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Breakup-fusion analyses of the Ca( Li,d) Ti reactions and a-cluster structure in Ti
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Analyses of data of the Ca( Li,d) Ti reactions at incident energies of 28 and 50 MeV have been car-
ried out within the framework of the breakup-fusion approach, which allows us to treat reactions to both
bound and unbound final states on a single footing. The resultant spectroscopic information, particular-

ly concerning the a-cluster structure of Ti, is presented and discussed.

PACS number(s): 21.60.Gx, 24.50.+g, 25.70.Hi, 27.40.+z

I. INTRODUCTION

In a recent study [1,2], we have made use of the
breakup-fusion (BF) description in the calculation of
spectra of the single nucleon stripping type [ Al(d, p),

Ni(d, p), and ' Sm(a, t)] reactions leading to both
bound (E„&0, where E„ is the energy of the stripped par-
ticle) and unbound (E, &0) regions. The method allows
us to analyze the data of both regions on a single footing,
without introducing a bound state approximation for
dealing with the unbound states. It was shown that the
calculated spectra fit the data in both regions very nicely.
The method was also capable of providing spectroscopic
information on high-lying single particle states. In fact,
in Ref. [2] we were able to identify the f7&2 state in Al,
the d3&2 state in Ni, and the f7&2, h9&z, and i»&2 states
in ' Eu. Note that the single particle states identified in

Eu are all in the continuum region.
In the present paper, we apply the same BF method to

analyze data for the a-transfer Ca( Li, d ) Ti reactions
at incident energies of E~,„=28 and 50 MeV [3,4]. The
aim is to extract spectroscopic information, particularly
on the o,-cluster structure of Ti that has been a current
issue in a-cluster structure studies [5—10]. Since many of
the u-cluster states appear in the unbound region, the BF
method may be the most suitable to be used for that pur-
pose.

We note that the data to be analyzed in the present
study have all been analyzed [3,4] before with the distort-
ed wave Born approximation (DWBA). The analyses
were, however, made separately, using different sets of
the optical potentials. In particular, the 50 MeV data
were analyzed [4] with optical potentials that are dramat-
ically different from the elastic potentials. Because of
this, as we shall confirm in this study, the spectroscopic
factors obtained in Ref. [4] are smaller by an order of
magnitude than those obtained in Ref. [3]. In the present
study, we try to analyze the data at both energies on the
same footing, using the elastic potentials whenever possi-
ble.

Another important aspect of the present work is in a
recent advance in the "unique optical potential" for the
a- Ca system. Delbar et al. [11]achieved an unambigu-
ous determination of the real part of the potential from
an extensive analysis of elastic scattering data extending

from E =24 to 166 MeV. Later, this "unique potential"
was shown to describe not only the scattering data, but
also o,-cluster states in the bound and low energy un-

bound regions [5]. In the present study, use is made of
this "unique potential" that provides a unified descrip-
tion of the a- Ca system in both bound and unbound re-
gions. Our hope is that in this way we may deduce quan-
titative information on the a-cluster structure of Ti.

In Sec. II, we summarize the BF formulas that are
relevant to the present calculation. There, also, a discus-
sion is given on the relation between the present calcula-
tion and the usual DWBA stripping calculation. The re-
sults of the analysis of the experimental data are present-
ed in Sec. III. Based on the results, we discuss in Sec. IV
the o;-cluster structure of the final nucleus Ti. Finally,
Sec. V will be devoted to a summary of our work.

II. FORMULATION OF
BREAK-FUSION CALCULATIONS

In Eq. (1), the first step (indicated by the first arrow)
denotes the breakup of Li into d +a, while the second
step stands for the subsequent fusion (or capture) of a
into the target Ca to form the residual nucleus Ti. We
assume that the particles (d, a, and Ca) involved in the
first breakup step are all in their ground states. This
means that the first step is assumed to be what is called
an elastic breakup (EB). In the following, we intend to
give the formula for the singles cross section for d in the
reaction Eq. (1).

