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‘We have analyzed pion scattering data to determine the proton and neutron radii of the calcium
isotopes 404244480 ysing model densities in which the neutron matter distributions are considered
to have two components corresponding to core and valence neutrons. The proton radii determined
agree with those obtained by electromagnetic means. The radii of the valence distributions show a
monotonic decrease throughout the shell from ~4.9 fm in 42Ca to ~4.4 fm in *4Ca and ~4.2 fm in
48Ca, although this last case is only indicative. The large valence neutron radius of *2Ca suggests
that the ground state of this nucleus may have some characteristics of a bound dineutron orbiting a

closed core.
PACS number(s): 21.10.Gv, 27.40.+z, 25.80.Dj

I. INTRODUCTION

The calcium isotopes have been used for many years
as a laboratory for the study of the variations of nucleon
density distributions across a shell. The charge radii
[1], and their variation with neutron number [2], have
been precisely measured. There is clear evidence that the
changes observed in the charge radii are closely linked to
variations in the distribution of the valence neutrons [3],
in particular those exhibiting the even-odd effect which
correlate with the pairing of the neutrons. While the re-
sult of the changing valence neutron distribution is clear,
attempts to measure directly the neutron distributions
themselves have met with only moderate success, in that
the only radii which have been extracted to date [4, 5]
are those of the total neutron density.

The present analysis relies primarily on the pion scat-
tering data of Boyer et al. [6]. While these authors ex-
tracted the total neutron radii from their data, we have
made a more detailed analysis of this same data using an
improved scattering theory and a specific model of the
nuclear density to obtain the valence- and core-neutron
radii independently. We determine absolute neutron and
proton radii separately in this analysis rather than fix-
ing the proton value at that known from electromagnetic
means. Since the proton radius obtained is in agreement
with the electron scattering values, we have every reason
to believe that the neutron radii have the same preci-
sion. Since the model that we use for the densities is
the same as that often used for electron scattering anal-
ysis, we may expect that a major portion of the model
dependence cancels as well.

For comparison proton radii we take from [1] (after re-
moving the finite size of the proton and averaging among
different determinations):

40 3.360 &+ 0.015 fm
48 3.355 %+ 0.010 fm.
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The correction of Bertozzi et al. 7], due to the extra
neutrons, would increase the radius of ¢Ca by 0.021 fm.

The differences in proton radii relative to 4°Ca (2] are
shown in Table I.

II. METHOD OF ANALYSIS

We compare the prediction of a multiple-scattering
theory (in the form of a two-body or “optical” potential)
with 7+ and 7~ elastic scattering data. The parameters
of the scattering theory are held fixed and the nuclear
densities varied to obtain the best x2. Cross sections
were calculated as a function of two radii (the choice of
the size of the mesh depending on the search) and a x?
surface was constructed. Such a x? contour map is shown
in Fig. 1. From each map a pair of radii was extracted
with uncertainties based on the width of the ellipse. It
is these statistical errors that are quoted in the tables
presented in the next section.

Since no scattering theory (or data) is without fault,
we made a series of variations of each to determine the
effect on the radii obtained. It was observed that the re-
sulting variation in the extracted radii, for the 180 MeV

TABLE 1. Differences in proton radii, R, — R:’. While
we do not treat the odd isotopes or “6Ca, those values are
included to give an overall picture.

41 —0.002 £+ 0.002
42 0.033 + 0.002
43 0.017 & 0.002
44 0.043 + 0.002
45 0.019 + 0.002
46 0.019 + 0.001
47 0.001 + 0.002
48 0.000 £ 0.001
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FIG. 1. Contours for x? = x2;, + 1, x® = x%;. + 4, and

xX? = xZin + 9, i-e, for 1, 2, and 3 standard deviations from
the minimum value for case A for “°Ca and for proton vs
neutron radii.

data, was relatively small, the quoted errors being a con-
volution of the uncertainties arising from this source with
the statistical ones.

A. Densities

We present, along with analyses for the proton and
total neutron radii, separate determinations of the “va-
lence” and “core” neutron distributions. The present
analysis is carried out within a specific model for the
nuclear density [8]. A reference “core” proton density is
first constructed to represent the proton density of 4°Ca.
Solutions for single-particle wave functions in a Woods-
Saxon potential well are calculated in order to construct
a nuclear density composed of the squares of the wave
functions with 2¢ +1 weighting. The radius of the well
is taken as 1.31A4Y/3 fm, the diffuseness as 0.5 fm, and a
Coulomb potential (due to a uniformly charged sphere)
is used. The potential depths for the different orbitals
are varied in order to obtain the best fit to the measured
charge density (after including the size of the proton).

