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Using the assumption of a partially conserved axial-vector current and the conservation law for the
electromagnetic current, we rederive a low-energy theorem for the pion electroproduction. In contrast
to the traditional approach, we include all effects of off-shell nucleons and pions. We parametrize the
axial-vector current in its most general form and apply the minimal substitution prescription to obtain
the radiative axial-vector vertex that is required for gauge invariance. We split the full radiative axial-
vector vertex into the isolated-pole contribution, the minimal-coupling interaction, and the remainder.
The Ward-Takahashi identities are translated into the constraints on the pion electroproduction ampli-
tude. The rigorous low-energy theorem is obtained for the zero four-momentum pion electroproduction.
It is found that the off-shell matrix elements of the axial-vector current affect the isolated-pole term and
the gauge term so that the low-energy theorem is at variance with the standard one given in the litera-

ture.

PACS number(s): 25.30.Rw, 11.40.Ha, 13.40.—f

I. INTRODUCTION

The assumption of a partially conserved axial-vector
current (PCAC) [1] was intensively investigated in the
1960s, and low-energy theorems were derived from
PCAC supplemented by current commutation relations
[2-6] (for a recent reference, see Ref. [7]). The PCAC
hypothesis relates any hadronic process in which a zero
four-momentum pion is emitted to the process in the ab-
sence of the pion. Among others, the low-energy
theorem for pion photoproduction and electroproduction
was derived following the first attempt of Nambu and
Schrauner [8]. In these studies, effects of off-shell nu-
cleons and pions are not considered. However, even if we
are interested in processes of physical particles, it is una-
voidable to consider off-shell processes. This can be illus-
trated by the simplest example, the Born diagram: The
internal particles inevitably go off their mass shells, while
all external particles are on shell. In investigating the in-
teractions of off-shell particles, the Ward-Takahashi
(WT) equation [9] plays an essential role. The impor-
tance of the WT identity for the electromagnetic current
was recognized by Berends and West [10] concerning the
Born approximation in pion electroproduction. The ad-
ditional extra term that was introduced by Fubini, Nam-
bu, and Wataghin [11] to restore gauge invariance was
explained by the nonvanishing contribution from the off-
shell current matrix elements. Naus, Koch, and Friar
[12] studied the effect of electromagnetic and strong form
factors including the PCAC constraint. However, the
effect of the off-shell matrix elements of the axial-vector
current has never been investigated.

Since the nuclear constituents are composite particles
which possess finite space-time extension, we have to
treat particles which have form factors at vertices where
interactions take place and particles go off shell. The WT
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equations are valid not only for elementary particles, but
also for composite particles. The presence of hadronic
and electromagnetic form factors of interacting hadrons
should not violate the WT equation, which is a direct
manifestation of gauge invariance. The electromagnetic
current operator associated with the hadronic form fac-
tors should arise in such a way that the WT equation is
satisfied. This holds true for nonconserved currents. The
axial-vector current form factors should not violate the
WT equation, which results from the PCAC relation. It
is customary to utilize the axial-vector current with two
form factors, the axial-vector form factor and the in-
duced pseudoscalar form factor, for processes involving
off-shell nucleons. But this immediately violates the WT
identity for the axial-vector current. Since low-energy
theorems given in the literature are based on this assump-
tion, it is necessary to reexamine its validity. The pri-
mary purpose of this paper is to rederive a low-energy
theorem for zero four-momentum pion electroproduction
in the most rigorous way. The present work is motivated
by recent experiments of 7° photoproduction close to the
threshold [13], but derivation of the low-energy theorem
at the threshold will be published in a separate paper.

In Sec. II we derive WT equations for the radiative
axial-vector vertex using the PCAC assumption for the
axial-vector current and the gauge invariance for the
electromagnetic current. Since two currents are acting,
two WT equations are obtained. Consistency of the two
equations is examined. It is shown that for on-shell nu-
cleons our results coincide with the ones given in the
literature. The generalized Born term (the isolated-pole
term) is calculated for the radiative axial-vector vertex
and subtracted from the WT equations. In Sec. III we
write down the most general form of the axial-vector
current and extract the electromagnetic current operator
on the basis of the minimal-substitution prescription.
The isolated-pole term and minimal-coupling interaction
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are subtracted from the total radiative axial-vector vertex
to obtain the constraints on the pion electroproduction
amplitude. In Sec. IV we take the limit of a zero four-
momentum pion and obtain a rigorous low-energy
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theorem for the pion electroproduction amplitude. Com-
parison with the conventional result is made in detail.
The relationship to the Kroll-Ruderman theorem [14] is
discussed. Finally, in Sec. V, we give a brief summary.

II. WARK-TAKAHASHI IDENTITIES

A. Basic equations

We consider the four-point Green’s function

(TIYxPx)j ), (2] = [ d* d*ESpx'—E ML, (EE:yISpE—x)

2.1

where 1 and ¥ are the nucleon field operators, j 4 is the isovector axial-vector current operator with i being the isospin

index, j, is the electromagnetic current operator, and
Ju g p

Sp(x'—x)={(T[(x")Px)])

(2.2)

is the nucleon propagator. The four-point vertex operator M :1# describes radiative weak interactions (e.g., radiative u
capture of the nucleon). Since two currents are involved, we can derive two WT identities. One of them follows from
taking a derivative with respect to the position of the axial-vector current operator,

(8/3y ) T[W(x")h(x)j £ (»)],(2)])

==8(xo—yo X TI[¥(x"),jg" Wh(x)],(x)]) —8(x—yo )X T[(x)[P(x), )¢ (») 1, (x)])

—8(zg =y X T[(x ") ju(2), 5" W)+ T(x"Wp(x)3,0) ' (9)ju (2]

(2.3)

The four-divergence of the axial-vector current is proportional to the pion field ¢, as given by the PCAC hypothesis,

3ad &' W)= m3dn(y)

(2.4)

where f is the pion decay constant and m , is the pion mass. Inserting into (2.3) the PCAC relation (2.4), the equal-
time commutation relations with respect to the axial-charge density j 4!/,

[W(x"),jdi(»)]8(xy—yo)=Tysth(x")8(x' —y) ,
[9(x), g (1)]18(xg —po) =P(x")ys78(x —y) ,

and that of the chiral SU(2) X SU(2) algebra,
a2, ) 18(po —2) =ie €} 1 ()8(y —z) ,

we find the WT equation in the form

(2.5)
(2.6)

(2.7

(8/8y I TW(x")h(x)j & ()], (2)]) = — (T [7'y s(x " )h(x)j ()] 8(x" —p) — (T [Y(x")pl(x)y 57, (2)]) 8(x —y)
—iee? (T [Y(x")x)j ()] 8(z —y)+ f,m 2 T[Y(x" WPx)d5(»)j,(2)]) . (2.8)

The first two terms in (2.8) can be expressed in terms of
the three-point vertex function for the electromagnetic
interaction of the nucleon,

(T[d(x"1P(x)j,(2)])

=i [d*€ d*E Sp(x'—£)j (EE:DSpx —¢) .
We use the same notation j, for the current and vertex
operators for simplicity. The electromagnetic vertex

operator satisfies the celebrated WT identity, which can
be written in the form

(2.9)

(P'—P)jup,p)=ey[SF ' (p")=Sr '(p)],  (2.10)
where we have made the Fourier decomposition
Ju(x'x :2)
i
(2m)®

fd4p: d4p eip’-(x'—z)+ip~(z—x)j“(pl’p)

