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Systematics of isospin character of transitions to the 2&+ and 3, states in ' ' ' Zr
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DiII'erential cross sections for exciting the 2&+ and 3& states of ' ' ' Zr with 70-MeV Li ions have
been measured. Calculations of the cross sections have been performed using a deformed optical model
potential (DOMP) with OMP deduced from fits to the elastic data, as well as a folding model with an
e6'ective nucleon-nucleon interaction with a Yukawa form factor obtained from fits to the elastic data
and transition densities obtained from open-shell random phase approximation (RPA) calculations. The
DOMP fits to the data yield values of M„/M~ which are in good agreement with those predicted using
the RPA. For the 2&+ states, we find M„/M~ increases from less than N/Z to greater than N/Z in going
from Zr to Zr. However, for the 3, states M„/M~ remains less than N/Z for all cases, a result which
is in disagreement with previous works. The folding model, with the RPA transition densities, provides
good agreement with the 2&+ measurements, but underpredicts the cross sections for the 3& states. A
reanalysis of the earlier data from excitation of these states by (a, a') reactions removes much of the ap-
parent discrepancies between those measurements and other measurements, including the ones reported
here. The localization of the Li interaction is also discussed.

PACS number(s): 21.10.Hw, 27.60.+j

I. INTRODUCTION

The experimental determination of the isospin charac-
ter of nuclear transitions can provide a stringent test of
nuclear structure calculations. Most information of this
type has been obtained from comparisons of inelastic
hadron scattering data with electromagnetic (EM) transi-
tion rates deduced from electron scattering, Coulomb ex-
citation, or photon decay. Hadron scattering data are
frequently analyzed using the deformed optical model po-
tential (DOMP) [1], and a hadronic deformation length,
61, is determined from normalization of the calculated to
the measured cross sections. The conditions under which
these deformation lengths, 61, extracted from, say, inelas-
tic alpha-particle scattering could be expected to yield
meaningful results, when compared with analogous de-
formation lengths extracted from EM data, were pointed
out by Bernstein [2]. Madsen, Brown, and Anderson not-
ed that the deformation length deduced from inelastic
scattering is a function not only of the nuclear structure
matrix element but of the probe itself [3]. Extensive use
has been made of the DOMP in association with a collec-
tive vibrational model to analyze inelastic scattering and
to map out the isospin character of the transitions to the
2,+ and 3, states of even-even nuclei [2,4]. Using data
for a variety of probes (protons, alpha particles, neutrons,
pions) at a variety of incident energies, the behavior near

closed-shell nuclei for the 2&+ states was found to be in
reasonable agreement with predictions of simple schemat-
ic structure models [4,5]. In principle, it is also possible
to utilize inelastic scattering by a single probe to deduce
the isospin character. This can be accomplished if the ex-
perimental parameters can be chosen such that interfer-
ence between the Coulomb and nuclear amplitudes (CNI)
produces structure in the differential cross sections that is
sensitive to their relative amplitudes, and, hence, to the
isospin character of the transition being measured. This
method has been used with heavy-ion projectiles to inves-
tigate the isospin character of transitions to both bound
states and the giant quadrupole resonance (GQR) [6—9].
The isospin characters determined for the GQR from
heavy-ion measurements [6—8] are in conflict with those
reported [10,11] from m.—measurements. However, the
results of a recent ~ measurements [—12] for the mixed
isospin transition to the 2&+ of Pb agree well with the
heavy-ion [9] data.

The present study was undertaken as an attempt to
resolve the large disagreements pertaining to the isospin
character for transitions to the 2&+ and 3, states in the
even zirconium isotopes, as determined from inelastic
alpha-particle scattering [13] (CNI technique) and a com-
parison of inelastic proton and neutron data [14]. The ra-
tio of the neutron multipole transition matrix element,
M„, to the proton multipole transition matrix element,
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M, reported from alpha scattering [13] is significantly
larger ( & 50% in most cases) than that from the compar-
ison of neutron and proton scattering [14].

We use the ' Zr( Li, Li') reaction at 70 MeV,
and analyze the data using the DOMP, as well as a fold-
ing model with an efFective nucleon-nucleon interaction
[15] in conjunction with transition densities predicted by
a quasiparticle random phase approximation (RPA) mod-
el with separable isoscalar and isovector particle-hole in-
teractions [16].

We compare our deduced M„ /M values with those re-
ported in two previous studies, one which used a compar-
ison of inelastic neutron and proton scattering data and
another which used inelastic alpha-particle scattering.
We present arguments that can partially resolve several
of the large discrepancies that occur between the three
works.

We also reanalyze the data from the earlier (a, a') mea-
surements [13], using both DOMP and folding models.
We conclude that the published results for the B(El)
values obtained from y fits to the 2,+ alpha-scattering
data may be somewhat misleading, and that we can
reproduce some of these 2i+ (a, a') cross sections by
DOMP calculations in which we use the same B(E2)1 as
are used in the analysis of our Li data. Furthermore,
when the deduced 5& and these B(E/) 1' are used to derive
M, /M values in a manner consistent with that used
with the Li data, much better agreement between the
two sets of M„/M values is obtained. In addition, we
have performed folding model calculations using a stan-
dard nucleon-alpha interaction of Gaussian form with
our RPA transition densities, and find agreement with
the measured 2, (a, a') cross sections of similar quality
to that found for our Li data, while the 3i (a,a') cross
sections are underpredicted to the same extent as for the
'Li.

II. EXPERIMENT

Measurements of the scattering of 70-MeV Li ions by—1.0 mg/cm, self-supporting targets of ' ' ' Zr were
performed utilizing the 25-MV tandem accelerator at the
Holifield Heavy-Ion Research Facility (HHIRF) at
ORNL. Scattered particles were detected using an Enge,
split-pole spectrometer with a two-wire, hybrid particle
detector [17], which provided both momentum analysis
and particle identification. The overall energy resolution
was -225 keV, which was mainly determined by the
detector system.

The data were measured over a laboratory angular
range OI,b=4 —45', and analyzed ofF line in 0.56 bins. A
five-slotted plate was inserted in place of the spectro-
graph slit at each angle setting to calibrate the detector in
terms of the scattering angle at the target. For the angles
inside Ot,b=12', this plate was also used to obtain data.
The vertical aperture of the defining slits was chosen so
that the true scattering angle for trajectories within the
bins was essentia11y equal to the in-plane scattering angle.

The target compositions and thicknesses are given in
Table I. In addition to the compositions shown there,
some of the targets contained small contaminations of

TABLE I. Thickness and isotopic composition of the zirconi-
um targets.

Target
Thickness
(mg/cm )

Abundance
(%)

Zr Zr Zr Zr 96Zr

"Zr
"Zr
'4Zr
"Zr

1.035
0.995
1.004
1.006

97.67 0.96 0.71
2.86 1.29 94.57
1.67 0.42 0.76
7.25 1.41 2.24

0.55 0.13
1.15 0.14

96.93 0.22
3.85 85.25

carbon and oxygen (all had been used in previous experi-
ments). The Zr target also contained a small amount of
tungsten in the ratio of about 0.5% tungsten atoms per
atom of zirconium. It was necessary to correct the
small-angle Zr elastic-scattering data for the tungsten
impurity. The main efFects of the carbon and oxygen
contarninants were on the inelastic spectra at small an-
gles.

III. MODELS AND ANALYSIS

We have used both "macroscopic" and "microscopic"
models to analyze the data. The macroscopic model em-
ploys a standard optical model analysis of the elastic
scattering and the DOMP. The microscopic model uses a
random phase approximation nuclear structure calcula-
tion to predict neutron and proton transition densities for
use in a folding model calculation of the cross sections.
The cross sections were calculated using the computer
program PTOLEMY [18].

