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The self-energies of quasinucleon states in nuclear matter are studied using QCD sum-rule methods.
A correlator of nucleon interpolating fields, evaluated in the finite-density ground state, is calculated us-

ing both an operator product expansion and a dispersion relation with a spectral ansatz. This approach
relates the nucleon spectral properties (such as the quasinucleon self-energies) to matrix elements of
QCD composite operators (condensates). With increasing nucleon density, large changes in Lorentz sca-
lar and vector self-energies arise naturally; the self-energies are found to be comparable to those suggest-
ed by relativistic nuclear physics phenomenology. The most important phenomenological inputs are the

baryon density and the value of the nucleon cr term divided by the average current mass of the light
quarks. However, the successful comparison to relativistic phenomenology is sensitive to assumptions
made about the density dependence of certain four-quark condensates.

PACS number(s): 24.85.+p, 21.65.+f, 12.38.Lg

I. INTRODUCTION

The Dirac phenomenology of proton-nucleus scatter-
ing provides a simple yet quantitatively accurate model of
spin observables over a wide range of energies and target
nuclei [1,2]. In this approach, nucleon propagation in the
nuclear medium is described by a Dirac equation with an
optical potential that has large (several hundred MeV)
and cancelling isoscalar Lorentz scalar and vector corn-
ponents [3]. Relativistic models of bound-state properties
(e.g., nuclear matter saturation), which feature scalar and
vector self-energies similar to the optical potentials, have
also had wide success [4]. However, despite the appeal of
the phenomenology, it has not been clear how this phys-
ics might be motivated from quantum chromodynamics
(QCD).

In a recent Letter, we showed how large scalar and
vector self-energies could arise naturally in finite-density

QCD due to changes in the scalar quark condensate and
the quark density [5]. We used QCD sum-rule techniques
to calculate the self-energies of nucleons propagating in
nuclear matter and found them to be comparable to the
Dirac optical potentials and to self-energies in relativistic
bound-state models. In the present work, we give further
details of the approach along with a more sophisticated
analysis, including a variety of corrections outlined in
Ref. [5).

The sum-rule approach at zero density [6—8] focuses
on a Fourier-transformed correlation function of the in-
terpolating field g(x), which is constructed from quark
fields such that it carries the quantum numbers of a nu-
cleon [see Eqs. (3.3) and (3.4)]:

II(q) —=i Jd x ' e'e(Ol T[rl(x)ri(0)]~0)

=II,(q )+IIq(q )g . (1.2)

The state ~0) is the physical nonperturbative vacuum,
and T is the time-ordering operator. This function is
analogous to a nucleon propagator in a hadronic model.
Lorentz covariance and the discrete space-time sym-
metries imply that this vacuum correlator can be decom-
posed into two invariant functions of q, H, and IIq,
whose analytic properties (as functions of coinplex q2)
can be'studied. Dispersion relations in q for each func-
tion follow after inserting a complete set of physical in-
termediate states into Eq. (1.1). These spectral represen-
tations show that the correlator describes the propaga-
tion of nucleons (i.e., there is a nucleon pole) as well as
higher-mass states with nucleon quantum numbers. By
assuming a simple phenomenological ansatz for the spec-
tral densities, the dispersion relations provide a model of
the correlator in the spacelike (Euclidean) region (q (0).

On the other hand, the correlator at large spacelike
momenta can be evaluated independently using an opera-
tor product expansion (OPE) [6,8]. This expansion
expresses the correlator as a sum of coefBcient functions,
calculated in QCD perturbation theory, that multiply
matrix elements of local composite operators. The opera-
tors are ordered according to their mass dimension. Ex-
amples of such operators are qq and G„' G'", where q is
an up or down quark field and G„'„(a= 1—8) is the gluon
field-strength tensor. In vacuum, these matrix elements
are the nonperturbative quark and gluon condensates.
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By equating these two diferent representations of the
correlator, we obtain QCD sum rules, which directly re-
late the spectral parameters (i.e., the masses and other pa-
rameters of the phenomenological ansatz) of low-lying
resonances to QCD Lagrangian parameters and the con-
densates [6,7].

To optimally extract the spectral parameters, one typi-
cally applies a Borel transform to the sum rules. On the
QCD side it improves the convergence of the OPE by
suppressing the contributions of higher-dimensional
operators, while on the phenomenological side it em-
phasizes the contribution from the nucleon pole [6]. (It
also eliminates undetermined polynomials in q .) This
double improvement of the sum rules often seems mira-
culous; we will present an equivalent but more transpar-
ent formulation in Sec. III in terms of integrals of the
correlator times a weighting function on a contour in the
complex q plane [9,10]. In this approach, the conven-
tional Borel-transformed sum rules simply correspond to
a particularly advantageous choice of weighting function.

To generalize the sum-rule analysis to finite density, we
consider a correlator of the same interpolating field rl(x)
evaluated in the ground state of finite nuclear matter

~ %0), rather than in the vacuum:

II(q)—:i J d x e' t"(4 0~'T[ i()x) i(?0)]~4 0) (1.3)

=11,(q, q u)+II (q, q u)/+II„(q, q u)if .

(1.4)

We can still use Lorentz covariance and the discrete
space-time symmetries to identify invariant functions and
the kinematical invariants; however, there are now three
functions of two independent invariants, q and q u.
Here u" is the four-velocity of the nuclear medium. If,
for convenience, we specialize to the rest frame of nuclear
matter, where u"=(1,0), we can consider the analytic
properties of the correlator as a function of the complex
"energy" variable q0, with the three-momentum q held
fixed. A Lehmann representation in qo follows just as in
nonrelativistic many-body physics [11].

We again exploit the analytic properties of the correla-
tor to derive sum rules, although we must be aware of the
more complex spectrum at finite density. The nucleon is
no longer an eigenstate of the many-body Hamiltonian,
and nucleon and antinucleon spectral properties are not
simply related by discrete symmetries, since the ground
state is not invariant under charge conjugation. Never-
theless, we still argue for a simple ansatz for each spectral
function, which will introduce Lorentz scalar and vector
"self-energies" characterizing a quasinucleon excitation.
As before, we relate these functions to an operator prod-
uct expansion of the correlator in the Euclidean region,
which now corresponds to taking q0 large and imaginary.
The expansion involves matrix elements of operators at
finite density. These include new matrix elements that
vanish in the vacuum as well as modifications to the vac-
uum condensates. The simplest new matrix element is
the quark density (q q ).

Our assumptions about the finite-density spectral func-
tions rely on basic features of observed nuclear phenome-

na. In particular, at finite density the positive-energy nu-
cleon pole becomes a broadened peak in the medium,
which reflects the spreading of strength into other states
such as two-particle —one-hole excitations. Nevertheless,
the peak apparently remains narrow on hadronic scales.
Since the sum rule averages over the spectral function on
such scales, a pole approximation is justified. Experiment
also indicates that the pole position in energy remains
essentially constant with density for low-energy
nucleons —a result we should predict from the sum rules.
In contrast, we expect the negative-energy nucleon pole,
which corresponds to an antinucleon propagating in nu-
clear matter, to be shifted and broadened significantly in
a manner not well constrained by experiment.