(2.11)

and
i i (x'—
Sp(x'—x)=— d'pe? ™ "¥SL(p) . (2.12)
v T Jd* Hp
In (2.10), ey is the nucleon charge operator
ey=1e(1+m) . (2.13)

The third term in (2.3) can be expressed in terms of the
vertex operator for the axial-vector current,

(T[Y(x"(x)j A ]

=i [d*€ d*eSpx'—E)j AEE:y)Spx —€) . (2.14)

The PCAC relation (2.4) and equal-time commutation re-
lations (2.5) and (2.6) lead to the WT identity for the
axial-vector current,
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(/3 ) TIY(x")d(x)j 21 (p)]) = — T[Ty sp(x")P(x)])8(x" —y ) —{ T[h(x")P(x)y57'] ) 8(x —y)

7 A TH(x)P(x)P5(»)]) (2.15)

The three-point Green’s function in this equation defines the vertex function for the interaction between nucleon and
pion,

(T[Y(x")Px) ()] =— fd4§’d4§d4nS}(x'—§')Fi(§’§:n)S}(é’—x)A'F(y -, (2.16)
where the pion propagator is defined by
SYUAR(y' —y)=(T[d (y")dL(»)]) . .17

In momentum representation,

j;‘“(x’x y)=— (27’7)8 fd4pld4p elP (X' =y +iply — X)J:'(p',p) , (2.18)
l"i(x’x y)=_ (21 )3 fd4pl d4p eip'(x’—y)+ip-(,v—x)l-\i(pr,p) , (2.19)
T
ARy =)= = [t e ag) (2.20)
one obtains
(P =PV dp",p)=—7[SE " p" )ys+ysSE Up)]l—if ,miAR(p —p" )T (p",p) . .21

The four-point Green’s function, the last term in (2.3), defines the vertex operator for the pion electroproduction,
(TIYx P (»)j, (x)]) =i fd“g' d*6d*n Sp(x'—E M (E'E:mz)SHE—x)AR(y —7) . 2.22)

Using the momentum representation

M (x'x ya)=— o [ dipdp ¥k ew X i —ang, (2.23)
ML(x’x yz)=— (2;)12 fd“p’d“p d*k eip’~(x’—y)+ip-(y—‘x)+ik~(y—z)ML , (2.24)
we get
9oM,=—S; ' (p")ysSk(p +k)j,(p +k,p)—j,(p',p' —K)T'SE(p'—k )5S '(p)
——1e63"_] I(p ',p)—ifvmf,A}:(q)ML , (2.25)

where p and p’ are the nucleon momenta before and after the interaction, respectively, k is the photon momentum, and
g =p +k —p’ is the momentum carried by the axial-vector current. In M, and M, we suppress momenta p’, p, and
k.

Next, consider the derivative of (2.1) with respect to the photon position z,

(8/3z, X T[(x")Wx)j 5 (»)j,(2)])

=—8(x0—zo){ T[[¥(x"),jo(2)1(x)j L (y)]) —8(xg =2z T[(x")[P(x),jo(2) 1 2 (»)])

—8(yo =20 TLP(x W(x)[j & (1), jo(2) 11+ T[h(x 1(x)j £ (9)3,4,.(2)]) (2.26)
where j, is the charge-density operator. Using the current conservation 9,/,(2)=0, the equal-time commutation rela-
tions

[P(x"),jo(2)]18(x5—z¢)=enh(x")8(x'—2) , (2.27)
[¥(x),)0(2)]8(xg—2¢)= —h(x"Jeyd(x —z) , (2.28)

and the chiral algebra
[ () jo(2)18(yg—20)=—iee’j 2i(y)8(y —2) , (2.29)

we obtain another WT equation
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(8/3z, ) T[(x"W(x)j £ (9, (2)]) = —en (T[Y(x)P(x)j F () ]8(x" —2)+ { T[P(x")h(x)j £ ()] ) eyd(x —2)
+iee I T[Y(x")(x)j L (y)])6ly —2) , (2.30)
which becomes, in momentum space,

kM., =enSi ' (p)Sp(p'—k)j 2 (p'—k,p)—j 2 (p',p +K)Si(p +k)SE~(pley —ie€j 2 (p’,p) . 2.31)

B. Consistency of the two WT identities

We are now provided with two divergences k, M, and g,M,,. Therefore we can calculate gk, M, in two distinct
ways: From k, M, , we get

qok M, =enSp (p)Sp(p' —k)qoj i (p'—k,p)—q.j & (p',p +Kk)Sp(p +Kk)Si pley —ie€’q,jli(p',p)  (2.32)

and, from ¢,M,,

qok M, =—Si " (p")ysSpp +Kk)T'k,j,(p +k,p)—k,j,(p',p' —K)T'SE(p'—k)ysSi~ ' (p)
—ie€k,jl (p',p)—if ;mIAR(Qk, M|, . (2.33)

Equations (2.32) and (2.33) must coincide. We can check this in the following way. We make use of the WT equations

4. (p'—k,p)=—T[Si N p' = K)ys+vsSi Up)1—if ,m2AR(q)T(p'—k,p) , (2.34)

i dip'p +k)=—7[Sp p)ys+ysSy Wp +k)—if . miAL(q)Ti(p',p +k), (2.35)
in Eq. (2.32), and

k,j.p+kp)=ey[Sy '(p+k)—S; '(p)], (2.36)

kujup'sp'—k)=ey[Sp~ Yp'—Sp Wp'—k)], (2.37)
in Eq. (2.33). Equating (2.32) and (2.33) and using

(g —Kk)j2p,p)=—7[S; Wp yst+vsSy Up)l—if ,miAk(qg —Kk)Tip',p), (2.38)

we solve for k, M L to obtain
k“ML=eNS}_1(p’)S}(p'—k)r‘[(p’—k, )—Tip",p +k)Sp(p +k)S; pley —ie€* /A Y(q)Ak(g —k)Ti(p',p) .
(2.39)

This is nothing but the WT equation for the pion electroproduction amplitude [16,17]. This can be derived directly
from

(a/az#)< T[(x" ) x ¢' Vi (2)])=—en{T[¥(x 1//(x)¢ﬁ,(y)])8(x’—z)+<T[¢(x')¢(x)¢;(y)])e1v8(x —z)
+iee I T [P(x" )P x) (»)])8(y —2) , (2.40)

where the current conservation is applied and (2.27), k, M} ——1e€3’/] i(p",p), (2.43)

2.28), and —
(2.28), an for nucleons on the mass shell since S}~ '(p)u (p)=0 and

(650, j0(2)18(yg—20)=—ie€pl(y)8(y —2z) (2.41)  @(p')S; '(p’)=0 can be used when (2.25) and (2.31) are
. sandwiched between Dirac spinors #(p’) and u(p).
are inserted. We can conclude that once M, satisfies the Equation (2.42) is usually derived from the PCAC rela-
requlrement of PCAC and gauge invariance, M |, satisfies tion in the presence of the electromagnetic field 4,

the gauge invariance automatically. ) .
i y)=ee A, WiH )+ fomiel(y) . (2.44)

C. On-shell nucleons Taking the matrix element between the one-nucleon state
|p') and one-nucleon—one-photon state |pk ) and using