A. Macroscopic analysis

I. E1astic scattering

f(x, )=(1+e ') ', x, =(r —R;)/a;,
8 =r(A' +A,'

) fm,

and i = V, 8'. The Coulomb potential was taken as that
of a point charge interacting with a uniform charge dis-
tribution with radius R, =r, ( A ' + A, ' ) fm, where A

and 2, are the masses of the projectile and target, respec-
tively. In this work, we adopt a value r, = 1.20 fm.

Absolute elastic cross sections were calculated using
the target thickness, experimental geometry, and the
Faraday cup readings. Searches were made on the elastic
data for each target to determine the optimum optical
model parameter values using the computer program
PTOLEMY [18]. The usual y criterion was used when
varying the parameter values to produce the optimum fit
to the measured cross sections which had relative errors
of -5%. A study of the fits to the elastic data implied

The optical model potential was taken to be of the usu-
al Woods-Saxon form,

U(r) = —Vf(xi, ) iWf(xi', ), —

with
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that the cross sections for each target should be increased
by 12%%uo, and this renormalization was adopted for all the
data. As expected, many combinations of optical model
parameters could be found that fit the elastic data equally
well. These included parameter sets in which the real
and imaginary geometries were the same, as well as those
in which the two geometries were different.

The OMP parametrizations used in the present work
for each isotope are given in Table II. These were used in
all of the DOMP calculations pertaining to the Li data
to be described below. Fits to the elastic data corre-
sponding to the parameters listed in Table II are shown
in Fig. 1.

2. Inelastic scattering
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In the DOMP [1] calculations, the nuclear transition
potential for angular momentum transfer l is assumed to
be [18]
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where V(r) and W(r) are the real and imaginary parts of
the optical potential (1) with the parameters taken from
the optical model fits to the elastic data. Here, the real
and imaginary deformation lengths are assumed to be
equal [i.e., 5~(l)=5~(l)=5& ]. To this is added the
Coulomb interaction, which at large radii is determined
uniquely by the reduced electric transition probability,
B(El)f. For radii less than R„we used the form for a
point charge interacting with a deformed, uniformly
charged, sphere of radius R„namely,

4Z e
H c( r )

~ [B(El ) 1 ]
i nr I~R zI + i

2l +1
where Z is the atomic number of the projectile. The re-
duced electric transition probability is given in terms of
the proton multipole transition matrix element, M, as

B(EI)l=e M =e fgf'(r)r + dr~, (4)

where g)F'(r) is the proton transition density, and M„ is
the proton 2' pole moment. The neutron multipole tran-
sition matrix element, M„, is similar to M~ with gf'(r) re-
placed by gI"(r) [1].

A mass (or isoscalar) multipole transition matrix ele-
ment can then be defined as M» =M„+M~, which then
gives a reduced mass transition probability in analogy to

TABLE II. Optical model parameters determined from
least-squares fits to the elastic-scattering data for the

Zr( Li, Li) reaction at E=70 MeV. A Coulomb radius
of r, = 1.20 fm was fixed in all cases.
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61.47 1.020 0.825 188.55 0.870 0.826
53.871 1.020 0.854 178.06 0.870 0.843
49.846 1.020 0.883 190.09 0.870 0.840
49.847 1.019 0.875 59.927 1.019 0.875

FIG. 1. Optical model fits to the elastic-scattering data for
Zr+ Li at E =70 MeV. The optical model parameters

are given in Table II. The cross-section data are plotted relative
to the Rutherford cross section.
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that for the charge probability as

B,s(l) 1 = M„+M
~

One can then derive the ratio

10
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The ratio M„ /M is an indication of the isospin charac-
ter of the nuclear transition.

We make the usual assumption that the neutron and
proton transition densities, gr"(r) and gt'(r), have the same
radial geometry, i.e. ,

bo 10

10

gr"(r)=N5,"g(r), gt"(v)=Zc/Ig(r) . (7a) 10
~ ~ ~ ~ ~

/
~ w ~ ~

/
~ ~ ~ ~

$
\ ~ 0 ~ '

Then we may define an isoscalar (or mass) deformation
length by

10
5'r =(N5(+Z6f)/A . (7b)

These relations would be obeyed, for example, if the exci-
tations arose from harmonic vibrations of the ground-
state densities, and the neutron and proton radial distri-
butions had the same shape. Furthermore, we make the
additional assumption that the potential deformation
length in the DOMP model (2) is the same as the mass
deformation length given in (7b), i.e.,

gX gIS
I l (7c)

since the projectile here is an isoscalar probe. A measure
of the proton deformation length can be obtained from
the B(El) value by using the expressions for a uniform
distribution,

E 10'
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where we choose R, = 1.20 A,' ~ fm. (This expression
corresponds to the proton radial transition density being
a delta function at r=R„but calculations with more
realistic shapes indicate that the error made with this as-
sumption is small. )

In the DOMP calculations the magnitude and shape of
the differential cross section are functions of the Coulomb
and nuclear amplitudes and their relative phases. The
calculated cross sections are completely determined by 5f
[or B(El )1] and 5& within our model. When the B(El )1
is fairly well known from other works, we fix that value
and search on 6& .

The ratio M„ /M can now be calculated from the de-
duced quantities (5I, 5f) by using Eqs. (6)—(8), i.e.,

M„/M =(A5I /Z5f) —1 .
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A simple "isoscalar" mass vibration would have
5Iis=5&"=51', and consequently M„/M~ =N/Z.

The inelastic cross sections were computed using cou-
pled channels I18]. It was determined that the eft'ects of
the inelastic couplings on the elastic scattering were
small, so that the optical model parameters deduced from
the elastic fits (i.e., Table II) were adequate for use in the
calculations of the inelastic cross sections. Calculations

10

5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 45.0 50.0
&c.m. (deg)

FIG. 2. Differential cross sections for exciting the 2&+ states
of ' Zr with 70-MeV Li ions. The solid curves represent
coupled-channels cross sections calculated using the DOMP
and the program pToLEMY.
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using other sets of optical model parameters obtained
from fits to the elastic data gave essentially identical in-
elastic cross sections.

a. 2, states T. he B(E2)1 values for Zr and Zr
have been fairly well established. For Zr, there is excel-
lent agreement between the values determined from mea-
surements of inelastic electron scattering and resonance
Auorescence. Only one Coulomb excitation measurement
has been reported [19]with a B(E2)$ whose mean value
is about —', of the adopted [20] B(E2))=0.063+0.005
e b . There are three Coulomb excitation measurements
of B(E2)1' for Zr which are in good agreement, and we
utilize the adopted value [20] B(E2)1 =0.083+0.06
e b . For Zr there are two Coulomb excitation values,
B(E2)$=0.056+0.014 e b [21] and 0.081+0.017e b
[22]. In the PTQLEMY calculations we used the adopted
value [20] of 0.066+0.014 e b . From a Coulomb excita-
tion measurement on Zr, Cxangrskii and Lemberg [19]
report B(E2)f =0.055+0.022 e b . However, as noted
above, for Zr these authors [19] give
B(E2)l'=0.042+0.015 e b, which is about 30% below
the adopted value given above for this transition.

In the DOMP calculations, we fixed the B(E2)f (i.e. ,

5f) and varied 5& that we used in the program PTOLEMY.
Since pToLEMY does not have a search routine for inelas-
tic scattering, we performed a series of calculations in
which we changed M„ /M, by varying 5& in accordance
with Eq. (9).

