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A theoretical analysis of collective momentum transfer is performed in heavy-ion reactions below 100
MeV/nucleon in the Landau-Vlasov approach. The nucleon-nucleon cross section, atomic mass,

compressibility, and effective mass dependences are analyzed. The simulation of detector acceptances
and of finite number of detected particles are discussed. In connection with recent experiments, theoreti-
cal results and experimental data are confronted taking into account the experimental constraints. Finite
range forces of the Gogny type connected with different nuclear matter incompressibilities are used and

the ensuing sensitivity of the Bow is studied. The question whether the Sow provides information on
out-of-equilibrium matter properties is investigated.

PACS number(s): 25.70.Gh, 24.10.—i

I. INTRODUCTION

The search for information on the nuclear equation of
state (EOS) and on the rate of two-body collisions from
heavy-ion reactions remains one of the principal goals of
nuclear physics. With this purpose many theoretical and
experimental investigations are currently performed in a
wide range of beam energies. A considerable effort has
been devoted [1] to the study of the nuclear collective
flow in high energy reactions, mostly above 200
MeV/nucleon. ln this range of energies, all theoretical
models find a net dependence of the calculated flow on
the incompressibility modulus of nuclear matter, E„,
when local effective forces are used. However, when
more realistic momentum-dependent forces are imple-
mented, the determination of E„becomes much more
delicate. In this high energy regime another difficulty
arises, since the two-body collisions contribute predorn-
inantly to the formation of sideward nucleon flow, and
therefore the sensitivity of the flow to the EOS parame-
ters is very weak [2].

In this respect we shall consider here heavy-ion col-
lisions at lower energies (between 50 and 150
MeV/nucleon), where the collective flow is expected to
lessen and even to change sign [3]. The absolute value of
the collective transverse motion is much smaller than at
higher energies, but this drawback is to a large extent
made up by other features. For instance, heat production
is less important than compression [4], and then we can
expect a greater sensitivity to the cold EOS than in reac-
tions at higher energies. Furthermore, the energy of van-
ishing flow (EVF) can be measured more precisely than
the flow itself, since it is less affected by experimental
biases.

This paper presents the results of a theoretical analysis

of collective momentum transfer. The calculations are
made with the Landau-Vlasov code [5], which has been
already used to study the flow at higher energies [6]. Our
objective is to complete a line of investigation initiated in
a previous work [2], concentrating on the collective flow
properties in the vicinity of beam energies close to the
EVF. Two lines of investigation will be followed: (i) the
flow analysis which focuses on the mean transverse
momentum at midrapidity, (ii) the transverse momentum
analysis [7], where the average momentum in the reaction
plane is studied as a function of the rapidity.

More and more experiments are performed with 4m

detectors, and detailed confrontations with experimental
data are now possible [8] even at low beam energies. The
reaction products may have relatively low velocities in
the laboratory frame, the measures of which are then
very sensitive to the acceptance of the detectors. On the
other hand, the finite number of constituents and the
missing momentum carried by the undetected fragments
lead to uncertainties in the determination of the reaction
plane. We shall discuss how the bare theoretical results
can be treated in order to simulate these experimental
biases.

This work is organized as follows: In Sec. II a brief
survey of the theoretical model is given. In Sec. III com-
parisons with experimental measures are performed with
a special analysis in the energy range where the flow van-
ishes. In Sec. IV the informations which can be extracted
from experiments below 100 MeV/nucleon are discussed;
in particular, the sensitivity of transverse collective
modes to the parameters of the effective nuclear interac-
tion is analyzed. We present our conclusions in Sec. V.

II. THEORETICAL BACKGROUND

Our dynamical description of a heavy-ion collision is
based on the Landau-Vlasov equation for the one-body
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distribution function f(r, p; t ):

(2.1)

2 —( —') /
VHF(r, p)= —7t3p ~ (r}+ g a,.f d r'e ' ' "'p(r')

Here the symbol [, ] stands for the Poisson bracket, H is
the average mean field, and I„&& is the Uehling-
Uhlenbeck collision term. A variety of methods have
been used to solve Eq. (2.1), their validity depending on
the energy range of interest. Our procedure, usually re-
ferred to as the Landau-Vlasov model [5], is based on the
projection of one-body phase space onto a continuous
basis of coherent states g:

with

8; H;
a =%+
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(2.4)

(2.5a)

(2.5b)
f(r, p)=W(r, p)eg(r, p) . (2.2)

These states are chosen as normalized Gaussians with
fixed widths, the centers of which move in the self-
consistent field, following Ehrenfest-type equations and
suffering hard stochastic scattering among them. The
weight function 8'gives the occupation probability of the
coherent state trajectories, and it is usually taken at the
Thomas-Fermi limit for ground states (for more details,
see Ref. [5]).

