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Transition energies of 25 superdeformed (SD) bands in 13 nuclei of the A =194 region were fitted by

the power-series expansion of I in odd powers of E„/2,A(I+ 2 ) =2aco+ 3/co, where Er /2=%to, and by

the expression for transition energy, E~ =E(I+2)—E(I), where E(I)= AI(I+1)
+B[I(I+1)]+C[I(I+1)]~. Results are generally similar, and level spins for these SD bands are

given based on expectations of rotational model behavior.

PACS number(s): 21.10.Re, 21.60.Ev, 27.80.+w

I. INTRODUCTION

The notion that reliable spin assignments may be made
for superdeformed (SD) bands in the A =194 region
based on expectations of the rotational model was intro-
duced by Becker et al. [1] when they reported observa-
tion of superdeformation in ' Hg. All experimental evi-

dence suggested that the SD band members in this mass
region are nuclear states characterized by the dynamics
of an extremely good quantum rotor. The first 11 ob-
served transitions of the SD ' Hg cascade follow rota-
tional model formulas with only a Grst-order correction.
This is exceptional behavior among nuclear y-ray cas-
cades. For example, only the first four transitions in nor-
mally deformed ' Er show similar behavior. The SD
transitions have large transition quadrupole moments Q, .
Moore et al. [2] measured Q, [' 'Hg]-18(3) e b, which
corresponds to a deformation parameter P=0.56 and to
transition strengths 8 (E2) -2000 Weisskopf units
(W.u. ). Subsequently, Q, =20(2) e b was measured [3] for
nine transitions in ' Hg. Other features of the SD cas-
cades suggested that application of the rotational model
formulas might lead to reliable spin assignments. The
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change in Ez with increasing y-ray energy has a smooth
variation over the energy range observed, and the energy
spectrum can be parametrized by a power expansion in-

cluding only a first-order correction, in general. The in-
traband y-ray transitions are observed down to low tran-
sition energies. The fractional change in Ez with E~ is
largest and most sensitive to level spin at low spin, since

ATE&

/Er -AI/I. In addition, it is unlikely that irregular
behavior (e.g., unusual backbending) will occur in the
low-energy region of the band since the Coriolis effects
are small there. It is even more unlikely that irregular
behavior occurs entirely below the lowest observed ener-

gy data point. Numerically, the cascades include enough
transitions so that least-squares procedures can be fol-
lowed.

These conditions were observed in many of the SD
bands observed throughout the A =194 region, and so
subsequently this notion was applied [4] to 16 SD bands
in 9 nuclei near A =194. Measured cascade energies
were compared to the rotational model expression:
R(I+ —,')=2ato+4/3)33to, with %co=E /2. Excell—ent fits

to the data (measured by the goodness-of-fit parameter
y ) were reported, and a summary of the fitting parame-
ters for the 16 SD bands known was given in Table I of
Ref. [4]. The resulting ratio of expansion coefficients and
the broad frequency range (large number of transitions)
satisfactorily described by this equation confirm that
these nuclei are excellent rotors. Level spins extracted
from these fits are consistent with those inferred from
yrast-state population in the SD band decay (where mea-
sured), after making an assumption about the angular
momentum carried away by the unobserved linking tran-
sitions, typically 1 —2 units.

These spin assignments have led to the surprising ob-
servation that alignment with respect to either ' Hg or

Tl is quantized at 1A' for many of these bands [5—7],
suggesting that pseudospin symmetry and triplet pairing
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might be important for bands in these nuclei. Considera-
tion of these issues is on a firmer basis in this mass region
than for nuclei near A =152 because spin assignments
can be included in the discussion. Criticisms have been
made for both the method and the physics, and therefore
we review in Sec. II the rotational model formulas ap-
plied in this work to the transitions of the SD cascades.
We discuss the relationship between the expansion of I in
powers of co and the formula for E as a power series in
I(I+1), E =ED+ AI(I+1)+, and the associated
formula for transition energy, E . In Sec. III, we discuss
data selection, and then describe numerical results of the
least-squares fits to rotational model formulas in more de-
tail than given in Ref. [4]. A discussion of the fitting re-
sults is given for ' Hg, ' Hg, and ' 'Hg because
different numerical results and spin. assignments have
been given by Wu, Feng, and Guidry [8,9] and by Wyss
and Pilotte [10]. Tables of parameters obtained with two
approaches, viz. , the fitting parameters resulting from
least-squares fits of observed transition energies to expan-
sions of (i) I in odd powers of co (Ez =2A'co), and (ii) Ez in

powers of I(I+1), are presented. Results for the two
fitting equations are compared in Sec. IV. Spins are sug-
gested for the SD band members based on identification
of the spin parameter of the least-squares fitting equation
with level spin in Sec. V. Uncertainties in these spin as-
signments are discussed. Some remarks on alignment are
given in Sec. VI. Finally, a summary is presented in Sec.
VII.

II. ROTATIONAL MODEL EXPECTATIONS

A. Rotational model formulas

The deviation from the leading-order term may be viewed
as the consequence of a moment of inertia which is angu-
lar momentum dependent,

f 2

[A +BI(I+1)+ ]
2

(3)

The expression for the rotational energy E(K,I) with
KWO takes a form similar to Eq. (2), but includes a band-
head energy, and I(I+1) is replaced by I(I+1)—K .
A leading-order correction term occurs only for K =

—,
'

bands. Correction terms for K & —,
' bands are typically

small and multiply powers of I (I + 1).

The general reference for the rotational model formu-
las needed to relate the observed transition energies of the
rotational cascade to level spin I is Bohr and Mottelson
(BM) [11]. The expression for the rotational energy of an
axially symmetric (E =0) deformed nucleus in terms of
rotational angular momentum is

f 2

E = I(I+1) .
2

Including higher-order correction terms to account for
Coriolis coupling and other spin-dependent effects, the
expression becomes

E(I)=AI(I+1)+BI (I+1) +CI (I+1) + . (2)

I I I I I I I I I I I I I I I
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FIG. 1. The ratio E~(+ ) /E~( —) =E~(I +2~I) /
E~(I~I —2) for a rigid rotor.

The expression for the transition energy is given by

E (I+2~I)=E(I+2) E(I) .— (4)

Direct substitution shows that the leading-order term for
E~ is independent of E, except for K =

—,
' bands.

B. Sensitivity of spin to transition energy

The simplest rotational model formula predicts that
~Ez!E&=~I/I within a band, which means the frac-
tional change in y-ray energy is largest at the low-spin
end of the band. Thus, for a given statistical uncertainty
in the measurements, the best measure of spin is obtained
when the data extend to low y-ray transition energies and
to the corresponding low spins.

This sensitivity is illustrated in Fig. 1, where the ratio
E~(I +2~I)/Er (I~I —2), computed from Eqs. (1)
and (4) for the rigid rotor, is presented as a function of I.
[This ratio is 1+6,E /E (I~I—2).] The ratio clearly
increases with decreasing spin, and at I =10 the change
in the ratio with 2 units of change in spin is well beyond
the error of the y-ray energy measurements, —

—,'% for

E~. As an example, the lowest y-ray energy observed
[12,13] in ' Pb is 169.7(2) keV, and the corresponding
AE~ =43.6(7) keV. Direct substitution into the expres-
sion above for bE„/E gives, with BI=2, I-7.8(1)A' or
—5. 8(1)A for the spin of the final level of the 169.7-keV
transition. This suggests that a first estimate of level spin
can be made from the two cascade transitions lowest in

energy. Such estimates are given in Sec. IV.