The corresponding reference neutron density is ob-
tained by recalculating the wave functions without the
Coulomb potential. The neutrons are found to be bound
more strongly than the protons, as observed experimen-
tally. Since the proton density is more extended than
that of the neutrons, due to the smaller binding energy,
the proton radius is greater than that of the neutrons.
The procedure described above results in a difference in
radii of R, — R, = 0.15 fm. Of course such a calculation
assumes that the neutrons and protons move in exactly
the same potential well. Since the n-p force is more at-
tractive than the n-n (or p-p) force, the protons actually
move in a more compact potential than the neutrons,
hence it is expected that the true difference in the radii
is less than this naive estimate.

The valence neutron density is also calculated in a well
with a radius of 1.31(4 — 1)*/3 with the depth of the

potential chosen to give the correct binding energy for
the last neutron. We assume a pure £=3 configuration.
Using the functional form supplied by these three ref-
erence densities, the rms radii are varied by scaling the
radial variable while maintaining the proper normaliza-
tion. An optical potential is constructed, as described
below, based on each of these densities, the total effec-
tive pion-nucleus two-body interaction being taken as the
sum of the three (two for 4°Ca) individual potentials.

B. Reactive content

The quasifree part of the (first order) optical poten-
tial is calculated by the technique of Ref. [9] based on
a number of studies of pion scattering [10]. We use a
finite-range optical potential solved in coordinate space
by standard numerical procedures. Although it is the
same method used in Ref. [9], we briefly review it here.

The form of the potential in coordinate space for a
given pion-nucleus partial wave, L, is given by

Vi (r,r") = boruor (r, ') + bipuirn(r,r’) (1)
where
Z uOL(Tv TI)PL(:E)
L

- / dqdq'e ™ " y(q)u(¢)p(la — a']) (2)
and

Z uyr(r, ') Pr(z)

L
= / dqdq e " y(q)v(¢)a - d'p(la - q']). (3)

Here p(s) is the Fourier transform of the density and z
is the cosine of the angle between r and r’. The off-shell
form factor function, v(q), is taken to be

a? + k?
Wo) = T @

The strengths, bor, and by, carry the index of the pion-
nucleus partial wave since the t matrix has been corrected
for medium effects, including Pauli blocking, according to
the methods of Ref. [9]. Since there is a modification of
the off-shell range (the range of the pion-nucleon inter-
action) due to the propagation of the intermediate com-
posite system, the value to be used in nuclear scattering
may differ from that in free space. We found empirically
(independently for each of the eight cases) that the best
value was near 550 MeV/c in reasonable agreement with
that expected [9].

Pion “true” absorption was parametrized by a purely
imaginary constant (¢WW) multiplying the square of the
density. The strength was estimated [11] from pion-
absorption cross sections but only a crude value is ob-
tainable by these means. Thus we consider the variation
of this parameter as described below.
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We considered two isospin-breaking effects; the energy
shift due to the Coulomb potential and virtual Coulomb
excitation. For the first, a simple shift of +£9 MeV
was applied to the energy used in the calculation of the
strengths bgr, and b;;. There has already been an ex-
tensive investigation of the importance of this correction
[12]. The Coulomb excitation corrections were made with
the methods of [13]. While the calculations made with
this effect included might be expected to be the most ac-
curate, since it is probably an overestimate, its inclusion
(or not) was treated as an error estimator.

C. Treatment of the data

The data were usually restricted to angles before the
third maximum with the idea that data at high mo-
mentum transfer give information on physical quantities
other than the rms radii. Of course, since this analysis is
restricted to the resonance region, only the surface of the
nucleus is being probed and data at larger angles would
presumably give more detailed information on the shape
of the density and on the scattering theory, both of which
are beyond the scope of the present work.

The errors quoted in the published data are statisti-
cal only. Upon reading details presented in Ref. [6] some
estimate of realistic errors can be obtained. The author
states that, in particular for the forward angles, the data
points were found to be reproducible only to the order
of 5%. In attempting to pass a smooth curve through
the data at larger angles it is also found that points are
consistent with adjacent points only to the order of 5%
(except for the case of 42Ca which is worse as discussed
below). For this reason we have added to the quoted er-
rors (in quadrature) an additional 5% of the value at each
point. Note that the statistical errors are smaller than
5% only where the cross section is large (near the max-
ima) and larger than 5% where the cross section is small
(in the minima). Since it is the position of the minima
which determine (primarily) the radii, this convolution
has little effect on the values obtained (see the discussion
for 42Ca in this regard).