To study EOS effects on the nuclear dynamics, the
average field has often been calculated with a local
Skyrme-type force (Zamick force), which in terms of the
local density p(r) reads

VH„(r) =a +b(r) (r)
Po Po

(2.3)

This oversimplified effective force reproduces the basic
properties of finite nuclear matter such as saturation den-
sity and ground-state binding energies. However, it has
no explicit or implicit momentum dependence (the
effective mass is unity); then it fails in reproducing the en-

ergy dependence of the optical potential depth. The only
degree of freedom of this effective force is the nuclear in-
compressibility modulus K„; when using the Zamick
force in a wide beam energy range, the needed adjustment
leads to a spurious sensitivity of the results with respect
to E„.

To illustrate the inhuence of E„on the collision dy-
namics, the two sets of parameters that have been used
are presented in Table I.

On the other hand, in this work, we also shall use ex-
tensively the Gogny force [9], which is nonlocal. It
reproduces many nuclear properties [9], in particular, the
optical potential depth and Landau parameters (quanti-
ties which have not been used to adjust the parameters of
the force). In the phase space representation, the corre-
sponding mean-field potential without spin-orbit term
reads

In this representation the mean field exhibits space and
momentum dependences; the resulting effective mass is
then comparable to the microscopically calculated one
only on the average; the effective mass enhancement close
to the Fermi energy is not reproduced, since genuine
energy-dependent processes are ignored.

The functional form of the Gogny force is well adapted
to describe analytically the mean field in terms of Gauss-
ians. This force has been adjusted to ground-state prop-
erties of nuclei and should be trustworthy up to momen-
tum transfers of at least the order of the Fermi rnomen-
tum. It has been shown [6] to reproduce well the energy
dependence of the real part of the optical potential up to
=200 MeV.

The standard parameters of the Gogny force are given
in Table II; the resulting effective mass is m '/m =0.67,
and the incompressibility modulus is E„=228 MeV.
This latter parameter is not well settled, recent experi-
mental analyses [10] suggesting higher values; however,
their fit is far from unique (see, for example, Ref. [11]);
and recent calculations with generalized Skyrme-type in-
teractions indicate that 170&%„&200 MeV [12]. We
shall use here other parameters sets, yielding different
EC„values while preserving most of the other properties
of the Gogny force. However, the fulfillment of the sum
rules of the Landau parameters and of good pairing prop-
erties has to be relaxed. Let us just mention that the
present model generates a well defined mean field with a
proper surface dependence and includes the Coulomb
force, which is essential to transverse motions at low en-
ergies.

The collision term of Eq. (2.1) is simulated by the col-
lisions between coherent states, which are considered as
hard test particles. The procedure has been successfully

TABLE II. Gogny interaction G 1-D1 parameters.

TABLE I. Zamick interactions parameters.

Gogny Interaction

Dl-Gl 0.7
1.2

B;

—402.40 —100.00
—21.30 —11.77

Zamick Interaction

Soft
Stift'

—356
—123

303
70

1/6
1

200
380

m /m Gogny Interaction

Dl-Gl

H; M;

—496.20 —22.36 1350
—32.27 —68.81 1350



ANALYSIS OF THE TRANSVERSE MOMENTUM COLLECTIVE. . . 679

checked by comparisons with analytical results of solv-
able models [13]. The nucleon-nucleon cross section, iso-

spin, and energy dependence are corrected for in-medium
effects according to the Brueckner calculations of Ref.
[14]; the resulting effective a„„ in comparison with the
free one is reduced.

III. ANALYSIS OF EXPERIMENTAL RESULTS

A. Transverse momentum analysis

Since experimental evidence [15—23] of transverse col-
lective motion is currently available for incident energies
per nucleon below 100 MeV, we now turn to a quite de-
tailed comparison with the experimental data. This com-
parison will permit us to check if our model allows quan-
titative confrontation with experiments and if it can pro-
vide reliable information on possible signatures either of
the nuclear EOS or residual interactions. However, as
stated before, our theoretical approach describes the
overall dynamics in terms of one-body distribution func-
tions, and then it should only be relevant for observables
not affected by fragment formation. Other works are in
progress to take this into account, but they are beyond
the scope of this paper.

The most common way to single out transverse collec-
tive motion either at high [24—28] or low [15-23] ener-
gies is to analyze the mean transverse momentum in the
reaction plane as a function of the longitudinal rapidity,
according to the so-called transverse momentum analysis
[7]. We will apply this method and discuss the different
filters which have to be introduced in order to lead to
meaningful comparisons between theoretical and experi-
mental results. Our investigation is connected with re-
cent experiments [20—23] performed at GANIL with
Ar+Al system for incident energies ranging from 45 to
85 MeV/nucleon. These inverse kinematic reactions of

an asymmetric system appear to provide an efficient way
[23] to select the impact parameter. We will analyze sem-
icentral collisions with an impact parameter of 3 fm.

