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Inelastic breakup in heavy-ion reactions
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In this paper we discuss inelastic breakup, which is one of the direct components of the inclusive ener-

gy spectra for transfer to the continuum reactions. There is inelastic breakup when a nucleon is emitted
by the projectile without being absorbed by the target but at the same time the target undergoes an in-
elastic excitation because of the final-state interaction. We estimate the inelastic breakup from the imag-
inary part of the nucleon-nucleus optical potential. The basic assumption is that inelastic processes give
the major contribution to the surface part of the absorptive potential. Our approach allows inelastic
breakup to be distinguished from elastic breakup in which the target remains in its ground state and
from other types of absorptive effects like transfer to single particle and/or compound nucleus reso-
nances and we discuss the energy evolution of the various processes.

PACS number(s): 25.70.—z

I. INTRODUCTION

This paper is concerned with heavy-ion reactions in
which a single nucleon is removed from the projectile and
transferred to a continuum state of the target nucleus.
An example is Pb( Ne, ' Ne) Pb', where the neu-
tron from Ne is transferred into an unbound state in

Pb. An approximate formula given in the appendix of
Ref. [1] expressed the probability of transfer to the con-
tinuum in terms of the scattering matrix Soo for elastic
scattering of the transferred neutron by the target. The S
matrix is unitary, hence SOD includes the effects of elastic
scattering, inelastic scattering, and transfer to resonance
states. If the interaction of the neutron with the target is
represented by an optical model, then the effects of both
transfer of the neutron into resonance states of the target
and inelastic scattering are included in the imaginary part
of the optical potential.

In order to understand experimental spectra it is neces-
sary to disentangle the two processes which give rise to
the absorption. An inclusive experiment measures the to-
tal transfer cross section which has components due to
elastic breakup, inelastic breakup, and resonance absorp-
tion. The behavior of the spectra depends on how much
each process contributes and this in turn depends on the
incident energy. At low incident energy and for final
ejectile energies higher than the beam energy the spectra
have some bumps [2—5]. These have been shown [3,4, 6]
to be due to transfer to high angular momentum states of
the target. In this case the calculations in [3] show that
the elastic breakup is very small. A part of the absorp-
tion is due to inelastic breakup and it is important to
have an estimate of this contribution. The remaining
part gives the strength of the transfer to single particle
resonances [6]. On the other hand, an experiment in
which the light particle emitted by the projectile is
detected at forward angles in coincidence with the projec-
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for the elastic breakup and absorption, respectively. V2

is the nucleon nucleus optical potential and Im Vz & 0.
A proper calculation of the inelastic breakup contribu-

tion would require a coupled-channel calculation. In this
paper we obtain a simple estimate by the following argu-
ment. Neutron inelastic scattering is a surface effect and
it contributes mainly to the surface region of the imagi-

tilelike fragment gives the direct component of the reac-
tion. This is the sum of the elastic and inelastic breakup
contributions.

Therefore one is interested in estimating the strength
of the inelastic breakup. The spectrum obtained by add-
ing this to the elastic breakup part discussed in Ref. [2]
can be compared with the results of a coincidence experi-
ment. The difference between the absorption as discussed
in Refs. [1] and [2] and the inelastic breakup gives infor-
mation on the single particle strength.

In Ref. [2] the final-state interaction of the neutron
with the target was represented by an optical potential.
The transfer to the continuum had a breakup part and an
absorptive part. The absorption included contributions
from compound nucleus formation and inelastic breakup.
It was also shown that the scattering of the neutron by
the target could be calculated by perturbation theory
(Born approximation) if the energy of the incident heavy
ion was large enough. The Born approximation formulas
obtained in Ref. [2] were
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nary part of the neutron optical potential. From the ab-
sorption formula (1.2) calculated in Born approximation
one can see that the integrand is different from zero only
in a limited region of space between the two nuclei where
the surface of the target potential overlaps with the
initial-state wave function. Resonance effects are neglect-
ed since they are due to the strong interaction of the neu-
tron with the interior of the potential. The results given
in Fig. 6 of Ref. [2] show that the perturbation formula
(1.2) misses the resonance effects but is accurate at high
neutron final energies where the imaginary part of the
neutron-nucleus optical potential is almost certainly due
to inelastic scattering. Hence using Eq. (1.2) to calculate
the absorption corresponds to considering that part of
the optical potential that describes direct inelastic excita-
tion of the target.