Our final calculations for the 2,+ cross sections are
shown in Fig. 2, and the deduced M„/M are listed in
Table III. For 0, &15', the carbon and oxygen con-
taminants and the tail of the elastic peak affect the accu-
racy of the deduced cross sections. The discrepancy be-

tween the data and calculated cross section near
0, =13' for Zr [Fig. 2(b)] is caused by the carbon and
oxygen contaminants. Unfortunately, it is in that angular
region that the signature of the CNI is most pronounced.
However, as can be seen in Fig. 3, where we plot the
Coulomb and nuclear cross sections separately for excit-
ing the 2&+ state in Zr, the Coulomb contribution to the
total cross section is still significant beyond 15'. Hence,
we have searched on the data for ' Zr using the com-
puter code ECIS [23] in which we allowed both 5f and 5&

to vary simultaneously. From these ECIS fits, we obtained
B(E2)1=0.066+0.06 e b and M /M =0.72+0. 10 for

Zr, and B(E2)1' =0.089+0.009 and M„/M = 1.21
+0.12 for Zr. These B(E2)1 are in good agreement
with the adopted values, and the M„/M also agree well
with our ratios listed in Table III.

For the 2, state in Zr, a search with ECIS gave
B(E2)$ =0.079+0.009 e b and M„/M =1.13+0.20
with a g within a factor of 2 of that obtained with the
ado ted B(E2)l'=0.066 e b and M„/M„=1.50+0. 15.
This points out the need for independent determinations
of B(E2)1 and high-quality inelastic data. Our data for

Zr are too imprecise for utilizing search routines. Our
energy resolution of -225 keV was not su%cient to corn-
pletely resolve the 2,+ (1.75 MeV) and 3, (1.90 MeV)
states. Since the excitation of the 3 state dominates, the
decomposition of the spectra resulted in the large angle-
to-angle fluctuations in the 2&+ cross section as seen in

Fig. 2(d).
b. 3] states. The region of strong Coulomb nuclear in-

terference in the cross sections exciting the 3& states
occurs in the region 0, &15. The sensitivity of the
shape of the cross sections to combinations of B(E3)l'

TABLE III. Comparisons of B(El)f and M„/Mp for the first 2+ and 3 states in ' ' Zr.

Experiment
Isotope J E„B(El) f M„ /Mp M /Mp'

(MeV) (e b )

M„ /Mp

RPA calculation'
E M M„ /Mp N /Z

(MeV) (e fm')

90

92

94

96

2+ 2.186
3 2 748
2+ 0.935
3 2.340
2+ 0.918
3 2.057
2+ 1.75
3 1.90

0.063'
0.071'
0 083'
0.067g

0.066'
0.087g

0.055'
0.12'

0.85+0. 10
0.60+0.08
1.30+0.10
0.85+0. 10
1.50+0. 15
0.90+0.10
1.50+0. 15
1.10+0.10

0.85+0.06
0.92+0. 13
1.05+0.07
1.20+0. 13
1.50+0.22
1.95+0.20"

1.22+0. 12
1.80+0.31
2.91+0.19
2.52"+0.45
3.02+0.22
2.36+0.51
4.62"+0.64
2.67+0.47

2.51 25. 1

2 73 267
1.40 28.9
2.64 257
1.55 25.9
2 35 295
2.02 23.3
1.96 346

0.84
0.75
1.49
0.87
1.69
1.06
1.66
1.22

1.25

1.30

1.35

1.4

'The interaction strengths were adjusted to reproduce the B(El ) f values quoted in column 4.
This work. The uncertainties do not include uncertainties in the B(El ) f'.

'Reference [14].
Reference [13].

'Reference [20].
'Reference [24].
~Reference [25].
We believe the value 1.59+0.20 given in Ref. [14] is a misprint, based upon our recalculation of this

quantity.
'We use the value of B(E3)$ from fits to our data which give the largest M„/Mp.
We believe the value 2.17 given in Ref. [13] is a misprint, based upon our recalculation of this quantity.
We believe the value 4.69 given in Ref. [13]is a misprint, based upon our recalculation of this quantity.
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FIG. 3. Calculations of the differential cross sections for ex-
citing the 2&+ state of Zr at 0.935 MeV using the DOMP and
the program pTQLEMY. The dashed curve corresponds to the
cross section arising from Coulomb excitation only, the dot-
dashed curve to nuclear only, and the solid curve to the total
cross section.
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and M„/M is rather poor. This means that it would be
extremely difficult to independently deduce B(E3)I from
the data. Hence, we rely on other measurements of
B(E3)1' to deduce M„/M from our data. Unfortunate-
ly, the status of our knowledge of the B(E3)1 for the zir-
conium isotopes is rather poor. There are no B(E3)f
determined from Coulomb excitation measurements for

Zr. For Zr, we adopt a recent value [24] from
(e,e') scattering of B(E3)1 =0.071+0.003 e b . For

Zr, we adopt the values B(E3)f=0.067 and 0.087
e b, respectively [25]. These are based upon DOMP
analyses of inelastic proton measurements, and must be
considered as indirect and approximate values. In addi-
tion to an adopted [25] B(E3)1=0.183 e b for Zr
which is also based upon inelastic proton scattering, there
are two recent values obtained from lifetime measure-
ments, i.e., B(E3)1=0.25+0.04 e b [26] and
0.265+o O67 [27]. These latter values would represent one
of the strongest E3 transitions observed thus far.

Our cross sections for the 3 excitations calculated us-
ing FToLEMY are shown in Fig. 4 and our deduced
M„/M~ are given in Table III. To reproduce our data
for the 3 state in Zr would require M„/M consider-
ably less than 0.9 if we use B(E3)1 =0. 18 e b, and less
than 0.5 if we use the larger values reported from the life-
time measurements. The CNI signature is not sufhcient
to search independently on both 5& and 5f in order to
deduce a unique value of B(E3)1'. Hence, a broad range
of 6& and 5f can reproduce the data with comparable y .
For Zr, the results shown correspond to B(E3)1'=0.12
e b . This value was adopted because it gives the max-
imum M„/M of 1.10 which is consistent with our cross
sections. Should the larger values [26,27] of B(E3)1
prove correct, this would necessitate a revised analysis of
the data.
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FIG. 4. Comparison of coupled-channels calculations using
the DOMP and the program PTOLEMY with the di6'erential
cross sections for exciting the 3& states of ' ' Zr with 70-
MeV Li ions. The solid curves are for M„/M~ values deter-
mined in this work, and the dashed curves use M„/M~ reported
in Ref. [14].



47 SYSTEMATICS OF ISOSPIN CHARACTER OF TRANSITIONS. . . 635

B. Microscopic analysis

In this section, we discuss the use of a simple nucleon-
nucleon interaction that has been found to fit our elastic
data, and subsequent folding model calculations of inelas-
tic cross sections. In addition, we examine the radial re-
gion of the transition density sampled in the interaction
by performing folding calculations assuming an isoscalar
Tassie form.

1. Elastic scattering

(MeV) (MeV)

90
92
94
96

54.01
53.82
56.42
55.08

56.68
54.05
55.88
54.17

TABLE V. Strengths of the real and imaginary parts of the
effective nucleon-nucleon interaction with Yukawa form and a
range of 0.7 fm, which fit the elastic Li scattering from the zir-
conium isotopes.

v(r) = —(u+ iw )exp( —r, z /t ) l(r, z /t ) .

The strengths U, m were found to be slowly dependent on
energy, with

v =54 —0.22E(MeV )IA Me V . (12)

A similar interaction was tried in the present case. By
gridding on the value of t and varying U and m for the
best fit at each t, it was confirmed that the optimum
range was close to t =0.7 fm for each zirconium isotope.