The WT equations (2.25) and (2.31) are generalizations the pion source function defined by

of the ones given by Adler and Dothan [4] for on-shell
nucleons. Indeed, Eqgs. (2.25) and (2.31) are reduced to (——a2 +m ¢’ (y)= (y) , (2.45)

9 M, =—iee’j N (p',p)—if ,;miAR(@M}, , (2.42)  we find
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(p'10,j 2 |pk ) =ee®{p'|j A |p e, (k)

+f. m,,T(p |Jilpk) ,  (2.46)
where €,(k) is the photon polarization vector. Since the
current matrix elements are related to M,, and M,
apart from trivial normalization factors, as

7(p" )M’ u(ple,(k)={p’'lj&|pk) , (2.47)
#(p' )M u(pe,(k <p [J%lpk) , (2.48)

we get the effective operator valid for on-shell nucleons,
g M., =iee’lj i (p',p)—if ;m I , (2.49)

"q2+m2 i

which differs from the rigorous one (2.42) in that, instead
of the full pion propagator Ay(q), the free one
(g*+m?2)7 ! enters. They must coincide in the limit of

on-shell pions, g>— —m?2.

D. Constraints on non-Born terms

The radiative weak vertex operator M sz can be decom-
posed into the generalized Born term (the isolated-pole
term) and the remainder,

M, =B, +AM!

b (2.50)

where the Born term B, consists of three diagrams, as
indicated in Fig. 1; the electromagnetic current interacts
with the nucleon before and after the axial-vector current
and with the virtual pion emitted by the nucleon. In
momentum space B le is explicitly given by

BL,=jip'.p +K)Sp(p+k)j,(p +k,p)
+jup'p' —kK)Sp(p'—k)j{(p'—k,p)

+if 4. AF( Q)i  (g,g —K)AR(g —k)TV(p',p) ,

(2.51)

where the electromagnetic vertex of the pion is defined by
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FIG. 1. Born approximation diagrams for the radiative
axial-vector vertex. The axial-vector coupling is denoted by the
open circle, and the electromagnetic interaction is denoted by
the solid circle. The hatched circle is for the pion nucleon ver-
tex.

(T[$o(y")5»)j,(2)])
=lfd47l'd477A}r(y""'ﬂ')];;”(ﬂ'ﬂZ)A}(y—‘q) ,
(2.52)

with the Fourier decomposition

- mij

il y'y:z)

= — (2;,)8 fd4q'd4qei —2z)+ig-(z— y)]Ln_/(q:’q) .

(2.53)

First, we evaluate anfzu' Using the WT equations
(2.34) and (2.35) for the axial-vector vertex of the nucleon
and inserting the result into the WT equation (2.25) for

M au One finds a constraint on AM? o

qoAM G, = —ie€j 1 (p',p)—if ;m2 AR(QAM ), + 7'y 5j, (p +k,p)+j,(p",p" —K)T'y s

—if (g*>+m? )AF(q)J’”’(q,q—k)AF(q—k)F’(p D) .

(2.54)

We have split the virtual pion electroproduction operator M L into the Born term and the rest,

M, =B +AM] .

(2.55)

The Born term again consists of two nucleon-pole diagrams and a pionic pole diagram. In momentum space B’ is given

by

B, =Tp',p +k)Sp(p +k)j,(p +k,p)+j,(p',p' —k)Sk(p

’—k)Fi(p’—k,p)+jZif(q,q —k)AR(g —Kk)T(p',p) .

(2.56)

The divergence of BL is calculated using the WT identities for the electromagnetic vertex of the nucleon [Egs. (2.36) and

(2.37)] and that of the pion,
(@'—q)j;"(q',q)=—ie AT (") —AF (q)] .

(2.57)

The WT identity for the pion electroproduction (2.39) leads to [17]
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k,AM =—iee’ T p',p)+eyT(p'—k,p)—T'(p’,p +kley .

In a similar manner, we calculate the four-dimensional divergence of B
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(2.58)

i
ap’

k,Bl,=jdi(p',p+Kk)[Si(p)—Sk(p +k)1S5 (pley +enSE N p [Sp(p'—k)—=Sp(p)]j & (p'—k,p)

—iee¥if _q,[AR(g —k)—AR(g)]T(p",p) .

From (2.23), one of the constraints on AM |, follows:

k, AML, =—ieeTj 1 (p',p)teyiti(p' —k,p)—j i (p',p +Kley —ie€if .qq[Ap(q)—Ar(g —IOIT/(p",p) .

Equations (2.54) and (2.60) are our basic equations.

III. GAUGE INVARIANCE

A. Pion pole and nonpole contributions

Electrodynamics is made invariant by introducing the
gauge field such that a gradient of the nucleon field is al-
lowed to appear only in the form of the covariant deriva-
tive

9, ¥(x)—[3,—iey 4, (x)]P(x) . (3.1)

N

Once a nonradiative interaction is given as a function of p
and p' in momentum space, we can transform them into
differential operators acting on ¥(x) and #(x), respective-
ly, in position space. Then it is straightforward to derive
the corresponding current operator by demanding gauge
invariance [17].

The gauge invariance requirement does not determine
the whole radiative weak vertex operator M 51# but some
part of it. To see this we split j &' into pion nonpole and
pole terms:

& p ,p)=7 dp',p)+if (p —p)abE(p —p )T (p',p) .
(3.2)

From the momentum dependence of each term, we get
the contribution to M,

G, =G fm+ie63ij8auiva'F(q —k)Ti(p',p)
+if ,4,0%(q)G}, .

The first term G ., is obtained from j ;(p’,p), as will be
shown in Sec. IIIC. The second term comes from the
minimal substitution of (p —p’), in (3.2) and describes
the radiative pion decay process. The last term is from
the pion-nucleon vertex I'(p’,p) and describes virtual
pion electroproduction. GL is also given in Sec. IIIC.
The three terms are graphically indicated in Fig. 2.
There exists the contribution coming from the minimal
substitution of Ax(p —p') in (3.2),
. . (2q — k)
m o — ;, 3ij; H
G, =ieeVif q, 2 —(q —k)?

(3.3)

X[Ar(@)—AF(g —K)]T/(p",p) , (3.4)

which also describes the radiative pion decay process.
We treat G 7, separately because the pion-pole term al-

(2.59)

(2.60)

[

ready appeared in the Born term Bfm [Eqg. (2.51)]. They
differ from each other by the term which is gauge invari-
ant by itself. This can easily be seen since both have the
same divergence owing to the WT identity (2.57). To
show this more explicitly, we note that the electromag-
netic vertex of pion has the structure

inig',q)=—iee'j7(q’,q) . (3.5)
The most general form of the electromagnetic vertex of
the pion is

ql2 __q2

.TT( I’ )= ( I+ ) —_
intg'.q AR LS.~

(¢'—q), |4

+(¢'+q),B , (3.6)

where A4 and B are functions of g2, ¢'%, and (¢'—q)%
Evaluating its divergence, we find

(¢'—9),jiq,9)=(q?—q")B . (3.7)
The WT identity (2.57) fixes B,
£= qrzl_qz [AF (g —AF (@], (3.8)

so that

[

.
.
~
SN,

FIG. 2. Gauge terms for the radiative axial-vector vertex.
The pion pole term is subtracted from the axial-vector coupling
denoted by the open circle.
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(¢'—q)glq’—q),
(g'—q)?