In Sec. II we generalize Eq. (1.1) to obtain the inelastic
breakup component of transfer to the continuum. This
involves summing contributions to all excited states of
the target. In Sec. III we show that this sum can be re-
placed by the imaginary part of a phenomenological opti-
cal potential. We find that the inelastic breakup formula
corresponds to Eq. (1.2), which gives the absorption cal-
culated in Born approximation. Section IV contains the
discussion of some numerically calculated spectra and
finally we give some conclusions in Sec. V.

II. INELASTIC BREAKUP

The elastic breakup formula Eq. (1.1), which is based
on the approximate propagator G =Go V2G] discussed in
Ref. [2], can be generalized to include cases in which the
neutron scatters inelastically from the target. The neu-
tron bound to a projectile (represented by a potential V&)

is excited into the continuum when it strikes the target
(represented by the potential V2). But now the target can
also be excited from some initial state a to some final
state p. The potential V, is assumed to move along a
classical path with constant velocity v[1] and Vz is fixed.
That is, we work in a frame of reference where the target
is at rest. The neutron-target total wave function in the
initial and final channels is

(2.1)

Here y is the ground state of the target with energy
c =0 and y& is an excited state. Initially the neutron is
bound to the moving potential V, (r vt). The initia—l
neutron wave function is

P;(r, t)=P;(r vt)exp(i/R)[mv —r —
( —,'mv +e,. )t)] .

ej =e&+A' k /2m, (2.4)

which is the sum of the excitation energy c& of the final
nuclear state and the kinetic energy of the neutron. At
the same time the target is excited to an internal state y&
with excitation energy c&.

The transition amplitude calculated by time-dependent
perturbation theory is

A& (k)= . f dt fdr/&(r, t)V& (r)P;(r, t),1

iA
(2.5)

where we have already integrated over the target internal
coordinates. Here V& (r) is the matrix element of the
neutron-nucleus interaction between the states p and a.
In the following we choose the z axis parallel to the direc-
tion of relative motion. The time integral in Eq. (2.5) can
be calculated by making a change of variables from t to
z'=z —vt. As in Ref. [2] the result is expressed in terms
of the Fourier transforms of V& and g; with respect to
the z axis as

A& (k)= f dbexp( —ik~ b)V& (b, k, —k2)
vA

Xg;(b, k) ), (2.6)

k, =(e&—s, +s&—
—,'mv )/Rv,

k2=(e& —e;+e&+ ,'mv )/f—iv .
(2.7)

The reaction Q value is Q = —(s& —e;+ e&) (0.
It is interesting to note the similarity between Eq. (2.6)

and Eq. (A10) of the Appendix which gives the eikonal
form of the amplitude for scattering of a free neutron
when the target makes a transition from channel a to
channel P. Considering that in Eq. (A10) k&=k, and k
is the momentum in the incident channel corresponding
to k2 in Eq. (2.6) we notice that the characteristic of Eq.
(2.6) is to depend on the neutron initial momentum distri-
bution P;(b, k&) which is determined by its wave function
in the projectile.

The total transfer probability to a final state with the
target nucleus excited to a state p and a neutron with
momentum in an interval dk~dk, is

dP= g fd kidk, ~Ap (k)~
877 p+~

If we make the approximation that

(2.8)

where b is the projection of the vector r on the (x,y)
plane, k, is the z component of k, k~ is the component of
k parallel to the (x,y) plane, and

(2.2) e&
—e&=Pi (k~+k, )/2m =A' k, /2m, (2 9)

The interaction with the potential V2 causes the neu-
tron to make a transition to a continuum final state
whose wave function is

that is put k, =k& where A k&/2m =c&—
c&, then argu-

ments analogous to those used in Ref. [2] give an energy
spectrum

P&(r, t ) =exp(ik. r —e&t/fi) . (2.3)

It consists of a plane wave representing the final state of
the neutron and a time-dependent part containing the
final energy

d~ cont 1 1
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Here we approximated k& in the denominator by mv/A,
that is, we neglect the dependence on ef. Some off-shell
effects are neglected when we make these approxima-
tions.