III. THE LEAST-SQUARES FITS

A. The data

Currently 27 SD bands in 13 nuclei have been reported
in the 3 =194 region. The reference list presented in

Ref. [4] included 16 SD bands in 9 nuclei. New experi-
mental data reported since then include the following:
Drigert et al. [14] have found evidence for a SD band in

Hg. The number of bands in ' Hg has been extended
to four, two of which exhibit backbending [15]. Superde-
formation has been reported in two more isotopes of Pb,

Pb (Ref. [16]) and ' Pb (Ref. [7]). Azaiez et a1. [7]
have reported four additional bands in ' Tl for a total of
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six bands in that nucleus, and subsequently reported [18]
two bands in ' Tl. All these data were fit except for the
two bands in ' Hg which show backbending, and there-
fore cannot be fit with only first-order correction terms.
In general, for the bands we consider: (i) Er extends
from -200 to -600 keV, (ii) at least nine y rays are in-
cluded in the cascade, (iii) the difference in E for adja-
cent transitions (b,E ) decreases smoothly from -40 to
36 keV with increasing Er, and (iv) the fractional error in
E is —10

y
The energies of the nine y-ray transitions lowest in en-

ergy were fit for each SD band. A fixed number of transi-
tions was chosen to avoid data selection bias. Reported
transitions lowest in energy were always included since
b,Er /Er is largest at low spin, as discussed above in Sec.
II, and nine transitions were included after a preliminary
survey of the data suggested that in this case the energy
dependence of all the known bands could be fit by expan-
sions which included only a first-order correction term.
We also found that a good fit (measured by g ) was not al-
ways obtained for some of the bands when reported un-

certainties in transition energies were used in the fit, and
that the quality of the fit was not improved by adding
another term to the expansion. Our own experience with
these measurements is that the uncertainty quoted in E~
is often too small. The experimental difficulty in locating
the SD bands is well known. The band intensity
represents 1% or less of the cross section, and in most in-
stances, the SD cascade does not show up as distinct
peaks in the projection of the 2D data matrix, E~ vs E~,
onto one axis. Often only one "clean gate" can be set on
the matrix to highlight the SD cascade. Experimentalists
illustrate SD bands with y-ray spectra from which back-
ground has been subtracted, and the experimental reports
are not always clear as to whether or not the quoted un-
certainty in Ez includes a contribution from uncertainty
in the background subtraction. Therefore the following
procedure was adopted when g /v) 1: quoted errors
were multiplied by a factor k (of order unity) in order to
produce a fit with y /v near 1. The k factors are summa-
rized in Table I, which will be discussed in detail subse-
quently. Fitting parameters and discussions given

TABLE I. Parameters from the least-squares fit of transitions 1-9 (beginning with the lowest energy) to A'(I + —,
'

) =2aco+ —,Pro',

where Aco=E~ /2 [Eq. (5)]. All transitions are taken as b,I =L =2, and If is the least-squares parameter corresponding to the final-

state spin of transition 1. The asterisk indicates that only transitions 1-5 were used in the fit. Errors in the least-squares fitting pa-
rameters in this table and throughout the text represent the larger of the standard deviation 0 or uncertainty [=(y2/v)'~~0], in an
effort to account for the scatter of the data. 5=If —nearest (half-) integer.

Az

'"Hg(1)
Hg(1*)

'"Hg(1)
191Hg( 1 )
' 'Hg(1*)
1 9 1Hg( 2 )

191Hg( 3 )
1
92Hg( 1 )

192Hg( 1 )

Hg(1)
Hg(2)

194Hg( 1 )

H (2)
194H (3)
192Pb( 1 )
194pb( 1 )
196pb( 1 )
198Pb( 1 )
193Tl( 1 )

Tl(2)
Tl( la)
Tl( lb)
Tl(2a)
Tl(2b)

' "Tl(3a)
' "Tl(3b)
195T1( 1 )

Ey
(keV)

366.0(4)
366.0(4)
360.0(2)
350.6(1)
350.6(1)
292.0(2)
311.8(4)
214.6(3)
257.7(3)
193.7(3)
254.3(3)
201.2(2)
254.3(1)
262.5(2)
262.6(4)
169.7{2)
215.0(4)
303.8(4)
228 ~ 1(3)
248.3(3)
268.0( 10)
209.3(6)
240.5(8)
220.5(6)
226.3(6)
245.4(8)
330.1(7)
350.7(8)

10 a
(fi /keV)

4.373(63)
4.327( 180)
4.178(31)
4.558(22)
4.728(78)
4.689(26)
4.662(42)
4.410(8)
4.419(8)
4.607( 81)
4.682(26)
4.657(16)
4.413( 13 )

4.620(32)
4.424( 105)
4.408(24)
4.344(20)
4.265(65 )

4.755(28)
4.752{32)
5.034(65)
4.971(49)
4.882(47)
4.901(46)
5.163(47)
5.252( 58 )

4.589( 83 )

4.650( 82)

io'P
(A' /keV )

5.58(51)
6.06(183)

8.14(23)
5.62(17)
3.75(85)
5.45(59)
6.45(35)
8.44(11)
8.30(10)
9.72(129)
6.31(30)
6.50(23)
8.68(15)
7.07(31)
8.48( 133)

8.17(43)
6.28(27)
5.87(74)
5.37(39)
6.16(38)
3.6$(70)
4.53(74)
4.14(52)
3.91(62)
3.44(63)
1.55(68)
7.75(70)
6.07(64)

14.96(10)
14.83(52)
14.16( 10)
14.87(7)
15.34(22)
12.43(7)
13.38( 13)
8.10(2)

10.12(2)
7.49(17)

10.57(7)
7.95(4)
9.95(3)

10.83(7)
10.37(27)
6.02(5)
7.94(5)

11.74( 17)
9.46(3)

10.44(8)
12.13(18)
8.97(11)

10.32( 13)
9.35( 11)

10.26( 11 )

11.46( 12)
14.10(26)
15.22(27)

+0.46( 10)
+0.33(52)
+0.16( 10)
+0.37(7)
—0.16(22)
—0.07(7)
—0.12(13)
+0.10(2)
+0.12(2)
—0.01(17)
+0.07(7)
—0.05(4)
—0.05(5)
—0.17(7)
+0.37(27)
+0.02(5)
—0.06(5)
—0.26(17)
—0.05(3)
—0.06(8)
+0.13( 18)
—0.03(11)
+0.32( 13 )

+0.35( 11)
+0.26(11)
+0.46( 13 )—0.40(26)
—0.28(27)

Ref.'

[14]
[14]
[l4]
[2l
[2]

[24]
[24]

[1,20]
[1,20]

[15,19]
[15,19]
[25,26]
[25,26]
[19,26]

[16]
[12,13]
[12,l7]

[l7]
[27]
[27]
[71
[7]
[7]
[7]
[7]
[7]

[18]
[18]

kb

1.0
1.0
1.5
2.0
2.0
1.4
1.4
1.4
1.4
3.0
1.0
1.4
1.4
2.0
2.5
2.5
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

'Data from the first reference cited were the least-squares input.
Quoted experimental errors are multiplied by k.
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throughout the text and in tables are based on results
with these errors.

Several bands have been observed by more than one ex-
perimental group: ' Hg, ' Hg, ' Hg, and ' Pb.
Agreement among the data is good except for one of the
bands in ' Hg. Most unfortunately, the band involved
has been labeled by us [19] ' Hg(1) and by Cullen et a1.
[15] ' Hg(2). Also, the data of Cullen et al on. ' Hg in-
dicate 4 SD bands, two with almost degenerate energies
for a number of transitions. This has led to some con-
fusion. For the present purpose, we use the SD band en-
ergies of Ref. [15] since they were determined with
knowledge of the nearly degenerate y-ray energies. Oth-
erwise, when more than one data set exists, numerical re-
sults presented here are based on the measurements we
have made. The 214.6-keV transition in SD ' Hg report-
ed in Ref. [1] has not been confirmed in another study
[20]. However, none of the conclusions discussed here
for ' Hg are altered if this transition is excluded from
the fit; only fine details of the numerical values are
changed. Details are given at appropriate places in the
text.

B. The fitting equations

Least-squares fits were made to these data with two
fitting equations. In the first case, the measured Ez of
the SD cascade were fit to the equation for the transition
energy [Eq. (4)] with E(I) expressed directly by the ex-
pansion for E in powers for I(I+1), Eq. (2). In subse-
quent discussions these least-squares fits will be referred
to by Eq. (2) only. The second case is based on the ex-
perience (also true here) that an expansion of I in odd
powers of E~ converges faster (see, e.g. , Refs. [11] and

[21]). With the definition Er =2fico, and keeping terms to
first order, the expansion is

iii(I + —,
'

) =2aco+ 4, Pco (5)

In Eq. (5), I refers to the "midpoint" spin of the transi-
tion I+1~I—1. Equation (5) is a phenomenological
expression for I in odd powers of E~.

The leading-order term of both fitting equations is just
the expression for the transition energy of the quantum
rotor:

E (I + 1~I —1 ) =43 (I + —,
'

) .

Make the substitutions E =2irico and 2a=R /(2A) and
it is clear that with our definitions the leading-order term
relating E~ to I is independent of the choice of fitting
equation, as we have already pointed out [22]. The two
fitting equations amount to adding higher-order terms to
either the left- or right-hand side of the leading-order ex-
pression. Our expectation is for a similar description of
the data, independent of the fitting-equation choice. [Eq.
(5) is often written with the inclusion of a constant term,
io, which represents initial alignment. Discussion of io is

given in a later section. ]
We take the point of view that either approach is valid,

and that the SD cascade can be described by either Eq.
(2) or (5). Our first choice was the expansion in E /2 (or

~) since numerous examples have shown that it converges
faster. Results for the description of E in terms of an ex-
pansion in powers of I(I+1) are also presented, and
fitting results obtained with the two approaches com-
pared.