Let us denote the excitation energy of the residual nu-

cleus Ti by E,„. If the energy carried by the particle i

(i = Li, d, and a) is denoted by E;, E,„ is expressed as

..=E +Q3 —Qs=Et., d Qs . — — (2)

Here Q and Q3 are the Q values, respectively, of the

stripping reaction Ca( Li, d) Ti and of the three-body
breakup.

We shall call the systems consisting of Li+ Ca,
d+ Ti, and a+ Ca the Li, d, and a-channels, respec-
tively. The distorted waves yI+ ' [and yI '*(k, r )

The breakup-fusion (BF) reaction that we consider in

the present study may be written symbolically as

Li+ Ca~d+a+ Ca~d+ Ti .
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d2O BF

dEdd Qd

d20 BF

dEd d Qd

where

=.x,+. ( —k, r)] in these channels are given as solutions of
the optical model Schrodinger equation

(E; —T; —U; )x',.+'=0 .

Here T; and U; are, respectively, the kinetic energy
operator and the optical model potential.

The double differential BF cross section is given as

The formulas given above can be used for both E )0
and E &0 cases. The only care that has to be taken is
that in solving Eq. (7) an outgoing boundary condition is
to be imposed upon uI for E &0, while an exponen-

a Ia
tially decaying boundary condition is to be imposed for
E &0.

For the E &0 case, the BF cross section given by Eq.
(4) is by itself the deuteron singles cross section. For the
E )0 case, however, the cross section for the EB reac-
tion must be added to the BF cross section. This EB
cross section can be given, using notation already ex-
plained, as

d 2~BF

dEdd Qd

d2 EB

dEdd Qd

d20 EB

dEdd Qd

c"'I'p(E, ) y [(u, . I

—w. Iu, . &/~]
fiv

m a a
I

(5)

d 2~EB
= '

p(E, )lc'"I'
dEdd Qd Av

A kd
p(Ed ) =

(2n) pd
(6)

kd and pd in the above equation are the wave number
and the reduced mass of d, respectively.

Further in (5), v is the relative velocity in the incident
channel, while 8' is the imaginary part of U
( = V +i W ). The function ui (r) is the a-channel

a Ia
partial wave function that describes the motion of a with
respect to Ca. It satisfies the inhomogeneous equation

(h E)ul (—r) =pi (r),
a a

with

(7)

is the partial wave cross section. In Eqs. (4) and (5), l
and mI are, respectively, the orbital angular momenta of

a
a and its z component. l serves as a transfer angular
momentum of the reaction. C' ' in (5) is the spectroscop-
ic amplitude for the Lied+a process, while p(Ed) is
the phase space volume of the emitted particle d, and is
given by

fxI '"(r)pi m

m l
a

(12)

d2 d 2oBF d 2oEB
a a + a

dEdd Qd dEdd Qd dEdd Qd
(14)

Although the numerical calculations performed in the
next section are carried out by using the formulas given
above, it is instructive to present here more simplified
formulas which can be obtained by assuming that 8'„
takes a constant value I /2. As shown in Ref. [2], the par-
tial BF cross section can then be rewritten as

' DW

The total singles cross section can then be given as a sum
of the BF and EB cross sections, i.e.,

d20 d20 BF d2~EB
+

dEd d Qd dEd d Qd dEd d Qd

A similar relation holds for each of the partial wave cross
sections, '

fi d
h

2p dr

l (l +1)
2

+U
a a

(15)

pi ~, (r)=r(Xd i YI ~, I&IX6~;pd~&
a a

(9)

Here Yl is a spherical harmonic, while Pd is the

wave function for the relative motion between d and a in
Li. The symbol (II & in (9) is used to denote that the in-

tegration is taken over all coordinates except the a-
channel coordinate r . Furthermore, V is the residual in-
teraction given by

pi (r) on the right-hand side of Eq. (7) is the sourcea Ia
function (for creating the particle a) and is defined as