Our strategy is to approximate the spectral functions
for the positive-energy nucleon by assuming a quasiparti-
cle pole, allowing scalar and vector self-energies to
change with density, while suppressing contributions
from the region of the negative-energy nucleon excitation
(antinucleon) as well as strength from higher-energy
states. We achieve this suppression through the weight-
ing function in the sum-rule integrals or, equivalently, by
manipulating the real and imaginary parts of the Borel-
transformed correlator. One of the fundamental assump-
tions made is that there is a separation of "hadronic" and
"nuclear" energy scales and the physics corresponding to
each. We expect that the real part of the quasinucleon
self-energies can be associated with hadronic physics,
while determining the quasinucleon width (or making a
quantitative study of nuclear matter saturation) requires
a detailed treatment of the nuclear many-body problem,
which is well beyond the scope of QCD sum rules.

If we tried to map out the discontinuities of the corre-
lator (spectral functions) in detail by using a timelike
probe, we would naturally be sensitive to many-body
physics. However, by concentrating on the spacelike
correlator, we deal with an energy-averaged spectrum. If
the averaging is comparable to or coarser than the spread
in the nucleonlike excitation, a quasiparticle model is ap-
propriate and useful. The idea is to focus on (Euclidean)
time scales that are short enough so that an operator
product expansion is reliable but long enough so that the
implied energy averaging is not so coarse as to wash out
the quasinucleon contribution. In practice this is accom-
plished by an appropriate weighting function.

Why should the QCD sum-rule approach work? Since
a nucleon in free space is an excitation of the vacuum, its
properties are ultimately related to vacuum properties.
But the degree to which one must understand the nature
of the vacuum is not clear; a full solution of QCD may be
needed for a complete understanding of the strong-
interaction properties of hadrons. However, to determine
the spectral properties of many hadrons (e.g., the masses),
it may be sufficient to characterize the vacuum in terms
of a small number of parameters: the quark and gluon
condensates. The sum-rule approach is based on this pos-
sibility [6]. While sum rules have not been proved to
correctly represent QCD, they successfully account for
many properties of hadrons in free space [7].

It is then natural to extend QCD sum-rule methods to
calculate the scalar and vector self-energies of a nucleon
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quasiparticle in the nuclear medium. If a small number
of condensates are sufhcient to determine gross features
of the low-energy structure in the zero-density spectrum,
then changes in these condensates due to finite baryon
density should be reflected in changes in the nucleon
spectrum. Thus the condensates should determine the
basic features of the nucleon self-energies in medium. In
particular, we should be able to assess the predictions of
relativistic phenomenology: Are scalar and vector nu-
cleon self-energies large and cancelling in nuclear matter?

We find that a simplified version of the sum rules for
the nucleon correlators, discussed previously in Ref. [5],
predicts nucleon isoscalar self-energies qualitatively simi-
lar to those of relativistic phenomenology. In particular,
large and cancelling scalar and vector self-energies arise
naturally due to changes in the simplest scalar and vector
quark condensates, ( qq ) and ( q q ) . The leading densi-
ty dependence of the scalar condensate is determined by
the nucleon 0 term in a model-independent way [12,13],
and the density dependence of the vector "condensate" is
trivially proportional to the nucleon density. We find
that the more complete sum rules discussed in the present
work imply, for the most part, relatively minor
modifications of these basic results. If we consider the ra-
tios of self-energies at finite density to the zero-density
nucleon mass, the predictions are insensitive to details of
the calculation, with one important exception. This ex-
ception is the assumed density dependence of a four-
quark condensate, which occurs in a higher-order term in
the OPE and also plays an important role in the zero-
density sum rule [8]. Considering two possible scenarios
for the density dependence of this condensate, we find ei-
ther good qualitative agreement with relativistic phenom-
enology (Fig. 5} or else a basic disagreement with the
empirical situation (Fig. 7).

There are several other recent applications of QCD
sum-rule methods to finite-density problems [12,14—17].
In Refs. [14] and [15],sum rules were applied to account
for the Nolen-Schiffer anomaly in terms of changes in the
neutron-proton mass difference with density. The impli-
cation that nucleon sum rules predict in-medium self-
energies similar to those of relativistic phenomenology
was also noted in Ref. [14]. Recent work by Hatsuda and
Lee studies the properties of vector mesons in the nuclear
medium [16].

In Refs. [12) and [17], Drukarev and Levin use finite-
density sum rules to describe nuclear matter saturation
properties. Thus, rather than focusing on individual sca-
lar and vector self-energies as we do, they study the shift
of the quasinucleon pole. Cancellations between scalar
and vector contributions are still present in the sum rules
and were pointed out in Ref. [17]. Since the empirical
pole shift is quite small on hadronic scales, its determina-
tion from sum rules is likely to be very uncertain. We
can establish that QCD predicts large and cancelling sca-
lar and vector self-energies more reliably than we can
quantitatively predict the net single-particle energy.
Therefore, we concentrate on the self-energies in this pa-
per. We also note that the Drukarev-Levin approach is
based on a dispersion relation in q rather than one in qo,
as presented here.

The outline of this paper is as follows. In Sec. II, the
elements of relativistic nuclear phenomenology that we
might expect to test using QCD sum-rule techniques are
reviewed, and some notation is introduced. The conven-
tional QCD suin-rule treatment of the nucleon in free
space is outlined in Sec. III, and the added complications
of working at finite density are noted. The general ap-
proach at finite density, including the spectral decompo-
sition of the finite-density correlator and its operator
product expansion, are presented in Sec. IV. We reserve
many details of the OPE and the models of higher-
dimensional condensates for discussion elsewhere [18,19].
Basic results are presented in Sec. V (a more exhaustive
analysis will be given in Ref. [19]}and discussed further
in Sec. VI. Section VII is a summary.

II. RELATIVISTIC NUCLEAR PHYSICS
PHENOMENOLOGY

In this section, we review some elements of relativistic
nuclear physics phenomenology and introduce some basic
concepts and notation that we will use to generalize the
QCD sum rules to finite density. The discussion is in-
tended to build intuition about what we might except in
the QCD analysis and to motivate our spectral ansatz.
To this end, we consider the Dirac phenomenology of
proton-nucleus scattering and some aspects of quantum
hadrodynamics (QHD) [4]. QHD is a class of relativistic
quantum field theories using baryons and mesons as La-
grangian degrees of freedom. We emphasize that our
sum-rule approach does not assume that QHD is valid
but, rather, tests some basic features of successful relativ-
istic phenomenology against QCD predictions.

The most acclaimed success of relativistic nuclear
physics in the past decade has been the economical
description of proton-nucleus spin observables over a
wide range of energies and target nuclei. These analyses
have been performed using a purely phenomenological
global parametrization of the scattering [3] and using a
meson-theoretical framework [2]. The essential in-
gredient in both approaches is that nucleon propagation
in the nuclear medium is described by a Dirac equation
featuring large Lorentz scalar and vector optical poten-
tials. In the simplest case, the nucleon wave function f
satisfies

(Ey yq M~ —U)—$=0,— (2.1)

where U=S+ Vy are the complex optical potentials,
MN is the nucleon mass, and E is the nucleon energy.

Although there are differences in detail, the qualitative
characteristics of phenomenological optical potentials for
intermediate-energy protons and those obtained from
meson-exchange models are similar [1,2,20]: (i) Attractive
scalar (ReS &0) and repulsive vector (Re V&0) poten-
tials are the dominant features, with magnitudes increas-
ing with density, reaching several hundred MeV at nu-
clear matter saturation density. (ii) There is significant
cancellation between the potentials, so that the effective
nonrelativistic central potential is only tens of MeV in
magnitude. (iii} The imaginary parts also exhibit
significant cancellation, and are each smaller than the
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G (q}=—i Id'«"'& 'Pol &[@(x)l(«)]lq'c &,

where
l +o) is the nuclear matter ground state and g(x) is

a nucleon field [4]. The analytic structure of G in the
mean-field and more sophisticated approximations can
suggest what we should find for an analogous QCD corre-
lator. The nucleon self-energy X can be defined from the
formal solution of Dyson's equation for the inverse prop-
agator:

[G(q}] '=y„q" MJv X(q) . — — (2.3)

real parts. (iv) The real parts of the potentials have rela-
tively weak energy dependence.

