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Hypernuclear currents in a relativistic mean-field theory with tensor t0 YY couplings
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The possibility of strong tensor coupling of the (isoscalar) co(783) meson to hyperons, specifically
A(1115), has been suggested by several authors during the past decade. This paper studies the effect of
this coupling on magnetic properties of hypernuclei, within the framework of the (minimal) cr+co model.
Our results are analytical and intuitive. They provide physical insight into recent numerical results of
Gattone, Chiapparini, and Izquierdo. Additionally, we point out similar effects in transition form fac-
tors at moderate momentum transfer, on finite nuclei.

PACS number(s): 21.60.—n, 21.30.+y

It has been pointed out some time ago [1] that a self-
consistent calculation of hypernuclear currents yields an
interesting difference between the nonrelativistic and a
relativistic o.-co model predictions for observables such as
A-hypernuclear magnetic moments. The nonrelativistic
model considered was an extreme single-particle theory
where the magnetic moments are simply the Schmidt
values; the relativistic model takes into account both the
hyperon single-particle (baryon) current and the linear
response of the core due to the hyperon (in Ref. [1] this
latter effect has been calculated in the local density ap-
proximation).

In Ref. [1] only pure scalar and vector meson-baryon
couplings have been considered. However it has since
been pointed out [2,3] that there is a strong theoretical
support for an additional co YY coupling, of the tensor
type. While the coNN tensor vertex is consistently negli-
gible, thus leaving intact the success of the Dirac many-
body theory for regular nuclei, the to YY (and in particu-
lar the coAA) tensor coupling is large. It is therefore
reasonable to start with a mean-field theory (MFT) La-
grangian:

L =g [y„(id" g, V") —(M g,—P )]f-
+f [y„(iB" g, V") —(M„g—, P )]g-„

Qi o""F„„fr+,'(t)„Pot)"Po m—,Po)—
(1)

In Eq. (1) P~ and Pi represent the Dirac spinors for the
nucleons and Y hyperon, Po is the scalar field, and
V"=(V, V) is the vector field (note that maintaining the
three-vector component of V" is crucial in our discus-
sion), f rz is the tensor co YY coupling constants as de-
scribed in Ref. [3] (and we use here the resultf „„«f„r), and

F„.=a„v.—a.v„.
In Ref. [3] the tensor terin was derived from a quark

model. In a purely hadronic theory such terms are some-
times put by hand into the Lagrangian (in analogy with
magnetic-moment contributions of Pauli type to
represent the interaction of the electromagnetic field with
the anomalous magnetic moinent of the baryon). It has

long been realized that such contributions should emerge
(in terms of hadronic degrees of freedom) as higher-order
perturbative corrections in the field-theoretical calcula-
tions [4]. However, a complete theory along these lines
has never been worked out. It is important, though, to
keep in mind that the magnetic moments and tensor cou-
plings should not be treated as tree-level contributions in
the strict hadronic theory sense.

Lagrange's equations (the equations of motion) derived
from the Lagrangian, Eq. (1), differ from standard [5]
MFT equations by the addition of a tensor coupling for
the coAA vertex; thus, the hyperon equation of motion is

y„(iB" g, V—") (M„— g,"P—)

1f„„„—o" F„gr=0, (3)
4M&

while that of the co is

a„F&"+m.'V =gV y 0 +g.V y 0

f.is a
2M g

'~"""~'2M
In Eq. (4) we identify a two-part conserved baryon
current:

Ja —Ja~ +Jr~

gh' t7tN y 4N

+ g.V'ry"4r 2M-2M, gx~

Note the presence of the coYY tensor coupling in Eqs.
(1) and (3)—(5). Gattone, Chiapparini, and Izquierdo [6]
have recently calculated numerically the effect of this
term on the results of Refs. [1] and [7]. The purpose of
this paper is to provide a simple explanation of the results
obtained in [6] and throw more light on the physics in-
volved in it.

