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Self-consistent anisotropic oscillator with cranked angular and vortex velocities

G. Rosensteel
Department of Physics, Xblane University, New Orleans, Louisiana 70118
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Rotating deformed nuclei are neither rigid rotors nor irrotational droplets. The Kelvin circulation
vector is the kinematical observable that measures the true character of nuclear rotation. For the
anisotropic oscillator potential, mean field solutions with fixed angular momentum L and Kelvin
circulation C are derived in analytic form. The cranking Lagrange multipliers corresponding to theI and C constraints are the angular ~ and vortex A velocities. Self-consistent solutions are reported
with a constraint to constant volume.
PACS number(s): 21.60.Ev, 21.60.Fw

I. INTRODUCTION

The familiar adiabatic rotor model enables the deter-
mination of static nuclear shapes from collective mul-

tipole transition data. By applying the Alaga rules of
this simple geometrical model, experimental E2 transi-
tion rates are interpreted in terms of the P and p shape
deformation parameters. The Riemann rotor model is
a similar enabling model for dynarnica/ nuclear currents
[1]. Transverse form factors and other experimental mea-
sures of nuclear collective dynamics may be interpreted
in terms of the rigidity parameter r. This parameter
ranges continuously between the limiting cases of rigid
rotation r = 1 and irrotational flow r = 0. The observ-
able measuring the static deformation is the quadrupole
operator Q( ); the vector observables measuring the dy-
namical current are the angular momentum L and the
Kelvin circulation C.

The first aim of this paper is to show that the classi-
cal expressions [2, 3] for the kinetic energy, angular mo-
mentum, and Kelvin circulation of a Riemann rotor may
be derived by simultaneous angular and vortex "Inglis"
cranking of the quantum anisotropic oscillator [4, 5]
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finite ~ and A are reported for Ne and Er with a
constraint to constant volume.

To define and interpret physically the vortex velocity
and the Kelvin circulation, consider a system of A parti-
cles and its associated inertia ellipsoid. With respect to
an inertial center-of-mass frame, the inertia ellipsoid ro-
tates with angular velocity u. By definition, the inertia
tensor in the rotating intrinsic frame is diagonal,

A
2 .Q,, =) 2:,x, = a, h... —

a=1

where x~ denotes the coordinates of particle e in the
body-fixed frame and the a, are the axes lengths of the
inertia ellipsoid. In quantum mechanics, the angular mo-
mentum and circulation are defined by the operators [1]

H g = — E+—m(u) x +io„y +~a, z ) —(u)L —AC ).
2m

This semiclassical correspondence is achieved in pertur-
bation theory for small angular and vortex velocities pro-
vided the field is self-consistent with the shape,

a~N~ = u)y Ny = u)zNz (2)

where Ni, = P(ni, + 1/2) denotes the total number of
quanta in the A:th direction. When the vortex velocity
vanishes A = 0, self-consistency implies rigid rotation,
a well-known result for ordinary Inglis cranking of the
angular velocity [6, 7]. When A g 0, self-consistency im-
plies the Riemann rotor moment of inertia which is an
interpolation between the rigid and irrotational flow mo-
ments. Next, analytic formulas are discovered for the
exact eigenvalues of the Routhian H ~. Calculations at

where y« ——z»/a, are the dimensionless coordinates of
particle a in the stretched intrinsic coordinate system
and i, j, k are cyclic. In the stretched system, the inertia
ellipsoid is transformed into a sphere of unit radius, and
the inertia tensor is a multiple of the identity matrix. The
Kelvin circulation is evidently the generator of rotations
in this stretched frame. Adopting the active viewpoint,
the operator exp( —iu L/h) generates a finite rotation
of the nuclear system with an angular velocity u with
respect to the laboratory frame. The operator exp(iA .
C/h, ) generates a vortex rotation of the nucleons with
respect to the body-fixed frame with the vortex velocity
A.