jng',q)=(F,—1)q'+q)s|85,—

<q +qy

AR g —AF (@], (3.9)

where the pion electromagnetic form factor F,=A4 +1 is
introduced. Thus one sees that the pionic interaction

term in B!, ., 18 the sum of G’” and the remainder AG ZL,
if 19.0%(q)j]7(g,g—Kk)AR(g —k)T/(p’,p)
=GI,+AGZ, , (3.10)
where AG 7, is of the form
i - 230 kﬁku
AGG, = —2ieeVif 1q,95(F,—1) |85,— 2
X AR(q)Ar(g —Kk)T¥(p’,p) . (3.11)
Clearly, k,AG7;, =0. For pointlike pions, F, =1, and

hence AG, i w=0; namely, the minimal substitution repro-
duces the plonic Born term. It is a matter of course that
since the total gauge invariance cannot determine form
factors, we got the pionic Born term with F_=1. It is
now clear that G’a’; is already contained in the Born term
and that it should not be a new contribution to AM’ au’
The non-Born contribution to M, .. thus takes the form

AM}, =G, +R!,, (3.12)

where R ;ﬂ collects all contributions other than the Born
and gauge terms.

We now want to separate the radiative weak vertex
into pion nonpole and pole parts,

jdp'p)=

+(iyp'+m)iF{y,vs

2525

ML, =M, +if q,0:(q)M], . (3.13)
The full amplitude for the virtual pion electroproduction

is decomposed as

M) =B, +AM;,=B,+G,+R, , (3.14)
where G which entered (3.3), is obtained from I'’ using
the mm1ma1 substitution method and R;L is all the rest.
Since the Born term for the radiative weak vertex (2 51) is

rewritten using the nonpole axial-vector current j 2

B.,=B :m-i-if,,qu;(q)B;l , (3.15)
with Eq. (2.56) forBi and
B, =jdp'p+k)Spp+k)j,(p+kp)
+jup'p’ —K)Sp(p’—k)j #p'—k,p) , (3.16)
M, turns out to be
M, =B, +iee’s,if ,Ax(qg —K)/(p’,p)
+GL,tR, (3.17)
It is found that R im is of the form
R, =Ry, +if.q,0:q)R} . (3.18)

Everything except R fzu and RL is known explicitly.

B. Axial-vector vertex

The axial-vector vertex function of the nucleon,

iF{'yys—F3vs(p —p')o+iF{o.5p —p'gys

—F{ysp—p') tiFdo.gp —p'pys)

+iF7vays—Fivsp —p')gtiFdo.gp —p)gyslliy-p +m)

+(iy-p'+m)[iF{y.vs

with m being the nucleon mass. The 12 form factors are
functions of p%, p% and (p —p’)%. The pion pole part of
the axial-vector current contributes to F 2”, F 5’4, F g", and
F{, as is seen from (3.2). Since the fully off-shell pion-
nucleon vertex function

ri(p:’p)=

is put in the form

7T(p',p) (3.21)

L(p',p)=iysg, Tiysg,liy-pt+m)+(iy-p’+m)iysg;

F+liy-p'+m)liysg,liy-p+m), (3.22)

—F{ivsp —p")tiF{y0.4p

idp,p)="i(p"p), (3.19)
is parametrized in the most general form
—p')gyslliyp+m), (3.20)

f

with g,, g,, g3, and g, being form factors, F3!, F4, F§,
and F{} can be separated into nonpole and pole parts:

Fi=F{+f,Ax(p—p'g, , (3.23)

4=F&+f,App—p'g;, (3.24)
F¢=F¢+f.Ax(p—p'g, , (3.25)
F{=F{i+f,A(p—p'ig, . (3.26)

l_:’rom (2. 21) one sees that the pion nonpole part
7 & p',p)=1T Xp’',p) satisfies
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(p—p"d Hp',p)=—SF Yp)ys—ysSy Yp)+if [(p—p' )V +m2]Ak(p —p")T(p',p) . (3.27)
Using the fully dressed nucleon propagator parametrized in the form
Sy Y p)=iy-pG (p?)+mF(p?), (3.28)
the WT identity (3.27) imposes the four constraints
Fi+(p—p VPF{—(p’+m Fi=Gp)—f,[(p—p' )V +mi]Ap —p')g; , (3.29)
F{+(p —p')ZF§4—(p'2+m2)F{§,=G(p2)—f,,[(p —p' +mi]AR(p —pg, , (3.30)
F{+F{+2mF{o+(p—p'VF{i=—f[(p'—pP+mL1Ap(p —p"lgs (3.31)
2mF{—(p —p")*F '+ (p?+m?)F +(p2+m )F;‘
=m[G(p*)—G(p>)—F(p'H)+F(pH)]+f.[(p Y+milAn(p—pg, . (3.32)
One can eliminate F 5', F &, F {!, and F {! to express j 2 in the form
_ , p—=p)ey. _,_ _(p—p" ,
Jdp.p=— (——W[S UpystysSE p)—if, —p)"[(p —p'V?+m21Ap(p —p')T(p',p)
. (p—p") , .
+iF{ |y~ —v-(p—p") |ys+iF{'o.4p —p sy
(p—p')
. ’ s A (p _p’)a ’ s A ’
+(iy-p'+m)iF] 7"1_7@ _p,)zy-(p —p") |YstiFgo.5p —p')gVs
: (p—p’)
+ {iF4 ya—i( ) )’;7/ (p—p') |ys+iFd ouslp —P")g ](iy-p +m)
p
- .y P =P A .
+(iy-p'tm)iFi, Ya—ﬁy (p—p") |¥stiFi0.5p —p'gys (liv-p +m). (3.33)
p
[
The pole at (p —p’)>=0 arises from the WT constraint — 4 =4 1—F{
on the axial-vector form factors. Fi=Fg= (p—p' R’ (3.36)

We shall retain the most general forms for the axial-
vector current and the strong vertex in the development
that follows in the subsequent subsections. To conclude
the present subsection, we want to compare the rigorous
expressions (3.27) and (3.33) with the standard ones. To
this end, we replace the nucleon and pion propagators
with the free ones. For on-shell nucleons (3.32) is re-
duced to

2mF{! (3.34)

—(p—pVFi=fg,
where all form factors become functions of (p —p‘)>. In
the limit (p —p’)?>=0, we get the Goldberger-Treiman re-
lation [15]

2mF{(0) (3.35)

:f,,gl(O)

It should be noted that (3.35) is valid independently of
parametrization of the axial-vector current and pion-
nucleon vertex. If we choose the pseudoscalar coupling
for the pion-nucleon vertex, g, =g;=g,=0. No infor-
mation is available concerning the axial-vector current
form factors except for F{! and F5'. However, as a result
of the WT constraints, we cannot put all other form fac-
tors equal to zero. To be con51stent with (3.31), we can
choose F{!=F#=F{A=F{#=0. On the other hand,
(3.29) and (3.30) give

which never vanish (to avoid this pole, we must abandon
the assumption of g, =g;=0). Therefore the axial-vector
current becomes

- . (p—p')g
jdp—p)=iF{ ra—iﬂ (p—p") |75
(p—p")
(p—p"a . ,
t——5iv(p—pys
(p—p"
_ F{—1
— |Ff=2m———= |(p—p'lg¥s . (337
(p—p")

When we sandwich (3.37) between #(p’) and u (p), we get
the standard result

a(p")jXp—pulp)

(3.38)

a(p iF{'y vs—F $(p —p")avslu(p) .

