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The neutron deficient Sr and Zr nuclei are studied in the relativistic mean-field approach. Large
deformations and shape coexistence are predicted for these nuclei in the vicinity of the proton drip
line. The charge radii are found to increase with the removal of neutrons from the semimagic 88gr
and °°Zr, in close agreement with the recent isotopic-shift measurements.
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Isomerism between different possible shapes is well rec-
ognized in nuclear spectroscopy. This phenomenon is re-
lated to the population patterns of protons and neutrons
around the fermi surface. For instance, in the mercury
region the shape isomerism exists between small oblate
and large prolate deformed structures [1]. The former is
caused by an almost closed proton shell and the latter
one by an open neutron shell. A similar situation occurs
in the mass-120 region where protons occupy the lower
half of the 1hy;/, driving the system to prolate shape,
and the neutrons occupying the upper half of the 1h;;/2
leading to the oblate deformation. The coexistence of
these two shapes leads to the occurrence of two S bands
corresponding to the two structures.

Shape isomerism is also possible between spherical and
deformed structures. One of the early experiments [2] to
identify this possibility was in 72Se. This kind of shape
coexistence is possible with the intruder orbital (giving
rise to deformation) appearing among the natural parity
states. In the mass-80 region the intruder orbital 1g9/,
is near to 1p;/3. In the present work we have studied
some of the nuclei in this region to explore the possibility
for shape coexistence in the framework of the relativis-
tic mean-field (RMF) theory [3, 4]. This RMF approach
has been found to be very successful [4] in correlating
the measured nuclear ground state properties through-
out the mass table. The RMF framework starts with a
Lagrangian density containing the nucleonic and mesonic
degrees of freedom and the so-called set of RMF equa-
tions are derived from the variational procedure which
are then solved self-consistently. Here the mesons con-
sidered are (i) scalar sigma o(J™ = 0+,T = 0), (ii)
vector omega w(J™ = 17,T = 0), (iii) isovector vec-
tor rho p(J™ = 17,T = 1). The pi (7) meson does not
contribute in the present RMF (relativistic Hartree) ap-
proach for the nuclear states having a definite parity. The
Lagrangian density with these mesons is then written as
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the sigma (o) meson is assumed to move in a nonlinear
potential (5]

U(o) = imo0? + 1g20° + 1gac®. (2)

The standard sum convention is used for index “” in
Eq. (1) and runs over all the nucleons (A) represented
by the Dirac spinors ; with the bare mass M. Isovector
quantities are indicated by the bold-faced letters. Here
Mg, My, and m, are the c—, w—, and p— meson masses,

respectively, and g, 9., 9, and % = T%? represent the
corresponding coupling constants for the mesons and for
the photon. The Q#¥, R#¥, and F*¥ are the field tensors
for the vector mesons and for the photon (Ref. [4]).

The variational principle for the static case along
with the time reversal invariance and charge conserva-
tion leads to the Dirac equation for the nucleons with
Lorentz scalar and the timelike component vector poten-
tials and the Klein-Gordon type equations for the mesons
and for the photon having source terms. These so-called
RMF equations are to be solved self-consistently. For
this we use the expansion technique developed in Ref. [4]
and expand the Dirac and Klein-Gordon solutions into
the deformed harmonic oscillator basis with frequency
Fuw = 41A~1/3 and the deformation parameter (3;). The
number of oscillator major shells used in the expansions
for the Dirac spinors (meson) fields are Np(Ng) = 12 for
the deformed solutions and Ng(Npg) = 20 with Gp = 0.0
for the spherical solutions (for details see Ref. [4]). We
have checked the convergence of the results with respect

R1163 ©1992 The American Physical Society



RAPID COMMUNICATIONS

R1164

to this basis truncation. It turns out that the calculations
with Ng = 8 yield for 89Zr about 3.5 MeV less binding
and a larger quadrupole moment (~ 10%) as compared
to the calculations with Ng = 10 or 12. The results with
Np =10 and 12 are very similar, where the energy dif-
ference is of the order of 0.6 MeV and the difference in
deformation is less than 3%. For the spherical case the
energy difference is 0.2 MeV and the change in the charge
radius is less than 0.3% for the case of Np = 12 and 20
shells. Therefore Ng > 10 is required for accurate re-
sults. The results are not so sensitive on Ng and a value
greater than or equal to 8 is sufficient.

