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Calculation of three-body reactions with Coulomb interaction
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Three-body nuclear reactions with Coulomb interaction are treated using the formalism of Alt,
Sandhas, and Ziegelmann when two of the three particles are charged. Aspects of the numerical calcula-

tion are discussed and its difficulties are pointed out. Calculations are presented by considering the total

energy of the system under breakup threshold and increasing values of the target atomic number.

PACS number(s): 25.10.+s

I. INTRODUCTION

Inclusion of the Coulomb interaction in the nuclear
three-body problem is by no means simple due to the
long-range character of the interaction. Although a
variety of methods [1—6] have been proposed to treat the
Coulomb interaction adequately, the calculations are
rather complex. Among these methods, the formalism of
Alt, Sandhas, and Ziegelmann (ASZ) [4—6] has been
widely utilized for cross-section calculations of reactions
in which only three nucleons (p, n, p) take place. Starting
from equations [7] like Faddeev equations, the two-body
transition operators, which are present, are put in such a
form that the contribution of the Coulomb interaction is
isolated. The Coulomb singularities are avoided by con-
sidering the screened Coulomb potential, which leads to
screened scattering amplitudes. The transition to un-

screened scattering amplitudes is made by following the
renormalization procedure of Gorshkov [8] and others
[9,10]. The ASZ equations are actually effective two-
body equations that are solved by means of their momen-
tum representation.

Our aim in this work is to analyze aspects of the nu-
merical calculation of the ASZ equations when two of the
three particles are charged and for increasing values of
the product of their atomic numbers. Basically, the as-
sumptions made about the system we consider are that
the target is structureless and infinitely heavy and that
the short-range interactions are of the separable s-wave
Yamaguchi potential [11]. Although one has to solve
two-body equations, their kernels have a complex singu-
larity structure: the effective free Green function
presents singularities of the fixed-point type; for total en-
ergies above the breakup threshold the kernels develop
the well-known moving singularities [12];and finally, the
kernels have a quasisingular character due to the
screened Coulomb potential [13,14]. Here we restrict
ourselves to total energies under the breakup threshold.

In solving the ASZ equations numerically some
difBculties arise and to overcome them one may proceed
as follows: the Born approximation is done for the two-
body Coulomb transition operator, in order to reduce the
solution of the ASZ equations to manageable size; a de-
tailed numerical representation should be taken for the
quasisingular behavior of the screened Coulomb potential

present in the kernels. Besides these points, in the elastic
case one has to make subtractions to get the scattering
amplitude; this is a possible source of errors. In this pa-
per we will discuss these questions and show our calcula-
tions by exhibiting the cross sections of the reactions—
elastic scattering of deuteron, deuteron induced stripping
reactions (d,p) and (d, n), and the (p, n) reaction, consid-
ering increasing values of the target atomic number.

This paper is organized as follows. In Sec. II we intro-
duce the two-body interactions and give a brief descrip-
tion of the ASZ method. In Sec. III we present the
method for the numerical calculation of the transition
amplitudes. Finally, Sec. IV is devoted to the presenta-
tion of the numerical results and comments.

II. THE THREE-BODY SYSTEM AND THE
ASZ EQUATIONS

which in the momentum representation is written as

2/2
V„(p'—p) =z

217 lp' —
pl +Pl /R

(2)

with Zz the atomic number of the target and R the
screening radius. The three subsystems of two particles
each possess a bound state. According to our assump-
tions the two-body potentials can be expressed as

(3)

We consider a system composed of a target, a proton,
and a neutron, which are denoted by 1, 2, and 3, respec-
tively. The masses of the proton and the neutron are tak-
en to be equal and that of the target, infinite. In the c.m.
frame of the three-particle system, q is the momentum
of the particle a, where a is either 1, 2, or 3, relative to
the c.m. of the pair a, defined by the two other particles,
and p is the relative rnornentum in the pair a. The cor-
responding reduced masses are denoted by M and p .
The two-body nuclear potentials are treated as separable,
rank-one, s wave. In pair 3, target-proton, there is the
addition of the Coulomb interaction, described by the
screened potential

2 exp( r IR)—
Te
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where X is of the Yamaguchi form [11]

1V

XQ P(x 2( )=
Pa a

(4)

im Z p, z (q p ) Tp '(qp, q )Z,s"(q.)
g —+ oo

= Tp (qp, q )

=5p 5 3Tc(q q )+ T.c,p (qp q ) (8)

To get the exact transition amplitudes we utilize the ASZ
method [4—6] which, starting from the quasiparticle
equations [7], provides effective two-body equations for
the transition operators

(5)

where

Z ~(q )=e ' ', y=12g(q ))

Z3 i, (q3)=1,

+ p 3~XplGO(E)&g(E)GO(E)~X ), (6)

with E the three-body energy, Go(E) the three-body free
Green function, and 5p =1—

5p . In Eq. (6), 5'„ is the
two-body transition operator, related to the screened
Coulomb potential Va, Eq. (1), and satisfying a
Lippmann-Schwinger equation.

