation effect becomes important. In such a
case, the distribution of C,,_2(q) is greater than unity in
the low relative momentum region, and indicates that the
influence of multipion correlations makes the number of
correlated-pion pairs increase in the low relative momen-
tum region and decrease in the high relative momentum
region. Because the correlation between two like pions
becomes stronger when ¢ — 0, the influence of multipion
correlations becomes relatively weaker. Under conditions
of the same pion multiplicity, the multipion correlation
factor is affected more by the radius than by the temper-
ature of the pion source. The results of previous theoret-
ical analyses pointed to the multipion correlation effect
increasing with the inverse of R?T [5-7,9]. For a partially
coherent pion source, because the coherence factors for
each order of correlation are less than unity, the multi-
pion correlation effect is less than for an incoherent
source.

III. THE INFLUENCE OF MULTIPION
CORRELATIONS ON TWO-PION
INTERFEROMETRY

In Sec. II, we discussed the influence of multipion cor-
relations on the sample of like-pion pairs, which can be
represented by the multipion correlation factor, while
the reference sample Uncor(q), Eq. (7), which is called
the ideal reference sample, does not contain any Bose-
Einstein correlations. When carrying out a two-pion in-
terferometry analysis, the reference sample is usually con-
structed by mixing pions selected from different events
with the same pion multiplicity, which can be expressed
as [14]

Uncor/(q) = /dp1 /dpz P'(p1)P'(p2)6(Ip1 — p2| — 9) s

(11)

where P’(p) is the single-pion-inclusive distribution ob-
tained from n-pion events,

P/(p) x P(p) / dp' P(p)Cayn (P, D)
~ P(p) / dp’ P(p)Ca(p,p)Cnoz(pp).  (12)

From Eq. (11) and Eq. (12) it can be seen that there are
residual correlations in the reference sample Uncor’(g),
which are directly related to the multipion correlation
factor in an n-pion event. Let

Uncor’(q)

Ul’lCOI‘(q) = W y

(13)

we call Uncor(g) the residual correlation factor, which

reflects residual correlations in the reference sample
Uncor'(q).

In two-pion interferometry analyses for multipion
events, the correlation function is obtained from the ratio
of the sample Cory/,(g) of like pion pairs to the reference
sample Uncor’(q), which is different from Cs(g). From
Eq. (5), Eq. (8), and Eq. (13), it can be obtained that

Ca(q) x a——"m ; (14)
where
_ Uncor(q)
= ——6n_2(q) . (15)

We see that the influence of multipion correlations on
two-pion interferometry analyses arises from both the
multipion correlation factor C,_2(g) and the residual
correlation factor Uncor(q).

Figures 2(a) and (b) show the comparison of these
two correlation factors Uncor(q) (solid dot symbol) and
Cr-2(q) (open triangle symbol) in eight-pion and five-
pion Monte Carlo events. A total of 2 x 10° correlated-
pion pairs were used to construct Cp,—2(q) for each kind
of event, and the number of pion pairs in each reference
sample used to construct Uncor(q) is about 20 times the
number of correlated-pion pairs. The difference between
these two correlation factors in the low ¢ region increases
with the pion multiplicity.

References [2] and [13] deal with two-pion interferom-
etry analyses for experimental data from the Bevalac’s
Janus spectrometer. By weighting the events appropri-
ately, Zajc et al. and Chacon et al. removed the resid-
ual correlation effect arising from two-pion correlations
in the usual reference sample. Because of the small ac-
ceptance of the Janus spectrometer, their analyses were
based on events in which no more than two pions per
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FIG. 2. The comparison of Uncor(q) (e) and Cr-2(g) (A)
for Monte Carlo multipion events, with 7' = 80 MeV, R = 3.0
fm; (a) for eight-pion events, and (b) for five-pion events.
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TABLE I. Two-pion interferometry results for Monte Carlo multipion events.
57 event 8m event

