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Excitations of 2i+ and 3i states from (p, p') and electromagnetic measurements
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A reanalysis of (p, p') data taken on 2+i and 3, states of 37 even-even A )40 nuclei at energies of
E (50 MeV has been performed with a consistent procedure involving coupled-channels calculations
and Becchetti-Greenlees optical model parameters. The matrix elements extracted from this analysis
have been compared to matrix elements deduced from electromagnetic measurements of the same
excitations. It is concluded that the differences between (p, p') and electromagnetic results which are
often observed do not result from variations in the method of analysis of the (p, p') data. Instead, the
differences are caused by experimental errors and nuclear structure effects. The nuclear structure
effects are examined by extracting the ratios M„/M„of the neutron and proton multipole matrix
elements for both the 2i and 3i states from the proton and electromagnetic data.

PACS number(s): 21.60.Ev, 25.40.Ep, 23.20.Js

I. INTRODUCTION

Much of the work in the field of nuclear structure has
focused on electric quadrupole and octupole collectiv-
ity. A great deal of information regarding such collec-
tive behavior has been extracted from measurements of
the electromagnetic matrix elements linking 2+ and 3
states to the ground states of even-even nuclei. There
are a number of methods for determining these matrix
elements directly, including Coulomb excitation, inelastic
electron scattering, and lifetime measurements. However,
the method of proton inelastic scattering, in which the in-
teraction between proton and target nucleus is dominated
by the nuclear force and not the electromagnetic force,
has also been used for estimating electromagnetic matrix
elements. To extract such estimates, the angular distri-
butions of scattered protons are generally analyzed using
the distorted wave Born approximation (DWBA) or cou-
pled channels with a form factor which assumes either
vibrational or rotational behavior. The analysis gives a
deformation parameter PL„which then yields what Bern-
stein [1] called Gg. GL, has often been used as an es-
timate for the reduced electromagnetic matrix element
B(EL;Og+, -+ I).

Spear 2] investigated the correspondence between Gs
and electromagnetic matrix elements B(E3;Os+, ~3i ) in
even-even nuclei by comparing them in nuclei where both
(p, p') and electromagnetic measurements are available.
Spear calculated the ratio

used for the analysis of (p, p') data, and that a smaller
standard deviation for H might be obtained by carefully
reanalyzing each (p, p') experiment using a consistent ap-
proach.

In making estimates of electromagnetic matrix ele-
ments from (p, p') results, it is assumed that protons and
electromagnetic probes interact with protons and neu-
trons in the nucleus in the same way. However, it is well
known that this is not so: Electromagnetic probes see
only the protons in the nucleus, and incident low-energy
(10—50 MeV) protons interact more strongly with neu-
trons in the nucleus than with other protons [3]. These
characteristics of the different probes have been used [3]
to obtain information about the differences between the
oscillations of proton and neutron fluids in 2+i states of
even-even nuclei.

In this work, we report on an extensive reanalysis of
(p, p') data for 3i states in 30 nuclei with A )40. For this
analysis, a consistent coupled-channels formalism (using
the computer code CHUCK [4]) and Becchetti-Greenlees
optical model parameters [5] were used for all nuclei. The
results of this reanalysis are used to recalculate H values.
The distribution of these new H values is then compared
to Spear's result. In addition, a reanalysis of (p, p') data
on 2+i states in 37 A )40 nuclei is reported, and the dis-
tributions of H values for 2+i and 3i states are compared.
Finally, we use the (p, p') results to look for differences
in proton and neutron fluid motion in 2z and 3& states
using the analysis described in Ref. [3].