These characteristics naturally suggest that a nucleon
above the Fermi sea can be regarded as a quasiparticle
with large scalar and vector self-energies (corresponding
to the optical potentials). The imaginary parts of the op-
tical potential indicate that the width in energy of the
quasinucleon excitation is relatively small on hadronic
scales, e.g., small compared to the spacing between the
free-space nucleon and the Roper resonance. As dis-
cussed below, a similar picture emerges from the phe-
noinenology for nucleons below the Fermi sea [21].

Why should we expect such a picture of nucleon prop-
agation in the medium? The empirical low-energy XN
scattering amplitudes are conventionally parametrized
using Galilean invariants. However, if the amplitudes are
decomposed using Lorentz invariants, one finds Lorentz
scalar and vector components that are much larger than
the amplitudes deduced from the nonrelativistic decom-
position. In spin-saturated nuclear matter, other Lorentz
components of the NN interaction average essentially to
zero; these include terms arising from one-pion exchange.
So the dynamics of neutral scalar and vector components
are the most important for describing nucleons in bulk
nuclear matter [4].

Relativistic hadronic field theories of nuclear phenome-
na (QHD) provide a qualitative explanation of this phys-
ics. Large scalar and vector self-energies have their ori-
gin at the mean-field level as the interaction of a nucleon
with all other nucleons in the Fermi sea via the exchange
of isoscalar scalar and vector mesons. This simple pic-
ture has many phenomenological successes; relativistic
mean-field models provide a quantitatively accurate
description of many bulk properties of nuclei [4].

It is important to note that we will not try to use QCD
sum rules to test this picture of meson exchange as the
origin of the quasinucleon self-energies. Concerns about
such issues as the use of the Dirac equation to describe
composite nucleons (e.g., suppression of Z-graph physics)
and the validity of a meson-exchange picture at short dis-
tances have dominated the past discussion of relativistic
nuclear physics and its connection to QCD. Such ques-
tions are not addressed in our sum-rule analysis. Instead,
we focus on the spectral properties themselves, i.e., the
self-energies, which we can study outside the context of a
hadronic model, but still compare to the predictions of
Dirac phenomenology or QHD.

To put this more concretely, we consider the nucleon
propagator in a QHD theory

where u" is the four-velocity of the nuclear matter
ground state. This form is determined by Lorentz covari-
ance and the assumed invariance of the ground state un-
der parity and time reversal (see Sec. IV). The self-energy
can be decomposed similarly, ' this will define the notation
used in subsequent sections. The nucleon self-energy is
written as

X( q}=X,( q, qu)+X"„(q)y„,

where

(2.5)

x"„(q)=x„(q,q u)u "+2 (q, q u)q" .

We also define

(2.6)

M~+ X,
MN=

1 —X
q

and an in-medium scalar self-energy,

(2.7)

X, =M~ M~ . (2.8)

The combinations in Eq. (2.7) appear naturally when one
solves for the nucleon pole. ' Strictly speaking, the "sca-
lar self-energy" of the nucleon in the medium is Mz,
which is therefore the scalar quantity we will calculate
using the sum rules. However, we will follow nuclear
physics convention and refer to X, as the scalar self-

energy in the medium.
In the mean-field approximation, X, and X, are real

and independent of momentum, while X is identically
zero. Thus nucleons of any three-momentum appear as
stable quasiparticles with self-energies that depend on the

'The self-energy is often parametrized in QHD models as

X(q) =X'(q) —y„X"(q)

in the rest frame of infinite nuclear matter. This decomposition

follows generally from the translational and rotational invari-

ance of the ground state, and its assumed invariance under pari-

ty and time reversal [4]. These self-energies are related to our

definitions in the rest frame by X'~X„X~—X„—q X~, and

X'~X . The definitions of X, and MN with the factor
q

(1—Xq )
' are analogous to the definitions of the S and V poten-

tials, for example, in the IA2 analysis of Tjon and Wallace [20],
which absorb the "space-vector potential" C into the usual sca-

lar and vector potentials S and V.

This self-energy can be identified directly from the ana-
lytic properties of the propagator G(q). In particular,
the discontinuities of 6 across the real qo axis will be
used to extract the on-shell self-energy. We illustrate this
point explicitly, since this is how it will be identified from
the correlator II in the QCD sum-rule analysis.

We start with a general decomposition of G (q) as

G(q)=G, (q, q.u)+G (q, q u)g+G„(q, q.u)k,
(2.4)
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density. For mean-field models that provide quantitative
fits to bulk properties of finite nuclei, the self-energies are
typically several hundred MeV in magnitude at nuclear
matter saturation density: X,——350 MeV and

X, —+300 MeV. These are both essentially linear in the
density up to nuclear matter density. In this approxima-
tion, the self-energies X, and X, also correspond to
energy-independent optical potentials S and V. Note that
the effective nucleon mass Mg defined in Eq. (2.7) is not

equivalent to the usual nonrelativistic effective nucleon
mass that is connected with energy-level spacing. It is,
however, equivalent to the Walecka-model effective mass
at the mean-field level. We refer the reader to Refs.
[22,23] for further discussion of the relations between
different effective masses.

Although mean-field models successfully describe a
wide range of phenomena, their simplicity leads us to
question whether the basic physics survives in a more so-
phisticated analysis. The most detailed relativistic calcu-
lations of nuclear matter have been performed in what is
usually known as the relativistic Brueckner-Hartree-Fock
(RBHF) approximation [4,21]. This approximation in-

corporates effects from short-range correlations, which
are critical in the nonrelativistic description of nuclear
matter saturation. While these calculations involve some
untested assumptions, they provide a unified and quanti-
tative description of XX scattering observables and nu-

clear matter saturation properties.
Relativistic Brueckner calculations generally find that

the (on-shell) self-energies are only weakly dependent on
the three-momentum q. (This corresponds to a weak en-

ergy dependence for the real parts of the relativistic sca-
lar and vector optical potentials seen by a scattered nu-

cleon. ) Here, "on-shell" means that the self-energies are
evaluated at the qo corresponding to the pole position,
which is found by solving a transcendental equation for
the self-consistent single-particle energy [4]. The self-

energies X, and X„are found to be similar in magnitude,
sign, and density dependence to those from mean-field
calculations. Furthermore, the magnitude of the dimen-
sionless X, which is zero in the mean-field approxirna-
tion, is typically much less than one in RBHF calcula-
tions (see, however, Ref. [24]). Thus the mean-field quasi-
particle picture is qualitatively unchanged in the RBHF
approximation. We use this picture to guide us in formu-
lating our QCD sum-rule spectral ansatz.

In the mean-field approximation, the propagator with
real self-energies in the rest frame of nuclear matter is

1 g +M/ —ii X„~X2
Mtt X(q) —(qo E— )(qo E)——

where E and E are defined in Eqs. (2.10) and (2.11)
below. %'e have introduced a common residue factor A, ,
which is unity here and in more general approximations
includes the factor (1—X ) '. We can identify the func-
tions G, G„and G„directly from Eq. (2.9) using Eq.
(2.4}. A Lehmann representation obtained by inserting a
complete set of interinediate states between the g and f
in Eq. (2.2) shows that G, G„and G„have the same
singularity structure. In general, the entire real qo axis is

cut, but in the mean-field approximation we have only
two simple poles. There are no singularities elsewhere in
the complex qo plane. The discontinuities of the 6,.'s
across the real qo axis are proportional to the spectral
functions.