In this introductory section, the theory of classical Rie-
mann rotors is reviewed briefly. A classical Riemann ro-
tor is a constant density fluid with an ellipsoidal bound-
ary and a velocity field that is a linear function of the
position coordinates. Classical Riemann rotors provide
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The curl of the laboratory frame velocity field U resolved
along the intrinsic axes is the inertial frame vorticity,

q~ l = v x U = q+ 2td. (6)

models for rotating stars and galaxies [2, 3]. For nuclei,
a linear velocity field was proposed by Cusson [8]. For
these classical rotors, the uniform vorticity (', defined as
the curl of the velocity field with respect to the body-fixed
frame, is given by

proportional to the rigidity and the cross-sectional area
of the bounding ellipse,

C = Ip bern (12)

Riemann rotors with 0 & r ( 1 span the full range of
dynamical potentialities from irrotational flow to rigid
rotation, consistent with the constraint to a S-type linear
velocity field. The angular momentum, kinetic energy,
and velocity field share a remarkable property for S-type
ellipsoids: Each of these quantities is a simple convex
combination of their corresponding rigid rotor (RR) and
irrotational flow (IF) values,

Then the Kelvin circulation of a Riemann rotor, defined
by the line integral of the velocity field around the ellipse
CA, bounding the fluid in the i jpri-ncipal plane, is given
via Stoke's theorem by the expression

L =I„u),

U =rUR/+ (1 —r)UiF,

(13a)

(13b)

(13c)

M M
Ci, = — U dl = —a,ai((k+ 2(ug), (7)

5& a,
since era, a~ is the area of the ellipse Ci, . M is the fluid's
mass. Note that irrotational flow is attained if the circu-
lation C and the inertial frame vorticity g~ l vanish, and
the body-fixed uniform vorticity satisfies g = —2u. For
a classical Riemann rotor, the angular momentum and
circulation are

Li, = (M/5) (a, + a )~i, —2a, aiAA, ,

(8)
Cg = (M/5) 2a,

azure,

—(a, + a~ )AA,

Ignoring vibrations of the axes lengths, the kinetic energy
of a classical Riemann rotor is a combination of centrifu-
gal and Coriolis terms

T(u, A) = —(u L —A C).1
(9)

The angular momentum and circulation are given by
derivatives of the kinetic energy with respect to the an-
gular velocity and the vortex velocity

k&~&) ~ E~&&)
(10)

A Riemann ellipsoid in equilibrium has constant axes
lengths, angular momentum, and Kelvin circulation. The
physical interpretation of equilibrium Riemann ellipsoids
is most transparent for an S-type Riemann rotor that
rotates about one principal axis, say, the z axis. In this
case, the angular momentum, Kelvin circulation, angular
velocity, and vortex velocity vectors are aligned with the
x axis and the kinetic energy simplifies to

T((u, A) = —((b + cz) (ur + A ) —4bcurA), (11)

where b = a2/R and c = as/R are the y and z axes
lengths in units of a characteristic length R, and the mo-
ment of inertia of a sphere of radius R is Ip = (2/5)MRz.

The S-type equilibrium solutions are classified by a
single parameter, the rigidity r = 1+ t,"/(2u). When
r = 1 the vortex velocity is zero and the rotation is rigid.
When r = 0 the circulation vanishes and the velocity
field is irrotational, because the circulation is directly

where the interpolated inertia is I„—:pIRR + (1 —p)IiF
for 0 ( p & 1 and the rigid-body and irrotational flow
moments of inertia are given by

Ip 2 2 Ip(c —b )IRR = (b +C )) IIF =
2 2 c~ + b~

(14)

In the classical theory of fluid dynamics, the net Kelvin
circulation is proven to be conserved by the hydrody-
namic equations of motion [2, 3]. Hence, to the extent
that noncollective degrees of freedom may be ignored,
geometrical states forming rotational bands in nuclei are
conjectured to be approximate eigenstates of the Kelvin
circulation.

A direct experimental method for determining the nu-
clear circulation and rigidity is provided by inelastic elec-
tron scattering measurements of the transverse E2 form
factor, as has been emphasized by Moya de Guerra [9]
and Vassanji and Rowe [10]. The author has shown else-
where that the transverse E2 form factor for a Riemann
rotor is a weighted interpolation of the rigid rotor and

"4rrotational flow form factors

(q) = rIRRPRp„(q) + (1 —r)IIF&ip (q) /I„,

where hq is the momentum transferred in the inelastic
electron scattering [11].