If the axial-vector current appears in a diagram with one
of the nucleon legs off the mass shell, the term that disap-
peared in (3.38) makes difference. This point is essential-
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ly important for our discussion since in Born diagrams
the intermediate nucleon goes inevitably off the mass
shell so that the term usually ignored affects R, even for

on-shell nucleons. To see this, consider the divergence of
(3.37),

(p—p")od Hp—p)=iy-(p—p)ys—2mys+f.87s,
(3.39)

which follows directly from (3.27) with the approxima-
tions of the free nucleon and pion propagators and the
pseudoscalar coupling. This is to be contrasted with the
standard assumption

(p =PV liF{'yvs—F 5(p —p")ov¥s]

—2mys]tf.g1vs. (3.40)

=F{liy-(p—p")ys
The WT equation tells us that the divergence of the
axial-vector current does not depend on the axial-vector
current form factors. Of course, the term proportional to
F{ in (3.40) vanishes when sandwiched between the

2527

C. Minimal replacement

The result of the minimal substitution applied to the
pion pole term is given in Sec. III A. In that expression
[Eq. (3.4)], one notes that the current contains A%(q) as
well as Ax(q —k)=AL(p —p'), while the nonradiative
vertex contains only Ax(p —p’). This holds true for any
gauge terms. G!, is written in terms of j 2(p’,p),
Jo Ap'—k,p), and] A(p ,p T k). In] Ap’,p) the form fac-
tors depend on p'%, p?, and (p —p’)*=(q —k)?, while in
F4p —k,p) they depend on (p'—k)?%, pz, and
(p —p'+k)?>=g% and in j X(p’,p +k) they depend on p'?,
(p +k)? and ¢% In addition to these current operators,
there appears j 2(p’,p), in which the form factors are
evaluated at p'?, p?, and ¢2. We distinguish this current
by writing it as j 2%(p’,p).

The minimal substitution (3.1) produces currents given
by differences of nonradiative vertex functions evaluated
at momenta g and ¢ —k, p’ and p’'—k, and p +k and p.
The axial-vector vertex has momentum dependence
through the form factors iy-p, iy-p’, (p —p'), and
0.5(p —p')s. Since we are interested in the lowest-order
electromagnetic current in e, we can carry out the

Dirac wave functions, but it gives a contribution different  minimal substitution of each factor 1ndependently The
from (3.39) for off-shell nucleons. result of the minimal replacement for j 2’ is
J
. (29 —k) ) (2p’—k) . (2p +k), -
G, =iee3"7'f————5 J&p',p)—eyt 8,7 Ap'.p)—Tey———=6,7 Ap',p)
u q2 ( k)2 q] p»p N p2 ( k)2 17] pp N(p+k)2 2 171 pp
+ie€TIH ,(p',p) —ien TV FH1o(p' —k,p) —iTenFHro(p'sp T KV, . (3.41)

The first three terms are brought about by the momentum dependence of the form factors and the last three terms by
the additional momentum dependence in j 2. In (3.41), §,j Z(p’,p) means the difference of the axial-vector currents in
which all the form factors are evaluated at g% and (g —k) 7 while p’? and p? are fixed. Namely, it is of the same form as
(3.20), in which F{' is replaced by Fi(q%p'%,p*)—F{((g —k)%,p'’,p?), etc. Similarly, 8, #(p’,p) stands for the
difference of the axial-vector currents with the form factors at p'?> and (p’—k)?, and 8,J jdp, p) for that between p’? and

(p'—k)?. We can express these differences in terms of j 2 in the forms
8, dp'p)=J &%p".p)—j {(p'sp)—H g0, Pk , (3.42)
8,7 &P\ p)=T 2%p".p)—J X p'—k,p)—iy-kFH (p'—k,p) (3.43)
8,7 Xp".p)=F Xp'.p +h)— 2%p",p)—Frolp'sp +K)iy-k (3.44)
where
8j Ap'.p)
e
1a(P"P) 8(iy-p'+m)
=iF{yys—F {vs(p —p")gtiFdo.5p —p')pys
+[iF{oyoys—F {17s(p —p")aHiF {40 45p —p")gyslliy-p +m) , (3.45)
8j Xp',p)
Fralp'op)=
2(P">P) 8(iy-p +m)
:iF7A7/a7/5_F§17’5(P _P')a+iF540aB(P =P )gVs
+iy-p'+m)iF{oy oy s—F {i7s(p —p")o+iF {30 45p —p")grs] » (3.46)
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87 Ap',p)
FH olp'p)=—"—"
aplp’sp) 55—y

= —F{‘Sa37/5+iF3AaaBy5+(iy-p’+m)( —1_7'5”’6“37/5+iF6”0a375)

H(—F {8,575 +iFs' 0,5y s)iy-p +m)+(iy-p'+m)(—F {i8,gys+iF {0 ,5v5)iy-p +m) . (3.47)

The derivatives are taken with respect to iy -p’+m, iy-p+m, or (p —p')g, while all the form factors are kept fixed. By
the use of Eqgs. (3.42)-(3.44), it is easy to see that

kG L= —ie€¥T] M(p",p)+exT 2p'—kp) =T 2p',p +Kley . (3.48)

7 4%p’, p) does not contribute to the divergence k#G- fzy' Since j 2 and j 2 have identical structure, the minimal current
obtained from j has the same form as (3.41) with F 5|, F £, F {, and F{. replaced by F5, F£&, F§{, and F{,, respectively.
It is satisfying to see that the difference between the two currents coincides with the sum of the last two terms in (3.3)
and GZL given in the preceding subsection. '

The pion electroproduction amplitude G, obtained from I'* using the minimal replacement is given in a previous pa-

per [17]. For later use we quote the result

2470 s riprp)

— 5 ,p)—e
gi—(q—kp o POPTENT
(2p +k),

Te
Np+k1P—p?

G, =ieer) ,

where

8,T(p’,p)=T%p",p)—T(p',p), (3.50)

8,T(p",p)=T%p",p)—T(p’'—k,p)—iy-k9,(p'—k,p) ,

(3.51)
8,T(p',p)=T(p",p +k)—T%p’",p)—G,(p’,p +k)iy-k

(3.52)
are defined in the same way as above, and
Ql(p’,p>=g%ﬂhgﬁ%gdirp +m),

(3.53)
9p o)== iy g iy iy g

Siy-p +m)

(3.54)
J

kG, =—ieejli(p',p)teynjf(p'—kp)—ji'(p',p+kley—ieeif ,q,[Ap(g)—Ap(g —K) T (p',p)

(2p'—k),
p?—(p'—k)

8,C(p',p)+ieyt'y,9:(p'—k,p)—it'exy9y(p',p +K)y, ,

78, T(p",p)

(3.49)

In Egs. (3.50)-(3.52), T%p’,p) denotes the vertex func-
tion in which the form factors are evaluated at p'?, p2,
and ¢? instead of (¢ —k ). The four-divergence of GL is
easily calculated as

k,G=—iee’’TV(p',p)+eyT(p'—k,p)
—T4p',p +key .
From Eq. (2.60) it follows that
k,R.=0.