III. INELASTIC SCATTERING
AND THE OPTICAL POTENTIAL.

f d2b e
' j.

[ ix(kb) 1]
27Tl 0

(3 1)

where y(k, b) is proportional to the phase shift and in
terms of the optical potential is given by

y, ,(k, b) = — f V, , (b, z)dz

fRe V, ,dz — f Im V, ,dz .
Av

(3.2)

On the other hand, in the Appendix we have shown
that the eikonal approximation can be used to get the
elastic scattering amplitude in a coupled-channel calcula-
tion and we obtained

f = . f d be '
[g (b,z=co) —1],

2&l 0
(3.3)

where g is the elastic channel wave function amplitude
calculated by the eikonal approximation and given by Eq.
(A16) as

In this section we make a connection between Eqs.
(2.10) and (1.2). This can be done in a direct way if the
scattering of the neutron by the target is calculated in the
eikonal approximation.

The transition amplitude for elastic scattering of a neu-
tron by an effective potential given by the eikonal approx-
imation is [8]

IV. ENERGY SPECTRA

theand

We have shown that the inclusive cross section for
transfer to the continuum is made up of several com-
ponents. Their relative strength depends on the projectile
target combination and on the incident energy. In this
section we illustrate this by showing results for different
energies and projectile target combinations. The spectra
are calculated with the formulas given in the previous
section and in Ref. [3]. The effect of spin in resonant
transfer was taken into account according to the method
in the Appendix of Ref. [3]. The numerical parameters
used in the calculations are the same as in Ref. [3]. We
have chosen cases for which experimental data exist.

One problem related to the understanding of experi-
mental data consists in the so-called "extraction of the
background. " The background is known to be due to
direct types of reactions like breakup in which the emit-
ted nucleon does not interact much with the target.
Some experimental spectra like the ones of Refs. [4,5]
show bumps which seem to be superimposed on a very
wide background. As we mentioned in the Introduction
it has been shown that these bumps are due to transfer to
single particle resonance states in the target [3,4,6]. It is
therefore useful to have an estimate of the background to
understand the relative strength of the transfer to reso-
nance states compared to the breakup. This relative
strength depends on the states which are available in the
initial and final nucleus. If the states are such that there
are good matching conditions, then transfer will be
favored with respect to breakup.

Figures 1 —3 show calculations corresponding to the
experimental data of Refs. [4,5]. Figures 4 and 5 are re-
lated to some data of Ref. [10]. In Ref. [10] an estimate
of the transfer and direct component of the spectra was
attempted.

Figures 1 2 show reaction

g (~ )-exp — g ~ Vp (b, k& k)~—
2'6 v p~~

(3.4)

f Im V, , (b, z)dz = — g ~ V& (b, k&
—k )

~

2AU p~

(3.5)

Therefore inserting Eq. (3.2) into (3.1) and Eq. (3.4) into
(3.3) and then comparing (3.3) with (3.1) we get

Equation (3.5) is interesting because it relates the phe-
nomenological optical potential to the coupled-channel
matrix elements. A similar result was obtained by Bonac-
corso and Brink in 1982 starting from Feshbach's formal-
ism [cf. Eq. (20) of Ref. [7]].

In the coupled-channel calculation k is the neutron
momentum in the incident channel. In our transfer mod-
el k2 defined in Eq. (2.6) is the neutron momentum rela-
tive to the target. Then using Eq. (3.5) with k =k2 in

Eq. (2.10) we get that the inelastic breakup probability
formula is equivalent to Eq. (1.2) which gives the absorp-
tion calculated in Born approximation.

0
0 20 40

(Mev)

60 80

FIG. 1. Spectrum of the reaction 'Pb(' Ne, ' Ne)' Pb at
E;„,=40 MeV/nucleon. Numerical parameters are as in Ref.
[3], cf. Ref. [4] for a similar experimental spectrum. The full

curve gives the total cross section for transfer to the continuum,
the dot curve gives the inelastic breakup while the close-dotted
curve gives the elastic breakup, the dot-dashed curve gives the
total breakup, and the dashed curve gives the total absorption
calculated with the optical model.
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FIG. 2. Same reaction and energy as Fig. 1. The dashed
curve gives the resonant transfer, the dot-dashed curve gives the
sum of the elastic and inelastic breakup, and the solid curve
gives the sum of the three processes.