C. Fits to the fiu expansion

The nine transitions lowest in energy in each of the 25
SD cascades cited above were fit to Eq. (5) using the code
DESCALC [23]. Inverse square weighting was used. We
made the reasonable assumption that a11 SD transitions
have multipolarity L =2 since, where measurements ex-
ist, directional correlations are characteristic of
AI =L =2. Therefore the fitting equation has three pa-
rameters: the two inertial parameters a and P and the
baseline spin, If. Fitting results are tabulated in Table I,
where the SD bands are identified by nucleus, an arbi-
trary band label, and the lowest y-ray energy included in
the fit. The next columns give the fitting parameters a, P,
and If. Uncertainties in the fitting parameters are quoted
as either the standard deviation o, or o.(y /v)'~, which
takes into account the scatter in the data. The inertial
parameters cr and 13 are determined with accuracies of
—

—,'% and ( 10%, respectively, while If is determined to
—1%.

Table I also includes the quantity 5, which is defined
as

b, =If —nearest (half-) integer,

depending on the mass identification of the band. This
quantity is convenient for comparing the parameter If
with physical level spin, and for comparing the results of
the two fitting equations. The quantity 5 is illustrated in

Fig. 2, where it is ordered according to N and Z of the
nucleus: even-even, odd- A, and odd-odd.

Insight into the quality and results of the least-squares
fits can be illustrated through curves of y /v as a func-
tion of If, and graphical comparison of the experimental
dynamic moment of inertia [2' '(exp)] with values calcu-
lated with the fit parameters [2' '(calc)]. Results for
' 'Hg, ' Hg, and ' Hg are presented since these assign-
ments are often discussed. We begin with a discussion of
Fig. 3, which illustrates these quantities for the one
known SD band in ' Hg, labeled here ' Hg(1). The in-

set in Fig. 3 illustrates y /v vs If The smooth .curve is a

line drawn through discrete values of g /v produced
when the least-squares procedure is repeated for incre-
mental values of If . The curve has a very sharp
minimum at If =8.10(2). The horizontal dashed line in

the inset represents the 95% probability for this value of
g /v. Numerically, it is clear from the y curve that Eq.
(5) describes these data very well, and that If is deter-
mined with an uncertainty less than 0.1A. The field of
Fig. 3 compares J' '(exp) and J~ '(calc). Experimental
and calculated E could be compared, but instead we

chose to compare experimental and calculated 2' ', where
J' '(exp) is given by J' '=4% /bE». The equation for
2' ' in terms of the fitting parameters is [28]

J' '=2a+4Pco
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Hp(1)
Hp(1)—
Hp(1)
HQ(2)

HQ(3)
Pb(1)
Pb(1)
Pb(1)
Pb(1)
Hp(1)
Hp(1)—
Hp(2)—
Hp(3)

Hp(1)—
Hp(2)—

TI (1)
1'95

TI (2)
g

Tl(1a)—
Tl(1b)
Tl(2a)—
Tl(2b)
Tl(3a)
Tl(3b)

II), ~ ill . .

—0.6 —0.4 —0.2 0

h, j,'h)

I
I + I

a

I + I

0.2 0.4 0.6

FIG. 2. The values of 6=If—nearest (half-) integer listed in

Table I. They were obtained from the least-squares fit of cas-
cade transition energies to the expression for I as a series in odd
powers of %co ( =E~/2), Eq. (5). Values for even-even, odd-A,
and odd-odd nuclei are labeled by ~, 4, and ~, respectively.
See Table I for references to the data.

The appropriate value of fico in Eq. (8) is the average of
the transition energies from which 2' ' is computed. A
line drawn through the calculated values illustrates
S' '(calc) in Fig. 3. The values were calculated with If
fixed at If =8, the nearest quantized spin value consistent
with both the least-squares solution and the mass assign-

ment of the SD band. Clearly, experimental and calculat-
ed values of 2( ' agree very well, and the fit does not re-
quire higher-order terms in Eq. (5) for the range of data
included in the least-squares fit. However, If cannot yet
be identified with level spin because possible alignment at
co=0, io, has to be considered. This discussion is de-
ferred until Sec. V.

2' '(calc) produced with parameters obtained froin
least-squares solutions of Eq. (5) with If fixed at 8+1 are
also illustrated in Fig. 3. Comparison of these values and
2' '(exp) provides an alternate way of looking at the sen-
sitivity of the solution to If, and it also conveniently il-

lustrates the frequency range where the expansion of Eq.
(5) is valid. The figure shows that not only are the first
nine transitions included in the fit well described, but that
the same parameters describe at least the first 11 transi-
tions, a range of 22k. This again stresses the point that
SD ' Hg is an excellent rotor. The kinematic moment of
inertia S calculated from

fi (2I+1)
(9)

is also illustrated. Least-squares fit parameters without
the 214.6-keV transition are given in Table I; it can be
seen from the similarity of the tabulated parameters as
well as from Fig. 3 that only fine details of the results de-
pend on this data point.

Results of the least-squares fits to the three bands
known in ' Hg are discussed next with the aid of similar
figures. The figure for yrast SD ' Hg has been presented
in Ref. [1], Fig. 1. The band is labeled there and also
here as ' Hg(2). The plot of g /v vs If has a sharp
minimum at If =9.95(3), and experimental and calculat-
ed J' ' values compare favorably. This nucleus
represents an even better rotor than ' Hg, in that the
cascade is described for 17 transitions or 34%. Illustra-
tions for the y-ray cascades ' Hg(1) and ' Hg(3) are
presented next in Figs. 4 and 5, respectively. These two
cascades are populated with less intensity than 's Hg(2),
and they have been interpreted as signature partners of
an excited band in the second minimum [26,19]. The
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II ~ &t
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I I r'I I

I
Ir'

I I I I I
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80- I I I I I

0 0.05 0.15
100

--y- 9----

FIG. 3. The quantity y /v vs If and 2' ' (o ) and 2'" (I) for
Hg(1). Data points represented by ~ correspond to the y-ray

transitions used in the least-squares fit. The solid line drawn
through the data points represents 2' ' calculated with Eq. (8).
For comparison, the dot-dashed and dashed lines represent 2' '

calculated with If(min)+1.

80
0 0.05

I

0.10
(6m) (MeV )

I

0.15

FIG. 4. The quantity y /v vs If for ' Hg(1,2,3) and 7' ' (0)
and 2'" ($) for ' Hg(l). See also Fig. 3
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FIG. 5. The quantity y'/v vs II for '"Hg(1,2,3) and 9"' (o )

and J'" (0) for '9 Hg(3). See also Fig. 3.

y /v curves reach clear, well-defined, sharp minima for
both signature partners: I& is determined very well and
comparison between 2( '(exp) and S( '(calc) is very good.

Illustration of the least-squares fitting concludes with

Fig. 2 in Ref. [4], which presented fitting results for the
three SD cascades reported in ' 'Hg. Values of g /v vs

II for all three cascades are given in the inset. The two
signature partner SD bands in ' 'Hg (labeled 2 and 3)
have minima near half-integer values, but the band
' 'Hg(1) off'ers the first surprise, with II(min) =14.87(7),
closer to integer than half-integer, although the mass as-
signment requires a half-integer value. Experimental and
calculated 2' ' for ' 'Hg(1) are illustrated in the field of
the figure. The fitting was repeated, including only the
five transitions lowest in energy, with the result
I&=15.34(22). Thus, the low-frequency data suggest —",

rather than —", as the nearest half-odd integer value in this
case. Cranking-model calculations can provide some in-
sight into this behavior, and we discuss this point in Sec.
V.

The figures presented along with the data of Table I
show the selectivity of the fits towards an (half-) integer
value of I&, depending on the A, Z of the nucleus. The
values of I& modulo (half) integer for the entire data set
are listed in Table II, fifth column, taking the mass as-
signment into account when required. The two values of
II nearest the minimum are listed in those cases where

TABLE II. Parameters from the least-squares fit of transitions 1-9 (beginning with the lowest ener-

gy) to Eq. (5) with I& fixed at the nearest (half-) integer. Data are arranged according to whether or not
a signature band has been observed. The parameter a corresponds to —' the moment of inertia. See

Table I for references. Spin values marked by an asterisk are the (half-) integer value nearest the
minimum of the fitting parameter II listed in Table I.