G3

B(E3;Og+,. ~ 3i ) II. CONSISTENT REANALVSIS OF (p, p') DATA
1

for 51 nuclei having A )20, and found that H has a mean
value of 1.01 and a standard deviation o.H of 0.36 for
these nuclei. For his comparison, Spear used the Ps val-
ues reported by the authors of each (p, p') study without
regard to the variations in the completeness of the angu-
lar distribution data sets and variations in the methods
of analysis. Spear suggested that the scatter of H val-
ues might be partially caused by the variety of methods

As Spear suggested, we have emphasized consistency
in constructing a procedure for reanalyzing (p, p') data.
The optical parameters needed to generate the entrance
and exit channel distorted waves were taken from the
global analysis of Becchetti and Greenlees [5]. Since they
limited their analysis to the mass region A )40, we have
done so also. In addition, the Becchetti-Greenlees analy-
sis was limited to proton energies less than 50 MeV, and
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FIG. 1. Experimental and calculated angular distribu-
tions for the 2+, state in the Mo(p, p') reaction at 15 MeV.
The data are taken from [31], snd the calculations sre per-
formed according to the procedure described in the text.
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FIG. 2. Experimental and calculated angular distribu-
tions for the 3~ state in the Mo(p, p') reaction at 25.6 MeV.
The data are taken from [32], and the calculations are per-
formed according to the procedure described in the text.

we have restricted our study to these energies. We have
also not considered data taken with beam energies of less
than 14 MeV.

As was the case for Spear's compilation, we have not
attempted to be exhaustive in our selection of data. In-
stead, we have attempted to select a representative sam-
ple of data. Our decision regarding whether to analyze a
particular data set depended in part on whether enough
forward angle data were taken to allow a good fit in our
analysis.

Instead of the common distorted wave Born approxi-
mation (DWBA) approach for generating calculated an-
gular distributions, we have adopted a slightly more so-
phisticated coupled-channels approach, and have used
the computer code CHUCK [4] for our calculations. The
PL, values are defined for the usual collective potential
P1,6U~~t/br. In our procedure, only the coupling between
the ground state and the specific excited state being ana-
lyzed (either 2i or 3i ) is considered. In extracting a PL,
value for each (p, p') angular distribution (taken from [6—
42]), we emphasized fitting the most forward maximum,
since the smaller differential cross section at larger angles
is often significantly affected by small components in the
state's wave function. Examples of our fits to 2+& and 3]
states in several nuclei are shown in Figs. 1—4.

Experimental errors are often not reported for (p, p')
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FIG. 3. Experimental and calculated angular distribu-
tions for the (a) 2+i state and (b) 3, state in the Ar(p, p')
reaction at 35.1 MeV. The data are taken from [6], and the cal-
culations are performed according to the procedure described
in the text.

results; however, it is important for the analyses in
Secs. III and IV that we make reasonable estimates of
errors for the PL, values. Because we focused our study
on data sets of similar quality, we found that the uncer-
tainties in our Pg results are approximately 7.5% in all
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FIG. 4. Experimental and calculated angular distribu-
tions for the (s) 2+~ state snd (b) 3, state in the Sm(p, p')
reaction at 30 MeV. The data sre taken from [36],and the cal-
culations are performed according to the procedure described
in the text.
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TABLE I. Results of analysis of (p, p') data for 2+~ states.

1813

Nucleus Eb„(MeV) Ref. p a Gl, (W.u.) Nucleus Eb«~ (MeV) Ref. p2 Gl. (W.u. )

4'Ar
4'Ar
4'Ar
4'Ar
40C
40C

Ca
40C

Ca
"Ca
42C

"Ca
"Ti
50Ti
50Ti
52C

"Cr
52C
54F
54Fe
54F
54F
56Fe

Ni
Ni

62 N1

ZXl
64Z

ZD

ZD

Z11
68Zn

29.6
35.1
16.9
14.1
17.3
35.0
30.0
25.0
40.0
14.6
22.9
17.5
40.0
17.5
18.2
17.5
40.0
17.5
40.0
19.0
50.0
17.9
17.5
39.7
19.0
19,0
15.0
22.0
26.0
30.0
22.0
22.0

6
6
7
7
7
8
8
8
8
7
9
10
11
12
13
14
11
12
15
16
17
13
14
18
16
16
19
20
21
22
20
23