In Fig. 1 we have plotted the mean transverse momen-
turn as a function of the longitudinal rapidity. The cir-
cles correspond to the results obtained for the total sys-
tem. Our first step will be to simulate the detector accep-
tance. According to Ref. [23], a first model of this accep-
tance consists in removing the nucleonic distributions
having velocities in the laboratory lower than 0.1c. In
Fig. 1 this procedure has been called "filter 1" and the
corresponding results are given by solid squares when
they differ from those of the total system (circles). We
note that significant differences appear only below and
around Y, =0.1. The main consequence is the increase of
the apparent transverse momentum at low rapidity, since
nucleons with low transverse and longitudinal momenta
are not taken into account. This filter is only efficient for
an incident energy of 45 MeV/nucleon, and in conse-
quence it has not been plotted for the 65 MeV/nucleon
incident energy. A second fit of the detector acceptance
has also been introduced, removing all the nucleonic dis-
tribution with velocities below 0.2 times the light veloci-
ty. This second estimation, called "filter 2," has been
chosen because of the increase of the detection velocity
threshold with the mass of the detected fragments. In
Fig. 1 the corresponding results are plotted with solid cir-
cles when they differ from those of the total system (open
circles}. For the two incident energies considered here,
this filter has important effects on the mean transverse
momentum at low longitudinal rapidities. Therefore, in
this range of energy, we expect a quite strong increase of
the apparent transverse momentum with the fragment
mass for Y, below the center-of-mass rapidity Y, . Let
us just note that in our one-body description the second
filter is certainly too drastic. Nevertheless, we have
chosen to display the results provided by the two previ-
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FIG. 1. Mean transverse momentum in the reaction plane as a function of the longitudinal rapidity. The effects of various experi-
mental filters are theoretically simulated (see text for details). The arrows indicate, on the abscissas, the rapidities of the projectile y~
the center-of-mass y, , and the nucleon-nucleon frame y„„. Note the reversed scale of the flow chosen for comparison with experi-
mental data.
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Q; = g to~(pj+m~VI '),
j=l
JWl

(3.1)

where p is the transverse momentum of the particle j

ously defined filters in order to give quantitative informa-
tion on the variation of the apparent transverse momen-
tum with the detection velocity threshold.

The experimental results describe the transverse
motion of fragments with a charge up to 2 units. There-
fore we have plotted with triangles the theoretical mean
transverse momentum removing the heavier fragments
from the total system and using filter 1. In the low rapi-
dity domain, there are no significant modifications, since
filter 1 already cancels the contributions of possible resi-
dues from the target. On the contrary, at high longitudi-
nal rapidities, a decrease of the transverse momentum
can be observed. This shows that the residue of the pro-
jectile experiences a more pronounced negative
deflection, since it is essentially affected by the attractive
character of the nuclear interaction and is practically in-
sensitive to the compression in the entrance phase of the
collision.

For reliable comparisons with experimental data, an
additional step is still needed. In experiments a finite
number of charged particles is detected, inducing an un-
determination on the estimate of the reaction plane over
which the mean transverse momentum is calculated. To
take into account this fundamental effect in the Landau-
Vlasov model, according to Ref. [28], each element of the
initial coherent state basis has been considered as a nu-
cleonic degree of freedom, and the finite number effect is
analyzed from a statistical point of view, associating at
random a coherent state to each nucleon of the final dis-
tribution. Then each random selection in the statistical
ensemble represents an event.

In agreement with the experimental procedure given in
Ref. [23], the reaction plane is defined for each particle i
in each event by the beam axis direction and vector:

and m-=y —y, , y; and y, being, respectively, the
particle j and the center-of-mass rapidities. Consistently
with the prescription of Ref. [16],a recoil velocity correc-
tion was introduced with the velocity:

Piyb
m sps

(3.2)

where m,„, is the sum of the masses of the projectile and
target. In addition, for a better fitting of the experimen-
tal efficiency [22], a random selection of the detected nu-
cleons was assumed in order to obtain a linear momen-
tum of about 70% of the projectile initial momentum. It
must be stressed that a genuine simulation of the experi-
mental conditions should require a proper description of
all detected particles (clusters, fragments), the error on
the reaction plane increasing with the particle mass. Let
us note that the theoretical estimate of the reaction plane
indetermination is very close to the experimental one
[23]. This is due to the incomplete paving of the nuclei
initial phase space together with fluctuations induced by
the simulation of the residual interactions.