T (MeV) 80 70 80 70
Pion source R (fm) 3.0 5.5 3.0 5.5
Parameters A 1 1 1 1
Fitted R (fm) 3.16+0.07 5.63+0.26 3.24+0.07 5.44+0.26
results (a) A 0.85+0.04 0.94+0.09 0.80£0.04 0.91+0.08
Fitted R (fm) 3.01+0.06 5.59+0.21 2.91+0.08 5.61+0.21
results (b) A 0.96+0.06 1.03+0.10 0.9240.05 1.02+0.08

event were detected. From Eq. (12) it can be seen that
the difference in the residual correlations between the ref-
erence samples for n-pion events and two-pion events is
only the factor C,—2. Thus, using a method similar to
that in Refs. [2] and [13], the residual effects due to multi-
pion correlations in the reference sample can be removed.
Furthermore, if we weight the reference sample to remove
the residual correlations using the multipion correlation
factor [9], both the influence of the residual correlations
in the reference sample and the multipion correlations
in the sample of correlated-pion pairs can be eliminated
from two-pion interferometry results. In the Appendix,
the expression C,,_3(q) for calculating weights is given.

Table I lists the two-pion interferometry results for
multipion events generated by Monte Carlo. The num-
bers of five-pion and eight-pion events are approximately
2 x 10* and 7.2 x 10%, respectively. The number of
correlated-pion pairs for each kind of event is 2x 10%. The
fitted results in row (a) are uncorrected. Although the
multipion correlation factor for the sample of correlated-
pion pairs and the residual correlation factor for the refer-
ence sample can partially cancel each other, the difference
between them increases in the low relative momentum re-
gion when the pion source has a small radius and the pion
multiplicity is high. In such a case, the effect of multipion
correlations makes the fitted results deviate significantly
from the real parameters of the pion source. The fitted
results in row (b) of Table I were obtained after correct-
ing for the residual correlations in the reference sample
as well as for the multipion correlations in the sample of
correlated-pion pairs according to the method described
above.

IV. ANALYSES OF EXPERIMENTAL DATA

The data analyzed in this paper come from 2.14 GeV
Ne + Pb and 1.84 GeV Ar + Pb central collisions at the
Bevalac streamer chamber [3, 5, 6]. In order to remove
the effect of electron contamination of the =~ sample, a
momentum cut p,p > 100 MeV /c has been imposed [3, 5,
6]. In our experimental data, the number of correlated-
pion pairs from events with a single specific value for
the 7~ multiplicity is limited. In order to compare the
multipion correlation effect in experimental events with
adequate statistics, we extend Eq. (9) and define

S Coran()
E}';z Coryy; (9)

where the sum extends over some range of 7~ multi-
plicity. The Monte Carlo results indicate that C",_2(q)
and C,,—2(q) for various pion source parameters have the
same pattern of variation. The Gamow factor [1-3] for
Coulomb interaction between two correlated pions can-
cels in C7,_2(q).

Let

<M1r>pa.ir = Z Mﬂ'N(Mﬂ')/ Zz N(M‘lr) ’ (17)

My,=m; Myr=m1

Clh2(q) =k (n > m), (16)

where N(M,) denotes the number of correlated-pion
pairs provided by all the events with a given 7~ multiplic-
ity My, [m1, my) is a certain range of My, and (M) pair is
the average pion multiplicity of the subset of correlated-
pion pairs in the range [m1, my]. Table II gives the num-
ber of events, the number of correlated-pion pairs, and
the value of (My)pair for different ranges of 7~ multiplic-
ity in our two experimental data samples.

Figure 3 and Fig. 4 show the variation of C7,,_5(q) for
these two experimental samples. In Fig. 3, referring to
Eq. (16), the sum range of j is [2,5], the sum ranges of
i are [n,n’]=[5,8] (corresponding to the solid dot sym-
bol in Fig. 3) and [n,n/]=[8,17] (corresponding to the

19 100 200 300 400 500
d(MeV/c)

FIG. 3. The variation of C"p,—2(q) for 2.14 GeV Ne + Pb.
Referring to Eq. (16), the sum range of j is [2,5], and the sum
ranges of ¢ are [5,8] (corresponding to the symbol ) and [8,17]
(corresponding to the symbol O0).
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TABLE II.
in our two experimental samples.