The parameters appearing in the Lagrangian are taken
from the earlier work [4, 6] and correspond to the nonlin-
ear set NL1, a very successful set for the entire periodic
table. The explicit values of these parameters are the
masses (MeV) M = 938.0, m, = 492.25, m,, = 795.359,
m, = 763.0; and the coupling constants g,=10.138,
9,=13.285, ¢,=4.9755, g,=-12.172, ¢g3=-36.265. The
pairing which is important for the open shell nuclei
is taken into account in a constant gap approximation
(7). The gap parameters A, (A,) for neutrons (pro-
tons) required in the calculations are taken from the ob-
served odd-even mass difference [8] wherever available,
otherwise estimated through the empirical relation A,
(Ap) = N—l,,l(%g—) The gaps obtained from this relation

are found to be very close to those obtained from var-
ious theoretical mass tables, e.g., Moller and Nix listed
in Ref. [9]. It is found that the sensitivity of the calcu-
lated results on the explicit values of the gap parameters
is rather small. For example, the decrease in both A,
and A, from the initial 1.9 MeV to 1.5 MeV decreases
the total calculated binding energy of 8°Zr by about 0.8
MeV both for the spherical and for the deformed solu-
tions while the quadrupole moment changes by about 5%
and the charge radius is almost unaffected.

The numerical calculations have been carried out for
74-88Gr and 76-99Zr nuclei. The calculations yield the to-

TABLE I
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tal binding energy (F), the single particle energies, pro-
ton (neutron) intrinsic quadrupole moments Q,, (Q,) and
the corresponding hexadecupole moments, the point pro-
ton and neutron rms radii r, (,,) from which one can ob-
tain the total rms radii. Some of the relevant quantities
are given in Table I for the representative nuclei. Table
I also includes the charge radius 7. and the deformation
parameter 3 obtained through the following relations:

Te=(r2 +0.64)/2

(3)
5 4r 1

m?ZR_?)(Q" +Qp),

where Ry = 1.2A41/3. The hexadecupole moments are
not given in Table I since they were found to be quite
small for all the studied nuclei. The second and third
columns give the binding energies corresponding to the
spherical (Sph.) and the deformed (Def.) solutions. For
even nuclei 74808y, 76-827 two solutions were obtained
which are very close on the energy scale. The deformed
solutions correspond to very large deformations with 3
values exceeding 0.4. These large deformation values are
close to those of the superdeformed shapes. Of course for
a quantitative comparison with the experimental values
the deformed solution has to be mixed with the spherical
solution since the two solutions coexist. The obtained
binding energies are compared with the measured values
wherever available or with the theoretical values of Moller
and Nix labeled MN. The binding energies obtained in
the present work are seen to be in good agreement with
these values. For even 82-88Sr and 84~90Zr only the re-
sults for the spherical case are presented; the deformed
solution, if it exists, probably lies much higher in energy.
The nuclei with N=42 (80Sr,%2Zr) appear to be transi-
tional with more separation between the deformed and
the spherical solutions as compared to the more neutron
deficient nuclei. It is to be added here that the binding
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Results of the relativistic mean-field (RMF) calculations: binding energies E (in

MeV), charge radii r. and root mean square radii rms (in fm), point proton quadrupole moments
Q@p (in barns), and the deformation parameter 8. The entries designated by MN correspond to the
values extracted from the tables of Moller and Nix [13]. The obtained E in the present work are
indeed very close to the experimental values wherever available [8].

A E Te rms Qp el

Sph. Def. MN Sph. Def. Sph. Def. RMF MN RMF

74Sr  —608.36 -608.69 —608.70 4.33 4.31 4.15 417 3.26 2.9 0.43

6Sr  —637.76 -638.12 —637.90 4.31 432 416 420 3.52 3.2 0.46

8Sr  —665.17 -663.59 —663.49 429 431 4.18 4.23 3.52 3.2 0.46

80gr —688.70 -686.06 —686.17 4.28 430 421 424 3.21 3.2 0.41

823r  —710.54 -708.12  4.29 4.24

88gr  -768.12 —768.13  4.25 4.29

6Zr  —610.57 -609.12 -607.86 4.41 438 420 422 351 3.2 0.43

8Zr  —642.42 -640.97 -639.32 4.39 439 421 425 3.80 3.5 0.47

807Zr  —672.14 -669.04 -668.47 4.37 438 423 427 3.86 3.6 0.47

827Zr  —697.95 —693.68 -694.15 4.35 436 4.24 427 347 -14 041

847r  -721.21 -719.47 4.34 4.26

90Zr  -785.63 —784.00 4.30 4.29
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energies could be improved upon by readjusting the value
of the parameter g,. For example, the calculated binding
energies can be brought almost in perfect agreement with
the experimental values by using the value 5.250 instead
of 4.9755 for g,. It is to be added here that this change
in g, hardly affects the other properties.