Toward this end we start with the nucleon Dirac equa-
tion,

[ ia V+P(M&——g,-Po)+g+Vo ct.g NP]Pz—
(6)

which gives after a standard manipulation [8]
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2(E~ —g„Vo )g~( r)a/~(r )

= ig&(r)( V —V)gz(r)
+V X [ON(r)~IN(r)] 2—g."V0 0 (7)

Here, X=(o ). The first two terms on the right-hand
side of Eq. (7) are convection and spin contributions,
while the third one results from the spacelike vector po-
tential V. Note that in the nucleon case there is no other
spin contribution as f„zz——0.

The spinors fz in Eqs. (6) and (7) are the solutions for
the bound state single-particle wave functions for the en-
tire system (nuclear core+hyperon), not just the closed-
core (spherical) problem. Equation (7) can be compared
with the Gordon decomposition for free, on-shell nu-
cleons,

(p+p')„
(8)

N 2 N

where p,p' are the initial and final N four-momenta and q
is the momentum transfer q =p' —p. Equation (8) is used
by Gattone, Chiapparini, and Izquierdo [6] in an approxi-
mate finite nucleus calculation. It is also intuitively use-
ful to recall that in infinite nuclear matter the spinors
satisfy [5]

E Q

Q Q= QQ (9)M'
with M*=M g, Po, E—„* =(a +M' )', x=k —g„V.
Equation (7) can then be described as the Gordon decom-
position with scalar and vector interactions included. It
explicitly shows the spin, orbital, and vector potential
contributions.

In the presence of interactions, M is replaced by M*;
this would seem to create the usual M/M" enhancement,
however, the core response effect (where the presence of
V is crucial) will, in general, cancel it. In Ref. [1], it has
been shown that this cancellation is not complete when
dealing with A hypernuclei; however, Gattone, Chiappar-
ini, and Izquierdo [6] subsequently showed numerically
that when the coAA tensor coupling [2,3] is included, an
almost complete cancellation along these lines is again
achieved for the ground state (A in the ls state).

We present here an intuitive, physically transparent

I

derivation of the numerical results of Ref. [6]. Building
upon published work, we feel that it is unnecessary to
provide here all technical details, although we will try to
provide a self-contained discussion. The three-vector V
in Eqs. (6) and (7) is related to the baryon current
through

v= ", &j„&+ ', (j,&,
m, m,

where the individual components of the current, (j~&
and ( jr &, are proportional to the pure vector parts of the
currents identified in Eq. (5); using Eq. (7) (jN & can be
expressed as

& j~ & =24~~0~
N

(10)

[i/~(P' P')—4, +V X(P~Xg~)]
z 2(E& gU Vo

Ng„V

INCAN

N N fv 0

We now assume that the energy denominators can be tak-
en outside of the sums, using an average energy EN. The
first term vanishes for closed-shell nucleon configurations
(with total orbital and spin angular momenta equal to 0).
Moreover, in calculating the nuclear magnetic moment
from the electromagnetic currents j'

P~ J dr —,'rX(j~ +jr ),
the orbital contribution would vanish for closed shell,
l. =0 configurations. Although Eq. (10) is exact only for
nuclear matter, we assume its validity in this work.

The second, nonvanishing term in Eq. (11) gives

(j &= —g„V
&p~&

(12)
EN w ~o

where pz is the vector density of nucleons (the quantity
usually referred to as "density" in "classical" nuclear
physics). Note that (jz& does not vanish since the spi-
nors gz in Eq. (11) are solutions of the one-body equation
(6) for the whole-nucleus model (and not just the spheri-
cally symmetric closed core).