The positive- and negative-energy poles in qo are at

E =X„+Qq +M~ =X„+Eq',

Eq=X„—Qq +M~ =—X„Eq"—
(2.10)

(2.1 1)

(2.12)

b, G, (q0) = 2n i— , [5(qo —E, ) —5(qo —E, )], (2.13)

X,A,

EG„(qo)=+2ni, [5(qo E~)—5(—qo
—E )] . (2.14)

q

These define the mean-field spectral densities up to a con-
stant factor. As evident from Eq. (2.9), the relative resi-
dues of the 4(, scalar, and ti poles gives us the self-energies
M& and X,. Thus, ignoring the overall residue X, these
are the two independent quantities to extract; these are
the quantities we want to extract via our spectral ansatz
for the QCD nucleon correlator. There is an iinportant
distinction: In the mean-field approximation, the on-shell
self-energies are independent of q while the self-energies
we extract will depend explicitly on q (although the
dependence is apparently weak).

Evidently, to match the empirical fact that quasinu-
cleon single-particle energies are mostly unchanged at nu-
clear matter density, we must find significant cancellation
between X, and X, to keep E roughly constant. In con-
trast, a mean-field ansatz for the quasinucleon also pre-
dicts a significant shift of the negative-energy "pole" po-
sition E with increasing density. In reality, we expect a
broad distribution of strength rather than a narrow exci-
tation, so the simple ansatz is more realistic for the
positive-energy quasinucleon.

One might imagine that the large self-energies predict-
ed in relativistic models would have definite experimental
signatures. It is found, however, that the indiuidual self-
energies are not manifest in nuclear observables. So signa-
tures of a modified relativistic effective mass Mz, for ex-

ample, are diScult to identify experimentally. As a re-
sult, we choose to adopt a more theoretical approach.
We extract QCD predictions for the individual scalar and
vector self-energies by considering the analytic structure
of something like the nucleon propagator in QHD mod-
els. This leads us to the natural analog in QCD of the
QHD propagator: a correlator of interpolating fields
with nucleon quantum numbers.

In Sec. IV, we consider the QCD correlator at finite
density, which can be decomposed as in Eq. (2.4). A Leh-

in the mean-field approximation. The discontinuities of
the propagator functions across the real qo axis, for real,
fixed ~q~, are delta functions in this limit:

M~A,
b G, (qo)= —2ni [5(qo —E }—5(qo E )]—,
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mann representation once again tells us that the discon-
tinuities in qo across the real axis define the spectral den-

sities, which determine the correlator everywhere in the
complex qo plane. We use a quasiparticle model to
represent the region of the cut corresponding to the ener-

gy of a nucleon in nuclear matter. That is, we take Eq.
(2.9) as our ansatz for the quasinucleon contribution to
the correlator (which also implies a negative-energy
quasinucleon), allowing the self-energies to depend on the
three-momentum q. We assume that the pole approxima-
tion provides a reasonable representation of the relative
strength in the three spectral densities.

Lorentz covariance and the assumed invariance of the
nuclear matter ground state under time reversal and pari-

ty constrain the form of the spectral functions for the nu-

cleon propagator in QHD models. In particular, they im-

ply that only Lorentz scalar and vector self-energies are
associated with a quasiparticle pole. These same con-
straints also apply to the QCD correlator of nucleon in-

terpolating fields. They do not involve further assump-
tions about hadronic degrees of freedom or other aspects
of relativistic phenomenology. Therefore, the principal
issue we address here is not whether there are scalar and
vector self-energies that characterize the nucleonlike ex-
citation in medium; this is given once we believe that a
quasiparticle approximation is reasonable. The real ques-
tion is: What are the magnitudes, signs, and density
dependencies of the self-energies?

Direct experimental evidence and successful relativistic
phenomenology imply that a nucleon propagating in the
nuclear medium is well described as a relativistic quasi-
particle with scalar and vector self-energies changing
with increasing baryon density. This motivates the sim-

ple quasinucleon pole ansatz we adopt for the spectral
densities of the QCD correlator. This ansatz defines self-

energies that characterize the physical spectrum indepen-

dent of QHD dynamics. Again, the existence of both sca-
lar and vector pieces is not an assumption but follows

from the fundamental symmetries and invariances of the
nuclear system. Phenomenology suggests that these self-

energies should be large at saturation density; if true, this

should be predicted by the sum-rule analysis. Further-
more, we know from the weak binding of nuclear matter,
the empirical nonrelativistic optical potentials (which are
small), and information on single-particle energies from

(e, e'p) and (p, 2p) experiments that the quasiparticle en-

ergy of a nucleon in nuclear matter is only fractionally
shifted from the free nucleon energy and that the excita-
tion is only tens of MeV wide at most. This small shift
will not be a built-in constraint, but should be predicted
as well.

Although the true QCD correlator at finite density will

not just have simple poles on the real axis, we expect the
width of the positive-energy quasinucleon excitation to be
small on hadronic scales (and compared to the energy
over which we average), so we are justified in making a
pole ansatz. However, since we will not explicitly include
in our ansatz any background at these energies, the
effective self-energies we extract will account for all of
the strength in the nuclear domain. We have much less

information about the spectral density on the negative-

energy side, where the zero-density pole corresponding to
an antinucleon becomes a broad distribution as the densi-

ty of the nuclear system is increased. Therefore, to mini-

mize our sensitivity to this part of the spectral density,
we construct our sum rule to suppress this contribution
relative to the positive-energy side

III. QCD SUM RULES FOR THE NUCLEON
IN VACUUM

In this section, we briefly review some basic features of
QCD sum-rule calculations at zero density, with particu-
lar emphasis on those elements that will be modified

when we generalize to finite density. Sum-rule analyses
of the nucleon mass in vacuum have been made by Ioffe

[8] and many others [25,7]. We assume that these treat-
ments are valid and build on their assumptions and con-
clusions. However, we will make note of potential prob-
lerns with the sum rules and how they might affect the in-

terpretation of our finite-density results.
We start once more with a correlator of the nucleon in-

terpolating field g(x) evaluated in the physical vacuum:

II; (q)—:i f d x e'~ "(Ol 'T[ 71( x) i)(0)]lo) (3.1)

—:II, (q )5;, +II~(q )g;~ . (3.2)

i)(x)=e,b, [u' (x)Cy„u "(x)]y,y"d'(x)

=4eab, [(ug Cdirt )uL (ui CdL )u~ ], —
(3.3)

(3.4)

where a, b, and c are color indices (running from 1 to 3),
T means transpose, and C is the usual charge-conjugation
matrix [26]. In the second line, we have written rl(x) in

terms of left- and right-handed quark fields, suppressing
the x dependence. The analogous interpolating field for a

neutron follows by interchanging the up and down quark
fields.