DW
On Ia a

dQd
=2~

p(Ed )
Av

x X I &xd '@..i...l &Ix~6,", Ada& I

m

where (do„ i /dAd) is the familiar (DWBA) cross

section for the stripping reaction [12] in which the
transferred particle a is captured into the single particle
orbital specified by a set of quantum number (n I ), n

being the radial node. (do „ i /d0d ) can be explicitly

written as

V—U~+ Ud
—

UL; . (10) (16)
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Further S„ i (E) in Eq. (15) is the spectroscopic strength
a a

function defined as

S„ t (E)= r 1

2~ (E E—„, ) +I /4
a a

(17)

in Eq. (16) and E„ t in Eq. (17) are the wave

function and energy of the single a-cluster state labeled
by (n I ) and satisfy the following Schrodinger equation
with h defined by Eq. (8):

(h E„ —
t )Q„1 =0. (18)

The sum over (n I ) involved in Eq. (15) is taken over
the complete set of solutions of the above equation, in-
cluding the continuum states. It is thus clear that the
resultant cross section given by Eq. (15) with Eqs. (16)
and (17) is nothing but an energy averaged DWBA cross
section. The energy average results from our inclusion of
the imaginary (spreading) part W in the a potential.
The two-step description involved in the BF approach al-
lows us to take this into account automatically. In the
limit of I ~0, S„ t (E) becomes a 5 function and hence

a a
the cross section Eq. (15) is reduced to that of discrete
peaks.

III. NUMERICAL CALCULATIONS AND
ANALYSES OF EXPERIMENTAL DATA

A. Choice of theoretical parameters

There are not many theoretical parameters involved in
the present calculation; the most important are those of
the optical potentials in the Li, d, and a channels. These
parameters are fairly well known, except those of the a-
spreading potential W in the bound (E (0), and the
unbound but small E region. We can therefore take
most of the parameters from published literature; those
for the Li and d potentials are taken from Chua et al.
[13]and Daenick et al. [14], respectively. These parame-
ters were determined from the analyses of elastic scatter-
ing data (elastic potential). In the case of the deuteron,
such an elastic potential has been determined for the
whole energy region considered in the present study. For
the case of Li, ho~ever, the elastic potential is available
only for E&,b =50 MeV. We use here the 50 MeV poten-
tial also for the 28 MeV case.

As already mentioned in the Introduction, use is made
of the "unique optical potential" by Delbar et al. [11]for
the a potential. The potential can reproduce not only the

a- Ca scattering data, but also the experimental energies
of the low-lying bound a-cluster states in the Ti system
[5]. Note, however, the imaginary (spreading) part W of
the potential is not well known for the energy region
(E = —5.2 —10 MeV) considered in the present study.
Fortunately, the result of the analysis does not depend
very much on the choice of 8' . Therefore we simply as-
sume here a weak potential for 8' . In Table I we sum-

marize the values of the parameters used in the present
calculations.

Another parameter involved is the potential Vd for
generating the bound state wave function Pd . For this,
we use the same Woods-Saxon potential as used in Ref.
[4] with the diffuseness and radius paratneters of a =0.65
fm and ra=1.20 fm, respectively. The strength is then
fixed so as to reproduce the experimental separation ener-

gy (1.47 MeV) of Li, assuming that the radial wave func-
tion of Li has the node n =1. The Vd value thus fixed is

Vd =104 MeV.
The last parameter is the spectroscopic factor iC' '~

for the breakup of Li into a+d. The factor is quite im-

portant for the determination of the absolute magnitude
of the a spectroscopic factor S, [see Eq. (20) for the
definition] that we wish to extract from the experimental
data. There are many experimental and theoretical stud-
ies [15,16] made of this factor. Quoting the most recent
experimental value [15], it is

i
C' 'i =0.73. On the other

hand, the theoretical values are 0.85 —1.0 [16]. There is
an obvious difference between the experimental and
theoretical values, but both are fairly close to unity. In
the present study, we tentatively set i

C' '~ =1. This may
lead to an underestimation of the a-particle spectroscopic
factors, but it is easy to make appropriate corrections, if
and when a more precise iC' 'i value becomes available.