0.230
0.242
0.242
0.242
0.140
0.110
0.110
0.110
0.110
0.130
0.215
0.240
0.160
0.180
0.170
0.185
0.160
0.200
0.150
0.160
0.155
0.160
0.290
0.148
0.250
0.250
0.290
0.300
0.340
0.270
0.260
Q.240

6.8
7.5
7.5
7.5
3.1
1.9
1.9
1.9
1.9
2.7
7.4
9.2
4.9
6.2
5.6
7.8
5.9
9.2
6.0
6.9
6.5
6.9

22.6
6.8

19.5
19.5
31.1
32.2
41.4
26.1
24.2
20.6

70zn
70G
72Ge
'4Ge
76G
88 Sr
88Sr
"Zr
'OZr
92Zr
'4Zr

Mo
Mo
Mo

96Mo

Mo
Mo

"Mo
Mo

100M
116S
118S
120S
120S
122S
124S
138B
140C
144S
144S
208pb
208pb

22.0
22.0
22.0
22.0
22.0
20.2
19.5
25.0
18.8
40.0
19.4
15.0
25.6
15.0
25.6
15.0
15.0
14.7
25.6
15.0
24.5
24.5
24.5
30.0
24.5
24.5
30.0
30.0
30.0
30.0
40.0
35.0

23
24
24
24
24
25
26
27
28
29
30
31
32
31
32
31
31
33
32
31
34
34
34
35
34
34
36
37
38
36
39
40

0.240
0.250
Q.260
0.280
0.250
0.110
0.130
0.088
0.080
0.100
0.125
0.105
0.170
0.160
0.190
0.200
0.175
0.180
0.196
0.250
0, 155
0.150
0.140
0.140
0.140
0.140
0.069
0.062
0.079
0.077
0.075
0.060

20.6
25.5
27.5
31.9
25.5
6.9
9 7
49
4.1
6.4
99
7.7

20.3
18.0
25.3
28.1
21.5
22.7
27.0
43.9
23.9
22.4
19.5
19.5
19.5
19.5
5.9
5.1
9.5
9.1

15.0
9.6

'The errors for P3 are 7.5%.
bCaicuiated from P3 using Eq. (3). The errors for Gz, are 15%.

the cases we studied. Therefore, we adopted this as the
error for all of our results.

Once the PL, value is extracted, it must be converted
to GL, . In the present discussion, we have chosen to use
one of the prescriptions given by Bernstein [1],

GL, = (ZpL, ) (3+ L) /4vr(2L+1), (2)

where GL, is in single-particle units. A uniform sharp-
edge mass distribution with the nuclear radius R = (1.20
fm)A~~a is assumed in formulating Eq. (2). While the
uniform sharp-edge mass distribution is not strictly cor-
rect, it gives a good approximation of nuclear moments
for low multipolarities.

Table I lists the Pq and G2 results of fits to 2& states,
and Table II lists the corresponding quantities for 3&

states.

III. COMPARISON OF G
AND ELECTROMAGNETIC B(E2)

AND B(E3) VALUES

The distributions of H values for 2+& and 3& states
are shown in Figs. 5 and 6, respectively. In calculating

the H values, we have followed the same procedure as
Spear; that is, for each nucleus an unweighted mean of
the Gr, measurements was extracted. This mean is used
to calculate H via Eq. (1). The electromagnetic matrix
elements for 2+& states are taken from the compilation by
Raman et at. [43]. The corresponding matrix elements
for 3& states are taken from Spear's compilation [2].

For 2&+ states, the average value of H, (H), for the 37
nuclei listed is 1.20, and the standard deviation is 0.44.
For 3z states, (H) for the 30 nuclei listed (1.15) is similar,
but the standard deviation (0.35) is somewhat smaller.
These results can be seen qualitatively in Figs. 5 and 6:
The H values for 3~ states are slightly less scattered,
while there are more very small ((0.7) H values in the
2+~ state plot.