The corrected results of the Landau-Vlasov model for
the emitted particles without the heavier fragments, tak-
ing into account both the detector acceptance with the
first filter and the reaction plane indetermination, are
plotted in Fig. 2 in comparison with experimental results.
First, let us note that the corrected theoretical results
shown as open circles exhibit similar shapes to the experi-
mental ones: a plateau near the initial projectile rapidity
and a quasilinear behavior at lower rapidities due to the
filter introduced to simulate the detectors acceptance. In
the lower rapidity region, the detection threshold having
less influence with increasing energy, our theoretical re-
sults tend to reach intermediate values between those
displayed for Z = 1 and 2. This is consistent with the fact
that our approach is essentially a one-body description,
where higher order correlations are dropped. Being un-
able to discriminate individual nucleons from those be-

-20
Ar (45 INeV/nucl) + Al

b=3 fm
Ar (65 MeV/nucl) + AI

b=3 fm

0
V

0

cL y20

~ z 2
Data

~ z=&
~ 0 ~

~ op

0 corrected L.V.
Results

~ (e) ~
+ ~ ~ ~ ~ I

~ I
~ &

~ 0

p 0

~ ~
~

~ ~ ~ 0 ~
0

0 ~

~ ~

YNN YCM Yp
NN CM Yp

s l iI
~ l I I I I I 4 r ~ ~ I . I I I I+40
0.1 0.2 0.3 0.2 0.4

~ i I 1 ilI ~I
(, I

FIG. 2. Mean transverse momentum in the reaction plane as a function of the longitudinal rapidity. The solid squares and circles
show the experimental [23] results for Z= 1 and 2 fragments. The theoretical results, shown by open circles, are corrected for fhe

detector efficiencies and reaction plane indetermination.
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as

B. Flow observable around the energy of vanishing flow

According to Ref. [7], let us define the flow observable

longing to clusters, we are only allowed to give the
overall (p„& distribution, which provides intermediate
values between those corresponding to fragments. The
multiplicity of heavy clusters is a growing function of in-
cident energy; their weight is expected to be weaker at
low energy. This aspect can be observed in Fig. 2, where
a rather good agreement of Z = 1 values with the theoret-
ical ones is found for E=45 MeV/nucleon. The Z=1
and 2 experimental results present net different values in
the low rapidity domain. Nevertheless, a conspicuous
dependence of the transverse momentum on the fragment
mass arises. This effect can be connected with a similar
trend appearing at higher energies [30]. However, in this
latter case, this can be related to the repulsive action pro-
vided by a highly compressed nuclear matter, whereas in
the energy domain we are interested in, the negative
deflection increases with the fragment mass, showing a
greater sensitivity to the attractive component of the nu-
clear interaction.

In the higher rapidity region, a weak fragment mass
dependence still remains. Our theoretical results overes-
timate slightly the experimental data. Tentative explana-
tions can be advanced. First, in the corrected theoretical
results, only the heavy fragments have been removed, and
our one-body distribution could include Z & 2 fragment
mass, which contributes with slightly greater transverse
momenta. Second, the experimental results displayed in
Fig. 2 do not include the recoil velocity correction, which
accounts for the total momentum conservation. Accord-
ing to Ref. [23], this leads to a weakening of the absolute
(p„& experimental values in the higher rapidity domain
and this effect increases with impact parameter and low
flows.

obviously depends on the incident energy, mass, and im-
pact parameter and determines the sign of the flow.

It is currently well established from experiments
[15—23] that for beam energies below 150 MeVlnucleon
the flow observable evidences net transverse collective
motions of nuclear matter, but apart from a narrow re-
gion of beam energies, where it vanishes. As already
mentioned, we will call this region the energy of vanish-
ing flow (EVF). Even if most experiments cannot
discriminate between positive and negative deflections,
the flow behavior clearly indicates a transition in the col-
lective motion with a flow inversion. At variance with
the flow observable, the EVF is practically insensitive to
experimental biases and corrections are useless since we
deal with zero values. In addition, experiments seem to
reveal no (or at least) weak sensitivity of the EVF on the
detected fragment masses. Consequently, we will not in-
troduce in this section the corrections previously dis-
cussed and the following theoretical flows will be given
uncorrected.

In Fig. 3 theoretical flow values are plotted versus en-

ergy for the Nb+Nb, Ca+Ca, and C+C systems, keep-
ing nearly constant the ratio of the impact parameter to
the linear dimension. This constraint aims at preventing
the relative weight of mean field and collision term to
change due to geometrical scalings. The EVF values are
indicated by arrows. A clear increase of this quantity is
observed for decreasing masses, following approximately
an A ' law, consistent with the fact that the rate of
two-body collisions is a growing function of A.