Since the normalization of the data was uncertain to
about 10%, it was considered as a parameter. Other
treatments of the data specific to given cases are dis-
cussed below.

TABLE I1.
table for ©* scattering exists but is not shown.

1827

III. RESULTS

The principal variations in the scattering model of
Sec. IIB are identified with a letter. A represents the
“standard” case (in the sense that all other calculations
are made with only one condition different from it) has
an a priori specified normalization (different for each iso-
tope and pion charge), the interaction strengths for the
valence neutrons are calculated with free pion-nucleon
phase shifts, no Coulomb excitation is included, the true
absorption has the value estimated from the absorption
experiments (as described above) and the off-shell range
is 550 MeV/c. In case B the data normalization is
changed from the standard value (1.10 in all cases except
7t on 42Ca where it is 1.0) to 1.05. In case C the valence
nucleons are treated with medium corrected interaction
strengths. The condition corrected /free only concerns va-
lence neutrons, core nucleons always being treated with
corrected strengths. Presumably the most appropriate
treatment for the valence neutrons is to adopt “free”
strengths (except for 8Ca) since the blocking and shifts
are always computed for a closed shell, but due to the
uncertainty in this condition we treat this possibility as
an error estimator. In case D the Coulomb excitation po-
tential calculated in Ref. [13] is included. For the case F
the true-absorption coefficient is increased by 25% from
the value expected [11] from the true-absorption exper-
iments. In case F' the off-shell range is taken to be 650
MeV/c. The standard value of 550 MeV/c was obtained
from a global study of the x2 for all the isotopes of cal-
cium considered. While there were differences in some
cases this value was acceptable (in a x? sense) for all
data sets.

The radii extracted for each of the isotopes are given
in Tables II to IX. With the exception of 42Ca it was not
possible to extract a proton radius from the n~ data,
the x? being essentially independent of this quantity. In
those cases in which a proton radius can be obtained it
agrees with the known electromagnetically determined
values [1, 2], within errors. We emphasize that we do not
need to use the electron-scattering values as input; an
independent determination of the radii made with pion
scattering gives agreement with those already known.

We make a determination of the “core” (R.) and “va-
lence” (R,) neutron radii separately by setting the proton
radius to the known value and considering x? as a func-
tion of these two variables. The uncertainties are larger,

Radii extracted from 7~ scattering on “°Ca and the combined analysis. A similar

T Combined analysis

i x*/N Ry’ Ry x*/N
A 3.29 £ 0.01 3.08 3.34 £ 0.03 3.31 + 0.03 1.99
B 3.29 £+ 0.02 4.19 3.35 £ 0.03 3.31 £0.01 2.39
D 3.28 +£ 0.01 3.05 3.41 £+ 0.03 3.28 + 0.02 1.69
E 3.28 £ 0.02 3.29 3.35 £ 0.03 3.31 £ 0.02 1.76
F 3.30 £ 0.01 3.06 3.35 + 0.03 3.32 £ 0.02 2.07
Average 3.29 £+ 0.02 3.36 £ 0.04 3.31 £+ 0.03
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TABLE III. Radii obtained from 7~ scattering on “?Ca. The R, — R, analysis was performed
with 10% errors. The total neutron radius obtained from combining R, and R, is 3.33 fm.

5% Selected data

RE Ry? x*/N R R}? x*/N
A 3.12 £+ 0.02 4.82 + 0.07 3.63 3.12 = 0.02 4.93 + 0.10 3.41
B 3.13 + 0.03 5.07 £ 0.07 3.98 3.12 + 0.02 5.10 £ 0.10 3.80
C 3.16 + 0.02 4.93 + 0.10 3.38 3.16 =+ 0.02 4.95 £+ 0.12 3.30
D 3.10 + 0.04 4.86 + 0.11 3.52 3.12 + 0.02 4.88 + 0.12 3.28
E 3.10 = 0.04 4.97 + 0.10 3.84 3.12 £ 0.02 4.98 + 0.12 3.71
F 3.13 £+ 0.04 4.84 + 0.08 3.82 3.12 = 0.02 4.90 £ 0.10 3.56
Average 3.13 £ 0.04 491 £ 0.13 3.13 £ 0.02 4.95 + 0.15