In his survey of 3& states using (p, p') results supplied
by authors, Spear obtained a result of 0.97 for (K) for
all even-even nuclei, and a result of 1.01 with a standard
deviation of 0.36 when only A )20 nuclei were consid-
ered. If the author-supplied results (as listed by Spear)
are considered only for A &40 nuclei (Spear lists 47 such

nuclei), then a mean value of 1.05 and a standard devi-
ation of 0.36 are obtained. As a result, our consistent
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TABLE II. Results of analysis of (p, p') data for 3, states.

Nucleus Eb, (MeV) Ref. p a GI, (W.u.) Nucleus Fb, (Me V) Ref. p 5
GL, (W.u. )

4'Ar
4'Ar
4'Ar
4'Ar
40C

"Ca
Ca

"Ca
4'Ca
40'
42'
"Ti
50T.
50T
52C
52C

"Cr
54F
54F
56Fe

Ni
58 N.

Ni
"N1

Ni
Zn
Zn

66z

Zn
68z
"zn

29.6
35.1
16.9
14.1
17.3
35.0
30.0
25.0
40.0
14.6
22.9
40.0
17.5
18.2
17.5
40.0
17.5
40.0
17.9
17.5
39.7
17.8
19.0
17.8
19.0
15.0
30.0
22.0
22.0
50.0
22.0

6
6
7
7
7
8
8
8
8
7
9
11
12
13
14
11
12
15
13
14
18
41
16
41
16
19
22
20
23
42
23

0.280
0.288
0.340
0.347
0.480
0.362
0.380
0.371
0.353
0.552
0.278
0.160
0.209
0.195
0.200
0.140
0.170
0.094
0.136
0.290
0.190
0.190
0.200
0.180
0.220
0.240
0.180
0.260
0.240
0.220
0.210

10.4
11.0
15.3
16.0
37.7
21.4
23.6
22.5
20.4
49.9
12.6
5.1
8.6
7.5
9.4
4.6
6.8
2.4
5.1

23.3
11.6
11.6
12.8
10.4
15.5
21.2
11.9
24.9
21.2
17.8
16.2

70G
72 G
"4Ge
76G
88S
88S

"zr
90z
92z
94Z

Mo
'4Mo
'4Mo

Mo
"Mo
"Mo

Mo
'"Mo
100M
116S
118S
120S
120S
122S
124S
138B
140C
144S

208pb
2OSpb

22.0
22.0
22.0
22.0
20.2
19.5
25.0
18.8
40.0
19.4
15.0
25.6
15.0
25.6
15.0
15.0
14.7
25.6
15.0
24.5
24.5
24.5
30.0
24.5
24.5
30.0
30.0
30.0
40.0
35.0

24
24
24
24
25
26
27
28
29
30
31
32
31
32
31
31
33
32
31
34
34
34
35
34
34
36
37
38
39
40

0.265
0.240
0.150
0.150
0.170
0.170
0.190
0.180
0.160
0.190
0.190
0.190
0.170
0.210
0.200
0.205
0.210
0.200
0.220
0.170
0.180
0.155
0.190
0.155
0.140
0.112
0.106
0.150
0.110
0.127

29.4
24.1
9.4
9.4

17.1
17.1
23.6
21.2
16.8
23.6
26.1
26.1
20.9
31.8
28.9
30.3
31.8
28.9
34.9
29.6
33.1
24.6
36.9
24.6
20.0
16.1
15.5
35.4
33.3
44.4

'The errors for P2 are 7.570.
Calculated from P2 using Eq. (3). The errors for Gr, are 15%.

reanalysis has yielded a somewhat higher value of (H)
(1.15), but has not changed the standard deviation of H
at all. This suggests that the distribution of H values
results not from variations in the methods of analysis,
but instead from errors in measuring absolute cross sec-
tions and from real physical effects in the nuclei which
have been studied. The scatter of results from different
(p, p') experiments on the same nuclei certainly suggests

that considerable experimental errors exist. For exam-
ple, results for the 3& state of 4oCa range from 21.4 to
49.9 W.u. (see Table II).