B. Lower cutoff procedure

With the elastic potentials discussed in Sec. III A, how-

ever, it has been difficult to reproduce observed angular
distributions, particularly those at 50 MeV. For this
reason, Yamaya et at. [4] introduced a quite large
modification into the radius parameters of the real part of
the potentials; the radius parameters of both Li and d
potentials were changed from their elastic values of 1.30
and 1.05 to 1.05 and 1.35 fm, respectively. As will be dis-
cussed later in the next section, this modification results
in unreasonably small e spectroscopic factors.

It has been found, however, that the observed angular
distributions can be reproduced with the elastic poten-

TABLE I. Optical potential parameters. The potentials for the Li and d channels are those of the usual Woods-Saxon potential,
while that for the a channel is the squared Woods-Saxon potential. The energy dependence is taken into account for the d-channel
potential. Note that E is the deuteron laboratory energy in MeV and P= —(E/100)'.

Li

Vo

(MeV)

244.0

94—0.26E

182.4

7'p

(fm)

1.30

1.17

1.37

ao
(fm)

0.7

0.709+0.0017E
1.29

v
(MeV)

23.5
( 12.2+0.026E)

X (1—e~)
0.0

s
(MeV)

0.0
( 12.2+0.026E)

X eI'
0.5

f'I

(fm)

1.7

1.325

1.75

(fm)

0.9

0.762

1.0

(fm)

1.4

1.3

1.3

Ref.

[14]

[11]
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tials, if a "lower cutoff" is introduced in the integration
over radial coordinate r of the a channel. At this mo-
ment the origin of this cutoff has not been fully under-
stood, but it may arise from the nonlocality of the a-
particle optical potential [9]. As is well known, the non-
locality effectively reduces contribution to the cross sec-
tion from the nuclear interior [17]. Another origin may
lie in the possibility that the simple cluster description in
terms of the a single particle potential is valid only in the
nuclear exterior. In fact, it has been suggested that alpha
clustering may be favored in the nuclear surface [18]. In
the present study, we shall not go further into this prob-
lem, except that we shall show later (see Fig. 4) some ex-
ample calculations that indicate the sensitivity of the cal-
culated cross sections to the radial cutoff parameter R, .
We utilize this cutoff procedure for fitting the calculated
cross section to experiment.

C. Double difFerential cross sections
and unit single particle cross sections

Figure 1 shows the calculated double differential cross
sections at 8=0 for all l values considered in this study,
taking, as an example, the E =50 MeV case. The lower
cutoff parameters R, used in the calculation are given in

d0'~ I E +g d O'I2
aa "aa a

d Qd clara dE~d Qd
(19)

where 6 measures the interval of the integration that cov-
ers the resonance. We shall use da„& /dQ& defined"aa

the figure. Because of the use of the weak W (see Table
I), the resultant spectra become very sharply peaked. In
the cross sections for l ~ 4, we observe two peaks in the
energy domain considered, one in the bound and the oth-
er in the unbound region, separated by about 10 MeV.
The lower states are those of the oscillator total quantum
number N=12 where N=2n +1, while the higher
states are those of N=14. The lowest peak appearing in
the l =0 spectrum at E„=—4.5 MeV corresponds to
that of the ground state. All the peak positions including
that of the ground state agree with those predicted earlier
in Refs. [5] and [7]. Note that the contribution from the
EB process is negligible in the energy range considered in
Fig. 1.

The double differential cross sections as shown in Fig.
1 are generated for other angles. Single differential cross
sections for each peak specified by a set of the quantum
numbers (n, l ) are then obtained by integrating the
double differential cross section over the peak as
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FIG. 1. Calculated double differential cross
sections at 8=0' as a function of E . The two
peaks seen correspond to those of %=12 and
14 cluster states.
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above as our unit single particle cross sections for analyz-
ing the data. Note that de„ I /dQd is similar to the

a a
usual single particle DWBA cross section. The Inerit of
the use of the BF method for obtaining do.„ I /dQd lies

a a
in the fact that one can generate cross sections in the
bound and unbound region on the same footing, without
introducing, for instance, a bound state approximation in
the unbound region.