10%

R R R R x?/N
A 3.38 £ 0.07 3.32 £ 0.02 3.12 £ 0.02 4.86 = 0.12 1.47
B 3.34 + 0.10 3.35 + 0.03 3.11 + 0.02 5.02 £+ 0.10 1.74
C 3.48 £+ 0.08 3.32 + 0.03 3.16 £+ 0.02 4.88 + 0.14 1.42
D 3.35 + 0.13 3.32 + 0.02 3.12 + 0.02 4.80 + 0.10 1.40
E 3.36 + 0.13 3.33 £ 0.03 3.12 + 0.02 4.95 + 0.14 1.63
F 3.45 + 0.10 3.31 + 0.03 3.13 £+ 0.02 4.87 + 0.13 1.53
Average 3.39 + 0.12 3.32 + 0.03 3.13 £ 0.02 4.90 + 0.13

TABLE IV. Radii from the analysis of 7+ scattering on *?Ca. The total neutron radius from
combining R, and R. is 3.28 fm. The electromagnetic value for the proton radius is 3.388+0.010

fm.

R RE /N RE RE X*/N
A 3.35 &£ 0.02 3.33 £ 0.04 1.05 3.05 £ 0.02 4.78 £ 0.12 1.04
B 3.35 £ 0.04 3.28 £ 0.04 1.24 3.08 = 0.03 4.35 £ 0.10 1.22
C 3.37 £ 0.02 3.30 £ 0.06 1.22 3.08 + 0.04 4.62 + 0.16 1.21
D 3.41 £ 0.02 3.36 £ 0.05 1.92 3.18 = 0.03 5.32 £ 0.13 1.91
E 3.35 £ 0.02 3.36 = 0.06 1.16 3.05 =+ 0.03 4.97 £ 0.10 1.06
F 3.41 + 0.01 3.25 £ 0.02 1.36 3.10 £+ 0.04 4.78 £ 0.14 1.38
Average 3.37 £ 0.03 3.33 £ 0.05 3.09 £+ 0.05 4.80 +£ 0.32

TABLE V. Radii obtained from a combined analyses of 7t and 7~ scattering on *2Ca. The
total neutron radius from combining R, and R, is 3.32 fm.

RD RE_ /N AP RE o

A 3.36 £ 0.02 3.33 £ 0.03 1.26 3.10 + 0.02 4.90 + 0.10 1.45
B 3.35 =+ 0.03 3.33 £ 0.03 1.65 3.10 £ 0.01 4.88 + 0.10 1.95
C 3.37 £ 0.03 3.34 + 0.04 1.56 3.14 £ 0.02 4.87 + 0.21 1.66
D 3.41 + 0.03 3.32 £ 0.03 1.94 3.13 £ 0.02 4.98 £ 0.10 2.14
E 3.36 + 0.02 3.34 £ 0.03 1.40 3.10 + 0.02 5.00 £+ 0.10 1.43
F 3.38 =+ 0.03 3.33 £ 0.03 1.48 3.13 £ 0.02 4.80 + 0.12 1.50
Average 3.37 £ 0.03 3.33 £ 0.03 3.12 £ 0.02 4.90 £ 0.15

TABLE VI. Radii obtained from the analysis of 7+ scattering on *4Ca. The electromagnetic

value for the proton radius is 3.398+0.010 fm. The total neutron radius from combining R, and

R is 3.44 fm.

R R /N R RE* /N
A 3.37 £ 0.02 3.44 £ 0.03 0.82 3.14 + 0.03 4.48 =+ 0.10 0.80
B 3.37 £ 0.01 3.50 &+ 0.02 0.79 3.11 £ 0.02 4.74 £ 0.05 0.77
c 3.42 £ 0.02 3.36 £ 0.04 1.06 3.25 £ 0.04 4.20 £ 0.12 1.06
D 3.41 £ 0.01 3.49 £ 0.02 1.17 3.23 £ 0.05 4.75 £ 0.12 1.18
E 3.37 £ 0.01 3.47 £ 0.02 0.74 3.14 £ 0.05 4.59 £+ 0.09 0.73
F 3.41 £ 0.01 3.41 £ 0.02 1.02 3.21 £ 0.03 4.45 £ 0.07 1.03
Average 3.39 = 0.03 3.45 £ 0.04 3.18 £ 0.08 4.54 £ 0.21
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TABLE VII.
from R.; and R, is 3.43 fm.