(3.55)

(3.56)

This states the requirement of gauge invariance: The
pion electroproduction amplitude consists of the Born
term BL, the gauge term G:L, and the remainder R L,
which must be separately gauge invariant.

D. WT identities

We now derive the WT constraints on R ixu' First,
consider k “R :1#' To this end, we calculate the divergence
of (3.3). Using (3.48) and (3.55), we find

(3.57)

where j 4" is eliminated in favor of j ' [Eq. (3.2)]. Therefore the constraint (2.60) leads to

k,R fw =0
or, as a result of (3.18) and (3.56),
k,R ., =0 .

(3.58)

(3.59)

The residual amplitude for the radiative axial-vector vertex must be gauge invariant by itself, as was expected.

T AO

Next, we turn to the calculation of ¢, R ;#. For that purpose it is important to note that j ;"(p’,p) does not satisfy
the WT identity (3.27) because it is evaluated at g5“p —p’. We calculate g,/ 2%p’,p) explicitly using (3.29)-(3.32),
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ol %0(p'P)=—Sg' " (p ys—vsSE (P)—if 2(g>+mI)AK QT (p",p) +D° . (3.60)
The extra term D° is of the form
DO=iF{y -kys+(iy-p' +m)iF{y-kys+iFiy-kysiy-p+m)+(iy-p'+m)iF{iy-kystiy-p+m) . (3.61)

We are using the conventlon that if the momentum dependence is not explicit for a quantlty in momentum space, it de-
pends on three momenta p', p, and k. In D° the form factors are functions of p? p? and g*=(p +k —p')% Note that
D°=0at k =0. For j X(p’,p), (2.38) holds. Thus

9o 2%p",p)—qof Ap',p)=—if (g2 +m2)ARTAp’,p)+if [(g —k)*+m2]AL(g —K)T(p',p)+D°—k,j X(p’,p) .

Because of the relations (3.42) and (3.50), we find 062
9a847 &p',p)=—if (g*+m2)AR(Q)8,T(p’',p)+if (g>+m 2 )[AR(g —k)—AF(g)]T(p’,p)
—if[g*— (g —k)*]1AR(g — k)T (p",p)—D°—koj Xp',p)—q.kpH 5p',p) . (3.63)
In exactly the same way, we calculate the four-divergences:
928,7 2p",p)=—[Si " (p)—Si ' (p' =K lys—if (g*+m2)AR(@)8, T (p',p)+D°—iy-k Fi(p'—k,p) , (3.64)
4.8,7 2p".p)=—vs[Si (p +K)—S; p)]—if (g +mL)AR(@)8,T(p',p) —D°—Fy(p +k,pliy-k , (3.65)
where
Fip'—k,p)=qH 10" —k,p)Fif (g +m2)AL(q)S,(p'—k,p) , (3.66)
Fop'.p +K)=q,Foo(p'sp +E)Hif (P +m2)AR(Q Gy (p",p k) . (3.67)

The terms containing the nucleon propagators in Eqgs. (3.64) and (3.65) can be written in terms of the four-dlvergence of
the electromagnetic current ] using the WT identities (2.36) and (2.37). The form factors F4 i F4 §,and F4 {1 can be el-
iminated from ¥, and ¥, using the WT constraints (3.29)-(3.31),

Filp' —k,p)=f1(p'—k,p)tqah1a(p"—k,p), (3.68)

Filp',p +)=f,(p",p +k)+q,hy(p',p +k), (3.69)
with

f1p'—kp)=[F{—(p?+mHF{L—G((p'— k) lys+H(F{+F{+2mF{)ysiyv-p +m), (3.70)

Fpp HR)=[F{—(p?+m)F{—G((p +k))ys+(iy-p' +m)F{+Fi#+2mF{)ys, (3.71)

hiop'—k,p)=iF{y sy s+HiF{{y vstiy-p+m), (3.72)

hao(p'sp +R)=iF 'y ys+(iyp +m)iF{oyays - (3.73)

It should be noted that the strong form factors are canceled out. This step of ehmmatmg F4 F§ and F {} is of essen-
tial importance because ¥, and F, are written in terms of the form factor F{!, which does not vanish for on -shell nu-
cleons.

The calculation of ¢,G izu is tedious but straightforward. After some manipulation we are led to

qa63y=—if,,(q2+mﬁ)A'F(q)G" —iee“fj_"ff(p',p)—iee“jif,,(Zq —k),Ar(g —K)T/(p’,p)

i ) ,. (29 —k),
+ieeif (g +m,,)—ﬁ-—2[Ap(q k)—A%(g)]T¥(p’,p)
9°—(q
o (2g — k) (2p'—k) .
+ie€3‘]7"’ J,— B et k-i( ', ’_k)Tl
u q2_(q_k)2 p/2_(pr__k)2 J\p,p Vs
. (2p'—k) . (2p +k)
—ienyt |V, — —5——t= vk |F(p'—k,p)+7 ————’—‘—k +k
e\ YT k¥ 1(p'—k,p) TS 4k “Jj(p +k,p)
) (2p +k)
—itleNyFyp',p +K) |y, ———t5v-
ITeénJ\D D Yy, (p+k)2_p2y
. (29 —k) - (2p'—k) . (2p+k),
+ |ieedini Ao i P iy P T\ g0 (3.74)
g°—(g—k) p“—(p'—k) (p +k)*—p?
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where we introduced the notation
J,Lt:iFlAYp,YS_iFjAU,uvkv)VS+(i‘y'p,+m)(iFf{"}/,u’}/S—iFéAayvkv’YS)
+(iF{"y“yS—iFgAa#vkvh)(iy-p +m)+iyp +m)GF {4y, ys—iF{o,k,ys)iyp+m) . (3.75)

The form factors are functions of p'?, p2, and (g —k)?. Since the form factors in J, and D° are evaluated at different
momenta, k -J7#2°, unless k =0. The induced pseudoscalar terms cancel out and do not appear in J,,.
The divergence of the last two terms in (3.3),

ie€’Vif ,q,0p(q —K)T(p',p)+if ,q*Ar(g)G}, , (3.76)

is added to (3.74) to obtain ¢,G,. The WT constraint (2.54) is then translated into g, R’

o~ Finally, with the help of
(3.18), one finds

_ , N k ok,
4oR = —if (g +m2)AR(q)R ], +2ieif (g*+mL)Ap(q)(F,—1)q, |84, — — 5 2 A(g —k)T(p',p)
(2g —k) (2p’'—k), (2p +k)
—ieer) Jﬂ—z—q—”zkd + [y~ p—k Jy | T, — —pz—%k-h
q°—(q —k) —(p'—k)? (p+k)—p
. (2q —k) - (2p'—k) ) (2p +k)
— |ie€ir) 5 4 - > TeNT i K 5 Ty d 5 £ 170, (3.77)
g —(q—k) pP—(p'—k) (p+k)P?—
where
Jiw=Jiu p'p' —kystieyy,F(p'—k,p), (3.78)
Jou=vsiu\p Tk,p)tieyF(p',p +k)y, . (3.79)

The electromagnetic current can be parametrized in exactly the same way as the axial-vector current (3.20) (see Ref.
[17]). The WT constraint (2.10) eliminates four form factors F;, Fg, Fy, and F;, out of 12. The result is

(p'—p) (p'—p)
julp 1= ey B (51 — sy )+, [y Py (o= p) | —iFap =),
(p'—p)? (p'—p)
o , P =P . ,
+ly-p'tm)\iFy |v,———— v (p'—p) | —iFso,(p'—p),
(p'—p)
) (p'—pu
iFy Yu——(p, )zy(p —p) | —iFgo,(p'—p), (liy-p+tm)
. . (p'—p)y . .
+iy-p'+m) iF |V, — ﬁy (p'—p) | —iFyoulp'—p), (iy.p+m). (3.80)
p'—p

The identities (3.59) and (3.77) are our main results. The residual quantities R |, and R}, are unknown, but the gauge
invariance tells us that they must be four-divergence free, and the assumption of PCAC relates the two quantities as
given by (3.77).