This choice of interpolating field for the nucleon is

motivated by the goal of maximizing the coupling to the
nucleon intermediate state relative to other (continuum)

states while minimizing the contributions of higher-order

corrections (rom the operator product expansion [8,27].
Furthermore, we want the two invariant functions H,
and II to be more-or-less equally dominated by the nu-

q
cleon contribution. For simplicity, we first restrict our-

selves to interpolating fields that contain no derivatives

and couple to spin- —,
' only. Such a composite field can be

represented as a linear combination of fields correspond-

We have exhibited the Dirac indices i and j and intro-
duced the two independent invariant functions of q .
This decomposition is standard (see Ref. [26], for exam-

ple) and relies on the transformation properties of i)(x)
under Lorentz boosts and the discrete space-time sym-

metries, along with the Lorentz invariance of the vacu-

um. (We neglect violations of parity due to the weak in-

teraction, which would introduce additional functions. )

We generalize this result in the next section to the case of
a finite-density ground state.

We follow the arguments of Ioffe and use an interpolat-
ing field il(x) for a proton constructed from up and down

quark fields as [8,27]
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ing to a scalar or pseudoscalar diquark coupled to an up
quark:

r), =2m, s, [(u' Cd")y u'+t(u' Cy d )u'], (3.&)

where t is an arbitrary parameter. To avoid direct instan-
ton effects, we restrict the possibilities to t =+I [28]; Eq.
(3.4) corresponds to t = —1 after some rearrangement.
This choice is favored because the t =+ 1 field does not
get a low-order chiral-symmetry breaking contribution in
the operator product expansion (from (qq )„„in particu-
lar). Therefore, the t =+1 field should either couple
weakly to the nucleon resonance or receive compensating
contributions from negative-parity states. In a future
work [19], we wH1 consider the general linear combina-
tion in Eq. (3.5).

The analytic properties of II(q) can be studied through
a Lehmann representation, which reveals that all singu-
larities in q lie on the positive real axis. Writing a Cau-
chy relation for the contour of Fig. 1 with s0~ 00, we ob-
tain dispersion relations in q for each of the II s

(i = [s,q ] ) of the form [26,29]

EII, (s)
II;(q )= . f ds

2
+polynomial,

2' E 0 s —
q

(3.6)

11,(g') = y C„'(g')(O „)„... (3.8)

where the C„'(Q ) are c-number functions, calculated in
QCD perturbation theory, and the (0 „)„„=(0~0„~0)

Im s

where b, ll, (q ) is the discontinuity across the positive
real q axis. The discontinuity is defined by

bf(x): lim [f(x—+iri) f (x —i—rt)] .
g—+0+

In this case, XII;(q )=2i ImII;(q +i0+) contains the
spectral information on the nucleon and higher-mass
states.

The dispersion relations allow us to relate information
contained in the spectral functions about physical inter-
mediate states to the correlator evaluated elsewhere in
the complex q plane. Of particular interest is the deep
spacelike region, for which Q =——q is large and posi-
tive, where we can calculate the correlator using an
operator product expansion (OPE). The OPE correlator
takes the general form [6]

$[(g )"]=0 for k &0,
r

I
(g2)k

1
for k &0,

k —1! M'

$[(g )"ln(g /A )]=k!(—M )"+' for k ~0.
Finally, one finds

(3.10)

(3.11)

(3.12)

—s/M

s+Q
(3.13)

From Eq. (3.10), any simple polynomial in Q is eliminat-
ed by the Borel transform. This has two useful (and re-
lated) consequences: The subtraction terms accompany-
ing the dispersion relation and any divergent (or renor-
malized) polynomials from the OPE are simultaneously
eliminated. It is also evident that the higher-order terms
in the OPE, which contain inverse powers of g, are fac-
torally suppressed by the Borel transform. The trans-
form of the dispersion integral [Eq. (3.6)] is

%[II;(q')]= . I ds e ' b,II,.(s) . (3.14)
27Tl 0

For M near the mass of the nucleon, higher-mass contri-
butions to the integral are exponentially suppressed.

are vacuum expectation values of QCD operators —the
condensates. We have suppressed the dependence on the
normalization scale p. For sufficiently large Q, the
correlator is reliably calculated with the OPE truncated
at a small number of lower-dimensional operators and the
Wilson coefficients evaluated in QCD perturbation
theory.

In principle, by equating Eqs. (3.6) and (3.8) for
i =[s,q J we have two sum rules. In practice, they are
not useful. There are unknown polynomials, and the nu-
cleon contribution does not dominate the dispersion in-
tegral for values of Q large enough that the truncated
OPE is both tractable and accurate. The standard pro-
cedure for improving the situation is to make a Borel
transform of each representation of the correlator and
then to equate the transformed equations. We review this
standard approach first and then present an alternative
derivation of the same Borel sum rules that is physically
more transparent and more readily generalized.

The Borel transform can be applied in practice using
the operator % defined by [6]

'n
2)n+ i

+[f(Q')]=— ltm, —,f(Q')
a'. -- &' dQ'
g2y~ M2

f(M ),
— (3.9)

which depends on the "Sorel mass" M. One finds that

FIG. 1. Contour in the complex s plane used in the deriva-
tion of Eq. (3.6) and for the sum-rule integral in Eq. (3.28).

2While in principle this is an overly simplistic approach to the
operator product expansion, it has compelling phenomenologi-
cal justification in QCD. In general, one has to be more precise
about the definition and separation of perturbative and nonper-
turbative contributions to the Wilson coefBcients and the con-
densates. See Refs. [30] and [31]for further discussion.
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The correlator in spectral form can be evaluated by in-
troducing a phenomenological model for the discontinui-
ty. The lowest-mass contribution to the spectral function
is from the nucleon pole. It can be found from the
discontinuity in q:

~N
[ b II(q)] „„,)„„=& .

M—~

—
A,tv(/+Mdiv)

q2 —MN
(3.15}

(OIri(0)Iq ) =A, u(q) (3.17}

and from the related equation for the antinucleon [8].
Here

I q ) is a one-nucleon state with four-momentum q"
(q =M+) and u(q) is a Dirac spinor for the nucleon.
One can immediately read off the nucleon-pole contribu-
tions to the spectral functions for II and II, . We note
from Eq. (3.16) that their ratio is the nucleon mass MN.
Contributions to the spectral functions from higher-mass
states are roughly approximated using the leading terms
in the OPE, starting at a threshold sp:

=2m Q&(/+M&)5(q Mtt )—, (3.16)

where XN is the residue. This is equivalent to construct-
ing the spectral density from the matrix element

This factorization assumption expresses all condensates
in terms of a, b, and mp. For example, four-quark con-
densates such as (ql qql q)„„become proportional to
a . This is an important assumption; we discuss it fur-
ther in Sec. IV.

Perturbative corrections -a," are taken into account in

the leading logarithmic approximation through
anomalous-dimension factors [6]. After the Borel trans-
form, the effect of these corrections is through the factor
L raised to an appropriate power, where

ln(M /AQCD )
L—=

ln(p/AQcD)
(3.24}

—s /MM2~M2( 1 e 0 (3.25)

While these corrections can change the absolute predic-
tions of the nucleon mass by SO —100 MeV, they have a
relatively small effect on our results because we take ra-
tios of finite-density self-energies to the zero-density
mass. For simplicity, we do not consider these factors ex-
plicitly in the present treatment.