Pb( Ne, ' Ne) Pb at E;„,=40 MeV/nucleon. The
full curve in Fig. 1 shows the total cross section for
transfer to the continuum calculated according to Eqs.
(2.10) and (Al) of Ref. [3] and it corresponds to the in-
clusive experimental cross section. The dashed curve in
Fig. 1 represents the total absorption spectrum, while the
close-dotted curve shows the elastic breakup both calcu-
lated as in Ref. [3] using the optical model to describe the
scattering of the neutron on the target. The full curve is
the sum of the dashed and close-dotted curves. The dot-
ted curve represents the inelastic breakup calculated us-
ing Eq. (1.2). This is justified by the arguments developed
in Sec. I and II of this paper. The cross sections are cal-
culated from the transfer probability with Eq. (2.10) of
Ref. [3]. Finally the dot-dashed curve gives the sum of
the elastic and inelastic breakup. This is the spectrum
that should be seen in a coincidence experiment between
the projectilelike fragment and the light particles emitted
in forward direction and it gives a contribution to the
background mentioned earlier.

Figure 2 shows the same reaction at the same energy as
before. The dot-dashed curve is again for the elastic plus
inelastic breakup while the dashed curve gives the
transfer cross section which has been obtained by sub-
tracting this from the total cross section represented by
the full curve. One notices that in this case the elastic
plus inelastic breakup accounts for about one-third of the
cross section while the resonant transfer is quite strong
and accounts for two-thirds of the cross section at the
peak. On the tail the spectrum is just given by the elastic
plus inelastic breakup. This is due to the fact that at very
high final neutron energies there are no single particle or
compound nucleus resonance states available in the tar-
get.

Figure 3 shows the same reaction at E;„,=30
MeV/nucleon. It shows that the elastic plus inelastic
breakup is smaller than before and it accounts for about a
quarter of the cross section at the peak. Also it is mainly
given by inelastic breakup (dotted curve) while the elastic
breakup contribution is very small (close-dotted curve).

FIG. 3. Same as Fig. 1 but E;„,=30 MeV/nucleon.
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FIG. 4. Spectrum of the reaction Pb(' Ni, ' Ni) Pb at
E;„,=60 MeV/nucleon. Numerical parameters are as in Ref.
[3]. The corresponding proton transfer experimental spectrum
was given in Ref. [10]. Same notation as Fig. l.

At low energy we see then that resonant transfer dom-
inates the cross section because the optimum Q-value
matching condition discussed at the end of Ref. [3] favors
final energies of the neutron which correspond to avail-
able resonance single particle states in the target.

Figures 4 and 5 show the reaction sPb(' N, '3N)2u9Pb

at E;„,=60 MeV/nucleon. The incident energy is higher
in this reaction and also the projectile is different. In Ref.
[3] we showed that the shape of the total spectrum was
related to the neutron momentum distribution in the ini-
tial nucleus. Figure 4 shows that at such high energies
the elastic breakup (close-dotted curve) has taken over
from the inelastic breakup (dotted curve). The total ab-
sorption has also been reduced with respect to the previ-
ous figures. The next figure shows the same reaction at
the same energy as Fig. 4. The dashed curve gives the
resonant transfer, and the dot-dashed curve is for the
elastic plus inelastic breakup. One notices that the direct
component of the spectrum is larger than the transfer
component at this energy.

There are several remarks to be done about the back-
ground. At low incident energy (Fig. 3) it is mainly due
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FIG. 5. Same reaction and energy as Fig. 4. Notation as in
Fig. 2.

—(k —k ) 2ab/2
y2(b, kf —k2) =(277ba ) y (b)e (4.1)

where a is the diff'useness parameter. Equation (4.1) has a
maximum when ~k~

—k2~ is a minimum and this corre-
sponds to of =—,

' mv . Also the maximum value of the ex-

ponential term in (4.1) is given by exp[ —(e;/fiu) ab/2].
This shows how the elastic breakup increases as the in-
cident energy increases because of the 1/v dependence
in the exponential where v is the incident velocity. It also
shows that the elastic breakup is expected to be larger for
small separation energies E; of the neutron in the initial
nucleus.