The number of events, the number of correlated-pion pairs, and the value of (Mx)pair

2.1A GeV Ne + Pb

1.84 GeV Ar + Pb

Multiplicity

interval 2<M,.<5 5<M,<8 8<M,<17 2<M,<8 8<M,.<12 12<M,.<20
Number of

events 4271 2117 1124 1596 1635 928
Number of

like-pion pairs 9858 19528 25648 15809 46579 52676
(Mz)pair 4.02 6.63 10.30 6.67 10.24 14.36

open square symbol in Fig. 3). In Fig. 4, the sum range
of j is [2,8], and the sum ranges of i are [n,n’]|=[8,12]
(corresponding to the solid dot symbol in Fig. 4) and
[n,n’]=[12,20] (corresponding to the open square symbol
in Fig. 4). Comparing the distribution of C7,,_5(q) in
Fig. 3 and in Fig. 4, it can be seen that the multipion
correlation effect in the 2.14 GeV Ne + Pb collisions is
greater than that in the 1.84 GeV Ar + Pb collisions.
This result mainly arises from the fact that the 7~ source
in the former sample is smaller than in the latter. Fur-
thermore, we can also see that the difference between the
distributions of the multipion correlation factor for dif-
ferent ranges of m~ multiplicity is larger in Fig. 3 than
in Fig. 4.

For these two experiments, Table III gives the two-pion
interferometry results after imposition of the Gamow cor-
rection factor for 7~-7~ Coulomb repulsion [1-3]. In
this table, the fitted results in row (a) are obtained by
using the usual reference sample, and the fitted results
in row (b) are obtained after removing the residual cor-
relations in the reference sample and the multipion cor-
relations in the sample of correlated-pion pairs. In row
(b), the two independent initial parameters Ro and Ao
are needed to calculate the weights iteratively (see the
Appendix). Because the residual correlation factor for
the reference sample and the multipion correlation fac-
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FIG. 4. The variation of C'n—2(g) for 1.84 GeV Ar + Pb.
Referring to Eq. (16), the sum range of j is [2,8], and the sum
ranges of i are [8,12] (corresponding to the symbol e) and
[12,20] (corresponding to the symbol O).

tor for the sample of correlated-pion pairs can partially
cancel each other, the results in rows (a) and (b) are
the same within the statistical errors of our experimental
data. The fitted results in row (c) of Table III are ob-
tained after correction only for the residual correlations.
Because of the influence of multipion correlations in the
sample of correlated-pion pairs, the number of correlated-
pion pairs in the low g region increases, hence the two-
pion correlation effect is enhanced, and the fitted R be-
comes smaller. The fitted results in row (d) of Table III
are obtained after correction only for the multipion cor-
relations in the sample of correlated-pion pairs. Because
the residual correlations make the number of pion pairs
in the reference sample increase in the low ¢ region, the
fitted R becomes larger. In these two cases, the fitted
results have a relatively large deviation from the fitted
results in rows (a) and (b).

V. CONCLUSIONS

It has been shown over the past decade that multip-
ion interferometry [4-12] offers a powerful tool to check
assumptions about two-particle correlations, and to test
the findings of two-pion interferometry analyses. How-
ever, the study of multipion Bose-Einstein interference
has been restricted to a few lower orders because of an
excessive number of computations as the correlation or-
der increases, and poor statistics. In this paper, we pro-
pose an alternative approach which reveals the multi-
pion correlation effects in Bevalac streamer chamber data
samples and offers a means to correct the distortion of
two-pion analyses caused by multipion interference.

The influence of multipion symmetrization on two-pion
interferometry analyses is attributed to the ratio of the
residual correlation factor to the multipion correlation
factor. Because these two correlation factors can par-
tially cancel each other in data analyses, the distortion
of two-pion interferometry caused by multipion correla-
tions cannot be identified within the experimental accu-
racy of our streamer chamber data. Nevertheless, the
distributions of multipion correlation factors Chr-2(q) or
C',—2(q) offer good sensitivity to multipion correlation
effects. Comparing 2.14A GeV Ne+Pb and 1.84 GeV
Ar+Pb, we find a larger multipion effect for the Ne beam
than for the Ar beam, which is a consequence of a smaller
pion source radius with the lighter projectile.
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TABLE III. The fitted results for experimental data.
2.1A GeV Ne + Pb 1.84 GeV Ar + Pb
Multiplicity
interval 2<M.<8 9< M, <17 2< M, <11 12 < M, <20
Fitted R (fm) 3.244+0.41 3.914+0.72 5.214+0.52 5.28+0.60
results (a) A 0.90+0.22 0.68+0.28 0.80+0.16 0.99+0.20
Fitted R (fm) 3.254+0.44 3.631+0.60 5.2240.55 5.81+0.62
results (b) A 0.87+0.23 0.84+0.24 0.76+0.16 0.9940.20
Fitted R (fm) 2.85+0.39 2.06+0.31 4.85+0.51 5.1240.58
results (c) A 0.86+0.26 0.474+0.16 0.82+0.15 1.04+0.20
Fitted R (fm) 3.984+0.70 6.18+1.43 6.1540.90 7.551+0.98
results (d) A 0.8240.28 0.35+0.12 0.80+0.19 0.7240.20