Consequently, we fixed t =0.7 fm and obtained the op-
timum U and w values for each isotope which are listed in

TABLE IV. Parameter values for a two-parameter Fermi
model of the ground-state densities of the zirconium isotopes,
deduced from Ref. [29], where p(r)=pa(1+e' '~') ' and R is
the rms radius.

C

(fm)
a

(fm)
R

(fm)

90
92
94
96

5.033
5.076
5.119
5.162

0.475
0.475
0.475
0.475

4.280
4.311
4.341
4.372

Folded potentials were used to analyze the elastic data,
in order to be consistent with the use of folded transition
potentials to describe the inelastic scattering. The optical
potential is obtained by the folding of an eff'ective (com-
plex) nucleon-nucleon interaction, v(r &z ), with the projec-
tile and target density distributions [1],i.e. ,

Uz(r)= I JP&(r&)PL;(rz)u(r&z)dr&drz, (10)

where r, z
= r+rz —r, ~. For our purpose, it was assumed

that the real and imaginary parts of u(r&z ) have the same
shape.

The density distribution for Li was chosen to be one
previously used [28], constructed from the shell model,
while two-parameter Fermi shapes were used for the zir-
conium densities with parameters (Table IV) derived
from a systematic study [29]. The results were found to
be insensitive to small changes in the latter parameters.

An interaction called the M3Y is frequently used [28]
for u(r, z), but was found to be inadequate (even with re-
normalization) to describe the present data. On the other
hand, previous studies [15] of ' ' 0 scattering from
several targets over a range of energies showed that a
simple Yukawa form with a range of t =0.7 fm gave good
results,

Table V. They are consistently v =ur =55 MeV, which
are a few percent larger than the values [15] obtained
from the ' ' 0 scattering. The agreement obtained with
these two-parameter fits, and the associated g values, are
very similar to those found using Woods-Saxon poten-
tials. The fits to the elastic data using the folding calcula-
tions are shown in Fig. 5.

2. Inelastic scattering

The transition potentials were calculated with a com-
puter program which uses fast Fourier transforms to
evaluate the generalization of Eq. (10) in which the target
ground-state density is replaced by the transition densi-
ties [28]. In this paper, the results of using transition
densities obtained from quasiparticle random phase ap-
proximation calculations [16] are reported. (The use of
other forms will be discussed elsewhere [30].) These tran-
sition potentials were used in the program PTQLEMY [18]
to calculate the inelastic scattering, using as diagonal po-
tentials the corresponding folded potentials fitted to the
elastic data. The Yukawa strengths U and w are those
given in Table V.

a. RPA model transition densities. The ratio M„/M
and the transition densities were determined from a
quasiparticle random phase approximation with simple
separable quadrupole or octupole interactions with a ra-
tio [4] of unlike (u„~ =u„„) to like (u„„=u ) interactions
of 3/1. Harmonic-oscillator (HO) wave functions were
used as a basis to describe both the neutron and proton
single-particle states. The oscillator parameters which
were chosen resulted in rms radii for the ground-state
densities which agree within 1% with the values given in
Table IV. A11 single-particle levels from major HO shells
X=O to 7 (as well as X=l=8, k = —", ) were included.
For the N =4 major neutron shell (including the h = —",

orbital), the single-particle energies where changed from
the values given by the Nilsson formula to those given by
Kisslinger and Sorensen (KS) [31]. The reason for this
substitution is to reproduce the experimental level order-
ing for the zirconium isotopes which has the 3s»2 orbit
following the 2d5~2, and the lg7~2 orbit raised above the
lh»zz [32]. The KS level spacings were used in the cal-
culations for Zr, and were slightly compressed for the
other isotopes to avoid giving false systematic differences
in their shell gaps. The proton single-particle energies
were taken from the Nilsson formula except for the 2p3/p
level in the X =3 filling shell which was adjusted slightly
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FIG. 5. Folding model fits to the elastic-scattering data for
Zr+ Li at F. =70 MeV using an effective nucleon-

nucleon interaction. The cross sections are plotted relative to
the Rutherford cross sections. The strengths of the interaction
are given in Table V.

to reproduce the inner lobes of the experimental transi-
tion densities [33] for Zr and Sr.

The strengths of the quadrupole-quadrupole and
octupole-octupole interactions were adjusted separately
for each isotope to give approximately the experimental
B(E1}t values. This procedure typically gives too high
an energy for the quadrupole states, but is considered to
be preferable to fitting the energies which would be
expected to be lowered by two-particle —two-hole
configurations which are neglected in the RPA. On the
other hand, two-particle —two-hole configurations would
not be expected to contribute substantially to the B(El ) f,
which is determined by matrix elements of a one-body
operator. An alternative procedure in which we attempt-
ed to use a one-parameter interaction strength which
varied smoothly with A, failed to reproduce the experi-
mental B(EA.) systematics.

The resulting neutron and proton transition densities
for the 2,+ and 3, states are shown in Figs. 6 and 7, re-
spectively. A distinctive feature for the 2,+ in ' ' Zr is
the large inner peak of the neutron transition density
near r =2.5 fm. This arises mainly because of contribu-
tions which involve the 2d»2 orbit, which are not present
for Zr.

In Table VI we list some of the strongest one-
particle —one-hole (lp-lh) contributions to M„and M of
both valence and core type. The Valence space is defined
to include only single-particle levels in the last filling
shell. For the zirconium isotopes, this is the N=4 major
shell for neutrons (d»2, s, /2, h»/p d3/2 g7/2) and N =3
major shell for protons (p3/2 f5/2 pi/2 g9/Q). All other
single-particle levels constitute the core space. Valence
transitions are defined as those that take place between
single-particle states that lie within the valence space,
while "core" transitions occur between "core" states as
well as those that involve both valence and "core" states.
The validity of the core polarization concept for the 2&+

states can be readily observed in Table VI. The valence
structure of the neutrons is changing as one goes from

Zr to Zr. Because of the strong interaction between
unlike nucleons, this change affects most strongly the
core protons. For example, as we go from Zr with no
valence neutrons to ' ' Zr, there is a sudden rise of
proton core strength, as exhibited, e.g. , by the
lf7/z-1h»/2 p-h transition, which roughly tracks with
the 2d 5&2-2d 5&2 neutron valence strength in ' ' Zr.92, 94, 96

The same behavior is observed in the other core-
polarization contributions. For the 3i states, the transi-
tions are much less dominated by the valence com-
ponents, so the core polarization, treated as a perturba-
tion on the valence behavior, is a less appropriate
description. The predicted M„ /M ratios and excitation
energies are compared with the experimental values in
Table III.

The RPA proton transition densities for the 2&+ and 3&

states of Zr are compared to those deduced from inelas-
tic electron scattering [34] in Fig. 8. The RPA transition
densities reproduce the shapes of those deduced from in-
elastic electron scattering reasonably well, although the
positions of the main lobes occur at slightly smaller radii
and the widths are somewhat broader.