This mass dependence results from a complicated mix-
ture of one- and two-body effects; a rough interpretation
can be tentatively advanced from a hydrodynamical point
of view. For a discussion of scaling properties of heavy-
ion reactions in a hydrodynamic model, see Ref. [31]. In
this picture the collective motion pattern is completely

B(p„&

By, y„=o
' (3.3) (Gogny Force 01-G1)

where y, =y, /y „; is the rapidity normalized to the pro-
jectile rapidity and (p„& is the mean transverse momen-
tum projected on the reaction plane and is given by

fd r dp„dp p„f(r, p)
(p &= (3.4)fd r dp„dp f(r, p)

50 ~ Nb + Nb

+Ca + Ca

oc + c

Q

0
0

LL

b=4fm
b=3fm
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I
o

Then the flow is merely the slope of the curves
displayed in Fig. 2 at the center-of-mass rapidity Y,
It essentially characterizes the momentum transfer from
longitudinal to transverse components in the participant
region. Roughly speaking, the collective flow is usually
interpreted as the result of two opposite dynamical
effects: the attractive mean field, which tends to deflect
fragments to negative scattering angles, and the repulsive
internal pressure created mainly in the entrance channel
of the collisions by the residual interactions and nuclear
matter compression. For a given system of colliding nu-
clei, the relative weight of both dynamical contributions
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AM+Au ———,i

I
I

i I
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I
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FIG. 3. Collective sideward flow, calculated with the Gogny
D1-G1 force, as a function of incident energy per nucleon, for
three different symmetric systems. Experimental estimates of
the energy of vanishing flow are also indicated: La+La [14],
Ar+ V [17],Ar+ Al [23], and Au [19]. In the lower part of the

figure, the horizontal bars give the experimental uncertainties.
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FIG. 4. Effects of the Coulomb repulsion on the absolute
value of the theoretical Aow for Ar+Al system. Experimental
values [24] are also indicated for the same system.

determined by the Reynolds number Re=ul/v, where u
represents the incident velocity, l is the characteristic
linear dimension of the system, and v is the kinetic
viscosity. This latter quantity has been already estimated
in the framework of the Uehling-Uhlenbeck collision
term [32]. Nevertheless, in a first approximation, it is
proportional to both u and the mean free path A, , whose
behavior, in the energy range we are interested in, is
roughly inversely proportional to the incident energy E.
Consequently, the Reynolds number scales as EA'
where A is the mass number of the system. Assuming
that at the EVF the Reynolds number is the same for all
systems, we obtain a A ' mass number law for the en-
ergy. For sake of comparison, we have also indicated
some experimentally estimated EVF's on the abscissa of
Fig. 3. Although the experimental errors are quite large,
we observe that the mean values are in good agreement
with the theoretical predictions.

Experimental data for the flow under the EVF show
clear dependence on the fragment masses. Our model
cannot describe cluster formation; however, it can give
indications on the role of the Coulomb repulsion. In Fig.
4 we show the dependence of the flow on the Coulomb in-
teraction. The solid squares and circles are the flow es-
timated [23] from the primary experimental measure-
ments, respectively, for the Z=1 and 2 fragments. We

have also plotted the theoretical flow observables not
corrected from the experimental inefficiency since we are
dealing with qualitative trends. In Fig. 4 the triangles,
circles, and squares are, respectively, associated with the
nucleon, neutron, and proton flows. We observe a clear
isospin dependence of the flow, likely due to the Coulomb
repulsion, which induces weaker negative deflections for
the protons. To check this we have suppressed the
Coulomb interaction in the model, and then the associat-
ed flow appears to be close to the one found with by the
neutrons alone. Consequently, a partial understanding of
the particle charge dependence of the collective trans-
verse motion can be assigned to the Coulomb repulsion in
this low energy domain, since Z=1 particles are mainly
protons and Z =2 particles are composites. The increas-
ing weight of the neutrons induces greater negative
deflection.

IV. FLOW OBSERVABLE SENSITIVITY
TO NUCLEAR MATTER PROPERTIES

The Landau-Vlasov description was shown to be in

good agreement with the experimental flow measure-
ments. The question which arises now is what kind of in-
formation can we extract from it. In other words, can a
semiclassical approach to heavy-ion dynamics teach us
something new on nuclear matter properties through a
flow analysis? In order to clarify this question, we study
in this section the dependence of the flow observable on
the nucleon-nucleon cross section and on the parameters
of a realistic effective force given by the finite range Gog-
ny force presented in Sec. II. In Fig. 3 a clear mass num-
ber dependence of the EVF was observed. It shows that
nucleon-nucleon collisions are of growing importance as
A increases. Indeed, the number of individual nucleon-
nucleon collisions diminishes very rapidly for lighter nu-

clei, whereas the mean field stays rather well defined. As
a consequence, we can expect to find also an important
dependence of the EVF on o „„.