The dependence on the higher-mass states in Eq. (3.18)
is transferred to the OPE side of each sum-rule equation
[Eqs. (3.19) and (3.20)] using factors that depend on so,
the continuum threshold [6]. These factors multiply the
leading terms of the OPE for each sum rule. Terms with
positive powers of M are modified as follows:

all, (s) = [all, (s) j„„„,.„+e(s—s, )[all, (s)]„,. (3.18)
sp

M
(3.26)

Equating the Borel transforms of the OPE and phe-
nomenological descriptions yields two relations —one for
each invariant function. For reference, we present the
complete sum rule of Ioffe and Smilga (the reader is
directed to Ref. [25] for more details):

272 &. a3

12 81 w M2'
—M /M

g 2 ™N M6L 4/9+ bM 2L —4/9+ 2L 4/9

—s /M Sp SpM6 M6 1
0

2M4 M2
(3.27)

All other terms are unaffected. In principle, the effective
thresholds for the two rules could be different because
negative-parity resonances enter with different signs [25].
We do not consider this possibility in the present work
(see Ref. [19]).

An alternative path leading to these Borel sum rules
starts with the contour integral [9,10]

2
mp——a
M

(3.20) (t}ds W(s)II;(s)=0, (3.28)

a = —(2~) (qq )„,, (3.21)

CXs

b =(277) G G
}ttV

77
vac

at normalization scale p, and defined:3 2'

(3.22)

(3.23)

cx, is the strong coupling constant evaluated at the Borel
mass. The parameter mp is introduced to parametrize a
mixed quark-gluon condensate [25]. Higher-dimensional
condensates are approximated by inserting intermediate
states and assuming that the vacuum state dominates.

An explicit expression for the nucleon mass is obtained
by dividing Eq. (3.19) by Eq. (3.20). Here we have defined
the vacuum matrix elements

where II; is one of the invariant functions, W(s) is some
analytic weighting function, and the contour is shown in
Fig. 1. We also require W(s')=[W(s)]'. Since Il, is
analytic except on the positive real axis, the total integral
is zero. Then, by considering different pieces of the con-
tour, we relate an integral along the positive real axis,
whose integrand is the weighting function times the
discontinuity, to an integral on a circle with s = Iso I. The
latter can be approximated by using the OPE for
II;(s = Iso I ) [32].

The equivalence of these integrals defines an infinite
class of sum rules:

f, ,

d W( )II, ( )= —f ds W( )AII, ( ) . (3.29)
0

We stress that we can choose any analytic function for
W. For example, if we take W(s)=s" (n =0, 1,2, .. . ), we
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have the finite-energy sum rules (FESR) [32—34]. Never-
theless, some choices are more useful than others. Most

—s/Museful for our case is the choice W(s)=e '~, which is
equivalent to the Borel-transformed sum rule, with all of
its advantages. The same contribution from the usual
continuum ansatz with threshold so [Eq. (3.18)] follows

by choosing the integration circle to have radius so. This
shows that the Borel transform is not a miraculous trick
but merely corresponds to an opportune choice of con-
tour and weighting function.

There are various approaches one can take to analyze
the sum rules. We apply a ratio method and an optimiza-
tion inethod in Sec. IV. For example, the ratio of Eq.
(3.19) to Eq. (3.20) provides an estimate of Mz, which
should be weakly dependent on the Borel mass M. The
most important constraint on the analysis is that we work
in a region in M for which both the nucleon contribu-
tion dominates and the operator product expansion is un-
der control. These are opposing tendencies; the former
condition argues for smaller M, while the latter requires
higher M . In the vacuum case, Ioffe (and others) have
concluded that the contributions of higher-dimensional
condensates and the continuum are, in fact, sufBciently
small for values of the Borel mass in the vicinity of M&
that meaningful predictions can be made. We take the
results of Ref. [25] to be representative. The inputs are
a =0.55 GeV, b =0.47 GeV, m0=0. 8 GeV,
AQcD 150 MeV, and p =0.5 GeV. The fiducial interval
is 0.8 GeV M &1.4 GeV, and the predictions are
M~ =1.02+0. 12 GeV, A, ~ =32m A,~=3.6+1.2 GeV,
and so=2. 3 GeV .

We have assumed that the current quark masses for
the up and down quarks can be neglected. Then if chiral
symmetry were not spontaneously broken by the vacuum,
the quark condensate ( qq )„„would be zero and the
function II, would be identically zero. In the real world,
where chiral symmetry is spontaneously broken, we ex-
pect a close correlation between (qq )„„and M~, which
characterizes the low-lying strength in II, . Such a rela-
tionship is also suggested in many QCD-inspired models,
such as the Nanbu —Jona-Lasinio and Skyrme models
[35].

In fact, the principal physical content of the full sum
rule for the nucleon is that the scale of the nucleon mass
is largely determined by the quark condensate, This is
manifest in a simplified sum rule in which only the lead-
ing contributions from the OPE to each sum rule are kept
and the continuum and anomalous dimensions are
neglected [7]. In particular, one can divide Eq. (3.19) by
Eq. (3.20) after these simplifications to obtain an expres-
sion for the nucleon mass [7],

quantitatively important physics missing from Eq. (3.30)
is the contribution of the four-quark condensate [the a2
term in Eq. (3.20)], which plays an important role in the
full sum rule at finite density.

Before generalizing these results to finite density, we
review some limitations and deficiencies of the vacuum
sum rules for the nucleon. The sum rules for the nucleon
are less than ideal for a number of reasons. First, we ex-
pect that the ratio sum-rule prediction for the nucleon
mass, if well satisfied, should have a flat region as a func-
tion of the Sorel mass, which is just an auxiliary parame-
ter. In fact, the nucleon sum rule is not very flat (see Fig.
3), particularly if we truncate the OPE at dimension-six
condensates (as we will do at finite density). The sum rule
of Ioffe and Smilga [25], which includes various higher-
dimensional condensates, becomes flatter, but the estima-
tion of these condensates presumably is less reliable. The
most favorable interpretation is that the change in the ra-
tio within the fiducial region is a measure of the theoreti-
cal error bar for the mass. Second, perturbative correc-
tions to many of the Wilson coeScients are large, al-

though the net e6'ect on the sum-rule predictions seems to
be small [36]. Third, the continuum contribution is una-

voidably large because the gap between the nucleon and
higher-mass states is only of order 500 MeV. This is gen-
erally undesirable, because we only use a crude model to
account for the continuum states; thus we might expect a
large uncertainty. Finally, there have been suggestions
that the physics of the nucleon mass is really dominated
by direct instanton contributions, which are not included
in the conventional OPE [37].

Thus, despite the apparent phenomenological success
of the vacuum sum rules for the nucleon (and other
baryons), there are a variety of ways in which the sum
rules could be less precise than often advertised or in
which they could even fail. While this observation might
make one hesitate before including the further complica-
tions of finite density, we think that the situation is actu-
ally quite favorable. Indeed, since we focus on changes in
spectral properties with density, we are less sensitive to
details that affect the absolute predictions of vacuum
properties. Moreover, even predictions with large uncer-
tainties (e.g., 50%) will be useful in assessing relativistic
phenomenology. So we proceed to generalize the sum-
rule formalism, assuming that the zero-density limit is
valid.

IV. FINITE-DENSITY SUM RULES
FOR THE NUCLEON

In this section, we generalize the vacuum QCD sum
rules for the nucleon to finite density. The starting point
is the same correlator considered in Sec. III, but with the

M~= — (qq )„„,8m

M
(3.30)

where the formula is to be evaluated for M —1 GeV .
We generalize this formula to finite density in Sec. V.
[Note that in this simple Ioffe formula, M& is extremely
sensitive to the Borel mass. One can see from the more
sophisticated sum rule that effects of corrections to Eq.
(3.30) tend to cancel for M —1 GeV [8,7].] The only

We do not expect that a small coupling constant implies that
the perturbative series for the coefficients conuerges. On the
contrary, we expect it to be asymptotic. We assume that we can
achieve reasonably accurate results by keeping a small number
of terms —in this case, one or two.
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finite-density ground state replacing the vacuum [see Eq.
(1.3)]. The basic strategy is the same as in the vacuum:
Use the analytic properties of the correlator to relate its
value in a spacelike region, where it can be reliably calcu-
lated using an operator product expansion, to the spectral
functions, which contain the information of interest
about the physical states. Then use a Borel transform
with a specified range of Borel masses to emphasize the
quasinucleon contribution while improving the conver-
gence of the truncated OPE.