47 SYSTEMATICS OF ISOSPIN CHARACTER OF TRANSITIONS. . . 637

0.020

0.015
E

0.01 0

Q)
CI

0.005O

a
G$

0.000

I I ( I I

(a) goZf 2 Neutrons
Protons

0.030

(c
0.025

0.020

0.015

0.010

o 0.005

0.000
I—

-0.005

-0.005
0 4 6

Radius (fm)

10
-0.010 I I I I

2 4 6 8 10
Radius (fm)

0.025

0.020

E
0.01 5

0.010

(b)
I I I I I

Zr 2' Neutrons

0.025

0.020

0.015

0.010

0.005

0
0.005

cU

0.000

O 0.000

-0.005
I—

-0.010

-0.005
2 4 6 8

Radius (fm)

10
-0.015

2 4 6 8 10
Radius (fm)

FIG. 6. Neutron and proton transition densities for exciting the 2&+ states of ' ' ' Zr predicted by the RPA calculations.

b. 2,+ states. The results of the folding model calcula-
tions of the cross sections for exciting the 2&+ states using
the RPA transition densities are shown in Fig. 9.
Overall, the agreement between the predicted and mea-
sured cross sections is considered good.

c. 3, states. The folding model calculations for the 3&

states are compared with the data in Fig. 10, where it is
seen that the model consistently underpredicts the cross
sections. The underlying reason for this is not yet under-
stood, and it is not clear whether the problem lies with
our rather simple interaction or with the ingredients of
the RPA.
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C. Investigation of the radial localization
of the inelastic interaction:

Dependence of the inelastic cross section
on a radial cutofF of the transition density

It is sometimes speculated that only the extreme tail of
the transition density is active in inducing excitation of
nuclear states by inelastic scattering because of the strong
absorption of the projectile which is experienced in closer
encounters. One way to test this hypotheses is to per-
form a series of calculations using transition densities
which have been set to zero for radii less than a cutoff
value, RCUT. By studying the variation of the calculat-
ed cross section, we obtain some measure of which radial
region of the transition density is contributing
significantly.

Here we investigate the effects on the inelastic cross
section of cutting off the transition density inside a ra-
dius, RCUT, for the 3 transition in Zr. We utilize the
effective nucleon-nucleon Yukawa interaction described

earlier, and a Tassie form factor for the transition densi-
ty. We assume that the protons and neutrons have iden-
tical form factors, and that the transition is "isoscalar. "
Similar results are attained with a transition density of
Bohr-Mottelson shape, which peaks at a slightly smaller
rad1us.

In Fig. 11(a), the transition density is p1otted as a func-
tion of radius, and the different cutoff radii are indicated.
These correspond to RCUT=O, 4, 5, 5.5, 7, 8.5, and 10
frn. The transition density is set to zero for r (RCUT.
In the folding calculations, the transition density extend-
ed out to 16 fm.

The computer code used for calculating the transition
potentials uses a fast Fourier transform. To ensure that
the sharp cutoff did not introduce spurious numerical
effects, we performed a Fourier transform followed by an
inverse Fourier transform to see how the resulting transi-
tion density compared with the original one. In all cases,
it was essentially identical with the input one.

The corresponding transition potentials are shown in

TABLE VI. Partial listing of contributions to the neutron and proton multiple matrix elements, M„
and M~ (in units of fm), from the RPA calculations for excitations of the 21 and 31 states in
90,92, 94,96Zr

1h-1p
Neutrons

Z 92Z 94Zr "Zr

21+ state

1h-1p
Protons

90Zr Z '4zr 96Z

2d 5/z-2d 5/z

1g9/2-1l 13/2

1g9/z-2d s/z
1f7/2-1h „/~
2ds/2 3~1/z

&fs/2 &h9n

2p s /z 2f7/2-
1d 3/2 1g7/2
2d s/z -2g9/2
1h 11/z -1h 11/z

2p1/2 2f5/2

2d5/z 2d3/z

1g9/2 1g7/2
1g7/z- 1g 7/z
1g 7/z -2d 5 /z

2d3/z 3S1/z

1g7/z 2d3/z

4.33
7.58
2.39

1.61
0.74
0.64

0.37

0.30

11.50
6.35
5.25
3.50
3.29
2.40
1.11
0.96
0.69
0.33
0.56
0.44
0.40
0.14
0.21
0.18
0.14

12.36
5.43
2.88
2.96
6.15
2.05
0.94
0.81
1.15
0.65
0.48
0.77
0.34
0.26
0.37
0.36
0.25

7.45
4.40
1.32
2.34

10.15
1.66
0.76
0.64
1.29
1.19
0.39
0.98
0.28
0.47
0.50
0.72
0.44

1g9/2 1g9/2

2p3/z 2p1/z
lf7/p 1h„n
&fsn 2pin-
~fs/2 ~h9/2

1d5/2 lg9/2
2p3/z 2p3/z
2ps/2-2f 7/~

1d3/z - 1g 7/z

1g9/z-2d s/z

1fs/z-1f s/2

lg9/2-1t
&p&/2 2fs/2
2s1/z-2d s/z

1f7/2 2Ps/2
1fv/2-2f 7/2

2psn 1fsn-

4.75
7.74
2.31
2.15
1.40
1.03
0.41
0.70
0.70
0.47
0.23
0.42
0.25
0.22
0.20
0.16
0.13

3.55
2.96
4.67
2.06
2.87
2.11
0.43
1.44
1.42
0.80
0.31
0.79
0.53
0.44
0.33
0.32
0.20

3.38
2.88
4.27
1.89
2.63
1.95
0.36
1.33
1.30
0.67
0.26
0.65
0.49
0.40
0.26
0.29
0.17

3.9
3.86
3.49
1.86
2.15
1.60
0.31
1.09
1.06
0.50
0.19
0.47
0.42
0.33
0.19
0.24
0.14

2ds/z 1h

1g9/2 1h 11/2

1g9/2 1J 15/2

lf7/2-1l 13/2

2p1/z -1g7/z

1fs n-1 i „/2
2p, /z-2d s/z

lf s/2 187/2-
lg9n 2f7n
2p3/z 2d3/z
&~s/z- f7n
1d5/2 1h 11/2

1g 9/z-3p3/z
2p 3 /z -2d 5 /z

39.52
25.97
13.42
9.66
9.05

12.84
8.69
8.45
6.98

5.54
5.27
7.28

41.15
33.07
22.53
11.76
8.26
7.92
7.73
7.45
7.29
6.04
4.92
4.79
4.57
4.53

89.56
37.09
26.69
13.93
9.49
9.40
5.56
8.57
8.54
7.03

11.20
5.60
5.38
3.36

129.93
42.58
32.58
16.97
11.14
11.48
3.61

10.09
10.31
8.38

18.60
6.67
6.54
8.39

3, state
2p 3/2 1g9/2

&f7n jg9/2-
if7/2 ii13/2
2p 1/2 1g7/2

1fs/2 1R7/2-
2P1/z -2d s/z

1fs/2-lg9/2
&fsn-»»/2
2p 3 /z -2d 5 /z

2p 3/z - 3/z
1d 5/2-1h 11/z

lf7/2 2dsn
2p3/z 2g9/z
2p 3/z-1g 7/z

123.35
16.34
12.67
8.89
9.02
8.64
8.51
7.93
7.40
7.29
5.29
4.31
3.34
3.32

120.27
15.80
12.20
8.78
8.71
8.53
8.22
7.67
7.16
7.06
5.09
4.14
3.25
3.22

113.80
20.66
16.35
11.71
11.46
11.21
9.28

10.33
9.34
9.39
6.82
5.49
4.39
4.23

111.76
26.42
21.58
15.45
14.85
14.58
10.27
13.71
12.00
12.31
9.00
7.17
5.84
5.49
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Fig. 11(b), and the angle-integrated inelastic cross sec-
tions in Fig. 11(c). The Coulomb interaction was includ-
ed in the calculations (without any radial cutoff and is re-
sponsible for the plateau in the cross sections for
RCUT ~ 7.5 fm. It is clear from Fig. 11 that the nuclear
part of the interaction samples the transition density over
a range which extends from about 4—4.5 fm out to about
7.5 fm, although over 75% of the cross section arises
from the region 7 ~ r ~ 5 fm. (We note that the transition
density peaks at r=5. 1 fm. ) This is similar to what was
found by Bernstein [2] for low-energy alpha-particle
scattering, and Satchler [35] for ~* scattering in the vi-
cinity of the (3,3) resonances. This result implies that the
interaction is neither sharply localized, nor confined to
the extreme tail of the transition density for these
"surface"-type reactions. However, as can be seen from
Fig. 11(b), the interaction occurs in the tail region of the
transition potential in the vicinity of 11 ~ r ~ 7.5 fm (the
strong absorption radius is -9.2 fm). Of course, the ex-
tent of the interaction region is expected to be somewhat
dependent upon the projectile wavelength ( —1.5 fm in
our case) and the form of the imaginary potential.