In Fig. 5 some typical values of the flow as a function
of the incident energy for the Ca+Ca system are shown.
The in-medium corrected [14] nucleon-nucleon cross sec-
tion entering in the collision term is slightly scaled up
and down. We observe that a 20% variation of rr„„ in-

duces a shift of roughly 10 MeVlnucleon on the EVF.
Current improvements of experimental accuracy should
provide valuable information on that point, since a weak
dependence of the EVF on the mean-field parameters is
expected [2]. Let us note that our results are in approxi-
mate agreement with a recent investigation by Olgivie
et al. [18], but one must take into account that in that
reference the free nucleon-nucleon cross section was used
while our in-medium corrected one is roughly 50%%uo small-
er. From Fig. 5 we also note that a slight scaling of o „„
leaves the slope of the flow near the EVF practically
unaltered, whereas this latter quantity could be more sen-
sitive to the EOS, as far as local mean fields are con-
cerned [2].

In heavy-ion collisions at energies above the EVF, flow
calculations [1] exhibit a strong dependence on the in-

compressibility modulus E„ for local forces. The intro-
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kF 2 „cosh(x, ) sinh(x, )
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duction of momentum-dependent terms in the interac-
tions has been shown to increase notably the collective
flow for a given value of K„.Whether unambiguous sig-
natures of the EOS can be extracted from the flow when
it is calculated with nonlocal forces still remains an
unanswered question. To gain more insight on that
point, we made calculations using a set of Gogny D1-type
interactions with different values of K„and effective
mass m "/m. Basic infinite nuclear matter properties
such as the saturation density and binding energy per nu-
cleon were kept at the D1 values. In addition, the ranges
of our forces are the same as in D1. For all those interac-
tions we checked that the stability conditions established
by Migdal [33) were met. Nevertheless, the sum rule con-
straints and good pairing properties were released in or-
der to investigate ranges of K„and m ' values as large as
possible. In the self-consistent treatment of the Landau-
Vlasov static solution, it has been checked that the set of
parameters considered provides good ground-state prop-
erties of finite nuclei such as binding energies and mean
square radii.

Since the mean-field contribution to the buildup of
transverse collective motion is based on its momentum
dependence as well as on its density dependence, let us
now briefly outline how they show up in K „and m * via
characteristic parameters of the nuclear interactions.
The effective mass is directly connected with the momen-
tum dependence as it stems from its definition:

m/m*= s(k)m 1 d
kF dk k =kF

(4.1)

where s(k) is the one-particle energy in infinite nuclear
rnatter and kF the Fermi wave number. For our finite
range interactions, we have the following expression for
m/m*:

E (MeVlnucl)

FIG. S. Collective sideward Sow as a function of incident en-

ergy per nucleon, for the Ca+ Ca system at an impact parame-
ter of 3 fm and for different scalings of the nucleon-nucleon
cross section.

and

g; = W;+2(B, H,—) —4M,

2p2

l

(4.3a)

(4.3b)

the previous coeScienis W;, 8;, H;, M;, and p; being
defined in Table II for the D1-61 parametrization. A
convenient and good estimate of the K„parameter can
be made within the effective mass approximation [34] for
finite range forces of Gogny D1 type whose momentum
dependence is completely included in the Fock contribu-
tion of the mean field. In this approximation the nonlo-
cal exchange term is evaluated using a momentum expan-
sion up to second order:

uexc(k) &exc(k 0)+uexck2 (4.4)

This allows one to write the infinite compressibility
modulus K„ in the form

I
2 m

5 m m'

+ r3y(y+1)pr+'27

—3+3p„
m

(4.5)

where (m /m ')' is the derivative of (m /m ') with respect
to the density p. The last term of Eq. (4.5) arises from the
density-dependent part of the Gogny force. The K„ex-
pression can be put in a simpler form for Skyrme-type
forces; it then reads

23 I 2 m

5 m m~
—6 + r, y(y+1)pr+' .27

(4 6)

Although Eq. (4.6) is not exact for finite range forces, it is
still a good approximation to the exact K„;moreover, it
has the advantage of showing in a clear way that the
main contribution to K„comes from the density-
dependent part of the interaction. However, the latter
significantly weakens with decreasing effective mass.

In Fig. 6 we have visualized separately the effect of K„
and m* on the flow created by a symmetric system in a
semicentral collision with an incident energy of 100 MeV
per nucleon. In agreement with theoretical calculations
performed at higher energies [35], we note the flow
enhancement with decreasing effective masses. The ex-
pected trend stems from the fact that smaller m*/m re-
sult from stronger momentum gradients of the mean
field, generating stronger flow. A less expected behavior
is the insensitivity of the flow observable on K„ for 1ower
m'/m. In a discussion of Eq. (4.6), it has been stressed
that the weight of the density-dependent contribution in
E decreases with the effective mass. It should still pro-
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~ m"/m=0. 8
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Gogny Force
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Nb (100 Me V / nuc I) + Nb b=4 fm

200 300

Ke (MeV)

FIG. 6. Flow values calculated with the Gogny force for
various incompressibility moduli and average effective masses.

vide an enhancement of the flow, though weaker. How-
ever, the previous arguments are only founded on static
considerations. Only the dynamical mechanism of the
flow buildup can explain this behavior. As a matter of
fact, two effects cooperate to wash out the E„signatures.
First, decreasing effective masses leads to greater veloci-
ties of the nucleon in nuclear matter, including greater
spreading and lower densities. Second, as already point-
ed out in other works [2], the momentum dependence of
the mean field acts more efficiently at the very beginning
of the collision, when the nucleon relative velocities of
the colliding nuclei are large and before densities higher
than the saturation one occur in the interacting area.