We can now use Eq. (10) to solve for ( j~ &:

Cv(j &= — 1+N
mv

&p~&
2

(13)
. Ex g."Vo — ~' Ex g."Vo-

[Note that the term omitted in going from Eq. (11) to Eq. (12) due to its vanishing contribution could be included in Eq.
(13) for non-closed-shell situations, however in the rest of this paper its contribution is assumed to vanish. ]

The result in Eq. (13) is similar to the one obtained in Ref. [1],since the total baryon current is ( j~ &
= ( j~ &+ ( j„&,

or
N

(j,&= 1+ Rv &p~&

S. ~o
1+ ', (g."—g„') & j„& .

2 v v E Ny Y (14)

This result gave rise to a relativistic effect when compared with the nonrelativistic extreme single-particle Schmidt
theory. The advantage of the present derivation over that of Ref. [1] is that it allows us to take into account the coAA

tensor coupling (which is not possible in a model of infinite nuclear matter).

As already introduced in Eq. (5), the co YY tensor coupling results in a modification of the baryon current whereby the
vector current
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pN(r)

EN g'."Vo(r}—4 m2
U

PYaPY Y [if'( V V )lPY+ V X ( PY~4Y )]2(E„g—, V0)
(15)

is modified by adding to it the tensor term

V X (PYPXQY) ~ (16)
g~ 2M~

The extra (tensor) part is obviously expected to modify
the results of Refs. [1,7]. The pertinent physical observ-
able dealt with in Refs. [1,6,7] is the A-hypernuclear
magnetic moment.

The nuclear magnetic moment has both core and A
(the single hyperon outside of the closed nucleon core}
contributions. For clarity of presentation we deal with
an s-state A (no orbital contributions) first, and then with
l )0 A single-particle states. For s states (I =0), which
are described in terms of real wave functions, the first
term on the right-hand side of Eq. (15},namely, the one
containing the V —V operator, does not contribute to the
A baryon current.

In calculating the hypernuclear magnetic moment,

p=g f d r —,'rXj' (r) (17)

it is straightforward to write down the hypernuclear elec-
tromagnetic current j' based on the preceding discus-
sion. Since the A is neutral, it contributes to j' only

I

—1

through its anomalous magnetic moment pA (no orbital
contribution),

jA (r) = VX [utA(r)PXuA(r)] . (18)

(19)

pN(r)
r

EN g„v0(r)—

This contribution is very close to the Schmidt value with
deviations of the order of 0 (F A/GA ), where FA and GA

are the lower and upper components of the A Dirac spi-
nor.

The core (closed nucleon shells) contribution,

jcore p g $N+ PN
N

is identical in form to the nucleon baryon current in Eqs.
(11)—(16). The nuclear magnetic moment for a many-
body state with total angular moment J is defined as

p—= &I z& ..— J2

In Refs. [1,7] deviations from the Schmidt values were
obtained when only a pure vector coAA coupling was
used in the core current, Eq. (19). In this work we are
dealing (following Gattone et al. [6]) with coAA tensor
coupling, Eq. (16},as well. Thus, the core contribution to
the magnetic moment Eq. (17) is obtained from Eqs. (13)
and (19) as

(20)

V0(r) rX.
EN g„"v,(r)—

[ieA(r)(V —V)eA(r)+VX [CA(r»eA(r)]]+, VX(Nip&eA)
2[EA —g, V0(r)]

A A A 2M

In Eq. (20), it is possible to replace the density PN by the vector potential using

m
V

C~= ~0
gN

V

For an s-wave A the term containing the V —V operator vanishes. Furthermore we may approximate as follows,

once more using the methods of [8]:
A

y',pry„= ',',' y', zy, ', ,—[iv(y', pr'y, )+y',pr'ax(v v)P, ]+ —"',PAr'x x(vg„'v')y,
E gAV0 2(E gAV0) MAg„

PAtX1(A+0(v /c ), (21)
EA

where v is the typical velocity of the A in the nucleus. Since the average A kinetic energy is =20 MeV,
v /c =0.03—0.06 (depending on the effective mass MA}. The three (vector} terms in Eq. (21), dismissed as 0(u /c ),

could conceivably reinforce, giving a 10—20% correction. Since, however, these vectors generally point in quite
different directions and are cross multiplied by r it seems likely the net correction will be smaller than 5% in practical
calculations, comparable to the deviation of MA/MA from unity in the nuclear surface (which we neglect below).