IV. LOW-ENERGY THEOREM

A. Pion electroproduction in the soft-pion limit

Without other information we cannot go further to determine R! o and R‘ In the limit of a zero four-momentum
pion, however, we can solve the constraint. Since R ' op and RL are free from smgularlty arising from the particle poles,

they behave smoothly in the limit 9—0. We can expand them in powers of g,

Ri,=Ri(0+0(qg), @.1

Ri
£ 2), 4.2)
30, +0(q°)

The WT identity (3.77) determines R}, (0) uniquely,

RL,=R.(0)+q,
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) —i o k (p'+p )
=t e S . . 2y A
R} (0)= 7 [ iee?r \J, — 5 k-J |+ Ty, S “k-J, |7
. (p'+p) (p'+p)
+7 JZM—%k-J2 +ie€ir ——%——5—2“- @0]. 4.3)
P —p pep

In Jy, and J,,, #, and ¥, become f| and f,, respective-
ly. Note that k, R, (0)=0 is satisfied.

To compare with the result given in the literature, we
put the external nucleons on the mass shell. Since we
have eliminated the nonpole form factors F 3!, F &, F ¢,
and F {1, Eq. (4.3) does not contain them explicitly. As is
seen from (3.61), (3.70), (3.71), and (3.75), only FlA and F3A
are left in (4.3). Owing to the symmetry under charge
conjugation, Fj'=0 on the mass shell. If we put
F=G =1, we find

J,=iF{(kPy s, 4.4)

T =iu)ys+iey[F{H(0)—1ly,ys 4.5)

Jou=vsiu(k) +iey[F{(0)—1]ysy, . 4.6)
Furthermore,

D°=iF{(0)y-kys . 4.7)

We assume that the electromagnetic current has two
form factors F, and F,. Each of them has isoscalar and
isovector parts. Equation (3.80) becomes of the form
[10,18]

k k
Juk)=iey -5y k+ie AP +1FIT) |y, =57k

—ie(LF3+1F] )0k, . (4.8)

The isospin structure of the electroproduction matrix ele-
ment is given by

R, =8;R. '+, 7R +RY . 4.9)
The matrix element is further expanded in terms of six

J

1 1

i — Ai . .
By=ia (q)iy-(p+k)+m]"(k)+]“(k) -

. 1 i 1
+if a5t g — ) ——
f =4 miin @R

™

iy-(p'—k)+m

—ig (g —k))riys .

—

covariants O s

6
(£,0) — (£,0)
e R > R{E%0; .

(4.10)
i=1
In the limit ¢ =0, only two terms survive,
0,=—¢,0,k,7s, (4.11)
2 ky
O¢=k%¢, y”—Fy'k Vs - (4.12)
Our low-energy theorem is stated in the form
eg,(0)
RO =—2"_psk?), (4.13)
eg(0)
RV =—L_"_prx?), (4.14)
2mF{(0)
—_ <80 1
Ry '=—F—[F{{(K)—F{(0O)+1-F{(k})]— ,
6 2mFlA(0)[ ! ! DI

(4.15)

where we have used the Goldberger-Treiman relation
(3.35). The corrections arising from the virtual nucleon
mass dependence of F {‘, G, and F are given below by
(4.44) and (4.45).

B. Comparison with the conventional result

Equations (4.13)-(4.15) differ from those given in the
literature. To find out the origin of the discrepancy, let
us follow the usual derivation of the low-energy theorem.
It starts with the calculation of the Born term for the ra-
diative axial-vector vertex,

&g

(4.16)

This should be inserted between #(p’) and u (p). The three current matrix elements take the simplest forms:

Juk)=ie(LF{+LF{ Ty, —ie(LF5+1F) )0k

[lV v ?

Ja@=TTiF{(g*)yays—F3(qg")qa7s]) s
b
The divergence of (4.18) is directly calculated as

(g, —k)=—ie€¥i(2g —k), .

(4.17)

(4.18)

(4.19)
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. . m
qaji‘(q)=T’F{‘(q2>(i7f~qrs—2m75)+fn—+—2g1(q 'ys (4.20)

where the PCAC relation for the on-shell nucleons,

2
T

m

2mF{'(¢*)—q’F{(¢>)=f, 781(q%), 4.21)

g+ m:
was used to eliminate F;!(g?). The divergence of the Born term becomes

9Bl = —F#g)[r'y5j, (k) +j,(k)ry ]
2

’"v 1 1 4
+ ——j k)t ———g(g))7
S pEN- g1(g*)'ys iy -p +K) T m (k) +j, (k) o —k)+ 81Ty s
2 .
‘Hfﬁqzj_ 2]Z’f(q,q—k) zgl((q—k)z)rj'ys. (4.22)

(g — k)2

Here we have dropped terms containing iy -p’'+m on the leftmost and iy -p +m on the rightmost positions. The WT
constraint (2.42) leads to

9, 0M}, = —ieeVj M (g —k)—if,

m
-7 i A( 2\ i, . i
q2+miAM”+F1 (gD 7'ysi (k) +j, (k)r'ys]

ig\((g —k))rlys , (4.23)

1
— ”7”] s —k)—_
Vil ag =R

where the Born approximation for the pion electroproduction amplitude,

1

BT

1 .
. : - ij _ . S _ 2y i
Jj (k)+1"(k)iy~(p’ 0 zgl(q )Jrs+in (g9 k)(q 02 3rzgl((q k) ) r'ys,

(4.24)

is subtracted from M L Equation (4.23) is to be compared with the rigorous result (2.54). One immediately notices that
the axial-vector form factor F{!(g?) appears in front of the third term. This is brought about by the use of the axial-
vector current (4.18), which is valid only when it is sandwiched between the Dirac wave functions. The WT equation
(2.21) states that the four-divergence of the axial-vector current should not depend on the axial-vector current form fac-
tors. For the moment, we leave Eq. (4.23) as it is and see its consequence.