In order to shed light on the flow dependence on the
various Gogny forces, we have drawn in Fig. 7 the real
part of the nonlocal optical potential as a function of the
energy for some characteristic cases. It clearly appears
that similar energy dependences above the Fermi energy
generate practically the same flow values, even if the
effective mass values (determined at the Fermi level) are s(r) =r(r)+e „(r), (4.7)

different. It can be also observed in Fig. 6 that the K„
dependence of the Zamick forces is recovered, constrain-
ing the Gogny force to be almost local (m */m =0.9). In
this case the energy dependence of the mean field does
not agree with experimental data, as is pointed out in Fig.
7. The tight connection between flow values and the
momentum dependence of the mean field underlines the
fundamental role played by nonlocality effects in the
dynamical creation of transverse collection motion.

The insensitivity of the flow on the incompressibility
modulus for the various Gogny-type forces may seem de-
ceiving. One should bear in mind, however, that in order
to do so we had to relax a certain number of important
constraints (see above). It does not at all seem evident to
find Gogny-type forces which fulfill all requirements of
the original one and which solely have the incompressi-
bility modulus changed. Although one cannot exclude
with rigor that such a force exists, we have concluded
that the good agreement of calculated flow data with ex-
periment does not provide any reason to change the value
E =228 MeV obtained from the D1 force.

As previously mentioned, the transverse collective
motion in heavy-ion collisions bears signatures of nuclear
matter properties. We will now give a better understand-
ing of what kind of information could be extracted and
what part of the nuclear EOS is explored. To illustrate
these points we consider a semicentral collision of a sym-
metric system with an incident energy of 150 MeV per
nucleon in the laboratory frame. Although this incident
energy is above the energy range we are dealing with, it
provides the advantage of clearly exhibiting the general
trends we are interested in. Therefore some typical tra-
jectories of the colliding system in the EOS have been in-
vestigated from different effective interactions.

To provide a close connection with what is commonly
referred to as the nuclear EOS, we display in Fig. 8(a) the
average cold energy density per nucleon in the interacting
zone of the colliding system as a function of the nuclear
matter density achieved in this region. To define precise-
ly our estimate of this cold energy density per nucleon,
let us start from the energy density E(r):

XI-

O

Gogny force

I I

K~= 228 MeV
Ktx)'= 360 MeV
K~= 320 MeV
K~= 300 MeV

m*/m = 0.67
m*/m = Q.68
m*/m = 0.80
m*/m = Q.9Q

-50 -10 30
I I

70
ENERGY (MeV)

I

110 150

FIG. 7. Behavior of the potential depth for some Gogny-type forces.
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Nb(150 MeV/nucl)+Nb at b=4 fm
nuc lear ma t ter

interacting zone0-

--10-
LLl

0
0

-20 - — Gogny force G1-01
.«Stiff 7amick force
«Soft Zamick force

l (

0.2
P(fm-3 }

at equilibrium
Stiff Zamick force
Gogny force G4-O0

out of equilibrium
0-OGogny force DC-G1

I (

0.2
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FIG. 8. Static and dynamic behaviors of the equation of state for local and nonlocal forces. {a) Dynamical trajectories occurring
in the interacting zone of a colliding system. {b) Infinite nuclear matter calculations either at equilibrium or out of equilibrium {see
text for details).

where r(r) is the kinetic energy density and e,(r} the
potential energy density obtained by a functional integral
of the one-body Hartree-Fock potential. The kinetic en-

ergy density can be split into collective and intrinsic con-
tributions:

'r(r)=1 s(r)+T;„t(r)

with a collective kinetic energy density defined by

~„„(r)=-,'mp(r)u (r),

(4.8)

(4.9)

where p(r) is the local matter density and u(r} the local
collective velocity, which reads

u(r)= f~f(r, p)dp .1

p(r} m
(4.10)

The definition of the intrinsic kinetic energy density al-
lows one to separate it into two contributions:

r;„,(r) =~'(r)+~T„(r), (4.11)

~TF{r)+e „(r}
m(r}=

p{r}
(4.12)