Az

189Hg(1)
190Hg{1)
' 'Hg(1)
192Hg( 1 )

Hg(1)
1 94Hg(2)
192Pb(1)
194Pb(] )

Pb(1)
198Pb(1)

' 'Hg(2)
191Hg(3)

Hg(1)

Hg(2)

Hg(1)
1 94H g (3)
193T1(1)

Tl(2)
194T1{1a)

Tl(1b)
Tl(2a)
Tl(2b)
Tl(3a)
Tl(3b)

195T1( 1 )
195T1(2)

E~
(keV)

366.0(4)
360.0(2)
350.6(1)
214.6(3)
257.7(3)
254.3(1)
262.6(4)
169.7(2)
215.0(4)
303.8(4)

292.0(2)
311.8(4)
193.7(3)
254.3(3)
201.2(2)
262.5(2)
228.1(3)
248.3(3)
268.0( 10)
209.3{6)
240.5(8)
220.5(6)
226.3{6)
245.4(8)
330.1(7)
350.7(8)

10'P
(R /keV')

102a

{fi /keV)

Casca
4.541(6)
4.129(3)
4.444(5)
4.366(2)
4.369(3)
4.430(1)
4.281( 13}
4.398(4)
4.369(2)
4.361{7)

Cas
4.713(3)
4.709(4)
4.610( 13 )

4.653(3)
4.677(2)
4.682(4)
4.777(5 }

4.773(4)
4.988(7)
4.984(7)
4.766(8)
4.756{11)
5.058(8)
5.054( 10)

4.556(8)
4.583(8)

ut signature partner
4.26(14)
8.51(6)
6.48(10)
9.03(8)
8.90(9)
8.49(4)

10.2{5)
8.33(16)
5.95(11)
4.83(21)

h signature partner
5.21(8)
6.14(9)
9.68(45)
6.63( 10)
6.23(8)
6.38( 11)
5.07( 11)
5.92(11)
4.09(19)
4.37(26)
5.35( 19)
5.77(31)
4.77(23)
4.37(34)
8.02( 17)
6.58( 17)

des witho

cades wit

14

8

10
10

10*,11
6
8

12

25
2

27
2
15
2

21

8
11
19
2

21
2

12
9

(10*,11)
(9*,10)
{10*,11)
(11*,12)
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the minimum falls at a value that is unexpected from the
mass assignment.

The entire data set was fit again with If fixed at the
nearest (half-) integer value .Values of a and P result
with substantially reduced errors as expected: they are
listed in Table II. Discussion of this table is given in Sec.
V.

D. Fits to S(2)

Least-squares fits can be made using Eq. (8), the expres-
sion for 2' '. The fitting parameters in this case are a
and P, and 2' ' is obtained from the experimental quanti-
ties, E . Level spin is obtained by substitution in Eq. (5).
Draper et al. [28) have presented details of the power-
series expansion for 2' ' in terms of co. The quantity 2' '

is obtained from the difference in adjacent transitions in
the cascade, and this introduces correlations into the fit.
Fitting done with Eq. (5) or Eq. (2), on the other hand,
uses the experimental E directly. A sample of numeri-
cal examples of least-squares fittings done with Eqs. (5)
and (8) are listed in Table III. [In subsequent discussions,
these least-squares fits and the resulting parameters will
be referred to by Eq. (8).] Consistent parameter values
are obtained with both procedures, and in particular If
does not change much. The least-squares estimate of the
parameter errors is overestimated with Eq. (8) because er-
rors are compounded in quadrature when the input
values of J"' ' are computed. A better estimate of the er-
ror is obtained when the least-squares fitting is done to
Eq. (5).

E. A term in co 7

Hg(1)
Hg(1)

'"Hg(1)—
Hg(2)—
Hg(3)—

192 Pb(1 )
Pb(1)—
Pb(1)
Pb(1)—
Hg(1)—
Hg(1)—
Hg(2)—
Hg(3)—
Hg(1)—
Hg(2)—
TI (1)—
Tl (2)—
TI (1)—
Tl (2)—

194 T,(„)
Tl(1b)—

194 Tl(2

TI(2b)—
TI(3a)—
TI(3b)—

I X I
I + I

I
V

I
I

—Q.6 —Q.4 —Q.2 0 0.2 OA 0.6

a(,'h)

FIG. 6. The quantity 5=If —nearest (half-) integer listed in
Table V. The value of If was obtained from the least-squares fit
of cascade transition energies to E(I+2+I)=E(I+2)—E(I},
with E(I) expressed as a power series in I(I+1), Eq. (2).
Values for even-even, odd-A, and odd-odd nuclei are labeled by
~, $, and ~, respectively. See Table 1 for references to the
data.

Empirical tests were made to see if a better fit to the
data or a different result could be obtained by including a
term in co in Eq. (5). Therefore, the least-squares fitting
was repeated with the term xylo added to Eq. (5) for the
yrast cascades of ' Hg and ' Hg, both excellent exam-
ples of rotational cascades. The fits were done with the
power-series expansion for I terminated at either quadra-
tic or cubic powers of cu. The results, listed in Table IV,
show that a description in terms of an expansion which
only includes terms in co and co is not adequate for these

data sets, and more generally that the co term is not
needed, as one might expect if identification of u with an
angular velocity is made.

F. Fits using the expansion of E in powers of I(I + 1)

Least-squares fits of the same data were made to the
equation for Er, E =E(I +2) E(I), [Eq. (4—)], with
E(I) expressed as a series in powers of I(I+1),
E(I)=AI(I+ I )+BI (I+1) +CI3(I+ I ) [Eq. (2)].

TABLE III. Comparison of parameters from the least-squares fit of transitions 1 —9 (beginning with
the lowest energy) of SD cascades ' Hg and ' Hg{1,2,3) to Eq. {5)and to Eq. {8). Rows labeled by u
refer to fits to Eq. (5), fi(I+ —,')=2aIo+ —,pro', and rows labeled by 2"' refer to fits to Eq. (8),
J"'=2a+4Pco . See also the caption and references for Table I.

Fit Az

I 92Hg( 1 )
I 92Hg( 1 )
I94H (1)
I94Hg( 1 )
I
94Hg(2)

I94Hg(2)
I
94Hg( 3)

I94Hg{3)

(keV)

214.6(3)
214.6(3)
201.2(2)
201.2(2)
254.3(1)
254.3(1)
262.5(2)
262.5{2)

10 a
(A' /keV)

4.410(8)
4.413(17)
4.657( 16)
4.6S1(40)
4.413(13)
4.416(23)
4.620(32)
4.625{56)

iOIp

{A /keV')

8.44(11)
8.48(26)
6.50(23)
6.57(55)
8.68(15)
8.58(27)
7.07(31)
6.99(61)

8.10(2)
8.12(3)
7.95(4)
7.97(7)
9.95(3)
9.98(S)

10.83(7)
10.84( 13)

+0.02(2)
+0.12(3)
—0.05{4)
—0.03(7)
—0.05(3)
—0.02(5)
—0.17{7)
—0.16(13)
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TABLE IV. Fitting parameters calculated when a test quadratic term is added to Eq. (5),
A'(I+ —')=2uco+ —Pro +xco . The data are transitions 1 —9 (beginning with the lowest energy) of the
yrast SD cascades in ' ' Hg. The power-series expansion is terminated at either quadratic or cubic
powers of co, and x is the amplitude of the test quadratic term. See Table I for references.

AZ

I92Hg( 1)

Hg(1)
' 'Hg(1)
I94Hg(2)
I94Hg (2)
I
94Hg(2)

E
(keV)

214.6(3)
214.6(3)
214.6(3)
254.3(1)
254.3(1)
254.3(1)

10 a
(A 2/keV)

4.410(8)
4.428( 138)

4.428( 138 )

4.412( 13)

4.296( 171 )

3 ~ 711(41)

10'P
(A '/keV')

8.44(11)
8.69( 195)

8.67(15)
7.24( 190)

10 x
($ keV )

01.92( 1488)
63.18( 184)

11.71{1560)
70.78{200)

8.10(2)
8.15(17)
7.40(6)
9.98{3)
9.83(20)
9.08(8)

1.20
1.44
6.00
0.76
0.82
2.72

The fitting parameters are A, B, C, and If. As in the fits
to Eq. (5), the nine cascade transitions lowest in energy
were used in the fit, with quoted y-ray energy errors mul-
tiplied by the factors k given in Table I. Excellent fits
were obtained, and results are summarized by the entries
in Table V. The bands are labeled as in Table I, that is,
by the band label given in the original reference, and the
lowest-energy y ray included in the fit. Entries include
the fitting parameters A, B, C, and If, and h. The pa-
rameter C is given only in the few cases (4 out of 25)
where the fit required a second-order correction term, as

measured by y /v. The (half) integer nearest the least-
squares fitting parameter If for these fits is the same as
for the fits to Eq. (5) for 22 of the 25 bands, and one unit
greater for the SD bands labeled ' Hg(1), ' 'Hg(1), and

Pb. The values of 5 are plotted in Fig. 6 and it can be
seen that these fits also suggest I& as (half) integer for
bands in even-even and odd-A nuclei. Comparisons of
data and quantities calculated with the least-squares esti-
mate are not given here because extensive comparisons
obtained with the least-squares estimates resulting from
the fit to Eq. (5) have already been given in Sec. III C.