There is to date no published experimental measure-
ment of transverse form factors in the heavy deformed
region. However, a method based on measurement of
multiple real photons in coincidence with the scattered
electron was proposed recently that may permit the sepa-
ration of the transverse from the longitudinal component
due to interference terms in the angular distribution for-
mulas [12]. If data were available, one would fit the ex-
pression for the Riemann form factor to the first peak
and, thereby, measure the experimental rigidity r.

The projected Hartree-Fock (PHF) calculations of the
transverse form factor in the heavy deformed region made
by Berdichevsky et aL [13] enable a theoretical estimate

In terms of the angular momentum, the kinetic energy is

L2 (I )2
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for the rigidity. For Gd, these PHF calculations corre-
spond to a rigidity r 0.12. This value compares favor-
ably with the value predicted via Eq. (15) from the iMGd

measured moment of inertia and deformation, r 0.15.
This application of the Riemann model to dynamical

currents is similar to the application of the adiabatic ro-
tor model to static shapes. The physical meaning of a
B(E2) transition rate, either measured experimentally
or calculated in a detailed theoretical model, is obtained
by its rotor model interpretation in terms of the nuclear
shape, i.e., P and p parameters. Similarly, the Riemann
model attaches physical meaning to measurements and
calculations of transverse E2 form factors in terms of the
Kelvin circulation and the rigidity parameter r

II. CRANKED ANISOTROPIC OSCILLATOR

A. Semiclassical correspondence

single-particle Kelvin circulation of Eq. (4) as

ih (c bC = — i-, +- „i(ct,— t„)
2+ldytdi (b c )

The circulation operator reduces to the angular momen-
tum operator L„ if the axes lengths are replaced by
unity. Substituting these expressions for the Kelvin cir-
culation and angular momentum operators, the single-
particle Routhian for the anisotropic oscillator potential
is written in terms of bosons as

H p = h~ (ct c + 2) + her„(c~tcs + 2) + h~,

(chic,

+ 2)

(~L, ——AC ). (Is)

To solve the energy eigenvalue problem for the cranked
anisotropic oscillator Hamiltonian, introduce the oscilla-
tor creation and annihilation bosons and reexpress the

In perturbation theory, for small angular and vortex ve-

locities, the collective kinetic energy T(u, A) of the A-

nucleon system is given by Inglis's cranking formula [4]:
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The second half of this equation is proven by applying the
same techniques that work for the A = 0 case [5]. Also, in

perturbation theory, the expectations of the axes lengths
are given by

A
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and similarly for b2 and c2. Self-consistency of the shape
of the potential field with the spatial density distribution
requires equality for the ratios

B. Analytic quantum mean Beld results

The Routhian eigenvalue problem may be solved ana-
lytically by making a canonical transformation from the
original oscillator bosons to new bosons that diagonalize
H g. This transformation exists because the Routhian
is a quadratic form in the oscillator bosons [14, 15]. The
exact solution to the rigid rotor A = 0 eigenvalue prob-
lem is known already [16]. For A g 0, the eigenvalues of
the A-particle Routhian are given by

E=h~.N +h.A+N„+hA N„ (22)

sions for the energy eigenvalue and for the expectations of
the angular momentum and Kelvin circulation operators.

viz. , Eq. (2). A principal result of this paper is the
following semiclassical correspondence for the cranked
anisotropic oscillator:

Theorem 1.—For self-consistent perturbation solutions
to the cranked anisotropic oscillator H p, the Inglis
cranking energy, Eq. (19), equals the classical Riemann
rotor energy, Eq. (11). The expectations of the angular
momentum and the Kelvin circulation are given by their
classical values too, Eq. (8), and satisfy the derivative
conditions, Eq. (10).