Experimentally 76Sr and 2°Zr have been populated
[10]. It does appear that the ground state deformation
for these nuclei is very large. The large deformations and
the other properties of the nuclei in this region have been
fairly understood in the various nonrelativistic mean-field
theories and their extensions [11-15]. The reason for this
strongly deformed shape obtained for these nuclei is due
to the population of the 1gg/; orbital. This has been
revealed for the case of 8Zr through the recent density-
dependent Hartree-Fock (DDHF) with the Skyrme-type
interaction [14] and from the conventional HF-band mix-
ing [15] calculations. In the former the energy difference
AE between the spherical and the deformed 12p-12h (6
protons and 6 neutrons in 1lgg/; shell) is found to be
around 0.5, 3.4, and 2.2 MeV depending upon the kind of
interaction Sk2, Sk3, and Sk3 with pairing, respectively,
used in the calculations. In the latter the intrinsic states
are generated by the tagged HF (fixed occupancies) cal-
culations with the modified Kuo-Brown interaction and
assuming %6Ni as the inert core. The calculated AFE is
about 3 MeV in this case. In addition, the solutions cor-
responding to 4p-4h, 6p-6h, and 8p-8h are found to lie
lower than the 12p-12h solutions.

We have analyzed here the structures of the two so-
lutions. It is found that N = Z = 28 forms almost a
closed core (more than 99% occupied). The population
of various valence orbitals above this closed core is shown
in Fig. 1. In the case of the spherical solution the 1gg/,
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FIG. 1. The occupancies of the valence orbitals (2ps/2,

1fs/2, 2p1/2, and 1gg,;) are plotted for neutrons (upper por-
tion) and protons (lower half) for the case of 3°Zr. The empty
blocks correspond to the spherical solution and the marked
ones belong to the deformed solution.
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orbital is almost empty and the N = 40, Z = 40 is al-
most filled thereby leading to a spherical shape. In the
case of the deformed solution it is seen that the low-m
orbitals of the 1gg/2 subshell are now occupied at the ex-
pense of the orbitals below (mainly from f5/; and p,/2)
N = 40, Z = 40. This population pattern is consis-
tent with the generator coordinate method (GCM) using
HF+BCS [13]. This population of the low-m orbitals of
the high-j intruder subshell corresponds to a deformed
shape with a larger quadrupole moment. This deformed
solution approximately corresponds to 12p-12h (6 pro-
tons and 6 neutrons in 1gg/; subshell) and is in agreement
with the earlier calculations.
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FIG. 2. The calculated two particle proton (neutron) sep-
aration energies Szp (S2n) (open circles) are plotted along
with the experimental (solid circles) wherever available, oth-
erwise with the extracted values from Moller and Nix (Ref. [9])
marked with an asterisk.



RAPID COMMUNICATIONS

R1166
OS5
NA O\
E °
o ®
n
z o °
NL
N~
0
-05}
- , o 1 1 1 1 | 1 1 -
38 40 42 44 46 48 50
N
FIG. 3. The calculated differences in the charge root mean

square radii with respect to %8Sr (open circles) for the Sr
isotopes are compared with the corresponding experimental
values (Refs. [14] and [15]) shown by solid circles and with
the density-dependent Hartree-Fock calculations (Ref. [16])
marked by crosses.

The calculated two-neutron (S2,) and two-proton
(S2p) separation energies are shown in Fig. 2 along with
those obtained from the observed masses wherever avail-
able (8], otherwise extracted from the calculations of
Moller and Nix [16]. It is seen from Fig. 2 that the sep-
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aration energies are indeed reproduced quite well in the
present work.

The calculated charge radii are found to increase as
more and more neutrons are removed from 88Sr(%°Zr). In
order to make it more transparent we plot § < r2 >X:50
the differences in charge square radius with respect to
8Sr (N = 50) in Fig. 3 along with the recent iso-
topic shift measurements [17, 18] and the nonrelativistic
density-dependent Hartree-Fock calculations [19]. It is
evident from the figure that RMF reproduces the exper-
imental data surprisingly well while DDHF fails and in
fact produces the opposite trend. More recent calcula-
tions with GCM using HF+BCS substantially improve
the situation, however the differences with the experi-
ment remain [13].

From the present study it is possible to draw the fol-
lowing inferences.

(a) For the Sr and Zr isotopes close to the proton drip
line two coexisting solutions were obtained, one with
a very large deformation and other corresponding to a
spherical shape. The deformations were found to be close
to those of superdeformed shapes.

(b) The calculated binding energies and the two-
particle separation energies were found to be in agree-
ment with the measured values wherever available.

(c) The charge radii tend to increase with the removal
of neutrons from the semimagic 8Sr and %°Zr cores and
are found to be in close agreement with the isotopic shift
measurements.
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