1829

Radii obtained from the combined analysis for “*Ca. The total neutron radius

Ry Ry x*/n R Ry x*/N
A 338 £ 003  342%002 11l  319%005  442+010 L1l
B 3.37+£003  3.43+002 114  315+004 452010 110
c 340+ 004  3.42+003 164  324+004 430015 152
D 343+ 004  3.41+002 142  320+004 437015 168
E 3.38+003  3.42+002 104  3.17+003  447+010 104
F 340+ 004 342002 131  323+£004  432+010 125
Average 339 +0.04  3.42 % 0.02 320+ 004 440 £0.15

of course, but the numbers extracted are very interesting
nonetheless.

With a fixed proton radius we can also make a contour
plot of the x? for the total neutron radius versus the
core radius. This third method of analysis gives the most
accurate determination of the total neutron radius.

A. 40Ca

The data for both #* and 7~ were used through
63.41°, which is just past the second minimum. Figure
1 shows the x? contour obtained with a combination of
the 7+ and 7~ data for case A below.

A value can be extracted for both a neutron and proton
radius from 7+ and a neutron radius from 7~. Summing
the two x2, thus requiring a simultaneous fit to 7+ and
7~ under the same conditions, a combined analysis re-
sults and is also presented in Table II. In this case the
7~ scattering data play a role in determining the proton
radius. In a preliminary version of this analysis, we re-
ported [14] a value of the difference in proton-neutron ra-
dius for 4°Ca of the order of 0.1 fm. From Table II above
one sees that the analysis from the combined x? gives
R2°— R}°=0.05£0.05 fm. The most complete calculation
from the theoretical point of view might be thought to be
that with Coulomb excitation included giving 0.13+0.04
fm. This large difference is obtained by raising the pro-
ton radius outside of the limits determined by electron
scattering leading us to believe that the Coulomb exci-
tation correction used is an overestimate of the effect as
already noted [13]. From the separate analyses one has
R, =3.384+0.04 fm (7*) and R, =3.294+0.02 fm (77)
yielding a difference of 0.09+0.04 fm. While values in

the region 0.1 fm are very possible, the combined analy-
sis probably gives the most accurate value of this differ-
ence. This last result (0.05+0.05 fm) is in agreement with
the theoretical value of 0.05 fm found by several authors
[15-17]. It is in contradiction with the recent large radius
difference (0.2-0.3 fm) extracted from proton scattering
by Ray [18] who interprets this discrepancy as a measure
of the error of the nonrelativistic impulse approximation
for proton-nucleus scattering.

B. 42Ca

The data were used to 66.43° for 7+ and to 57.39° for
w~. In this second case the angular distribution is only
entering into the second minimum. Figure 2 shows the
contour plot for the combined analysis for case A.

The data points of Boyer et al. [6] for 7~ scattering on
42Ca show a larger spread than seen in the other isotopes,
making it impossible to obtain a reasonable value of x?
under the same conditions as the other cases treated. In
an attempt to see if this variation in the value of x2 af-
fected the neutron radius obtained, some modifications of
the data were considered. First the points with obviously
large deviations were removed. The results are shown in
Table III under the title of “selected data.” As can be
seen there is little change in the nucleon radii extracted.
It is also clear that there is not much improvement in the
x2. A closer inspection shows that the same problem re-
mains, i.e., there are regions in angle where two adjacent
points have a very different x? (e.g., zero and twenty).

In this case it is not possible to fit the data with any
smooth curve. For this reason we also tried increasing
the error by convoluting 10% of the cross section instead

TABLE VIII. Radii obtained from m~ scattering on “8Ca. The total neutron radius from

combining R, and R is 3.45 fm.

43 points 50 points

R X*/N RIS X*/N RIS RIS
A 3.50 £+ 0.03 1.09 3.45 £ 0.02 1.75 3.16 £ 0.05 4.10 £ 0.08
B 3.51 + 0.04 1.13 3.44 £+ 0.02 1.89 3.07 + 0.07 4.23 + 0.05
c 3.47 £+ 0.02 1.62 3.47 £ 0.02 2.04 3.36 £+ 0.05 3.75 £ 0.15
D 3.50 £+ 0.02 1.10 3.45 £+ 0.02 1.61 3.14 £+ 0.05 4.07 £ 0.05
E 3.52 + 0.03 1.15 3.44 £ 0.03 1.86 3.12 £ 0.05 4.15 £ 0.05
F 3.52 £+ 0.02 1.06 3.43 £ 0.03 1.55 3.40 + 0.05 3.70 + 0.06
Average 3.50 + 0.04 3.45 + 0.03 3.21 + 0.13 4.00+ 0.22
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TABLE IX. Radii obtained from the combined analyses for “*Ca. The total neutron radius
from combining R. and R, is 3.41 fm. For case F' the ambiguity in the R. — R, plane was so severe

that no values are quoted.