However, the more important reason for the differences
in GL, and electromagnetic results is that protons and
neutrons generally do not contribute equally to the mass
multipole moments induced by nuclear excitations, and
different probes [such as (p, p') and Coulomb excitation]
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FIG. 5. H values for 2+1 states of the nuclei analyzed here. FIG. 6. H values for 31 states of the nuclei analyzed here.
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have different sensitivities to the protons and neutrons
[3]. If N ) Z in a nucleus (as is the case for almost
all nuclei considered here) and if the amplitudes of the
vibrations of the proton and neutron fluids are equal
(as they would be for an isoscalar vibration), then the
neutrons would give a larger contribution to the mass
multipole moment. Furthermore, electromagnetic probes
measure only the charge (or proton) multipole moment,
while (p, p ) is three times more sensitive to target neu-
trons than to target protons at the energies discussed
here [3]. Consequently, the variations from H = 1 that
are observed here are not surprising. These effects are
examined in more detail in Sec. IV.

[3]. Bernstein, Brown, and Madsen [3] use this informa-
tion to calculate M„/M„with the equation

b(F) 1+ (b~/b~) (M„/M„)
1+(b /b, )(N/Z)

'

where b(F) is the deformation length (=PR) from a probe
F [in our case (p, p') at low energies], b„ is the electromag-
netic deformation length (=P,~R), and b„/b„ is the ratio
of the external field interactions strengths of the probe
F with neutrons and protons in the target nucleus. For
low-energy (p, p'), b+/b~+ is approximately 3, and that is
the value we use in our analysis. Equation (4) gives

IV. COMPARISON OF NEUTRON AND PROTON
MULTIPOLE MATRIX ELEMENTS

M„&f) b(F) ( b+ N'i

When the 2& and 3& states of an even-even nucleus are
discussed as collective excitations, it is usually assumed
that they are isoscalar. However, it has been shown [3]
that differences can occur between the amplitudes of the
motions of protons and neutrons in 2+& states. Such a
difference is measured in a particular nucleus by com-
paring the matrix elements connecting the 2+& state to
the ground state as seen by two different experimental
probes. Madsen, Brown, and Anderson [44] found that
the comparison of a low-energy (10—50 MeV) (p, p') re-
sult to an electromagnetic matrix element is particularly
sensitive to a difference in the amplitudes of proton and
neutron motion.

In this section, we use the (p, p') information extracted
in the present study to look for the difFerences in proton
and neutron motion in both 2& and 3& states. We will
follow the prescription of [3] for this analysis. This analy-
sis focuses on determining the ratio of the transition ma-
trix elements M„(for neutrons) and M„(for protons),
where the matrix elements are given by

[B(EL)(4vr)(2L + 1)] /

with Ro=(1.20 fm)A~/s. The quantity (M„/M„)/(N/Z),
which is equal to 1 for an isoscalar excitation, is plotted
in Figs. 7 and 8 for 2+~ and 3~ states, respectively.

From the shell-model picture of nuclei it might be ex-
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For the present analysis, we set b(F) = P&„„)(1.17
fm)A~/s, since the radius of the real central part of
the Becchetti-Greenlees optical potential is R = (1.17
fm)A~/s. To set bz, we use the prescription
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—— Jf r,"Yg 0,

n(p)
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0.75

where the sum is over the neutrons (protons) in the
nucleus. This microscopic quantity can be related to
the macroscopic oscillation amplitudes P„&„)for neutrons
(protons) via the equation
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M„/M„= (NP„)/(ZPp). (4) 1.50 208pb

If the amplitudes of the neutron and proton fluid oscil-
lations are equal (/3„=P„), then M„/M„= N/Z. This
result corresponds to the usual isoscalar collective model
picture. If M„/M„) N/Z, then the amplitude of the
neutron oscillations is larger than that of the protons.
When M„/M~ (N/Z, the proton oscillations are larger.