This theorem is proven by using the self-consistency re-
lation and the formulas for the expectations of the axes
lengths, Eq. (20), to eliminate the total number of quanta
N, and the frequencies cu; from the perturbation expres-

where the frequencies are

Q~ ———(~ +u), )+~ +A —
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Note that in the limit of null cranking,

lim Op ——coy.
~,A~O

(25)

The expectations of the position operators, angular
momentum, and circulation may be calculated by us-
ing Feynman's lemma that identifies the expectation of
a derivative of the Hamiltonian operator to the corre-
sponding derivative of the energy expectation [17]. For
example, the expectation (x2) is determined by

(BH z) M

A

CL=1

IP 2 N—a
2h

(26)

The expectations of the other position operators are de-
termined mutatis mutandis:
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The expectations of the angular momentum and circulation are calculated from derivatives of the energy with respect
to ur and A, Eq. (10),
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which equals T(u, A) to quadratic order in cu and A.

(2O)

C. Applications

Consider the case of Ne for which N~ = N„= 14,
N, = 22. If cu = A = 0, then the intrinsic energy
is minimized, subject to a constraint to constant vol-

To leading order in u and A, these exact quantum re-
sults agree with the classical Riemann rotor formulas, as
guaranteed by the theorem In partic. ular, the quantum
collective energy is given by

ume, when the self-consistency condition is satisfied, Eq.
(2), or, equivalently, ~, = up(N, N„N, )i~s/N, , where
~ps ——cu u„u, . Fixing Fuup = 13.05 MeV and 8 = 3.257
fm implies the following initial data: ha~ = hei„= 15.175
MeV, h~, = 9.656 MeV, a = b = 3.093 fm, c = 4.857
fm. If cu or A g 0, then the frequencies ur; are chosen
so as to minimize the intrinsic energy in the rotating
frame E, subject to the constraint of constant volume,
i.e. , the product of the axes lengths is fixed, abc =46.465
fms. In addition, the axes lengths must be self-consistent
with the definition of the Kelvin circulation, viz. , equal-
ity is achieved in Eqs. (27). The results of the intrin-
sic energy minimization are plotted in Figs. 1—5. The
quantum angular momentum L and the quantum Kelvin
circulation C are given by the semiclassical expressions

TABLE I. Self-consistent calculation for the yrast rotational band in Ne.

0.0
0.921
2.536
4.120

r~ (MeV)

0.0
2.170
3.143
4.592

nW (MeV)

0.0
1.539
1.796
2.383

E (kev)
0.0
1.634
4.247
8.775

7' (keV)

0.0
1.640
4.541

10.527

0.217
0.371
0.435

a (rm)

3.093
3.090
3.090
3.084

b (rm)

3.093
3.093
3.103
3.148

c (rm)

4.857
4.857
4.841
4.780
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10

FIG. 1. The collective energy F(ur, A) of Eq. (29) is plot-
ted in MeV versus the angular fun and vortex hA velocities in
MeV.

PIG. 3. The quantum Kelvin circulation t in units of h
is plotted versus the angular ~ and vortex hA velocities in
MeV. Here the quantum value gC(C+ 1) is set equal to the

semiclassical expectation (C ).

(Lz) = 5/L(L+ 1) and (C ) = h, /C(C+ 1). In Ta-
ble I, self-consistent solutions that fit the Ne experi-
mental energy spectrum are tabulated. Note that the
classical Riemann rotor kinetic energy T(a, A), Eq. (11),
gives good agreement for small cranking velocities with
the self-consistent quantum collective energy E(u, A), Eq.
(29).

The most significant difFerence between the classical
Riemann rotor formulas, valid for small cranking veloc-
ities u and A, and the self-consistent quantum results
is that the quantum rotational band is cut ofF. This
band termination is attained when the ellipsoid turns
into an oblate spheroid rotating about its symmetry axis,
a (b: c At thecutoff u) )~y: ~ Ap: avk~~ A~

and the maximal angular momentum and circulation are
attained:

(L ) = (C ) = (N, —NQ).