R RE x*/N RE RE X*/N
A 3.30 + 0.02 3.43 £ 0.01 2.52 3.04 £ 0.08 4.20 £ 0.10 3.01
B 3.30 + 0.02 3.44 £ 0.01 2.69 2.94 + 0.08 4.30 £ 0.10 2.95
C 3.33 £ 0.02 3.42 £ 0.02 2.80 3.13 £ 0.05 4.05 £ 0.10 2.62
D 3.36 + 0.03 3.42 £ 0.02 3.37 3.04 £ 0.06 4.20 £ 0.10 3.40
E 3.30 £ 0.01 3.44 £ 0.01 2.68 3.00 £ 0.07 4.25 £+ 0.10 2.98
F 3.33 £ 0.02 3.43 £ 0.02 3.11
Average 3.32 £ 0.03 3.43 £ 0.02 3.03%+ 0.09 4.20+ 0.13

of the usual 5%. The results are shown in Table III under
the heading “10%.” The effect on the values of the radii
extracted is seen to be very small.

Note that the core neutron radius is found to be small
and the valence radius large consistently for both signs of
pion, i.e., for two independent data sets. For the proton-
neutron analysis R2? was taken to be 3.129 fm and for
the core-valence analysis R3? was 3.387 fm.

C. 44Ca

The data for both 7+ and 7~ were used to 70.44°
which is just past the second minimum. Figure 2 shows
the combined analysis for case A. The value of R was
3.185 fm for the proton-neutron analysis and Rg“ was
3.387 fm for the core-valence analysis. The core radius
is slightly larger than for 42Ca, as might be expected
from the electromagnetic determinations for the proton
radii, but the valence radius is noticeably smaller. The
7~ analysis displays no anamolous features and is not
shown.

D. 48Ca

The 7+ data were used through 65.42° and the 7~
through 70.44° (corresponding to 50 points), both past
the third maximum. Figure 2 shows the x? from the
combined analysis of A.

An analysis for R, and R, for 7~ redone with 43 data
points yields very different results with large core (3.5 fm
on the average) and small valence radii (smaller than 3.5
fm) with a x? of the order 1.1. The problem is that there
is a long valley going across the (R.,R,) plane from the
lower corner on the right (near R.=3.53 and R,=3.40)
to the minimum shown in Fig. 2. The origin of this am-
biguity is unknown, it may lie in the model chosen or
in the quality of the data. While the second minimum
leads to unphysical values of the neutron radii, its influ-
ence on the first minimum may not be negligible because
of the effective extention of the x?2 ellipse. Hence we are
cautious about quoting errors in the R, and R, variables
along the major axis of the “Ca ellipse in Fig. 2.

The total neutron radius for 44Ca is seen to be the same
as that for 48Ca which implies (since there are twice as
many valence neutrons in “8Ca as in 44Ca) that either
the core neutron radius or the valence neutron radius in
48Ca has decreased over that in 4Ca (or a combination

of the two). We see that the core radius has remained
almost constant (possibly decreasing somewhat) but that
there is a sizable decrease in the valence neutron radius.

IV. CONCLUSIONS

A. Valence neutron distributions

For 42Ca we observe a large radius for the valence neu-
tron system. In retrospect it is perhaps natural to ex-
pect a larger radius from the electromagnetic data on
the proton distributions, since R, is increased almost as
much (beyond that of 4°Ca) as that of #4Ca with only
two neutrons “pulling” instead of four. Figure 3 shows
the valence neutron densities normalized to an integral of
1. It is interesting to compare with the difference distri-
butions ("Ca—4°Ca) obtained from alpha-particle scat-
tering, Fig. 4 of Ref. [5]. There it is also clear that the

5.1 r T T 1
4.9 42Ca

4.7 - T

R (fm)

NN

w o
I

.