TABLE V. Parameters from the least-squares fit of transitions 1-9 in the SD cascade (beginning
with the lowest energy) to Eqs. (4) and (2). Here, E(I) is represented as a power series in I(I+1),
F(I)=AI(I+1)+B[I(I+1)]'+ . . All transitions are taken as bI=L =2, and the least-squares

parameter I& corresponds to the baseline spin of the SD cascade. See Table I for references.

AZ

189H (1)
I
90Hg( 1 )

1 91Hg( 1 )
' 'Hg(2)
191Hg(3)
I 92Hg( 1 )

192Hg(1)
193Hg( 1 )

'"Hg(2)
I
94Hg( 1 )

194Hg(2)

Hg(3)
192pb(1)
194pb( 1)
196pb( 1)
198pb( 1)
93Tl{1)

193Tl(2)

Tl( la)
Tl( lb)
Tl(2a)
Tl(2b)
Tl(3a)
Tl(3b)

195Tl( 1 )
195Tl(2)

E
(keV)

366.0(4)
360.0(2)
350.6(1)
292.0(2)
311.8(4)
214.6(3)
257.7(3)
193.7(3)
254.3(3)
201.2(2)
254.3(1)
262.5(2)
262.6( 10)
169.7(2)
215.0(4)
303.8(4)
228.1(3)
248.3{3)
268.0( 10)
209.3{6)
240.5(8)
220.5{6)
226.3(6)
245.4( 8)
330.1(7)
350.7{8)

A

(keV/4 ')

5.553( 52)
5.966(98 )

5.336(17)
5.246(23 )

5.205(32)
5.639(30)
5.647(21)
5.337(56)
5.257(22)
5.308( 14)
5.661(37 )

5.290(22)
5.498( 88 )

5.681(74)
5.678(20)
5.749( 63 )

5.214(24)
5.187(27)
4.934( 54)
5.005(42)
5.089(41 )

5.079(40)
4.826( 38 )

4.754(49 )

5.247( 58 )

5.227( 59 )

104m

(keV/i6 )

—1 ~ 87(18)
—4.78(70)
—1.61(5)
—1.59(9)
—1.68(10)
—4.07(35)
—4.17(23)
—2.97(33)
—1.86(9)
—2.07(8)
—4.40(36)
—2.02(9)
—2.72(44)
—4.51( 112)
—2.55( 11)
—2.41(32)
—1.66( 12)
—1.75(12)
—0.93( 19)
—1.26(21)
—1.20(16)
—1 ~ 16(18)
—0.85(16)
—0.39(17)
—1.96(18)
—1.60(17)

10'C
(keV/A )

7.7(24)

6.7(20)
7.3(11)

8.0( 17)

10.0(80)

15.30( 15)
14.18(21)
15.20(5)
12.60(6)
13.71( 10)
8.15(5)

10.13(5)
7.62(12)

10.73(6)
8.08(3)
9.97(7)

11.06(6)
10.62(21)
6.01(10)
8.05(4)

11.93( 14)
9.52(6)

10.58(7)
12.20( 16)
9.01(10)

10.38( 11 )

9.38(10)
10.29( 10)
11.47( 14)
14.55( 18 )

15.56(20)

—0.20(15)
+0.18(21)
—0.30(5)
+0.10(6)
+0.21( 10)
+0.15(5)
+0.13(5)
+0.12( 12)
+0.23(6)
+0.08(3)
—0.03(7)
+0.06(6)
—0.38(21)
+0.01( 10)
+0.05(04)
—0.07(14)
+0.02(6)
+0.08(7)
+0.20( 16)
+0.01( 10)
+0.38( 11 )

+0.38( 10)
+0.29( 10)
+0.47( 14)
+0.05( 18)
+0.06(20)
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IV. DISCUSSION OF THE FITTING EQUATIONS

Topics in this section include the convergence of the

fitting equations as manifested by the number of higher-

order terms required to produce a value of g /v-1, the
departure of b, from (half-) integer values of If, and the

estimate of If produced from the two transitions lowest

in energy.

A. Convergence of the Sts

Previous work has suggested that the radius of conver-

gence is smaller for Eq. (5) than for Eq. (2). Most of the

results presented here were done with nine points includ-

ed in the data set. The SD cascades ' Hg(1), ' Hg(1),
Hg(2), and ' Pb(1) required the second-order term

CI (I + 1)3 in the I(I + 1) expansion for the least-squares

fit to achieve g /v-1. On the other hand, a satisfactory
fit by Eq. (5) never required a second-order term. As ex-

amples, details of the fitting parameters calculated with

and without the second-order term for the SD bands in

Hg and ' Hg are summarized in Table VI.
While nothing here is surprising in view of past results,

this is the first time that so many data points could be in-

cluded in the fit and that the coefticient C could be deter-
mined accurately. We conclude that the expansion of I
in terms of co converges somewhat better than the expan-
sion of energy in terms of I(I+1}for the data set used
here.

B. Departure of h, from 0

Two fitting equations have been applied to 25 SD
bands, Eqs. (2) and (5). The least-squares parameters If,
the baseline spin of the SD cascade, and 6, If —the
nearest (half-) integer, are summarized for the 25 SD
bands and the two fitting equations in Tables I and V, re-
spectively. The (half) integer nearest the parameter If is
the same in 22 of the 25 cases. This quantity shifts up
one unit in the three cases ' Pb and ' ' 'Hg(1) when the
fitting equation is Eq (2). Va. lues of 6 are plotted in Figs.
2 and 6. The weighted mean 6 and the rms deviation

6, , of 6 for the even-even, odd-A, and odd-odd nuclei,
and also for the aggregate are listed in Table VII for both
fitting equations. The values of 6, , increase for the

even-even, odd-A, and odd-odd nuclei, in that order.
Both 5 and 6, are less than 0. 1fi for the even-even nu-

clei. Figure 2 shows that 5 falls within 0+0.1fi for 18 of
the 25 bands considered, and in Fig. 6 the corresponding
statistic is 17 of 25 bands. The quantity 5 is closer to 0
for ' Tl(1,2) in Fig. 6 [Eq. (2)]. The distinction between

the two fitting equations does not appear to be significant

if the value of 5, , for the even-even nuclei is used as a
criterion. In thinking about these data, recall that the

bands in even-even nuclei tend to be populated more in-

tensely than the other nuclei, and also that the cascade
proceeds to lower spin.

C. Kft'ect of reduction of the number of points in St

Suggestions have been made [8—10] that the parameter

If is very sensitive to the number of points included in

the fit, and that results are very different if the data are
restricted to a few low-energy transitions. Wu, Feng, and
Guidry [8,9] suggest in particular that If is not deter-
mined to better than +2k. Apart from the question of
adequate statistics, this suggestion implies different be-
havior of the frequency dependent alignment at the low-,
middle-, and high-frequency range included in the fits de-
scribed here. Studies were made of the effect on the
fitting parameters when the data set was restricted to the
five (rather than nine) transitions lowest in energy. Table
VIII lists the fit parameters obtained for 10 Hg SD cas-
cades. Our conclusion from a study of Table VIII is that
when the number of transitions included in the fit is re-
duced from nine to five, the main effect is reduced accura-
cy in the determination of a, P, and If. [The case of
' 'Hg(1), where If changes by one unit, is the sole excep-
tion. ]

The extreme case is obtained when the data set is re-
stricted to the two transitions lowest in energy, and If es-

timated using the relationship b,E&/Er =EI/I. Results
are listed in Table IX, where the parameter If obtained
in the fit with nine data points to Eqs. (5) and (2) is listed
again for comparison. There is no case where If differs

by as much as 1 unit from the values listed in Table I.
The values of b, and b,~, are 0 05(3}R a. nd 014(2)fi, re-
spectively, for the two transition estimates. Three esti-
mates of the fitting parameter If are given for 25 SD

TABLE VI. Parameters and 6tting details of the least-squares fit of transitions 1-9 (beginning with

the lowest energy) to the SD cascades in ' ' Hg to Eqs. (2) and (4). The power-series expansion for E,
E(I)= AI(I +1)+ . , is terminated alternately at quadratic and cubic powers of I(I+1). See Table

I for references.