In the Ne case, these maximal values are N, —Nz ——8.
For the low energy states of a rotational band in a

heavy deformed nucleus, the classical expressions are
excellent approximations to the quantum cranking for-
mulas. For example, in ssEr the total number of de-
formed oscillator quanta are Nz = N„= 235, N, = 343.
The band terminates when the angular momentum L =
N, —N&

——108, and the classical results for a Riemann
rotor are excellent approximations when L, t &( 108. In
Table II, self-consistent results for this heavy deformed
nucleus are presented; the angular and vortex velocities
are Bt to the experimental energy and angular momen-
tum. First, observe that the self-consistent collective en-

ergy E(u, A) is well approximated by the classical value
T(cu, A); the error in the classical formula is less than

120

6
&

4 $0
O

I IG. 2. The quantum angular momentum I in units of h
is plotted versus the angular ~ and vortex hA velocities in
MeV. Here the quantum value gL(L + 1) is set equal to the

semiclassical expectation (L ).

FIG. 4. The expectation of the quadrupole operator
(Q20) = (2z —x —y ) in fm is plotted versus the angu-
lar ~ and vortex hA velocities in MeV.
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20

15

FIG. 5. The expectation of the quadrupole operator
(Q22) = (y —z ) in fm is plotted versus the angular Fur

and vortex hA velocities in MeV.

0.03Fo up to angular momentum L = 8. Second, the axes
lengths are constant up to L = 8. Third, the rigidity rises
slowly with increasing angular momentum. Finally, the
ratio of the Kelvin circulation to the angular momentum
increases from 0.42 at L = 2 to 0.51 at L = 8.

III. CONCLUSION

SO(3) c ROT(3) c GCM(3) c Sp(3, R). (31)

In this article, the quantum Riemann rotor model was
formulated as a cranked mean field theory. If the mean
field is approximated by the deformed oscillator poten-
tial, then self-consistent solutions correspond to classical
Riemann rotors at small cranking velocities. This semi-
classical correspondence provides a physical interpreta-
tion to the cranked angular u and vortex A velocities of
the quantum mean field theory.

In previous work in nuclear physics concerning the
Riemann rotor model, an algebraic model provided the
framework for the quantum formulation of the Riemann
classical model. What is the connection between the
method of this article and the prior algebraic work?

The algebraic framework provides a unifying perspec-
tive for the adiabatic rotational model and the Riemann
rotor model in both their classical and quantum mechan-
ical forms. The two geometrical collective models are as-
sociated with two subalgebras of the symplectic Sp(3,R)
Lie algebra, known as ROT(3) and GCM(3) [18],

The rotational algebra ROT(3) is spanned by the one-
body quadrupole operator Q( l plus the angular momen-
tum algebra SO(3). The general collective motion Lie
algebra GCM(3) is spanned by the full inertia tensor Q
plus the general linear group Gl(3,R).

The classical models corresponding to ROT(3) and
GCM(3) are defined on the phase spaces formed by coad-
joint orbits in the duals of the Lie algebras of ROT(3) and
GCM(3) [19—21]. The Hamiltonian dynamical systems
on these coadjoint orbits are identical to the classical
Euler rigid rotor model for ROT(3) and to the Riemann-
Chandrasekhar-Lebovitz virial equations of motion for
GCM(3) [1].

The quantum models corresponding to ROT(3) and
GCM(3) are created by making a decomposition of the
Fock space of antisymmetrized A-fermion states into ir-
reducible unitary representations of these two algebras.
These two decompositions are achieved explicitly by
making a change of variables to collective and intrin-
sic coordinates [22—25]. The collective coordinates are
defined on the orbits of the motion groups SO(3) and
Gl(3,R) in Rs; the intrinsic coordinates are a smooth
transversal to the orbit manifolds. For ROT(3), the ir-
reducible representation spaces correspond to the well-
known adiabatic rotational model [26, 27]. The GCM(3)
decomposition into collective and intrinsic coordinates is
less familiar, because the end result is a poor approxima-
tion to the physics of dynamical nuclear currents, i.e. , the
coupling between the collective and intrinsic coordinates
of GCM(3) is not weak [28—30].