10

~10
E

c 10

1Q

10

~1Q
E

c10 '

I I
f

~ I I ~
t

~ I I
J

I I I
f

I I I I
[

I I I I

zr(6LI, 6LI')

I
f

I I I I [ I I I
[

I ~ I I
/

~ I ~

92Zr(6Li 6Li')

Ex = 0 935 MeV
JK 2+

10

0.020

E
0.015

0.010

(e,e')
RPA

10

(b)

I I ~
J

I ~ I I
/

~ ~ ~ I
/

~ ~ ~ ~ j

94Zr(6Li, 6Li')

E„=0.918 MeV
JK 2+

O

0.005
05

0.000

CL

-0.005
4 6

Radius (fm)

10

&10
E

C 10

1Q

-(c)
I ~ I I I I ~ ~ I t I ~ ~ ~ I ~ ~ I I ~ I I I ~ ~ ~ ~

0.040

E
0.030

1Q

0.020

O

0.010

I—

0.000

CL

-0.010
4 6

Radius (fm)

10

m10
E

C 10

0

10

. -(d)
1Q ~ I I I I ~ I I I I I ~ I I I I I I I I I I ~ I ~ I I I I I ~ I I I ~ I I ~ I I ~

5.0 10.0 15.0 20.0 25.0 30.0 35.0 40.0 45.0 50.0
()c.m. (deg)

FICi. 8. Comparison of proton transition densities deduced
from inelastic electron scattering and RPA calculations for the
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FIG. 9. Comparisons of folding model predictions of the
cross sections for exciting the 2&+ states of Zr by 70-
MeV Li ions with the experimental data.
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FIG-. 10. Comparisons of the folding model predictions of
cross sections for exciting the 3& states of Zr by 70-
MeV Li ions with the experimental data.

FIG. 11. The effects of a radial cutoff on the 3& excitation in

Zr. The folding model with our effective nucleon-nucleon in-

teraction and a Tassie transition density was used. (a) Transi-
tion density as a function of radius with several radial cuts
(RCUT). (b) Transition potentials as a function of radius corre-
sponding to the cutoff transition densities shown in (a). (c) Cal-

culated total inelastic cross sections as a function of RCUT.
The calculations include contributions from both nuclear and

Coulomb interactions; the asymptotic value of the cross section
is due to the Coulomb excitation alone.
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IV. COMPARISON WITH PREVIOUS RESULTS
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FIR. 12. Comparison of M„/Mp deduced here (ORNL) for
the 21 and 3, states in ' Zr with predictions from RPA
calculations and the values from Ref. [14].

A. Are the reported M„ /M~ consistent?

Also listed in Table III are the M„/M reported by
Rychel et al. [13]and those by Wang and Rapaport [14],
as well as values determined from the RPA calculations.
It is clear that the M„/M ratios reported by Rychel
et a/. [13] are considerably larger than both those of
Wang and Rapaport [14] and our values. For the 2,+

states, our M„/Mz are in reasonable agreement with
those of Wang and Rapaport [14], while our M„/M for
the 3 states are lower for ' Zr. In Fig. 12, we com-
pare our deduced M„ /M values with those from Wang
and Rapaport and the RPA calculations for the 2&+ and
3

&
excitations. Except for Zr, the values reported by

Rychel et a/. [13] would lie above the ranges shown in
Fig. 12 by large amounts.

It is advisable when comparing M„ /M values de-
duced from difFerent inelastic-scattering measurements to
include comparisons of the B(E/) 1 used in, or implied
by, the analyses. Wang and Rapaport [14] do not list the
B(El ) l' that could be deduced from their comparison of
(p,p') and (n, n') data. We have used the 51" and 5f~
from the tables in their papers [14] to calculate B(El )1

and (13)

51""(v„„N+v„Z)=v„„N5I +v„„Z5f,

where v „,e.g., is the interaction between a projectile pro-
ton and a target neutron. As with the interaction in our
RPA calculations, we assume that the ratio [4] of the un-
like interaction ( v„=v „) to the like interaction
(v„„=v ) is 3/1. We used the 5f so obtained to calculate
B(E/)l' with Eq. (8). We also calculated M„/M using
the relation

1+S~(M„ /M„)
5N

1+Stv ( N /Z )
(14)

where 5& is the ratio of the like to unlike strengths for
neutron scattering (N=nn', S&=—,') and the inverse of
this ratio for proton scattering (N=pp', S+=3). The
values of M„ /M that we calculated in this manner were
essentially identical to those given by Wang and Rapa-
port [14]. We calculated B(El )1 for the results of Rychel
et al. [13] by converting their tabulated values which
were given in single-particle units.

We summarize in Table VII B(El)1 and M„/Mz from
the three works. Here it is seen that for the 2& of Zr,
all three works give the same B(E2)1, which is essential-
ly the adopted value [20]. The M„/M ratio of Wang
and Rapaport [14] and the present work are in excellent
agreement, whereas that noted by Rychel et al. [13] is

considerably larger. For Zr, we see that Wang and Ra-
paport [14] have a larger B(E2)l and smaller M„/M
than ours, while Rychel et a/. [13] obtain a B(El)l
smaller than either, with M„ /M between 2 to 3 times
larger. For Zr, the B(E2)l from Wang and Rapaport
[14] is about 60% larger than the adopted value, whereas
that of Rychel et a/. [13]is about 25% lower. We believe
that this represents either an inconsistency in the data or
in the models used to deduce M„ /M . For the 3

&
state

in Zr, all three studies again give nearly the same
B(E3)1. Our M„/M is only two-thirds that of Wang
and Rapaport [14],but the Rychel et al. [13]value is two
to three times larger than either.

At first sight, the discrepancies with Rychel et a/. [13]
are very surprising. However, for Zr they provide a
clue as to the reason because they tabulate the 6& values
in this case. Furthermore, as mentioned, their B(El)
values are very close to those that we use. They give
5&+=0.406 fm (versus our value of 0.396 fm) and

53 =0.806 fm (versus our value of 0.686 fm). Since both
the alpha particle and Li are isoscalar probes, one ex-
pects the extracted 5& to be essentially identical if the
same B(E/) $ is used in the analysis of the data. The not-
ed 6& are in accordance with this expectation, and when
used in Eq. (9), yield M„/M values in substantial agree-
ment with those deduced in this work. Consequently, the
source of the discrepancy with their quoted M„ /Mz
values must be the method they used to derive them from

and to deduce M„/M„ratios. To do this, we used the ex-
pressions

5f~ (v„„N+v~~Z ) =v~„N51"+ v~~Z5f
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TABLE VII. Summary of B(El)f and M„/M„deduced for 2&+ and 3& states in ' ' ' Zr.