Az

Hg(1)
1 92Hg( 1 )

Hg(1)
Hg(1)
Hg(2)
Hg(2)
Hg(3)

194H (3)

Ey
(keV)

214.6(3)
214.6(3)
201.2(2)
201.2(2)
254.3(1)
254.3(1)
262.5(2)
262.5(2)

A

(keV/A )

5.538( 12)
5.639(30)
5.308( 14)
5.339(45 )

5.487(22)
5.661(37)
5.290(22)
5.393(84)

10 B
(keV/A ')

2.87(7)
4.07(35)
2.07(8)
2.43(51)
2.68(10)
4.40(36)
2.02(9)
2.92(73)

10'C
(keV/fi 2)

6.7(20)

2.0(28)

8.0(17)

3.8(31)

8.31(3)
8.15(5)
8.08(3)
8.03(8)

10.29(5)
9.97(7)

11.06(6)
10.86( 17)

3.91
1.42
8.54 X 10
9.22 X 10
4.26
5.86
9.45 X10-'
8.25 X 10
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TABLE VII. Mean values of 5 from the values listed in Tables I and V. Rows labeled by m refer to
fits to Eq. (5) (Table I), and rows labeled by I(I+ 1) refers to fits to Eq. (2) (Table V). The (half-) integer
closest to the least-squares fitting parameter If is one unit greater for the SD bands labeled ' Hg(1),
' 'Hg(1), and ' Pb for the fitting I(I + 1) compared to co. See Table I for references.

Fit even-even odd-A odd-odd aggregate

I(I+ 1)

I(I + 1)

0.034( 31 )

0.065(22)

0.085( 15)
0.078( 16)

—0.009( 83 )

0.037( 53 )

0.189(54)
0.137(29)

~rrns

0.247( 73 )

0.274( 70)

0.260(64)
0.274(70)

0.041(27 )

0.070( 30)

0.102( 19)
0.120( 19)

bands in Table IX. Comparing values of the quantity
I&

—the nearest (half-) integer given in the third, fifth,
and seventh columns shows three cases where the two-
transition (estimate column 7) is different if the compar-
ison is made to the fitting results of Eq. (5) (third
column}, and one case if the comparison is made with the
fitting results of Eq. (2} (fifth column}. It seems that (i) a
good estimate of SD band spin can be obtained from the
first two low-energy transitions of the band for these
data, and (ii) I& remains the same with very few excep-
tions when the fitting is done to the two, Ave, or nine data
points lowest in energy, except for ' 'Hg(l). Wu et al.
[8,9] draw a different conclusion.

Lastly, it is useful to point out again that these are
difficult experiments. The SD bands depopulate at low
spin, and the lowest-energy transitions observed may not
have the full intensity of the band. Background, always

high, may also be higher in the low-energy (Er-200
keV) portion of the spectrum than at a higher energy (400
keV). It is possible that the lowest-energy point may not
belong to the band at all, or that its energy (or the energy
of a nearby transition) is not determined particularly
well. Prudence suggests that the fit include more than
the minimum number of points necessary to obtain an
answer, and that the y test (or some other test of
significance) be employed to determine the quality of the
fit.

V. DISCUSSION OF THE FITTING PARAMETERS

A. Identi6cation of If with spin

We will identify If with level spin for all the SD bands
of Table I with a value of 5 that includes 6=0+0. 1 for

TABLE VIII. Comparison of parameters from the least-squares fit of transitions 1 —5 and transitions
1 —9 (beginning with the lowest energy) to Eq. (5), fi(I + —,

'
) =2a+ 4Pco'. Transitions are assumed to be

stretched quadrupole, and the fitting parameter If is the baseline spin of the cascade. See Table I for
references.

No.

5

9
5

9
5

9
5

9
5

9
5

9
5

9
5

9
5

9
5

9

Az

189H (1)"Hg(1)
191H

"'Hg(1)
'"Hg(2)
1 9 1 Hg(2)
' 'Hg(3)
191H

'"'Hg(1)
Hg(1)

'"Hg{1)
' 'Hg(1)
193Hg(2)
'"Hg(2)

Hg(1)
1 94Hg( 1 )

Hg(2)"Hg(2)
1

94Hg( 3)"Hg(3)

(keV)

366.0(4)
366.0(4}
350.6(1)
350.6(1)
292.0(2)
292.0(2 }

311.8(4)
311.8(4)
214.6(3)
214.6(3)
193.7(3)
193.7(3)
254.3(3)
254.3(3)
201.2(2)
201.2(2)
254.3( 1)
254.3( 1)
262.5(2)
262.5(2)

10 a
(R /keV)

4.327( 180)
4.373(63 )

4.728( 78 )

4.558( 22 )

4.597( 67)
4.689(26)
4.760( 150)
4.662{42)
4.443{25 )

4.410(8)
4.841(216)
4.607( 81 )

4.710(88 )

4.682( 26)
4.671(64)
4.657( 16)
4.404(43 )

4.413( 13 )

4.649( 81 )

4.620( 32 )

10'P
(A' /keV )

6.06( 183 )

5.58(51)
3.75(85)
5.62(17)
6.77(89)
5.45(59)
5.27( 175 )

6.45{35)
7.76( 50)
8.44( 11)
4.41(558 )

9.72( 129)
5.91(154)
6.31(30)
6.15( 148)
6.50(23)
8.78(71)
8.68(15)
6.61( 124)
7.07(31)

14.83( 52)
14.96( 10)
15.34( 22)
14.87(7)
12.21( 17)
12.43(7)
13.61(40)
13.38( 13 )

8.17(5)
8.10(2)
7.92(38)
7.49( 17)

10.64( 14)
10.57(7)
8.01(12)
7.95(4)
9.96(10)
9.95(3)

10.90( 19 )

10.83(7)

+0.33(52)
+0.46( 10)
—0.16(22)
+0.37(7)
—0.29( 17)
—0.07(7)
+0.11(40)
—0.12{13)
+0.17(5)
+0.10(2)
+0.42{38)
—0.01( 17)
+0.14( 14)
+0.07{7)
+0.01( 12)
—0.05(4)
—0.04{10)
—0.05(5)
—0.10{19)
—0.17{7)
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TABLE IX. The parameter If (in A'} and the associated 5 from the least-squares fit of transitions 1-9 (beginning with the lowest

energy) to Eq. (5) (co), to Eqs. (2) and (4) [I(I+1)],and the two-transition estimate [bI(E„/bE~)—2]. See Table I for references.

Az E~ (keV)

I(I+ 1) AI(E /hE )—2

If
189H (])
1

90Hg( ])

191Hg{])
"'Hg(2)
1 9 1Hg(3)

192Hg{ ])
1 93Hg{])
193H (2)
1 94/g( ])
1

94Hg (2)
194Hg( 3)
192pb(1)
194pb(] }
196pb( 1)
198Pb(] )

193T1(2)

Tl(]a)
Tl( lb)

194T1(2a )

T1(2b)
Tl(3a)
T1(3b)

'Tl(1)

366.0(4)
360.0(2)
350.6{1)
292.0(2)
311.8(4}
214.6(3)
193.7(3)
254.3(3)
201.2(2)
254.3(1)
262.5{2}
262.6{4}
169.7(2)
215.0(4)
303.8(4)
228.1{3)
248.3(3)
268.0(10)
209.3{6}
240.5(8)
220.5(6)
226.3(6}
245.4(8)
330.1(7)
350.7(8)

14.96( 10)
14.]6( 10)
14.87{7)
12.43(7)
13.38( 13)
8.10(2)
7.49(17)

10.57(7)
7.95(4)
9.95(3}

10.83(7)
10.37(27)
6.02(5)
7.94(5)

11.74( 17)
9.46(3)

]0.44(8)
]2.13( 18)
8.97(11)

10.32( 13 )

9.35(11)
10.26( 11)
11.46( 12)
14.10(26)
]5.22(27)

+0.46( 10)
+0.16( 10)
+0.37(7}
—0.07(7)
—0.12( ]3)
+0.10(2)
—0.01(17)
+0.07(7)
—0.05(4)
—0.05(5)
—0.]7(7)
+0.37(27)
+0.02(5)
—0.06(5)
—0.26(17)
—0.05(3)
—0.06(8)
+0.13(18)
—0.03{]1)
+0.32( 13)
+0.35(11)
+0.26(11)
+0.46( 13)
—0.40(26)
—0.28(27)

15.30( 15 )

14.18(21)
15.20(5 }
12.60(6)
13.71(10)
8.15(5)
7.62(12)

10.73(6)
8.08(3)
9.97(7)

11.06(6)
10.62(21)
6.0](10)
8.05(4)

11.93(14)
9.52(6)

10.58(7)
12.20(16)
9.01(10)

10.38(11)
9.38(10)

10.29( 10)
11.47( 14)
14.55( 18)
15.56(20)

—0.20(15)
+0.18(21)
—0.30(5)
+0.10(6)
+0.21( 10)
+0.15(5)
+0.12( 12)
—0.23(6)
+0.08(3)
—0.03(7}
+0.06(6)
—0.38(21)
+0.01(10)
+0.05(4)
—0.07(14)
+0.02(6)
+0.08(7)
+0.20( 16)
+0.01(10)
+0.38(11)
+0.38( 10)
+0.29(10)
+0.47(14)
+0.05(18)
+0.06(20)

15.6(2)
14.9(1)
15.6(1)
12.3(1)
13.7(3)
8.0(1)
7.8(3)

10.5(1)
7.7(1)

10.1(1)
11.1(1)
10.7(2)
5.9(1)
7.8(1)

11.7(2)
9.3(1)

10.6(1)
11.7(2)
8.7(2)

10.2(3)
9.3(2)
9.8(3)

10.8(3)
14.5(5)
15.9(5)

+ 1.1(2)
+0.09(1)
+ 1.1(1)
—0.2(1)
+0.2(3)
+0.0(1)
+0.3(3)
+0.0(1)
—0.3(1)
+0.1(1)
+0.1(1)
+0.2(2)
—0.](1)
—0.2(1)
—0.3(2)
—0.2(1)
+0.1(1)
—0.3(2)
—0.3(2)
+0.2(3)
+0.3(2)
—0.2(3)
—0.2(3)
+0.0(5)
+0.4(5)

the reasons given below, and suggest that we have
identified the most likely spin range for the other nuclei.
The evidence is most compelling for the even-even nuclei,
suggestive for the odd-A nuclei, and less compelling for
the single odd-odd nucleus studied in the A =194 mass
region.