D. Results of analyses

We now analyze the data of the Ca( Li, d) Ti reac-
tion at E&,b =28 and 50 MeV [3,4]. The data are avail-
able for excitation energies up to about E,„=8 and 11
MeV, for E»b =28 and 50 MeV cases, respectively. Note
that the a emission threshold energy (E =0.0 MeV) cor-
responds to E,„=5.12 MeV. This means that we deal
here with the data for E = —5. 1 to 5.9 MeV for the case
of the E»b =50 MeV.

In the region of E,„=0.0—1 1 MeV, the energy spec-
trum of Ti is discrete; all the observed levels are isolat-
ed. This is due to the fact that even the highest excita-
tion energy (11 MeV) considered is still much lower than
the Coulomb-barrier height (16 MeV) for the a-~Ca sys-
tem. The experimental differential cross sections
do';" /dQd are available for about 30 levels in the excita-
tion energy region considered. The 1; value (or
equivalently the spin-parity) of the transition to a level i
is then obtained by fitting do.„ I /dQd to do';""/dQd.

a a
The spectroscopic factors S; are then determined as

doexP do n a a
20

dQd dQd

Figures 2 and 3 show the results of the fit of the calcu-

lated do-„, /dQ„ to der;'"P/dQd for E»b =28 and 50
a a

MeV, respectively. As noted in Sec. III B, the calculated
do.„& /dQd is rather sensitive to the lower cutoff radius

a a
R„particularly for the 50 MeV case. We demonstrate
this in Fig. 4, where plotted are d cr „ I /d Q„ for

a a
(n, I ) =(6,0) and (5,2) with varied R values. As seen,
do„& /dQd changes quite sensitively as R, is changed.a a
The R, values were then fixed in such a way that
do„' /dQd fits the experimental data for known J

a a
states as far as possible. The R, values determined this
way for E»b =50 MeV have already been given in Fig. 1.
For E»b =28 MeV, the results are not sensitive to the R,
value, and therefore we simply set R, =0 in this case.

The resultant J and S values are summarized in Table
II. Note that the S, values for 50 MeV are not the origi-
nal values deduced directly from the experimental cross
section by using Eq. (20), but are divided by 1.5. This
division was made, since the values deduced directly from
the 50 MeV experimental data are systematically larger
by about 1.5 than those obtained from the 28 MeV data
and also many of the values including that of the ground
state are otherwise larger than unity. Table II includes
also information on the spin-parity obtained from the
(a, y) [19] and the Ti(p, t) Ti reaction [20]. J values
that are unable to be fixed with certainty are given in
parentheses. It should be noted at this stage that the
higher the incident energies, the less characteristic the
calculated angular distributions are for different I, mak-
ing the determination of the l value more diScult.

With the modification discussed above, the S; factors
determined from the present analyses of the E»b =28 and
50 MeV data agree fairly well with each other, and also
those determined previously in Ref. [3] for the 28 MeV
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FIG. 2. Calculated angular
distributions in comparison with
the experimental data for
El b =28 MeV.
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=50 MeV.
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FIG. 4. Calculated angular distributions with and without
cutoff in the integration over the radial coordinate in the a
channel. The results show the sensitivity on the lower cutoff.

10

data. Note, however, that the S; factors obtained in Ref.
[4] (from the 50 MeV data) are smaller by an order of
magnitude as compared with those obtained in the
present work. The reason for this can be ascribed to the
distorting potentials used. As already noted before, the
potentials used in Ref. [4] are largely different from the
elastic potentials; the radius parameters of the real poten-
tials for the Li and d channels were modified from their
elastic values of 1.30 and 1.05 fm to 1.05 and 1.35 fm, re-
spectively. We have confirmed that such modifications
result in a dramatic increase of contributions from the
lower partial waves to the cross section, making the rnag-

nitude of the calculated unit single particle cross sections
very large, and hence the S; factors small.