We now take the limit ¢ =0 of (4.23). Substituting (4.21) into (4.18) and taking the limit g =0, one finds

o2 L Gy i A |y, — Sk 4.25)
Jy fam3 k2 2+ m zgx TYsTU Yu— k;?’ mys, .
where iy-kys= —2my s is used because it is inserted between the Dirac spinors. If we follow the usual assumption that

AMfw has no singularity at ¢ =0, we may take quMfm =0 in the limit ¢ =0. Equation (4.23) then determines the pion
electroproduction amplitude

k . .k A
—’;y-k 7"7/5—iee3”f7,k—§ig1(k2)rfy5

i1 . 3ijp A2 _
AM“_f_l_lee F{(k") v,

™

+F{(0)iee’TFY (k®)y,ys—F3(k*) 7ok, vs—Fy (k*)8;30,,k,s] ] ) (4.26)

This does not satisfy the gauge-invariance requirement (2.58), however. Following Fubini, Nambu, and Wataghin [11],
it is a common practice to add to the Born approximation the term

k :
ies3'1k—‘;[F1V(k2)— 11ig,(0)rys . 4.27)
This term was originally introduced in an ad hoc way, but its origin is clarified by the additional off-shell term in (4.8),

2

k k
ieN;“;y-k—ie(%Ff+iF{’r3)k—‘;y-k , (4.28)
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which is necessary for the electromagnetic current to satisfy the WT identity. The term (4.28), when inserted into the
Born approximation, generates exactly (4.27), as was shown by Berends and West [10]. The addition of this term to the

Born approximation entails a modification of AM L,

;1 i k,
AM#=}: —ieeI[F{(k2)—F{(0)F} (k)] |y kzq/ -k |7y
4 S(12\0 V(g2 31]k J
—F{(0)[F3(k*)T'o kst F;(k%)8;30,,.k,ys] (+iee —[g1 0)—g (k) ]itys (4.29)
[
Here iy-kys=—2mys is again used. One can easily substitution prescription has the four-divergence, in the

check that (4.29) satisfies the WT equation (2.58) or

k,AM! =iee*/[g,(0)—g, (k®)]itlys . (4.30)
The last term in (4.29) is not considered by Fubini, Nam-
bu, and Wataghin [11] since the pion-nucleon vertex is
assumed to be constant in their paper [19]. This term is
necessary when the pion-nucleon vertex has the virtual
pion mass dependence. The additional term is just the
one arising from the minimal substitutions in the pion-
nucleon vertex [17]

G =i s K 0)—g,(k?))ir! 4.31
#—lee k2 [gl( gl( )]177/5 . ( . )

From R, =AM,
(8,2,3,5,6]

—GL, we get the well-known result

(0)
R(10)= egzlm g(kZ) , (4.32)
(0)
R‘,+>=eg2‘—mF2V(k2) : (4.33)
A
(=) _ eg,(0) | F{{(k? ) X2 1 434
RO =50 [ Fag FD - @39

It is now clear that (4.32)—(4.34) result from the use of
the axial-vector current (4.18) for the Born term. In
evaluating its four-divergence, we have to use, instead of
(4.20), the WT equation (2.21) or

2

. Ai i ma 2\
9dado (@)=T(iy gy, —2mys)+f, ﬁgl( qI)TYs
(4.35)
which yields
Ri:L — o 23if FA(kZ)_FV(kZ) k -k J
M f” le€ [ 1 1 ] Y;L kzy TYs

—-Ff(kZ)Tiawk‘,ys—F;’(kz)ﬁ,galwkvys ] .

(4.36)

This is not yet of the form of our low-energy limit. The
discrepancy arises from the assumption g,AM fm=0 in
the limit ¢ =0. The gauge term that has been obtained
from the axial-vector current using the minimal-

limit ¢ —O0,

q,G = —ie[F{(0)—1]i ys

k
1]
ek
(4.37)

G does not tend to a constant, but has a singularity, so
that q,G 4, has a finite contribution at ¢ =0. This singu-
larity 1s due to the off-shell form factors
F#=F {{=(1—F{)/q? which are necessary for the WT
equation in the pseudoscalar-coupling model, although
(4.37) itself is independent of models. As seen from (3.37)
or

T M @=1TiF{(q*)yqvs—F $(g*)q,7s]

) 9a .

+r[1=F{(g)] = liy-qys—2mys),  (4.38)
q

the minimal substitution in the second term produces a

radiative axial-vector vertex proportional to q,/q?

which has the nonvanishing divergence (4.37). As a re-

sult, we obtain an extra contribution to the pion elec-

troproduction amplitude,

s, (4.39)

1 . sijpa kH
f—le€ j[Fl (0)_1] }/”—?}/'k

T

which accounts for the second and third terms in Eq.
(4.15).

To summarize this section, we found the two factors
that were overlooked in the literature: (1) In calculating
the Born term for the radiative weak interaction, we have
to use the axial-vector current which contains off-shell
form factors. (2) The additional off-shell term gives rise
to a gauge term which has a nonvanishing four-
divergence so that it affects the pion electroproduction
amplitude in the limit g =0.

It should be stressed that the modification of the low-
energy theorem does not violate the Kroll-Ruderman
theorem [14]. The pseudoscalar Born approximation for
the pion electroproduction gives, in the limit ¢ =0, the
dominant multipole amplitude

egl(O)
m

E{;'= FY(k?). (4.40)

The amplitude (4.15) predicted by our low-energy
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theorem is added to the Born approximation to give

eg(0)

(=)= 2" "~
2mF{(0)

0+ (Fi(k*)

1

+[FAO)—1][FV(kH—1]) . (4.41)
For the real photon with k?=0, by virtue of F1V(0)= 1,
we recover the Kroll-Ruderman theorem
,_ eg,(0)

E{;

0+ (4.42)

2m
It is noted that if it were not for the correction (4.39), the
Kroll-Ruderman theorem would have been violated.

To conclude this section, we comment on the virtual
nucleon mass dependence of the form factors. It is usual
to assume that current form factors are functions of the
momentum transfer squared, but, in principle, they de-
pend also on p? and p2. This influences the low-energy
theorem for on-shell nucleons. In the limit p?=p?, we
get the additional contribution

i L ip 4p), =0 (iF 'y -k +mG —mF) Vs
Sa “op? PRI
(4.43)
Namely, the extra term
eg,(0)
AR =21 9 (pd_G+F) (4.44)
2F{(0) op p2=—m?

arises from the virtual nucleon mass dependence of the
axial-vector form factor and that of the nucleon propaga-
tor. The use of the full nucleon propagator also gives rise
to a correction

(G(—m)—1]-%

eg,(0)
AR, =21 o1

= (4.45)
2mF{(0)

which was neglected in deriving (4.15).

V. SUMMARY

We have reexamined the consequences of the PCAC
hypothesis, gauge invariance, and current algebra on the
radiative weak interaction and pion electroproduction.
We did not use any approximation. All particles can be
off their mass shells. The axial-vector and electromagnet-
ic currents are parametrized in the most general forms
with form factors which depend on the virtual nucleon
masses and momentum transfer squared. The PCAC hy-
pothesis and gauge invariance are expressed in the forms
of the WT identities. We have split the radiative weak in-
teraction and the pion electroproduction amplitudes into
Bohn terms, gauge terms, and remainders. We wrote the
Born terms in their most general form, allowing all parti-
cipating particles to go off shell. We also wrote down ex-
plicitly the gauge terms using the minimal-substitution
method. The low-energy theorem was obtained for the
pion electroproduction amplitude. It is found that our
low-energy theorem is at variance with the result given in
the literature. The discrepancy arose from the off-shell
matrix elements of the axial-vector current. They affect
the radiative axial-vector vertex in two aspects: First,
they enter the Born term in such a way that the axial-
vector form factors do not appear in the divergence of
the Born term. Second, they generate the gauge term
which has a nonvanishing four-divergence in the low-
energy limit. It is also shown that the Kroll-Ruderman
theorem is exactly respected by our low-energy theorem.
It is desired that our approach is applied to the deriva-
tion of the low-energy theorem for the pion photoproduc-
tion at the threshold. The result will be published in a
separate paper.
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