The following discussion emphasizes the fitting results
obtained with Eq. (5) because of its slightly better conver-
gence; however, if the fitting results of Eq. (2) were used
the general conclusions would be the same. Results sum-
marized in Table I and illustrated (in part) in Figs. 3 —5

support the excellent description of the data by the rota-
tional model in the form of Eq. (5). The fitting parameter
If may consist of two constants, level spin I and the
a1ignment at rotational frequency co=0, io, which cannot
be distinguished in the least-squares procedure. Level
spin is quantized, and therefore the magnitude of io can
be examined modulo (half) integer through a study of the
quantity 5 defined earlier, tabulated in Tables I and VII,
and illustrated in Fig. 2. Table VII lists the value of 5
and 5, , for the even-even, odd-A, odd-odd nuclei, as
well as the ensemble. For the ensemble of 25 bands, 6
and b.. .=0.041(27) and 0.102(19), respectively, and we
adopt +0. ]A for the uncertainty with which we can
determine b, (the shaded region in Fig. 2). Therefore a
value of 6 which includes this region is consistent with i 0
integer, including 0. Study of Fig. 2 shows that If is
within this region for all nine bands of the even-even nu-

clei, for 7 of the 10 odd-A bands, for two of six odd-odd
bands, and in aggregate, for 18 of the 25 bands. The er-
ror bars on the points for ' Pb(1) and ' Tl(1,2) are very
large although they are included in tables and the discus-
sion.

l. Even-even nuclei

Consider the even-even nuclei. The values of 6 and
4, , for the nine SD bands given in Table VII are
0.034(31)fi and 0.085(15)A', respectively. Alignment is ex-
pected to approach 0 as co approaches 0 for these nuclei,
and it is not quantized in general. The simplest interpre-
tation is that io =0 and If represents level spin I directly.
Any other interpretation requires a special mechanism
which produces io%0 for the even-even nuclei listed in

Table I. We do not think this alternative is likely and no
example has ever been given.

2. Odd-A nuclei

For the 10 SD bands reported in odd-A nuclei, 5 and
b.. . are —0.009(83)A and 0. 189(54)A', respectively, and
individual values of 6 are within 0+0. 1A' for 7 of the 10
odd-A SD bands. Again, the simplest interpretation is
that i 0 =0 and I& =I The exception. s are ' Hg(1),
' 'Hg(1), and ' Tl(1), where the minimum in I& lies near
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an integer rather than the expected half-odd integer.
[The minimum for ' Tl(2) also is nearer integer; howev-
er, within the large errors, 6 includes 0+0.1.] The

Hg(1) and ' 'Hg(1) bands depopulate at E. =366.0 and
350.6 keV, respectively, relatively high in transition ener-

gy. The band ' 'Hg(3) also depopulates at a high transi-
tion energy, 311.8 keV, but it still is one transition fur-
ther down the cascade than the two bands mentioned
above. The standard analysis suggests I=( —", , —", ) for

Hg and ' 'Hg, with a slight preference for —", . The sta-

tistical accuracy of the y-ray energy measurements is
somewhat better for the ' 'Hg cascade than for the ' Hg
cascade. A careful study of the SD ' 'Hg transition ener-
gies suggests that hE~ is constant rather than decreasing
for the first few low-energy y rays in the cascade (Fig. 3

of Ref. [2]). Following the discussion given earlier in Sec.
III, repeating the least-squares fit for ' 'Hg with only the
first five data points results in If =15.34(22)fi, which
differs from the Table I value by one unit. No convincing
preference seems to emerge for If from these considera-
tions. However, analysis in terms of the cranking model
discussed in Sec. V C below may provide a guide.

3. Odd-odd nuclei

One example of an odd-odd nucleus with SD bands has
been reported in this mass region, ' Tl, and it has six
bands. For these bands, 5 and b,„,=0.247(73)R and
0.260(64)fi, respectively. Two of the six SD bands in the
odd-odd Tl nucleus meet the b, =(0+0.1)A' criterion,
while four of the bands have large A. Other than calling
attention to the large error bars of the measurement, we

offer no explanation at this time.

B. Expectations from systematics

Systematics may offer some guide for the value of io.
Orbitals with high j and low 0 are most likely to align in
this mass region [29]. Alignment of —(5—10)fi might be
possible from pairs of such orbitals for even-even nuclei.
This alignment added to If would give I—15% for the
low-energy member of the SD band. This suggests that
depopulation of the SD bands would populate states with
I—156 less a few units of angular momentum carried
away by the unobserved linking transitions. However,
where measurements have been made, levels of much
lower spin are populated. For example [1,20], the aver-
age level spin populated by the decay of the SD band in

Hg is —8A. Population of states with spin ) 12k was
not observed. Therefore I =15k seems unlikely for the
low-energy state of this SD band. It follows that initial
alignment io —M is unlikely for ' Hg(1), as we have

pointed out before [1]. Presently the list of nuclei with
established coincidence relationships between transitions
of the SD band and transitions between first-well levels
with I—10 includes ' 'Hg [2,24], ' Hg [1,20), ' Hg [15],

Hg [19,26], and ' Pb [12,13]. Thus, we expect that
I =15' (or more) is unlikely for the low-energy member
of all these bands.

Finally, Stephens et al. [22] have pointed out that
backbending below Boo=175 keV is unknown, and it is

even less likely in these nuclei because they are much
more deformed than those nuclei for which we have
well-developed systematics.

C. Exceptions from the cranking model

The validity of the assumption that there is no align-
ment at co=0 can be studied using cranked-shell-model
calculations. Except for 0,= —,

' orbitals, the alignment of
all orbitals must approach 0 as cu approaches 0. A num-
ber of cranking-model calculations have been done for
these nuclei, and all of them show this feature. For neu-
trons, the trajectory of the orbitals near N =110, e.g. ,
[642]—'„[512]—', , and [505)—", Nilsson orbitals, is generally

quite flat for Ace &0.2 MeV. The orbitals with the most
pronounced slope near E = 110 is [761]—,', but it also has

very little slope for Ace (0.1 MeV. Thus, very little align-
ment due to neutron orbitals is expected below fico=0. 2
MeV in this model. Cranked-shell-model calculations
can provide an estimate of the error likely to be made in
the identification of If with level spin since the data do
not exist at low Ace. We choose the orbital with the most
slope (dI„/dc@ ) below %co =0.2 MeV and ex-
trapolate its trajectory from Ace=0. 2 to 0 MeV smoothly
from the trajectory for %co) 0.2 MeV. We then estimate
the integral of dJ„/dao from Aco=0. 2 to A'~=0 MeV
based on the extrapolation and compare with the calcu-
lated value. The difference provides an estimate of the er-
ror in spin that may result because there are no experi-
mental data below A'co=0. 2 MeV. Cranked Nilsson cal-
culations (without pairing) were used with a=0.47 to
make this estimate. The orbital with the most slope near
Ace=0 is the [761]—', orbital mentioned above, which is

the same orbit mentioned in connection with the SD
band ' 'Hg(1) [2]. We use this orbit as a worst case, and
find a difference of =0.5' between calculated dJ„/des
and extrapolation. Thus, if the low-frequency cutoff in
the experimental data is Ace=0. 1 MeV, no error in the
spin is expected, while if the low-frequency cutoff in the
data is A'co=0. 2 MeV, the error is no worse than —,

'A'.