This has interesting consequences for the a breakup.
It is known [11]that in fragmentation reactions often the
most populated final channel is the a channel and this
happens when the separation energy for an a particle
from the projectile is smaller than for a neutron or a pro-
ton.

On the other hand, the energy dependence of the ab-
sorption in Eq. (1.2) is contained only in the initial-state
momentum distribution f&(b, k, ). From Eq. (2.3b) of
Ref. [3] the maximum of g& corresponds to a minimum of
the parameter g given by g =k, +y,-, where

to inelastic breakup. Also we notice that the maxima of
the elastic and inelastic spectra are well separated. The
elastic breakup is centered around the incident energy
per nucleon while the inelastic breakup is centered
around Ef =

—,'mu —
~s;~ according to the discussion in

Ref. [3]. As the incident energy increases (Figs. 1 and 2),
the elastic breakup becomes dominant and at very high
energy the background due to elastic and inelastic break-
up has a magnitude larger than the compound nucleus
component. This is clear in Fig. 5 where the dot-dashed
curve gives the background while the dashed curve gives
the transfer component which in this case is due to com-
pound nucleus resonances [3]. The strong increase of the
elastic breakup as the incident energy increases can be
understood by looking at Eq. (1.1). In Ref. [3] we showed
that for a Woods-Saxon potential an approximate form of
its Fourier transform which appears in Eq. (1.1) is given
by

y, = —2m'. , /fi, which gives for the maximum of f, an—2y,.b
exponential behavior like e " -e ' in which only
the separation energy enters but not the incident energy.
One should mention that the neutron-nucleus optical po-
tential used in Ref. [3] and in this paper has an energy-
dependent imaginary strength according to the prescrip-
tion of Ref. [12] but this dependence is quite smooth and
does not affect the previous discussion.

In the very low energy part of the spectrum in Fig. 5
around sf =5 MeV one may notice a little bump reminis-
cent of the peaks shown by the spectra in Figs. 1, 2, and
3. The peaks are due to the presence in Pb of the three
single particle resonances k,7/2J]5/2A]]/2 discussed in
Ref. [3], which have a large probability of being popu-
lated by transfer because of the very favorable matching
conditions.

Therefore we have shown that up to about 40
MeV/nucleon the single particle transfer eFects are still
dominant and the various peaks in the spectra corre-
spond to single particle resonances populated by the
transfer and were discussed in detail in Ref. [3]. The
cross section for these reactions is more than two-thirds
of the total inclusive cross section and by integrating over
energy the contribution of every single resonance one can
give an estimate of the single particle strength. This is
very interesting and can be used to compare to single par-
ticle strengths obtained from transfer to bound-state re-
actions.

Increasing further the incident energy should give
spectra in which only the direct component is important
and this gives a basis for the interpretation of the so-
called fragmentation which is seen at very high incident
energies.

V. CONCLUSIONS

In this paper we are concerned with inelastic breakup,
which is one of the direct components contributing to in-
clusive spectra for transfer to the continuum reactions.
The eikonal approximation has been used to show that
inelastic breakup corresponds to that part of the absorp-
tion that can be treated in Born approximation. In this
way we are able to separate inelastic breakup from the to-
tal absorption which contains the resonant transfer.

Equation (1.2) has been calculated numerically to get
some spectra which have been compared to those corre-
sponding to the elastic breakup and total absorption and
obtained by using the optical model to treat the rescatter-
ing of the transferred neutron on the target. We have
shown that at low incident energies the background due
to the sum of elastic and inelastic breakup is quite small
while the cross section is mainly due to transfer reactions
to the single particle resonance states of the target. In-
creasing the incident energy the elastic breakup becomes
dominant and the elastic plus inelastic breakup back-
ground gives in fact the largest contribution to the cross
section. Transfer is still important but to compound nu-

cleus states rather than to single particle states. At ener-
gies higher than those studied in this paper (60
MeV/nucleon) the spectra should have the characteristics
of the direct component with just one peak near the final

energy corresponding to the incident energy per nucleon.
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APPENDIX

4(r, g) = g Pp(r)yp(g), (Al)

In this Appendix we apply the eikonal approximation
to the solution of the coupled-channel problem for
neutron-nucleus scattering. The aim is to obtain the
scattering amplitude in terms of the matrix elements of
the coupling potential to compare with the eikonal form
of the scattering amplitude given in terms of an effective
optical potential. In this way we will obtain a relation be-
tween the imaginary part of the optical potential and the
Fourier transform of the matrix elements of the coupling
potential, Eq. (3.5) of the text.