A quantitative measure of the goodness of ROT(3)
and GCM(3) symmetry is obtained by their respective
Casimir operators. Within a single irreducible represen-
tation, a Casimir operator is a multiple of the identity
operator. However, if ROT(3) or GCM(3) symmetry is
a poor approximation and collective nuclear states can-
not by represented accurately as the product of collec-
tive and intrinsic wave functions, then their correspond-
ing Casimir operators will not be constant among the
states of a rotational band. There are two Casimirs of
ROT(3) [Q(21&&Q(21](0) ~ p2 and [Q(21 && Q(2l && Q(21](01 ~
Ps cos3p, which measure the deformation P and triaxi-
ality p of the inertia ellipsoid [31—34]. The two ROT(3)
Casiinirs are approximately constant if the nuclear shape
is approximately constant, a good first approximation to
nuclear rotational bands. Hence, ROT(3) symmetry is
useful for nuclear rotors, and the predictions of the adi-
abatic rotational model (Alaga rules for E2 transitions)
are good 6rst approximations to the experimental data.

The GCM(3) Casimir invariant Cz = C C is the
squared length of the Kelvin circulation vector. The con-
nection of this Casimir with the Kelvin circulation was

TABLE II. Self-consistent calculation for the yrast rotational band in Er.

0.0
0.847
1.858
2.924
4.043

S~ (MeV)

0.0
0.112
0.202
0.289
0.372

ra (Mev)

0.0
0.090
0.162
0.231
0.296

Z (keV)

0.0
80.57

264.98
545.44
911.18

T (kev)
0.0

80.57
264.99
545.50
911.38

0.136
0.139
0.143
0.148

5.927
5.927
5.927
5.927
5.927

b (fm)

5.927
5.927
5.927
5.927
5.927

c (fm)

8.651
8.651
8.651
8.651
8.651
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not appreciated until recently [1]; C was referred to as
the vortex momentum by the discoverers of the GCM(3)
Casimir operator [29, 35]. They established the following
expression for it:

Cg = ) e,~l, (Q '~ NQ'~ ),~.
23

(32)

In the intrinsic rotating frame, Q=diag(a, b, c ) is di-

agonal and the Gl(3,R) generator is N, s = P i z,pcs.
Thus, the above definition specializes to Eq. (4) in the
intrinsic frame coordinates. In quantum mechanics, the
net circulation is quantized to non-negative integral mul-
tiples of h and its squared length C to C(C+ 1)h .

This article's cranking calculations demonstrate that
the GCM(3) Casimir is not even roughly constant among
the states of nuclear rotational bands. Indeed, for a heavy
deformed nucleus, it is the rigidity r and axes lengths
t2, , 6, c that are approximately constant; hence, the Kelvin
circulation is approximately proportional to the angular
velocity, Eq. (12). Therefore, GCM(3) symmetry is not
found in real nuclei. In the algebraic approach, this defect
is remedied by extending the dynamical group to Sp(3,R)
[18].

Because of the complexity of the Kelvin circulation op-
erator, Sp(3,R) shell model calculations to date have not
attempted to determine the expectation of this opera-
tor with respect to microscopic wave functions. Hereto-

fore, the only microscopic information available about
the Kelvin circulation operator is a formal theorem that
its eigenvalue spectrum within an infinite-dimensional ir-
reducible symplectic shell model space is identical to the
angular momentum spectrum of the associated Ofuu El-
liott SU(3) representation [30, 36]. For an axially sym-
metric Sp(3,R) and SU(3) representation (N = N„), the
spectrum of C consists of the non-negative integers from
0 to N, —N&. This agrees with the cutoff of this paper's
mean field theory.

The Kelvin circulation operator is intractable in a shell
model theory because the square root and the inverse of
the inertia tensor are part of its definition, Eq. (32). The
inertia tensor is only diagonal in the intrinsic frame, a
property that shell model theory cannot exploit. This
paper's mean field theory of Riemann rotors takes ad-
vantage of the intrinsic frame to simplify the Kelvin cir-
culation operator by replacing the inertia tensor oper-
ator in the rotating frame by its c-number expectation,
diag(az, b2, cs). The inverse and square root are then triv-
ial. This replacement is an approximation that ignores
quantum shape fluctuations that are small for a deformed
rotor compared to the other terms in the Kelvin circula-
tion operator.

This material is based upon work supported by the
National Science Foundation under Grant No. PHY-
9212231.
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