We observe in Fig. 8(a} that the dynamical trajectories
related to local forces follow closely the behavior imposed
by the nuclear EOS of corresponding E, drawn in Fig.
8(b). When nonlocal effects are taken into account, for
example, with the Cxogny force, the dynamical trajectory

where rT„(r) is a Thomas-Fermi approximation of the
cold kinetic energy density and the remainder r'(r) is
called the excitation energy density. More accurately,
the numerical evaluation of the local cold kinetic energy
density in the Thomas-Fermi approximation stems from
an iterative procedure in which a sharp Fermi bisphere
representation in momentum space has been used, fitting
its eharaeteristie parameters (namely, the exeentricity
and radius) to the local matter density and to the quadru-
pole moment of the momentum distribution. Conse-
quently, we have defined the cold energy density per nu-
cleon by

exhibited in Fig. 8(a} clearly differs from the cold nuclear
EOS at equilibrium. However, this trajectory is directly
connected to infinite nuclear matter properties. To check
this point, calculations at different densities have been
performed with two pieces of cold nuclear matter in rela-
tive motion one against the other. The out-of-equilibrium
behavior has been adjusted to the evolution of the quad-
rupole momentum evolution in momentum space, and
the related results are displayed by open circles in Fig.
8(b). We can remark that the dynamical trajectory of a
nonlocal force follows closely the behavior of infinite nu-
clear matter when out-of-equilibrium effects are taken
into account.

Beyond the determination of the infinite incompressi-
bility modulus of cold nuclear matter at equilibrium, the
transverse collective motion provides a convenient way to
investigate out-of-equilibrium nuclear matter properties.
In connection with current improvement of experimental
data accuracy, study of energy, mass, and impact param-
eter dependences of co11ective phenomena should lead to
more trusty evaluations of nuclear matter characteristic
parameters, through confrontations with theoretical ap-
proaches, provided that they refer to realistic nuclear in-
teractions.

V. CONCLUSIONS

In this work we performed a study of transverse collec-
tive motion in nuclear collisions at beam energies below
100 MeV/nucleon with the Landau-Vlasov modeL In or-
der to compare our theoretical results with experiment,
the incomplete fragment detection of real measurement
as we11 as detector e%ciency has been numerically simu-
lated and their influence in the final results discussed in
detail. We showed that even though our microscopic
one-body description does not account for fragment for-
mation, it reproduces well the global trends of experimen-
tal results, both qualitatively and quantitatively. This
comparison a11owed us to find a net dependence of the en-



686 de la MOTA, SEBILLE, FARINE, REMAUD, AND SCHUCK 46

ergy of vanishing flow (EVF) with the mass number

( —A '~ ). Moreover, a strong sensitivity of the EVF to
small variations of the nucleon-nucleon cross section was
shown.

The calculations of flow values with different parame-
trization of the effective Gogny force point out a weak
E dependence for low effective masses. The theoretical
analysis shows the fundamental role played by the nonlo-
cal component of the interaction and the crucial impor-
tance of dynamical and out-of-equilibrium effects in the
creation of collective transverse motion.

As already stated in different works, the flow observ-
able should be a convenient probe of nuclear matter
properties, since (1) it is mostly determined in the over-
lapping region where the closest conditions to the nuclear
matter are reached, (2) it is created in the early stage of
the reaction where the higher densities and relative mo-
menta are achieved, and (3) it survives the expansion
stage of the reaction. Our semiclassical approach with a
realistic effective interaction underlines that this observ-
able cannot give direct information on the magnitude of
the incompressibility modulus of cold nuclear matter at
equilibrium.

This stems mainly from the fact that the flow is built

up in the early stage of the reaction where one essentially
has two interpenetrating pieces of nuclear matter rather
than one hot and compressed but equilibrated interaction

zone. In the determination of the flow, the energy depen-
dence of the mean field is then of prime importance.
Indeed, we showed in this paper using various Gogny
type of forces that as long as this energy dependence is
such as to reproduce the experimental data the flow is in-
sensitive to the incompressibility modulus. This may find
its explanation in the relatively weaker compression of
the interaction zone for nonlocal mean fields compared
with local ones such as, e.g., the Zamick forces. The de-
creasing depth of the mean-field potential with energy
seems therefore the main source for repulsion and there-
fore for the flow. One must mention, however, that our
calculations with the Gogny force do reproduce the data
and that it seems difficult to change its characteristics
without giving up some of the important conditions the
original force satisfies. From our point of view, the flow
data do not give any firm reason to deviate from the
canonical value E„=210+30MeV [36].

We also must emphasize that the energy dependence of
the mean field considered here stems only from the nonlo-
cality of the force (k mass). For energies around the Fer-
mi energy, which may play a role at the bombarding en-

ergies E/A (100 MeV we are considering here, one has
in addition to take into account a genuine energy depen-
dence (E mass) of the mean field. Whether the incorpora-
tion of such refined effects will reinforce the sensitivity to
the EOS remains to be seen.
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