%e introduce the total neutron-nucleus scattering
wave function

2=
2m

kp =Ef cp,

which is the same as Eq. (2.4) of the text. Then

Bgp —i(kp —k )z
ifivp = QVp e P g

Bz

(A7)

(A8)

Bgp (ko —k&)z
ifivo = QVopgpe

'Bz
p

(A9)

We solve the above equation with the condition that only
transitions from and to the ground state a=0 are al-
lowed, which means that the only matrix elements
different from zero are those like Vop [13]. We then get
the set of equations

where g are the target internal coordinates and r is the
position of the neutron with respect to the target.
satisfies the following Scrodinger equation:

Bgp i (ko —k&)z
ifiUp = Vppgpeaz

The solution of Eq. (A10) is given by

(A 10)

[T+H(g)+ V(r, g) sf ]4(r—, g) =0, (A2)
z (ko —k&)z'

gp= . dz'Vp goe
lRVp

(A 1 1)

where sf is the scattering energy. V(r, g) is the interac-
tion potential between the neutron and the target nu-
cleus. The internal coordinate wave functions satisfies

H(g)y =a~ (A3)

Multiplying Eq. (A2) by the complex conjugate of Eq.
(A 1) and integrating over the internal coordinates we get
the coupled-channel equation

$2
V Qp (ef sp—)Pp+ —QVp P =0,

where Vp = (yp(g)l V(r, g)lg (g) ) are the potential ma-
trix elements for scattering from channel a to channel P.

In high-energy scattering the potential can be con-
sidered to vary slowly over the scale of the incident wave-
length, then in the function Pp(r) in Eq. (Al) we can fac-
torize out the incident plane wave which we suppose will
propagate in the z direction. Then

Substituting Eq. (Al 1) in Eq. (A9) gives

Bgo

az
1

X V,pe
'6 VpUp p

—i(k —k )z0 p

z I i(ko —k&)z'
X dz' Vppgpe (A12)

where

y(z) =f dz'F(z —z')

and

(A14)

F(z —z') =— g Vop(b, z ) Vpo(b, z')1

A UpVp p

If gp is supposed to be a slowly varying function of z, it
can be taken outside the integral in the above equation
and the solution of Eq. (A12) can be written as

T

go =exp —f y(z)dz (A13)

pp=e p gp(r), (A5)

—i(k —k )(z —z')0 P (A15)

and gp(r) is supposed to be slowly varying. Equation
(A5) leads to the eikonal approximation for the channel
wave function introduced first by Glauber [9] to study
nuclear scattering. Using (A5) in (A4) and neglecting the
second derivative of gp since it is supposed to be slowly
varying, we obtain

Using Eq. (A15) in Eq. (A14) gives a real and imaginary
part for y(z). The real part is symmetrical with respect
to the (z,z') variables, therefore the integral in Eq. (A14)
can be extended to z = ~ with an extra factor of 1/2 in
front of it. We then neglect the imaginary part of y(z)
and obtain for gp

go =exp —f y(z)dz
f2 Bgp

kp Ff +Ep gp le kp2m az =exp — g l Vpo(b, kp
—ko ) I

2A V p~p
(A16)

+g Vp e P g =0. (A6)

Equation (A6) can be simplified if we suppose that the ki-
netic energy in channel P is equal to the difference be-
tween the scattering energy and the target internal ener-
gy. That is,

In Sec. III we gave the relation between the imaginary
part of the nucleon-nucleus potential and the sum over
excited states contained in Eq. (A16). The imaginary part
of y(z), which is neglected, gives the so-called polariza-
tion potential which is a correction to the real optical po-
tential.
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