Neglecting the terms of 0 (u /c ) in Eq. (21) we find

1

@core g d 7 1 +gu „VX [QA(r)X/A(r) ]
4 " " E„g„V,(r)— 2EA

(22)

frdAA
(23}

References [2] and [3] argued that for the A hyperon
I

[In models that include qq pair corrections to the naive
quark bag, the tensor coupling need not satisfy Eq. (23),
because anomalous terms are expected. ] Since the deriva-

tives (VX operator} limit the values of r to the nuclear
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surface where difference between MA and MA are small,
we find from Eq. (22) that

tM(core) =0 . (24)

This interesting result means that for a A hyperon in the
1s state, and in the presence of coAA tensor coupling, the
core contribution to the hypernuclear magnetic moment
is nonexistent or small and the expected result is simply
the Schmidt value. This is a correction of previous re-
sults [1,7], where the tensor coupling, Eq. (23), has been
neglected. The present result, Eq. (24), is in agreement
with that of Ref. [6].

For higher orbital angular momentum (lz) 0) states,
orbital contributions arise from the term involving the
V —V operator [9] in the hyperon current [e.g. , Eq. (15}].
These orbital contributions are large and their net contri-
bution to the electromagnetic current and the magnetic
moment operator is always negative [1,6]. In order to un-

derstand the results of Ref. [6] we note that the last two
terms in Eq. (20) (namely, the anomalous —or tensor—
type terms) still mutually cancel for lA)0. Thus, the

nonvanishing contribution comes from the first term, in-

volving the V —V operator. However, this term is also
the only contributor to a nuclear-matter or a local-
density-approximation (LDA) calculation such as Ref. [1]
(no magnetic-moment-type contributions exist in nuclear
matter).

Thus, for IA )0 there is a great similarity between the
nuclear matter (or LDA) and the finite-nucleus calcula-
tions, when the latter includes the effect of the coAA ten-
sor coupling. We therefore expect the LDA results of
Ref. [1]to be in good agreement with l A )0 finite-nucleus
calculation of Ref. [6]. The core contribution is negative
in both cases and its magnitude is also similar, with
differences at a level which can be fully expected when
comparing an LDA with a finite-nucleus calculation.

Using similar steps we have also derived the dynamical
electromagnetic matrix element between states differing
only in the hyperon orbital. The same techniques that
led to Eqs. (7), (11), (15), (16), and (20) yield the total elec-
tromagnetic current matrix element (for A hypernuclei)

&f Ij' lt &
= &f1 jA lt &+ &f1j:„lt &

VX[/A (r}PXQ~ (r)]
2 N f

——g, . [ p (r)(V' —V)g (r)+ V X [11 (r)XQ (r) ]]f

+ "
VX[/A (r)&g~ (r)]f i

(25)

Noting from Eqs. (15), (16), and (20) that the contribution
to the A baryon current (jA) is very small, i.e., the last
two terms in Eq. (25) cancel each other, we find that our
present observations for the hypernuclear magnetic mo-
ments also hold for the dynamical electromagnetic
current matrix element.

In conclusion, we have demonstrated in an intuitive,
analytical manner that the results of Ref. [6] can be un-

derstood from those of Ref. [1],upon adding coAA tensor
coupling. We have included finite nucleus, bound-state
wave functions for the full system (nuclear core plus
hyperon) and have used generalizations for finite nuclei of
the Gordon decomposition. We constructed and ana-

I

lyzed full nuclear currents (including the induced core
contribution), including both static and dynamic matrix
elements.

The approximate spin independence of the A baryon
current depends, of course, on the precise numerical
value of Eq. (23). This value would differ for other hype-
rons [3]. However, magnetic moments are not expected
to be measured for the more exotic hypernuclei (X, :-,
etc. , hypernuclei) in the forseeable future.
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