It may be worthwhile to give a comment here that at
28 MeV the reaction is a good angular momentum
matched reaction; however, at 50 MeV it becomes a high-

ly mismatched one. In fact, the difference between the
grazing partial waves in the incident and outgoing chan-
nels is about 4 at 28 MeV, while the difference becomes
12 at 50 MeV. Therefore, at 28 MeV the reaction is still a
good surface reaction, and this explains why the calculat-
ed cross section is rather insensitive to the lower cutoff as
already remarked above. This is not the case for 50 MeV,
however, and because of this the incident partial waves
that are much lower than the grazing partial wave con-
tribute importantly to the cross section. The normaliza-
tion factor 1.5 needed to be introduced for the 50 MeV
case may be ascribed to this undesirable feature of the re-
action at 50 MeV.

IV. CLUSTER STRUCTURE IN Ti

A. S; factors for J =0+, 2+, and 4+ states

We have obtained fairly reliable values of the S, factors
for a number of states, particularly 0+, 2+, and 4+ states.
Table III summarizes the values. We listed there the
values only for those states whose spin-parity is certain.
One remarkable feature of these S; factors is that the
summed strength reaches approximately 2 for all the
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TABLE II. J;"and S; values obtained from the present analysis, together with spin-parities assigned
from the (u, y) and the Ti(p, t) Ti reaction. J; values whose assignments are not certain are given in
parentheses.

E,„

4oCa(a, y )

Ref. [19]
Ti(p, t)

Ref. [20]
Ca( Li, d)
Ref. [4]

Ca( Li, d) Ti
Present work

E =50 MeV E=28 MeV
J S J77 S

g.s.
1.08
1.90
2.45
2.53
3 ~ 18
3.37
3.76
3.96
4.02
4.10
4.85
5.21
5.31
5.41
6.03
6.22
6.47
7.34
7.56

7.67
8.04
8.17
8.38
8.45
8.54
8.96
9.00
9.19
9.43

p+
2+
p+
4+
2+

(3 )
4+
(2+)
3
6+

(8+)

(10+)
(12+)

p+
2+
p+
4+
(2+
(2+)
4+

3
(5,6+ )

(2+)
(4+)

0+
2+
0+
4+
2+

3
4+
1

3
6+
2+
Q+

5

3
2+

1

g+

3
(3 )

6+(N = 14)
8 (N=14)

1

2+

3
6+(N = 14)

2+
4+
6+
5

Q+

2+
Q+

4+
2+

3
4+
1

3
6+
2+
Q+

(5 )

(4+)
2+

(1 )
g+

3
3

10+
(12+)
(1 )

(2 )
4+

4+
4+

0.99
0.70
0.33
0.43
0.47
0.03
0.51
0.11
0.15
0.58
0.31
0.75

0.14
0.17
0.83
1.02
0.33
0.51
0.73

0.43
2.43
0.73
0.56
0.30

0.38
0.31

0.30

0+
2+
p+
4+
2+

3
4+
1

3
6+
2+
p+

5

(4+)

2+

(1 )
8+

0.94
0.48
0.32
0.50
0.32
0.01
0.50
0.14
0.04
0.56
0.21
1.00
0.01
0.30

0.80
0.25
0.56

three spin states, greatly exceeding the sum rule limit of
the N=12 strength. If one takes this result seriously, we
are forced to conclude that there is considerable mixing
of the N=14 strength even in such low-lying states as
considered in Table III.

Take, as an example, the 0+ state. The S value of the
ground state (0.97 in the average) is very close to unity,
implying that the state already exhausts the N =12
strength. The next 0+ state with a large S; factor is
found at E,„=4.85 MeV. The average S value of this
state is 0.88. This value may then be ascribed to that of
N=14, which means that the main component of the
4.85 MeV state is the 0+ state of the N = 14 band. If one
assumes that this is indeed the case, the resultant fit of
the calculated angular distribution to experiment is im-
proved. This is seen in Fig. 5, where are shown the
theoretical cross sections obtained by repeating the calcu-
lation using V =212 MeV instead of 182 MeV used be-
fore (see Table I). With this new V value, the predicted
position of the 0+ state of N = 14 agrees with the experi-
mental value of 4.85 MeV. The 6t obtained in Fig. 5 is
indeed better than that obtained in Figs. 2 and 3. The