Nucleus

2+

This work
B(El ) f' M„ /Mp
(,2bI)

Wang and Rapaport'
B(El ) f'" M„ /M

(e b')

Rychel et al.
B(El ) f' M„ /Mp

(e b)

"Zr
"Zr
94Zr

96Zr

0.061
0.083
0.066
0.055

0.85
1.30
1.50
1.50

0.0612
0.130
0.108

0.85
1.05
1.50

0.0623
0.0691
0.0495
0.0274

1.22
2.91
3.02
4.62g

"Zr
92Zr

'4Zr

Zr

3]
0.071
0.067
0.087
0.12

0.60
0.85
0.90
1.10

0.0653
0.0634
0.0569

0.92
1.20
1.87'

0.0660
0.0556
0.0794
0.104

1.80
2.52"
2.36
2.67

'Reference [14].
bReference [13].
'Adopted values from Ref. [20] for B(E2)1, and Ref. [25] for B(E3)1' except for 6Zr.
dCalculated from 6", values in Ref. [14] with Eq. (12).
'Calculated from Table V in Ref. [13].
Authors quote 1.59 which we suspect is a misprint. (See footnotes to Table III.)
Authors quote 4.69 which we suspect is a misprint. (See footnotes to Table III.)

"Authors quote 2.17 which we suspect is a misprint. (See footnotes to Table III.)

their deduced 5& and B(EI ). Their method involves the
so-called implicit folding procedure [36], together with
corrections for an assumed density dependence of the
effective alpha-nucleon interaction [37], rather than the
simple relation (9) used here. This is discussed further in
the next section.

Although the B(E3)1' of Wang and Rapaport [14] for
Zr is essentially the same as the adopted value, their

M„/M is somewhat larger. For Zr, the B(E3)l of
Wang and Rapaport [14] is about 30% smaller than the
adopted value, and their M„/M is significantly larger
than our value.

B. Partial reanalysis of the alpha-particle data

In view of the apparent large discrepancies with the
M„/M~ reported by Rychel et al. [13], we decided to
perform a partial reanalysis of those data. To this end,
we used the G,s and GEM values listed in their tables as
well as the formulas given in their paper to calculate 5&

and B(El ) 1'. These were then used in Eqs. (8) and (9) to
calculate values of g and M„/M ratios. In Table VIII,
we compare these values of 5~, B(E/) 1', and M„/M~ with
those derived from our Li data. Since these revised
values of M„/M~ are deduced using the same methods,

TABLE VIII. Comparisons of the 5P and B(EI)I derived from Rychel et al. [13] using the tables
and formula therein and the M„/Mp obtained by application of Eq. (9), with the corresponding values
derived from our Li data.

Nucleus gX

(fm)

Rychel et al.'
B(El ) f M„/M
(e b') (DOMP)

(M /Mp )

(fm)

( Li, Li')
B(El ) T

(e2 bl)
M„ /Mp

90zr
927
94Z

96Z

2+
0.408
0.731
0.633
0.639

0.062+0.006
0.069+0.006
0.050+0.005
0.027+0.007

0.89
2.31
2.48
3.86

(2.02)
(2.03)
(2.43)

0.396
0.557
0.525
0.466

0.063+0.005'
0.083+0.006'
0.066+0.014'
0.055+0.022'

0.85
1.30
1.50
1.50

90Zr
92Zr
'4zr
967

31
0.806
0.894
1.020
1.228

0.0664
0.0556
0.0794
0.1035

0.94
1.44
1.53
1.77

(0.86)
(1.23)
(1.42)
(1.57)

0.686
0.742
0.839
1.051

0.071
0.067
0.087
0.120

0.60
0.85
0.90
1.10

'Calculated by us from contents of Ref. [13].
Mtt /Mp of previous column recalculated using B(El ) f from column 7.

'From Ref. [20].
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they are directly comparable.
As already noted above, the revised M„ /M„ for the 2,+

state of Zr is in excellent agreement with our value, as
well as that of Wang and Rapaport [14]. The revised
M„ /M for the other states are reduced by about
25 —40% from those tabulated in Ref. [13]. We then re-

calculate M„/Mz by using the 5& that we deduce from
Rychel et al. [13]and B(El)f adopted for our data. The
new values of M„/M are listed within parentheses in
column 5 of Table VIII, and it is obvious that the
discrepancies with our M„ /M are further reduced.

To investigate the validity of this latter procedure, we
calculated the inelastic alpha-scattering cross sections us-
ing the optical model parameters given in Table 4 of
Rychel et al. [13] and the 5& given in column 2 and the
adopted B(EI)l in column 7 of our Table VIII. The re-
sults for exciting the 2&+ states of ' ' Zr are plotted in
Fig. 13 as the solid curves, and compared with the least-
squares-fitted curves (dashed) and data from Rychel et al.
[13]. (As these data are no longer available, we read them
from the published figures of Ref. [13]. We estimate the
errors in this procedure to be less than a few tenths of a
degree in angle, and a few percent in cross section. ) No
figures are shown for the 2i+ state of Zr state as the two
calculations are indistinguishable. For the 2,+ states of

Zr, use of the adopted B(E2)1 for calculating the
cross sections (solid curves) appears to fit the data equally
well as the least-squares-fitted curves of Rychel et al. [13]
(dashed), indicating that the uncertainties on the B(E2)1
reported for these two transitions are somewhat optimis-
tic. Use of our adopted B(E2) t' for the 2,+ state of Zr,
which is twice that deduced by Rychel et al. [13], does
result in a somewhat poorer fit to the alpha data in the
Coulomb nuclear interference region near 15'. The 2&+

data beyond 0, = 15' for ' ' Zr seem to be shifted to
smaller angles by -0.5' compared to the theoretical pre-
dictions. Such a shift is not apparent in the inelastic al-
pha data for the other cases.

It should be noted in Table VIII that, except for the 2]+

state of Zr, all of the 6& from the alpha scattering are
larger than the corresponding 6& from the Li scattering,
and this accounts for the fact that M, /M in column 5
are still from 35 to 55 % larger than our values. Obvious-
ly, if the 5& were reduced to our values and used to calcu-
late the alpha cross sections using the DOMP method,
the latter would grossly underestimate the observed cross
sections. Hence, although we are able to explain part of
the discrepancies between the large values of M„/M as
reported in Ref. [13] relative to those of Wang and Rapa-
port [14] and ourselves, we are not able to completely
resolve the problem, at least in the context of the DOMP
model.

In addition, we performed folding model calculations

, . (c)
10 I ~ 4 ~ ~ I S I I L I ~ I ~ I I L ~

5.0 15.0 25,0 35.0 45.0
e..m. (degj

55.0

TABLE IX. Strengths of the real and imaginary parts of the
effective alpha-nucleon interaction with Gaussian form and a
range of 1.94 fm which fit the elastic scattering from the zirconi-
um isotopes.

FIG. 13. Comparisons of coupled-channels calculations using
the DOMP and the program pToLEMY with differential cross
sections for exciting the 2,+ states of ' ' Zr by 35.4-MeV al-
pha particles. The solid curves use 6& that we have calculated
from information given in Ref. [13] and our adopted B(E2)t,
whereas the dashed curves use the 8(E2)$ reported in Ref.
[13].

90
92
94
96

U

(MeV)

43.60
45.22
47.46
48.52

W

(MeV)

12.61
15.66
14.95
15.39
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FIG. 14a Comparison of folding model predictions (solid
curves) of the cross sections for exciting the 2,+ states of

Zr by 35.4-MeV alpha particles with the experimental
data from Ref. [13], and with the DOMP fits of Ref. [13]
(dashed curves).