4.1 F secy -

3.9

37 | : ! S
29 30 31 32 33

R (fm)

FIG. 2. Contours for x* = xZ;, + 4, i.e., for 2 standard
deviations from the minimum value for case A and for 4*Ca,
44Ca, and *®Ca. For the *Ca case there is a second minimum
to the right of the figure and near the bottom axis which
effectively extends the valley of the x? surface so that no
precise values of the valence and core radii can be given. It
is clear none the less that the valence radius of “*Ca is larger
than the other two. Also notable is the decrease in the neutron
core radius compared with the neutron radius of “°Ca (at least
for 42Ca and *4Ca).
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FIG. 3. Valence neutron densities (multiplied by r2) for
4204, *4Ca, and *Ca showing the shift in the peak position
as a function of isotope.

excess neutron density peaks at larger values of radii for
42Ca than for 48Ca.

Consider the following scenario for understanding this
behavior. Starting from a pure f7/2 configuration for the
valence neutrons, the seniority model gives an exact rep-
resentation of the valence neutron wave functions. In
this model 42Ca shows a very high degree of “positive”
correlation between the two valence neutrons, i.e., they
are considerably more likely to be found near to one an-
other than in a simple product density. A given pair
of neutrons in 44Ca is less likely to be found near each
other than in 42Ca but still more likely than in a prod-
uct density. For 8Ca the wave function is represented
by a Slater determinant resulting in an anticorrelation
of the neutrons, being less likely to be found close to-
gether than in a product density. Thus, if we consider
that the binding energy is made up of the interaction
with the mean field (mostly the core nucleons) and the
“residual” interaction among pairs of neutrons, the con-
tribution (per neutron) of the potential acting between
pairs of neutrons becomes less important as we progress
through the shell.

Since the binding energy of the last (even) neutron
remains essentially constant throughout the shell, there
must be more interaction with the core as the number
of valence neutrons increases, and hence a more compact
wave function. Thus the interaction among the pairs of
neutrons plays a crucial role in determining the nuclear
state vector.

This idea is neither new nor unique to this nucleus.
Migdal [19] discussed the idea of the attractive nuclear
potential aiding in the binding of a dineutron state and it
has recently created a great deal of interest in the case of
117i. In this case the last two neutrons are thought [20] to
form a halo and have a very large radius, as determined
from calculations [21, 22], measurements of interaction
cross sections [23], and momentum distributions from the
dissociation of beams of 1Li [24, 25]. Numbers as large
as 9 fm have been quoted for this radius [25] but a recent
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TABLE X. Best values of the neutron radii obtained by
combining the 7+ and 7~ data and fixing the proton radius.
Because of the ambiquity for 7~ scattering on “®Ca mentioned
in Sec. III D this method did not yield a better value for the
total neutron radius for this isotope so no values are shown.

420a 44Ca
A 3.31+ 0.01 3.41+ 0.01
B 3.31+ 0.01 3.43+ 0.03
o 3.33+ 0.03 3.44+ 0.01
D 3.33+ 0.02 3.42+ 0.01
E 3.32+ 0.01 3.41+ 0.02
F 3.32+ 0.01 3.44+ 0.02
Average 3.32+ 0.02 3.43+ 0.02

measurement [26] and analysis [27], using pion double-
charge exchange, indicate that the radius is very unlikely
to be larger than 6 fm.

The two-neutron clustering in 42Ca may be expected to
be less pronounced than in 1'Li but has significant con-
sequences for other reactions. For certain cases, in pion
double-charge exchange (DCX) at resonant energies, the
minimum in the angular distribution is located at a value
which is apparently too small to be explained by diffrac-
tive theories. The cases in point are analog transitions
in “closed-shell-plus-2-neutron” nuclei, notably 20 [27]
and #2Ca [28]. The calculations used for comparison were
made with “traditional” values for the rms radius of the
two neutrons (e.g., around 4.0 fm for 42Ca) [29]. We
have verified that, for the two-neutron wave functions
obtained in the present work, the angle of the minimum
for pion DCX does indeed fall at the experimentally ob-
served position. The shape of the angular distribution is

0.09 4

FIG. 4. Total neutron densities for the calcium isotopes.
The dashed curve corresponds to “°Ca, the solid to 42Ca, the
dash-dotted to “4Ca, and the dotted to *8Ca. The large rise in
density at small r is given by the model used and the present
work has nothing to say about its validity. It is only the
surface region that is sampled by the pion probe at resonance
energies and the form of the density inside of 3 fm depends
on the model used.
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TABLE XI. Summary of total neutron and proton radii.
R, R, R, - R,
Present work E/M Present work Dechargé/Gogny
40 3.36 = 0.03 3.360 £+ 0.015 3.31 £ 0.03 —0.05 + 0.04 -0.04
42 3.37 + 0.03 3.388 £+ 0.010 3.33 + 0.03 —0.04 £ 0.04 +0.01
44 3.39 + 0.04 3.398 £ 0.010 3.42 + 0.02 +0.03 + 0.04 +0.06
48 3.32 £ 0.03 3.355 £+ 0.010 3.43 £ 0.02 +0.11 + 0.04 +0.14

poorly matched to the data but this defect may be re-
lated to the fact that the shape of the radial distribution
will be altered because the neutron-neutron interaction
will yield a transition density with a form not derivable
from a Woods-Saxon potential.