E,„(MeV) 50 MeV
S

28 MeV Ave.

p+ g.s.
1.90
4.85

0.99
0.33
0.75

0.94
0.32
1.00

0.97
0.33
0.88
2. 17

1.08
2.53
4.10
6.03

0.70
0.47
0.31
0.83

0.48
0.32
0.21
0.80

0.59
0.40
0.26
0.82
2.06

4+ 2.45
3.37
8.45
8.96
9.00

0.43
0.51
0.30
0.38
0.31

0.50
0.50

0.47
0.51
0.30
0.38
0.31
1.96

TABLE III. A summary of S; factors for relatively low-lying
J =0+, 2+, and 4+ states.
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FIG. 5. The theoretical angular distributions for the 4.85
MeV 0+ states obtained by assuming that the state is the N = 14
state in comparison with the experimental data.

newly obtained averaged S; value is 0.82 (0.66 and 1.07
for E~,b =28 and 50 MeV, respectively). The values
remain essentially the same as those obtained before with
N=12. Similar observations may also be made for the
2+ and 4+ states: The a-transfer strength for the lowest
two 2+ and 4+ states exhausts the total N=12 strength,
while the rest of the higher excited states may carry the
N=14 strength. We note that to assume a larger V
value for the higher excited N = 14 band as made above is
not totally unreasonable. Rather it is consistent with the
strong energy dependence coming from the threshold
anomaly [21].

The results obtained in Table III indicate also that the
strengths, particularly of the l =2 and 4 transitions, are
spread among a few to several states. Ohkubo [10] has
suggested that the 0+, 2+, and 4+ states at 1.91, 2.53,
and 3.37 MeV may be the members of the N=12 cluster
states built on the first excited 0+ state of Ca at 3.35
MeV. The latter 0+ excited state can be considered as a
four-particle —four-hole (4p-4h) state, i.e., the N = 12 clus-
ter state built upon the ground state of Ar. This implies
that the above-mentioned states in Ti are 8p-4h states.
If these states are pure, the S; factors, of course, vanish.
As seen in Table III, this is not the case; these states have
significant S, values, indicating that the 8p-4h states are
fairly strongly mixed with those of the 4p states of
N= 12.

We note that the argument given above is based on our
presumption that the absolute magnitudes of the S; fac-
tors given in Tables II and III are reliable. The absolute
magnitude of the S; factors are, however, within a
theoretical uncertainty of, say, a factor of 2, and there-
fore we cannot rule out the possibility that the strength
observed in the excitation energy region considered may
all come from the N=12 cluster states. If this is indeed
the case, our conclusion is altered to the statement that
the N=12 cluster strength for the 0+, 2+, and 4+ states
is extremely widely spread.

B. Positive parity states of the N = 12 band

The idea has now been widely accepted that the
0+ —12 states observed at E,„=O.O, 1.08, 2.45, 4.02,
6.47, 7.67, and 8.04 MeV are the a-cluster states of
N = 12 [4,6,7]. The results of the present analysis support
the idea with, however, a few exceptions: The first is that
these states cannot be considered to be pure N=12

states, but are mixed considerably with other states, for
instance, with the 8p-4h states as already discussed in
Sec. IV A. The second point is that the S; value (2.4) ob-
tained for the 8.04 MeV 12+ state is unreasonably large,
and also that the fit of the calculated angular distribution
to the data is extremely poor. Therefore, the state cannot
be assigned to as a 12+ state, although the (a,y) [19] re-
action data strongly indicate that a 12+ state exists at
that excitation energy. Perhaps the state might be a dou-
blet.

Yamaya et al. [4] suggested that the 10+ state at 7.67
MeV state might not be a 10+, but rather a 6+ state of
the N = 14 band. The suggestion came from their
difficulty in reproducing the measured angular distribu-
tion of this state with I =10. We had, however, no
difficulty of reproducing it with I =10. The resultant S;
factor of 0.43 seems to be reasonable in view of the
spreading seen in the lower spin states. It is likely that
the S; factors of the N = 12 band spread more as the J;
value increases, the tendency predicted theoretically by
Arima [8] and others [22].