FIG. 15. Comparison of folding model predictions (solid
curves) of the cross sections for exciting the 3& states of

Zr by 35.4-MeV alpha particles with the DOMP fits
(dashed curves) from Ref. [13]. (The DOMP fits follow closely
the measured cross sections. )
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similar to those described earlier for Li, but applying a
Gaussian form for the effective alpha-nucleon interaction.
The range was chosen to be 1.94 fm [38] and the complex
strength parameters were obtained from fits to the elastic
data [39] (see Table IX). The same RPA transition densi-
ties as shown in Figs. 6 and 7 were used. The calculated
cross sections (solid curves) are compared with the 2i+

data and the DONIP fits (dashed curves) of Rychel et al.
[13] in Fig. 14. Comparisons of the calculated cross sec-
tions (solid curves) with the DOMP fits (dashed curves) of
Rychel et al. [13],which are essentially equivalent to the
data, for the 3& states are shown in Fig. 15. As can be
seen from a comparison of these figures with the corre-
sponding figures (i.e., Figs. 9 and 10) for the Li data, the
agreement between the folding model calculations and
the data is of the same quality for both projectiles. Con-
sequently, this more "microscopic" approach implies
consistency between the Li and alpha-particle measure-
ments, and does not indicate large discrepancies such as
were implied by the analyses using the DOMP model.

different. Here the valence proton p-h transitions (dom-
inated by g9&2-p ~&&) are quite strong and the p~&2,f5&2 or-
bits are full. Although the neutron p-h transition h»&2-
d &&z is reasonably strong, there are only two particles in
the d»2 orbit at Zr. Hence, the factor multiplying
M„'/M' in Eq. (15) is considerably less than 1 for Zr.
Although the magnitude of M„' increases proportionally
with the number of added neutrons, the increase in the
ratio M„'/M„' is somewhat moderated because M„' is also
increased. The net effect is to drive M„/M upward to-
ward N/Z, but at a rate much reduced compared to that
for the 2,+ transitions.

The results of the RPA calculations are compared with
the data in Table III and in Fig. 12. As shown in Fig. 12,
both the trends and magnitudes of the RPA values are
similar to those exhibited by the M„ /M determined in

this work.

V. CONCLUSIONS

C. ES'ects of valence neutrons on isospin character

The trends in the values of M„/M~ indicate that the
effect of the valence neutrons in driving this ratio toward
(and larger than) X/Z is much weaker for the 3 states
than for the 2+ states. Because of strong polarization
effects, the differences in this behavior cannot be inferred
easily from simple shell-model arguments. However,
some physical insight can be obtained by expressing the
ratio M„/M in terms of the calculated "valence" (M;")
and "core" (M ) contributions to the moments, i.e.,

M„/M =(M„'/M')(1+M„'/M„')/(1+M'/M') .(15)

From the RPA calculations, the ratios of the core con-
tributions, M„'/M', are found to be nearly the same for
the quadrupole and octupole transitions considered here,
and to have values close to N/Z. Because the valence
protons occupy the fp orbits where the valence particle-
hole E2 transition densities are small and the only recou-
pling contribution can arise from g9/2 orbitals which are
sparsely populated, M' is small and relatively indepen-
dent of the neutron number. On the other hand, the neu-
tron valence contribution is changing rapidly from
M„'=0 in Zr which has a closed N=50 shell, to values
of M )Mp for ' ' Zr where several two-quasiparticle
states can contribute to the 2+ excitation. The major
neutron 2+ valence contributions arise from the 2d5&2
recoupling and the 2d~&z-3si&2 transitions (see Table VI).
The magnitude of the 2d 5&2 matrix element is nearly the
same for Zr and "Zr which have similar neutron
configurations (i.e., 2d&&z and 2d~zz, respectively). This
component decreases for Zr because of the approximate
filling of the 2d5&z orbit. The increasing contribution
from the 3s&&2-2d~&z p-h transition from Zr to Zr re-
sults in a larger ratio of M„/M for Zr relative to Zr,
but is not sufficient to overcome the decreased contribu-
tion from recoupling in the 2d 5&2 orbit in going from Zr
to Zr.

The situation for the 3 transitions is completely

We have measured cross sections for the scattering of
70-MeV Li ions by ' ' ' Zr, and analyzed the data by
means of two methods: (1) A macroscopic model in
which we fit the elastic data using an optical potential of
Woods-Saxon form, and apply the deformed generaliza-
tion of this (DOMP) to analyze the inelastic data. (2) A
microscopic model which uses an effective nucleon-
nucleon interaction with a Yukawa form factor and a
folding calculation with strengths obtained by fitting the
elastic data; this interaction is then folded with transition
densities from RPA calculations to predict inelastic cross
sections.

In the macroscopic calculations, we have fixed the
B(El ) 1' using adopted values (when known), and deduced
nuclear deformation lengths from comparisons of the cal-
culated and measured cross sections. These were then
used to derive M„ /M ratios using the schematic relation
(9). For the excitation of the 2i+ states in ' Zr, we were
also able to search on the data allowing both the potential
deformation length 5& and B ( El ) 1 to vary simultaneous-
ly. The B(El)l that we obtained from these fits agreed
well with the adopted values. In the RPA calculations,
the interaction strengths were determined to reproduce
the B(El )1 values used in the macroscopic analyses. We
then find good agreement between the ratios of M„/M~
predicted by the RPA calculations and the values de-
duced from our data. Our values of M„/M are consid-
erably smaller than those reported by Rychel et al. [13]
and in much better agreement with those of Wang and
Rapaport [14]. However, for the 3, states, our M„/M
are smaller than those of Wang and Rapaport [14], and
also are less than N/Z for all four isotopes. We have dis-
cussed some reasons for these differences. In particular, a
considerable portion of the discrepancies with the
M„ /M ratios reported by Rychel et aI. [13]arise in part
from their use of different B(El ) values, and in part from
the different procedure used to relate their 5& and B(El )

to M„/M .
The fact that 5& deduced by Rychel et al. [13] for the

2, and 3, states of Zr are in excellent agreement with



646 D. J. HOREN et al. 47

those deduced in this work, while all the other 6& are
considerably higher than ours, remains a puzzle. This is
compounded by the good reproduction of the 2,+ cross
sections for both sets of data using the same RPA transi-
tion densities in folding calculations. This might suggest
an inconsistency in the interpretation of the 5& extracted
from the two sets of data using the DOMP for ' ' Zr,
or possibly an inconsistency in the data themselves.

It is clear from this study that the extraction of
M„/M values by studying Coulomb and nuclear in-
terference with low-energy projectiles requires very accu-
rate data, and preferably independent determinations of
B(EI)t, especially for the 3, excitations. The lack of
precise B(El ) l values for the analysis of such data has al-
ready been noted by Satchler [39] in an earlier reanalysis
of the data of Rychel et al. [13].

We note that our data for the 3& state of Zr would
suggest a very small M„/M~ ratio ( (0.5) if we adopt the
recently reported [26,27] large B(E3)l (=0.25 e b ) in
our DOMP calculations. If this large B(E3)l is correct,
it would imply that the DOMP may not be a valid
prescription for deducing M„/M~ from our data for this
transition. Clearly, further experimental effort to settle
this question is very desirable.

The RPA transition densities, after folding with the
effective interaction determined by fitting the elastic data,
predict cross sections in quite good agreement with the
measured ones for the 2&+ states, but underestimate the
cross sections for exciting the 3, states by amounts rang-
ing from about 20% for Zr to almost a factor of 2 for

Zr. At this juncture, it is not clear to what extent the

agreement for the 2&+ cross sections is a confirmation that
both the effective nucleon-nucleon interaction and calcu-
lated transition densities are meaningful, or whether
these results are fortuitous in light of the calculations for
the 3& states.

One possibility is that the Yukawa interaction, whose
monopole part was determined by the elastic data, is
inappropriate for higher multipoles. A first step in ex-
ploring this question was taken by substituting a Gauss-
ian form and following the same procedures. However,
the 2, and 3, cross sections obtained were almost identi-
cal to those found using the Yukawa form. This question
will be explored further elsewhere [30].
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