A. Lehmann representation for the
Snite-density correlator

+ II4(q„u„—q u„)o."", (4.2)

where the II,- 's are scalar functions of the invariants q
and q .u. We assume that the nuclear matter ground
state is invariant under parity and time reversal in its rest
frame. In a general frame, we must take u "~u „as well
as q "~q„under these transformations; thus q and q - u

are unchanged. The parity constraint means that
H ] H2 H 3 0. In the vacuum, a term proportional to

Consider the correlation function lI(q) defined by

II,, ( q )—:i fd x e '~ "( 40 ~
T [q; (x ) 1, ( 0 ) ] ~

40), (4.1 )

where
~
'Po ) is the ground state of the infinite nuclear

medium. The interpolating field g(x) is given in Eq. (3.3),
and we exhibit the Dirac indices i and j. The ground
state is characterized by p~, the nucleon density in the
rest frame and u ", the four-velocity of the nuclear medi-
um. (Strictly speaking, we work at fixed volume and
baryon number until the end, when we take the thermo-
dynamic limit. ) We also assume that the ground state has
definite parity.

It is often remarked in the literature that one cannot
work covariantly at finite density or temperature because
of the existence of a preferred frame of reference, i.e., the
rest frame of nuclear matter. This is a misconception.
While the ground state is not invariant under all Lorentz
transformations (unlike the vacuum state), matrix ele-
ments in this state do have well-defined Lorentz transfor-
mation properties. So two observers in different frames
can still compare calculations or observations as
prescribed by special relativity. The new feature is an ad-
ditional four-vector u " that must be transformed when
making the comparisons and must be included when
building tensors or identifying invariant functions. (The
situation here is analogous to considering diagonal ma-
trix elements of a spin-averaged proton state, which is
also characterized by a single four-vector, the four-
momentum of the proton. )

The correlation function is a 4 X4 matrix in Dirac
space, so we can expand it in the usual complete set of
Dirac matrices. Using the transformation properties of
g(x) and keeping in mind the role of u", we can constrain
the form of II(q). The arguments are analogous to those
in Chapter 16 of Ref. [26]. Lorentz covariance dictates
that the general form of the correlator is

n(q) =n, +n, y+ n„g+ rr, q'+ n,yq'+ n, gq'

There are three distinct structures —scalar, g, and ~—
and thus three invariant functions of the two scalars q
and q .u or any convenient combination. Recall that in
the vacuum there are only two structures: scalar and f
In the zero-density limit, H „~0 and II, and H become
functions of q alone. For simplicity, we specialize the
sum rules to the rest frame of the nuclear medium, where
the variables qo and q are most useful. A covariant form
can be recovered in general by repeating the analysis with
qo-q u and —

q —+q —=q
—(q u ) .

We can project out the individual invariant functions
by taking traces:

II, =—Tr(II),1
(4.4)

II~ =
2

—Tr(/II) — Tr(NII)
1 1 q .u

q
—(q u) 4 4

(4.5)

II„=
~

Tr( K II )
— Tr( / II )

q
—(q u)

(4.6)

These projections require that q
—(q u ) be nonzero;

this means qAO in the rest frame. If this is not the case,
there are only two functions, and the second is projected
by a trace with y .

In the vacuum, where the invariant functions depend
only on q, the separation of qo and ~q~ dependence is not
necessary (or particularly useful), and we can derive a
dispersion relation directly in q . (However, recall that
in principle the dispersion relation derivation starts with
an integral over qo. ) In contrast, the four-velocity of the
medium u" makes the distinction important in our case.
For instance, the magnitude of the three-momentum ~q~

labels distinct quasiparticle states with different self-
energies.

In Ref. [17], the authors consider finite-density disper-
sion relations in q, with s =(p +q) fixed. Here p" is the
four-momentum of a nucleon in the medium. In this ap-
proach, the spacelike limit q ~—~ is similar to the
Bjorken limit of deep inelastic electron scattering. We
take a different approach and consider dispersion rela-
tions in qo, with the three-momentum ~q~ held fixed.
This provides a clean identification of the intermediate
quasinucleon states, which are naturally labeled by ~q'.
The analytic structure of the correlator and the spectral
content are revealed through a standard many-body Leh-
mann representation. The contribution from negative-
energy quasinucleons (antinucleons) is clearly separated,
which lets us isolate to a large degree the positive-energy

o." can be excluded, because it can only be contracted
with the symmetric combination q„q . In finite-density
nuclear matter, this argument is no longer sufficient, but
the assumed parity and time-reversal invariance implies
that II =0.

Thus Lorentz covariance, parity, and time-reversal im-

ply that II(q) has the form announced in Eq. (1.4), name-

ly,

II(q)=II, (q, q u )+II (q, q u )/+II„(q, q u )k .

(4.3)
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quasinucleon contribution. Finally, the relevant space-
like (Euclidean) limit takes qo~i ~.

The correlator [Eq. (4.1)] is defined with Heisenberg-
picture operators; in the zero-density limit, it becomes
the usual vacuum correlator. The four-momentum
dependence of »I(x) can be explicitly extracted by insert-
ing a complete set of four-momentum eigenstates and us-
ing

»)(x) =e' '"»)(0)e (4.7)

P" is the full four-momentum operator. (We work at
large but finite volume and take the thermodynamic limit
at the end. ) The integral over the spatial coordinates in
Eq. (4.1) ensures that the intermediate states have three-
momentum q. (The ground state has zero three-
momentum in the rest frame. ) Performing the time in-
tegration, we find that the correlator is analytic except
for cuts on the entire real qo axis [11]. For qo off the real
axis, one has

II;(qo, Iql ) = [11;(qo, I ql ) ]", (4.8)

with co real; each of the EII s is purely imaginary. In
general, we have to worry about the convergence at large
co, which entails working with subtracted dispersion rela-

Re u

which relates the function in the upper and lower half
planes.

Using these results, a Cauchy relation for the contour
of Fig. 2 with m0~ ~ leads to dispersion relations of the
form

AII;(co, ~q~ )
11,(qo, ~q~ ) = . f den

' '
+polynomial

27Tl —oo CO g 0

(4.9)

for each invariant function II, , i = [s,q, u I. We will only
be concerned with q0 o8' the real axis, so keeping track of
infinitesimals is not necessary. The discontinuity is
defined by

b, ll,.(co, [qf) =— lim [II;(co+ill, /ql) II;(~ i»I—, Iql)],—
g —+0+

(4.10)

(q"—X", )y„—(M~+X, )
(4.11)

where X"„and X, are the in-medium self-energies. In the
language of the hadronic theories discussed in Sec. II,
these are the on-shell self-energies for a quasinucleon
with three-momentum q. The representations of the indi-
vidual invariant functions are (in the nuclear matter rest
frame)

tions. However, this will not be an issue because we
eventually introduce a weighting function that ensures
convergence. This is equivalent to taking the Borel trans-
form of the dispersion relation, which, as noted in the
zero-density case, eliminates the polynomials and the
need to consider subtractions.