B. Total neutron distributions

In order to obtain the best value of the total neutron
radii a different strategy was adopted than those followed
in the preceeding analyses. Up until now we have at-
tempted to extract the proton and neutron radii inde-
pendently to prove consistency with the proton densities
obtained by electromagnetic means. Once we have con-
vinced ourselves that the analysis is consistent we may
use the electromagnetic values to reduce the errors on
the total neutron radii. The analysis consists of choosing
the proton radius and varying the valence and core neu-
tron distributions but looking only at the total neutron
radius as a function of the assumed core value using the
combined x2. Table X shows the values obtained in this
manner. The radii are completely consistent with those
listed in the other tables but the errors are reduced.

Figure 4 shows the total neutron densities obtained.
Since only the surface is sampled in pion scattering at res-
onance energies, the shape in the interior is determined
by the form of the independent particle model densities.
The peak in the density in the surface for 48Ca was also
observed in alpha scattering [5].

From Table XI we note that the differences in the total
neutron and proton radii are in basic agreement with the
Hartree-Fock-Bogoliubov calculations of Dechargé and
Gogny [16]. The proton scattering analyses have given a
variety of values [30-33], for example, for the difference
in the neutron-proton radii for 8Ca from 0.23 fm of Ref.
[30] to 0.09 fm of Ref. [31]. There is one possible discrep-
ancy, that of 42Ca. It is interesting to note that although
the valence neutron radius is large, the total neutron ra-
dius seems to be small, corresponding to a very small
core radius. While this might be a physical effect, it may
also be due to the form chosen for the density of the two
valence neutrons. If there is indeed clustering, as dis-
cussed in Sec. IV A, the true radial distribution would
be more concentrated at larger values of radius than the
presently assumed solution in a Woods-Saxon well. Since
the variations made in the current analysis do not allow
for the possibility of changing this shape, the only way to
lower the density in the intermediate surface region is to
reduce the radius of the neutron core. While this lowers
the density on the surface, it may lead to an erroneous
rms radius since the assumption of the shape of single

particle densities is not correct.

While small x? values speak for themselves, it is in-
structive to see directly what effect a radius variation
has on the comparison with data. To this end we show
(Fig. 5) a comparison of two different total neutron radii
for 7~ scattering on #4Ca. The solid curve shows the
calculation (under conditions A) with a radius 3.43 fm,
essentially our central value. The dashed curve shows the
calculation resulting from an increase of 2% to 3.49 fm.
The difference due to a change of 1% is clearly visible on
a full-size plot but 2% was used for the presented figure.

We also looked briefly at the data from the same ex-
periment at 116 MeV but the theoretical uncertainties,
as judged from model variations similar to those defined
in Sec. III, were found to be larger by about a factor of
2. Both neutron and proton radii have a tendency to
be larger than those in the analysis at 180 MeV (and
in electron scattering) but the discrepancy is consider-
ably less than in the original analysis by Boyer et al. [6].
While there is a greater sensitivity to the Pauli blocking
(the effect is stronger at lower energies) and to the off-
shell range, we believe that a large part of the dificulty
comes from the treatment of true absorption. At 116
MeV the additional penetration of the pion, because of
the decreased quasielastic absorption, makes this effect
more important. It is very possible that the simple form
of the potential (iWp?) is inadaquate. A detailed under-
standing of these data may await more experimental and
theoretical studies of the mechanism of pion absorption.
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FIG. 5. Sensitivity to a 2% change in the total neutron
radius for 7~ scattering from #4Ca. The solid curve is for
R,=3.43 fm and the dashed curve for R,=3.49 fm.



Perhaps the most interesting result from this study is
the large valence-neutron radius in *2Ca. It is unfortu-
nate that this result is based on the poorest quality data
of the group. The indication is clear that a new experi-
ment with higher quality data is needed.
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