The distortion of two-pion interferometry from multi-
pion interference depends on the difference between the
multipion correlation factor and the residual correlation
factor in the low relative momentum region, which in-
creases when the pion source has a small radius and the
pion multiplicity is high. We propose a procedure for
correcting the distortion from multipion interference in
two-pion interferometry. Now the emphasis in the heavy
ion field is shifting more to CERN SPS and RHIC ener-
gies where up to several hundred identical pions might
be detected in a single event. The effect of multiparticle

— 1
Ch-2(q) x Ca(q)Uncor(q) /dpl /dpz Py/n(P1,P2)6(IP1 — P2| — ),

Bose-Einstein correlations is an obvious and important
subject in this energy regime.

This work is supported by the National Natural Sci-
ence Foundation of China, the U.S. Department of En-
ergy, and the U.S. National Science Foundation.

APPENDIX A: THE EXPRESSION FOR
CALCULATING WEIGHTS

From Eq. (8), and using Eq. (5) and Eq. (6), we have

(A1)

substituting Eq. (4) into Eq. (A1) , and using Eq. (2), it follows that

Cr-2(q) = m/dplp(pl)/dpzp(pz)ﬂlpl - p2| —Q)/dpsp(pa)'"/dPnP(pn)Cn(pl,Pz,---,Pn)‘

Using the explicit expression for the high-order correlation function, C,(p1, P2, . .

(A2)

., Pn), for a Gaussian source derived

with the graphical method [5, 6], the integration on the right side of Eq. (A2) can be completed in principle. Up to

the fourth order of correlation, C'\,_2(g) can be written as

Cr-2(q) ~ K/{l + 1 [inx\fl(Q) +2n2AI'1(q) + 2m1€12(q) + %(n + 2)n2€I'2(q)

Io(q)

1 1
#naNI5(a) + 3t =~ YmaAT'(a) + bnanli(a) + 5w —n = 12T'u)| |

where

Io(g) = C2(g)Uncor(q),
ng = (n —2)(n-3)/2,

and k' is a normalization constant; A, ¢, and n are the
coherence factors for two-pion, three-pion, and four-pion
correlations, respectively.

In Eq. (A3), the term AI;(q) reflects the average effects
of the two-pion correlations between one pion of the sam-

ny =n—2,

(A3)

f

pled pion pair from an n-pion event and one other pion in
the event; the term AI’;(q) reflects the average effects of
the two-pion correlations, which exclude the pions of the
sampled pair; the term £I5(q) reflects the average effects
of the pure triplet correlations among the two pions of
the sampled pion pair combined with one other pion; the
term £1'2(q) reflects the average effects of the other pure
triplet correlations; the term A\2I3(q) reflects the average
effects of the two-pion pair correlations between the sam-
pled pion pair and another possible pion pair from the
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remaining pions; the term A2I'3(q) reflects the average
effects of the other two-pion pair correlations; the term
nI4(q) reflects the average effects of the pure quadruplet
correlations among the two pions of the sampled pion
pair combined with two other pions; and the term nI’4(q)
reflects the average effects of the other pure quadruplet
correlations.

Because the fraction of particle phase space which cor-
responds to maximal correlations becomes smaller with
increasing number of particles, it is more difficult to ob-
serve maximal Bose-Einstein correlations for large mul-
tiplets. Monte Carlo calculation shows that the values
of I,(q) and I'n(q) (m = 1,2,3,4) averaged over g

decrease with increasing m. On the other hand, the
contribution of each order of correlation to Cp,_3(q) in
Eq. (A3) also depends on the coefficient of each corre-
sponding term, which increases with the multiplicity of
the event. In the analyses of our 47 streamer chamber
data, it is adequate to take into account the correlations
up to the fourth order and to neglect the higher-order
terms.

Because A, €, and 7 are related [5, 6], only two indepen-
dent initial values Ry and Ag for the source radius and
the coherence factor are needed to calculate the weights.
These values remain stable within the statistics errors [2,
13] after one to three iterations.
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