To calculate M„/M„ from (p, p') and electromagnetic
data, we must specify how each probe interacts with
the nucleons in the nucleus. The electromagnetic probes
interact only with the protons. The scattered protons
interact with the neutrons in the target approximately
three times more strongly than with the target protons

Q ~1.25

C
1.00

0.75
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120
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138B

144S
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FIG. 7. (a) (M„/M„)/(N/2) values for 2+~ states of
the nuclei analyzed here in the mass range 40 & A

100. (b) (M„/M„)/(N/Z) values for the 2+~ states of
116,118,120,122,124Sn 138Ba 140Qe 144Sm and 208Pb
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neutron shell N = 82 isotones Ba, Ce, and Sm lie
well below 1.00, once again confirming the prediction of
the schematic model that protons should dominate their
2+~ states. The other SCS nuclei for which we have re-
sults do not yield results as systematically significant as
these two groups.

There are no corresponding schematic model calcula-
tions of 3& states of which we are aware; however, it
is plausible that neutrons (protons) would dominate the
3& states of closed proton (neutron) shell nuclei. Among
the 3& state results shown in Fig. 8, the most interesting
group of nuclei in this regard is the Sn isotopes. The
(M„/M„)/(N/Z) values for these nuclei are once again
systematically larger than 1.00, indicating the dominance
of neutrons in the 3& states. However, among the nu-
clei shown in Fig. 8, the 3& states seem to be generally
more isoscalar [with (M„/M„)/(N/Z) closer to 1] than
the 2+& states. This would suggest that core polarization
is generally stronger for 3~ states than for 2+~ states. A
theoretical investigation of core polarization in 3y states
would be interesting.

FIG. 8. (s) (M„/M„)/(N/2) values for 3~ states of
the nuclei analyzed here in the mass range 40 & A

100. (b) (M„/M„)/(N/Z) values for the 3~ states of
116,118,120,122,124Sn 138Ba ' Ce 144Sm and 208P&

) 7 l LJ ~

pected that the most significant differences between pro-
ton and neutron contributions to 2+~ and 3~ states would
occur in single-closed-shell (SCS) nuclei, in which the nu-
cleus has a closed neutron shell and valence protons, or a
closed proton shell and valence neutrons. A shell-model
calculation for a closed neutron shell nucleus that has
valence protons which assumes an inert core would pre-
dict that the 2+~ and 3& states would consist entirely of
excitations of the valence protons. In a real nucleus, the
core is not inert and core polarization occurs; however,
schematic model calculations [3] predict that the exci-
tations of the valence protons would dominate the 2+~

states of closed neutron shell nuclei. (The opposite sit-
uation is predicted to occur in closed proton shell nuclei
which have valence neutrons. )

An examination of the 2& state results in Fig. 7 shows
two groups of nuclei for which the predictions of the
schematic model calculations are dramatically confirmed.
The Sn isotopes, with their closed proton shells, have

(M„/M„)/(N/Z) values systematically above 1.00, indi-
cating that the 2+& states are dominated by neutrons, as
wou1d be expected from the schematic model. The closed

V. CONCLUSIONS

We have performed a reanalysis of a large amount of
(p, p') data for 2& and 3& states of even-even A )40
nuclei at energies between 14 and 50 MeV using a con-
sistent procedure involving coupled-channels calculations
and Becchetti-Greenlees optical model parameters [5].
We have found that variations in the method of analysis
do not cause the differences which often occur between

(p, p') and electromagnetic results. Instead, these differ-
ences may be traced to experimental errors and physical
effects in the nucleus.

By analyzing both the (p, p') and electromagnetic re-
sults, we have been able to compare the motions of pro-
tons and neutrons in the 2+~ and 3& states of nuclei stud-
ied here. Differences in the proton and neutrons oscilla-
tions occur in the 2+& states of the Sn isotopes and N = 82
isotones, and in the 3& states of the Sn isotopes. Overall,
it appears that the differences between proton and neu-
tron motions are smaller in 3& states than in 2& states
in the nuclei studied here. This result suggests that the
core polarization effect is stronger in 3& states than in
2+~ states.
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