C. Negative parity states

The question as to where the N=13 band is located
has been one of the crucial issues of the a-cluster struc-
ture in Ti. Yamaya et al. [4] have identified the 1

3, and 5 members of this band at 6.22, 7.34, and 9.43
MeV, respectively. The results of the present analysis
more or less confirm this. It should be noted, however,
that the fit to the 6.22 MeV 1 state is not so good as
that obtained for other spin states. Further, the S, fac-
tors obtained from the 28 and 50 MeV data differ consid-
erably, and therefore it is difficult to assign the spin-
parity of this state definitely. We also note that the S,
factors 0.52 and 0.3 of the 3 and 5 states, respectively,
are only a fraction of the total strength, indicating that
the strength is considerably spread into other states. In
fact, we have identified several 3 states with consider-
able S; values. The spreading is also seen in the 1 state;
there is another state with a non-negligible S,. value ob-
served at 3.76 MeV.

The 1 and 3 states observed at 3.76 and 3.96 MeV,
respectively, may be interpreted as N=12 cluster states
built on the 3 core excited state. The nonzero S; factors
obtained for these states may suggest that these states
mix with the states of N=13.

V. SUMMARY

Analyses have been made of Ca( Li, d) Ti reaction
data at incident energies of 28 and 50 MeV [3,4] within
the framework of the breakup-fusion approach. The ap-
proach allows us to define the unit single particle cross
sections in both bound and unbound regions on a single
footing. Such unit single particle cross sections were cal-
culated by using distorting potentials that are consistent
with the elastic scattering data (elastic potentials), and
then applied to analyze the experimental cross sections.
During the course of the study, we have observed that
the calculated angular distributions, particularly those at
higher incident energies, are sensitive to the lower cutoff
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of the radial integration in the u channel. With an ap-
propriate choice of the lower cutoff parameter, we have
been able to reproduce the observed angular distributions
with the elastic potentials. From the analyses of the data,l; values and spectroscopic factors S; have been extract-
ed for the individual final states up to E,„=10 MeV.

The S, values obtained from the 28 and 50 MeV data
and also those determined in Ref. [3] agreed fairly well
with each other, but differed largely from those deter-
mined in Ref. [4]. The latter difference is then shown to
be ascribed to the use of the distorting potentials in Ref.
[4] that are quite different from the elastic potentials.

The most striking feature of the resultant S; factors for
the 0+, 2+, and 4+ states is that with a reasonable as-
sumption that the ground 0+ state has an S factor close
to unity, the sum over the S; factors for the low-lying
states below the excitation energies of 4.85, 6.03, and 9.00
MeV for the 0+, 2+, and 4+ states, respectively, becomes
approximately 2, suggesting that these states exhaust not
only the total strength of the N = 12 band, but also that
of the N = 14 band. This further implies that the N = 14
states appear at a much lower excitation energy region
than that predicted from the "unique potential" of Ref.
[14]. Another remarkable feature is that such single 4p-
type a-cluster states of N = 12 and 14 are fairly strongly
mixed with cluster states of the 8p-4h character.

At this stage, however, we may not exclude completely
the possibility that the absolute spectroscopic factors de-
duced in the present analysis have a theoretical uncer-
tainty of a factor of 2, and that the a-transfer strength
observed in the excitation energy region considered all

originates from the N =12 cluster states. Further studies
are needed in order to obtain a more concrete conclusion
on this question.

As the incident energy increases, the angular distribu-
tions become less sensitive to the transferred orbital an-
gular momentum l . This has made it more difficult to
assign the I value and hence the spin-parity of the final
states unambiguously. In this regard, it would be helpful
if more elaborate data, e.g. , those of y rays taken in coin-
cidence with the outgoing deuteron, were to be taken.

In the present study, we have confined our calculation
to the reaction leading to a rather low excitation energy
region of the final nucleus Ti. It would, however, be
quite interesting to extend it further into the continuum.
There it is expected that the a-cluster picture of the
Li~a+d process becomes more valid, and therefore we

may make a more critical test of the absolute magnitude
of our calculated cross section against the experimental
data. Unfortunately, the data for such a test are not avail-
able at present. It is hoped that such data will soon be-
come available.
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