This calculation at the same time accounts for the behav-
ior of the ' 'Hg(1) cascade at the lowest frequencies ob-
served and the least-squares value If =14.87(7)R for this
odd-A nucleus, provided both the orbital identification
and data are correct. (The data and fit have been dis-
cussed in Sec. III.) The magnitude of the calculated
alignment (=—,

'A') and its sign (+), combined with the

least-squares value of If, suggest that the spin of the
low-energy state in the 350.6-keV transition is —", . If this
orbital is also responsible for the ' Hg(1) cascade (as has
been suggested), then the calculation also suggests that
the spin of the low-energy member of the ' Hg(1) cas-
cade is —", A. Tilted-axis cranking model or particle-rotor
model calculations may lead to significantly larger effects,
especially for intruder orbitals.

D. Moments of inertia

Values of a and /3 calculated with (half-) integer If cor-
responding to the least-squares minima are listed in Table
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Hg(1)

Hg(1)
Hg(1)
Hg(1)

Hg(2)
Pb(1)
Pb(1)
Pb(1)
Pb(1)

Hg(2)—
Hg(3)
Hg(1)—
Hg(2)—
Hg(1)—
Hg(3)—
TI (1)
TI (2)
Tl(1a)—
TI(1b)
Tl(2a)—
TI(2b)

Tl(3a)
TI(3b)
Tl (1)
Tl (2)

4.0 4.2 4.4 4.6 4.8 5.0
102 G (keV/fP)

5.4

FIG. 7. The least-squares parameter a obtained from a fit of
the SD cascade transition energies to Eq. (5) with If held con-
stant at the (half-) integer value nearest the minimum of the full
least-squres fit. Parameters for SD bands without an observed
signature partner are given in (a), and those bands with a signa-
ture partner are given in (b). Parameter values are summarized
in Table II. Values for even-even, odd-A, and odd-odd nuclei
are symbolized by ~, 4, and ~, respectively. Errors are less
than the size of the plotted symbol. See Table I for references to
the experimental data.

II. They have substantially reduced errors compared to
the values listed in Table I because If is fixed. These
values of a are illustrated in Fig. 7, and they show some
correlations. Bands identified as signature partners with
small signature splitting have values of a equal within

or less (except for ' Hg}, supporting that
identification. All three Tl bands have distinct values of
a, a nucleus where the distinction between yrast and ex-
cited bands is less clear. Values of a are distinct for the
yrast band and the excited bands, e.g., ' 'Hg and ' Hg.
Values of a for bands with and without observed signa-
ture partners show a clustering, as the list in Table II
shows. On average, the moment of inertia is expected to
increase as A as nucleons are added. The expectation,
therefore, is that the moment of inertia should change by
5.3% from ' Pb to ' Pb; the largest difference is consid-
erably less, 2% between ' Pb and ' Pb, and a is con-
stant within 1% for ' Pb, ' Pb, and ' Pb. Values of a
can be compared with values predicted using the results
of fully self-consistent microscopic Hartree-Fock calcula-
tions by Krieger et al. [30], and by Delaroche et al. [31].

startling result. Equal y-ray energies require quantized
alignment (integer, including 0). We have suggested
[5—7] that many of these bands show alignment i of 1A'

unit relative to ' Hg or ' Tl for fico&0.20 MeV using
the spin assignments summarized here. This is a surpris-
ing result. The case of SD ' Hg has been widely dis-
cussed and we use it as a specific example. The alignment
of the excited SD bands of ' Hg [' Hg(1, 3) or ' Hg(a }]
relative to SD ' Hg has been presented in detail, e.g.,
Fig. 3, Ref [5.]. Above Pi~=0 20 .MeV, the alignment of

Hg( a ) relative to ' Hg is constant at 1.00(4)A, a result
interpreted by us as quantized alignment of 1A. Below
Ace=0. 20 MeV, the alignment exhibits a smooth trend
toward the required i =io=O at Aco=O. There are no
data below Ac@=0.13 MeV, where i —1/2'

This alignment plot and our conclusions have generat-
ed some controversy. Discussion has focused on the spin
assignments, with the suggestion that they are wrong be-
cause alignment at co=0 was not properly considered.
Wu et al. argue that our assignments are uncertain by
+2', contending that spin assignments leading to no
alignment are at least plausible as those leading to quan-
tized alignment other than zero. As an example, they
shift level spin for ' Hg(e) by 1A' but not ' Hg. The
shift is in such a direction that the alignment of ' Hg(a)
is OA' at A'co&0. 20 MeV. We have presented arguments
that the spin assignments given here are correct. Howev-
er, even if these assignments are ~rong in the direction
favored by Wu et al., the resulting alignment of OA is still
a quantized value, and quite unexpected for a number of
reasons. On average, addition of two particles to a
"core" results in a larger moment of inertia for the
heavier nucleus, corresponding lower transition energies,
and therefore reduced (but not 0) alignment is expected.
An alignment of (Hi at A'co&0. 20 MeV has other conse-
quences, since the data below Ace=0. 20 MeV would im-

ply negative io which must then be accounted for. Orbi-
tals suggested for the SD bands in the A =194 region
have not included E =

—,
' orbitals. Even if E=

—,
' bands are

responsible for significant alignment at co=0, io, the
alignment would not necessarily be integer nor would it
be negative. Energetics suggest that E =

—,
' bands will

usually produce positive alignment, contrary to what Wu
et al. require. Pathological behavior is required for
alignment 0 at both Ace=0 and )0.20 MeV, since normal
band crossings will increase alignment and therefore irn-

ply an even lower value at u=O. Finally, identical bands
in even- and odd-mass nuclei can occur when the decou-
pling parameter a =1 in the asymptotic limit. Identical
bands in adjacent even-mass nuclei can occur for a two-
particle excitation involving two E =

—,
' bands, to produce

the decoupling parameter a =2 in the asymptotic limit.
One E =

—,
' band combined with another KW —,

' orbit will
not produce the desired effect, since as pointed out above,
most orbitals near the Fermi surface have slope
dI„/de =0.

VI. AI.IGNMKNT VII. SUMMARY

Many of the SD cascades in the A =194 region have
equal y-ray energies within a few parts per thousand, a

There are now 27 SD bands in 13 nuclei in the A = 194
region. Least-squares techniques have been used to fit 25
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y-ray cascades to rotational model formulas for transi-
tion energy which include only first-order correction
terms. Two cascades which show backbending were ex-
cluded from the fits. Data were fit to an expansion of lev-
el spin in odd powers of A'co and to the expansion of E in
powers of I(I +1). The two methods are in broad agree-
ment, but the expansion in powers of Ace converges faster.
Excellent fits were obtained for 25 bands over an angular
momentum range of at least 18%. As a result, inertial pa-
rameters and a spin parameter If were obtained. De-
tailed illustrations and discussions of the fits were
presented for bands in ' 'Hg, ' Hg, and ' Hg. The pa-
rameter If is (halfl integer within +0. It)1 for 18 of the 25
bands. Arguments were presented to support
identification of If with I, especially for the even-even
nuclei. Estimates based on cranked-shell-model calcula-
tions suggest that in the worst case, an error of no more
than ——A is expected in identifying If with I for orbitals
likely to be involved. The same calculations suggest that
if the orbit identification is correct for ' 'Hg(1), the
350.6-keV transition corresponds to a —", ~—", transition.
The assignments depend on the assumption that i ~0 as
co~0. Spin assignments independent of reaction mecha-
nism and nuclear model are of course desirable, but the
method presented here is the best presently available.

Alignment plots obtained with these spins show that
many of these nuclei exhibit integer alignment with
respect to either ' Hg or ' Tl above Ace=0. 20 MeV.
For example, ' Hg(» ) has Ifi unit of alignment at high
fico, and we have interpreted this as evidence of quantized
alignment. This conclusion has been questioned, and at-
tention has focused on the spin determinations. Strong
evidence has been presented here in favor of the spin as-
signments used to make the alignment plot. However,
even if the spin assignments are wrong, the observation of

quantized alignment remains. The occurrence of identi-
cal transition energies requires not only the same 2' ' but
also a quantized alignment (including the possibility of 0).
However, if the quantized alignment is 0, then either
io = —1 or there must be irregular behavior in 13 bands
at frequencies below A'co=0. 1 MeV. We know of no
reasonable argument in terms of present nuclear models
to account for io= —1, or for the pathological behavior
that would be required for the alignment to curve back to
0 at A'co=0. Finally we conclude by noting that the quan-
tized alignment issue is independent of the spin assign-
ments; the concept of incremental alignment [6] is all that
is required to demonstrate quantized alignment for many
SD nuclei near A =194. The SD bands in the A =194
region are leading us toward new physics. There is no
ready explanation for the identical or related energies of
the SD cascades found in some cases, or for the phenome-
na of quantized alignment. Spin assignments to these
bands are basic for detailed discussion and understand-
ing.
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