The ASZ method decomposes the potential V&
' into a

short-range contribution, and into a long-range one pro-
portional to the screened Coulomb potential V„. With
this decomposition the on-shell screened transition ampli-
tudes become

Tp (qp, q )=5p 5 37&(q', q )+T,& p (qp, q ), (7)

where T,R p (qp, q ) is the screened Coulomb modified
nuclear transition amplitude and with q& and q on the
energy shell.

In order to get the unscreened transition operator T&,
the ASZ method renormalizes Eq. (7) and then takes the
zero screening limit, R ~ac. Following this procedure
one gets from Eq. (7)

where R indicates the dependence on the screening ra-
dius. In Eq. (5) Go r is an effective free Green function
[15]and Vg' is the effective two-body potential [15]

Vp 5p ( Xp~ GQ( E) +( 5 3+5p3+5p35 3)

X Go(E)'TR (E)GO(E) ~X )

P, , ~(qy ) = — f„„Va(r)« .
r

(10)

III. METHOD FOR THE CALCULATION
OF THE TRANSITION AMPLITUDES

To calculate numerically the screened transition arnpli-
tudes Tp"'(qp, q ) we solve the ASZ equations (5},by first

considering their momentum representation and then

performing the following partial-wave decomposition:

The screening approach consists in calculating the am-
plitudes Tg'(qp, q ) and V'z(q', q ) for finite R. Their
difference provides the screened Coulomb modified nu-
clear amplitude T,„p (qp, q ), which is renormalized in
the way discussed above. Repeating the calculations for
increasing values of R one gets the unscreened transition
amplitude T,c p (qp, q ),

lim ZpR (qp)[Tp (qp, q )
g —+ oo

5p 5 3VR(q', q )]Z ii (q )

lim Zp~ (qp)T, „p (qp, q )Z a (q )
g ~ oo

T c,pa(qp la)

To obtain the transition amplitude Tp (qp, q ) one
analytically adds to the calculated amplitude
T,c p (qp, q } the Coulomb transition amplitude
5'c(q', q ) according to Eq. (8). It is worth noting that
'Tc is added only in the elastic-scattering case 13=a%3.

Tp"'(qp, q )='Vp '(qp, q )+ g fdq"q" „Vg'(qp, q" )'T'"'(q", q ), (12)

where the quantities 'T& ' and 'V& ' are obtained from
equations of the form

21+1
Xp (qp, q )= d cos8Xp (qp, q )P&( cos0),

2 —1

(13)

with PI the Legendre polynomial and 0 the angle between
the momenta q& and q .

The singularities of the kernels are generated by the
Green function and the effective potential. To determine
them we must fix the total energy of the system E. Here,
we work with energies under the breakup threshold X 'I (q",q ), (14)

I

E (0. The Green function has fixed-point singularities
++2@&(~er~ —~E~)+ip at an infinitesimal distance p
from the real axis of integration, and the effective poten-
tial as well as the screened Coulomb potential have no
singularities on this axis.

The method [16] used to treat this kind of singularity
introduces an auxiliary equation

I p (qp, q )='Vp '(qp, q, E)

+22M, , fdq q '~p, (qp q )
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with a nonsingular kernel on the real axis

'Vp"'(qp, q" )
'—
Vp '(qp, q )

pY qp'qY 2 2
(15)

qp2'rp. (qp, q. )/(qp2 —qf'2 —ip) and gets the following
equation with a nonsingular integrand:

dp (qp, q )=2Mp
2I +1

being the on-shell transition amplitudes written as

'Tp '(qp, q )='I
p (qp, q )

+ g 'I
p (qp, q~) 'I (qr, q ) .

r

The quantity 'I is a solution of the equation

(16)

'Ip (qp, q )='dp (qp, q )+ g'dpr(qp, qz)'Iz (qr, q~),
y

(17)

where

4~ 'I
p (qp, q )

dp~(qp, q~)=2Mp dqp qp
q

2
q

2
$p

(18)

The integrand of 'd has singularities on the real axis for
p~0; to circumvent them one adds to, and subtracts
from, the integrand the quantity

q p
'I'p (q p, q ) qp

—'I
p (q p, q )fX dqp

qp
—

qp

4
2+1 q "-'"q-' (19)

In Eqs. (16) and (19) one needs the knowledge of 'I both
on shell and off shell. To do this, first one solves Eq. (14),
which gives the off-shell quantities I and then, using this
same equation, one calculates 'I on shell.

In the case of elastic scattering, P=a3, one also
needs to solve the Lippmann-Schwinger equation for the
two-body transition operator 'T„; one proceeds in the
same way as above, since its kernel has the same kind of
singularities as Eq. (12). Then one subtracts 'Tz from

Tpa to get Tsg, pa
Finally, following the basic idea of Fredholm's method

[17], one transforms the integral equations (14) in alge-
braic linear equations, approximating the integrals by
sums.
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FIG. 1. Convergence of the differential cross section with the screening radius R as a function of the scattering angle, for the (d, d)
and (p, n) reactions.
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IV. NUMERICAL RESULTS AND COMMENTS

In Sec. III we outlined the method for the calculation
of the screened transition amplitudes and here we de-

scribe some of the problems encountered in performing
these calculations.

A. Two-body input

ZT lezl (MH) le3I (Me&) b2 (M«) b3 (Me&)

10.0
8.9

8.75
8.00

200.0
172.6

200.0
172.6

TABLE I. Binding energies le I
and the parameters b of the

nuclear interaction for pairs 2 and 3, for di8'erent atomic num-

bers ZT of the target.

First we introduce the two-body input used in our cal-
culations. In order to determine the potentials V, Eq.
(3), we fix the range parameters b and the binding ener-

gies Ie I
of the two-body bound states. Table I summa-

rizes our choice for the quantities concerning the pairs 2,
neutron-target, and 3, proton-target. For pair 1, proton-
neutron, we use the values I e, I

=2.225 MeV and

b, =285.8 MeV, corresponding to the binding energy of
the deuteron and the triplet scattering length a, =5.38
fm. We consider energies of the three-body system under
breakup, specifically E (—1.0 MeV, and values of the
target atomic number ZT up to 4.

B. Numerical calculation

The solution of the coupled equations (14) needs the
knowledge of the two-body screened Coulomb transition
operator &q', I''Tz(E —q3' /2M3)lq,

"
) for q3 and q3 off

shell, via the effective potential (6). Then to reduce the
numerical solution of Eq. (14) to manageable size, one
takes the approximation 5'~ = Vz. One can wonderI I

about the quality of this approximation. As it was point-
ed out by Kok and Haeringen [18] the ensuing errors in

the measurable quantities will depend on the relative im-

portance of the nuclear and Coulomb potentials. This is
a hard task to be carried out, however, in the cases in

which

& q', I'V„(E —q,"/2M3) Iq,
"

& /& q', I'V„
I q,

"
&
= 'W =1

one can certainly assure the above approximation is well

justified. Still from Ref. [18] and for the repulsive
Coulomb potential one can have the following: (1) 'l7 = 1

for g=E —q3' /2M3 (0 and for small values of the
modulus of the Sommerfeld parameter,
[tl=zre (p3/2g)' ]; (2) I'RI =1 for ()0 and for small
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FIG. 2. Same as Fig. 1 for the (d,p) and (d, n) reactions.
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values of ~ri~. The first case can be achieved if the total
energy of the system is negative, E &0, for q3' is a vari-
able of integration in Eq. (14) and hence one can get small
values for ~ri~. The second case can be achieved if E )0;
however, as q3 varies g assumes decreasing values, lead-
ing to large values of jq~, and so g no longer fulfills the
condition corresponding to the second case. Thus in this
case the Born approximation for T~ should be investi-
gated with care. Regarding our system, we have ~g~ (1
for the energies considered, E & —1 MeV.

Concerning the partial-wave decomposition, one
should mention that the partial effective potential 'V& ' is
written as a sum of four contributions [4]; two of them
have an analytical form and the other two are calculated
from Eq. (13) by using the Gaussian quadrature method
[19] (GQM). In order to get a good convergence of the
differential cross sections with I we need up to 14 partial
waves, for the energies and target atomic numbers con-
sidered.

The crucial point in solving Eq. (14) numerically is the
quasisingular character of the screened Coulomb poten-
tial present in its kernel. This behavior can be seen by
considering the momentum representation of this poten-
tial V„(p' —p), Eq. (2). When p'~p and R is large, Vtt
tends toward a sharp peak, becoming more singular with
increasing Zz. . In addition, the localization of this
quasisingular behavior of the kernel on the axis of the
variable of integration depends on the value of the

momentum q& in 'I
& '(q&, q ). Since each value of qtt

generates one equation for I &
', this quasisingular behav-

ior is not localized; therefore, the numerical representa-
tion of the kernel cannot be made suitable simultaneous-
ly, unless a very large number of points of the integration
axis is used. In our calculations we consider up to 120
points of the GQM.

Figures 1 and 2 show the convergence of the
differential cross sections with the screening radius R.
The cross section is proportional to the square modulus
of the amplitude T,c&, Eq. (7), except for the elastic-
scattering case; however, even in this case we did not add
to T,c» the Coulomb transition amplitude V'c, since the
resulting sum would mask the question of convergence
[13].

From Figs. 1 and 2 one notes that for Z~=1 the con-
vergence with R is quite good irrespective of the type of
reaction considered. Concerning the questions men-
tioned above, 64 points of the GQM were used both for
the calculation of the partial-wave decomposition of the
effective potential and for the numerical representation of
the kernel. For Zz-=4 the convergence with R is good
but for the elastic scattering of the deuteron. In order to
achieve this, 120 points of the GQM were used. We
think the unsatisfactory result obtained in the elastic case
comes from the subtractions performed to get T,z &&,

these being needed only in the elastic scattering case.
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