There are two types of matrix elements contributing to
each EII;, corresponding to the two time orderings in the
correlator [11]. In one case, the intermediate states have
baryon number B =+1 relative to ~%o) and include
quasiparticle states where a quasinucleon is added to the
nuclear medium. The corresponding singularities run to
the right of the chemical potential (with increasing exci-
tation energy of the state) in the co plane. In the other
case, the intermediate states have baryon number 8 = —1

relative to ~%o) and include quasihole states where a
quasinucleon is taken away from the medium. These
singularities run to the left of the chemical potential (with
increasing energy). The quasiparticle states correspond-
ing to an antinucleon added to the nuclear medium are
also in the latter category and are therefore naturally
viewed as high-energy excitations of the 8 = —1 system.

At zero density, the spectral weights for nucleon and
antinucleon (or, more generally, the b, ll s for +co) are re-
lated by the discrete space-time symmetries, because the
vacuum is invariant under these operations [26]. In con-
trast, the finite-density ground state is not invariant un-
der charge conjugation, so the spectral densities for nu-
cleon and antinucleon quasiparticles are not simply relat-
ed. We note that assuming a sharp quasiparticle pole im-
plies narrow structures for both the positive- and
negative-energy nucleons. Actually, while we expect a
narrow (on hadronic scales) positive-energy quasinucleon,
its negative-energy "counterpart" should be very broad.
We will use our choice of weighting function to minimize
the sensitivity to the negative-energy contribution.

We generalize the usual zero-density ansatz for the
spectral functions by assuming a quasiparticle pole for
the nucleon, with real self-energies (dependent on q); all
higher-energy excitations are included in a continuum
contribution. We use the notation of Sec. II. As in Eq.
(2.9), Lorentz covariance implies that the quasiparticle-
pole contribution to the correlator is

FIG. 2. Contour in the complex co plane (at fixed q) used in
the derivation of Eq. (4.9) and for the sum-rule integral in Eq.
(4.22).

11,(q„~q~) = —X„* +42

(qo —E» )(qo —E )

II»(qo, ~q~ ) = —A~ +1

(qo E» )(qo E»)— —

(4.12)

(4.13)

(4.14)
X„

II„(q ~qo~)=A, N +
(qo E» )(qo E» )— —
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where we have defined MN, X„E,and E as in Eqs.
(2.7)—(2.11) and introduced an overall residue A,~. The
positive- and negative-energy quasinucleon poles are ex-
plicit, and the ellipses denote the contribution from
higher-energy states, which will be included later.

+ (q,'(x)q, (0) ) + (4.15)

B. Operator product expansion at
finite density

Wilson coefficients for the OPE at finite density can be
calculated using the standard background-field tech-
niques [7] applied in vacuum calculations. We present
only the basic features of this approach here and refer the
reader to the literature and to Ref. [18]. The most impor-
tant new feature at finite density is that we define the
composite QCD operators so that all density dependence
appears in the matrix elements; the Wilson coefficients
are then independent of density. Then the only substan-
tial difference from the vacuum calculations is that more
operator products survive when we take matrix elements
in the nuclear rnatter ground state.

To calculate the coefficients of interest for the present
work, we need only an expansion of the coordinate-space
quark propagator in the presence of the nonperturbative
medium [5,18]:

where q is either an up or down quark field, i and j are
Dirac indices, and we have not explicitly written gluonic
and other higher-order contributions. We have intro-
duced the notation (0) =(+0~0~%0) to denote the

IN
matrix element of an operator 0 taken in the ground
state of the nuclear medium with density p~. The
current quark masses have been neglected, since their
contributions are numerically small for momentum
transfers of interest. This expansion is to be used in con-
junction with Wick's theorem to evaluate the Wilson
coefficients.

The last term in Eq. (4.15) can be decomposed into a
piece proportional to 5; and a piece proportional to y";.
Working in fixed-point gauge (x"2„'=0) [7], each piece
is expanded in a covariant Taylor series, introducing a set
of local condensates with increasing mass dimension (nor-
mal ordering with respect to the perturbative vacuum is
implied):

(q (x)q, (0) ) = — 5' [(q(0)q (x) ) 5;, + (q(0)y„q (x) )~ y";, ]
C

O' I[(qq) +(qD, q) x'+ —,'(qD„D q) x'x + ]5,
C

+[(qy„q) +(qy„D„q) x'+ —,'(qy„D„D&q) x'x + ]y";,], (4.16)

where N, is the number of colors. Many of these conden-
sates vanish in the vacuum but not at finite density. For
example, we have a new vector "condensate" (qy"q )~,A

which is the rest-frame quark density times u". The
modeling of these condensates up through dimension five
is discussed in Ref. [18] and involves the use of parton
distribution functions [16].

We also consider a subset of the possible dimension-six
condensates that we expect to be most important. These
are four-quark matrix elements of the general form
(qI qqI"q ) . These are numerically important in the

~N

OPE, because the corresponding Wilson coefficients have
no loop integrations, which implies anomalously large
contributions relative to other terms [6]. By using Eqs.
(4.15) and (4.16) as described below, these four-quark ma-
trix elements are automatically included as if a factoriza-
tion assumption [6] were made explicitly, which leads to
simple products of (qq ) and (q q ) and no new pa-

~N IN
rameters [for example, see the last terms in Eqs.
(4.17)—(4.19)]. In the vacuum, only the matrix elements
that lead to (qq)„„survive; we refer to this as the
"scalar-scalar" four-quark condensate [the a term in Eq.
(3.20)]. At finite density, the factorization assumption
implies that only the ground state is important as an inter-
mediate state. We do not consider this assumption to be
reliable. We only adopt the factorized form as the zero-

density limit of the scalar-scalar four-quark condensate
and consider two different parameterizations of its densi-

ty dependence. The other four-quark contributions have
a much smaller numerical impact on the results [19], so
we just use the factorized forms for simplicity. Although
these contributions have terms that are explicitly quadra-
tic in the density, they should not be considered the most
important source of higher-order density dependence.

The Wilson coefficients are identified by applying
Wick's theorem to the coordinate-space time-ordered
product in Eq. (4.1), using Eq. (4.15) for each contraction.
The Fourier transform is performed using standard for-
mulas that omit divergent polynomials in q, which will
not contribute to the final sum rules [7]. Finally, the
leading contributions to each invariant function are pro-
jected using Eqs. (4.4) —(4.6). For convenience, we
present the invariant functions of Eq. (4.3) in the rest
frame of nuclear matter, where q.u ~qo. For simplicity,
we exclude dimension-five terms, which are less impor-
tant numerically [19].Also neglected are terms explicitly
proportional to light-quark masses and the independent
gluon condensate that vanishes in the vacuum. See Ref.
[16] for a discussion of the smallness of this and similar
condensates at finite density. The complete expressions
are given in Ref. [18]. The most important contributions
are
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II~(q, qo) =—

II,(q, qo)= q ln( —
q )(dd &

— qoln( q
—)(diDod &

— (dd & (utu & +. . .
4 ~N Ar 3q 2 PN Ar

4(q ) ln( —
q )+ 2qoln( —

q )((u u & +(dtd & )

2 2

+ ln( —
q )—1 2 4 qo (d iDod & + In( —

q )—4 2 4 qo (utiD, u &
9~2 9~2 q

2 P& 9~2 9~2 q
2 P&

(4.17)

ln( —
q ) G',G'"" — (uu &

— (u u & (d d & +
32m PN 3q2 P~ 3q2 P~ PN

II„(q,qo)= q ln( —
q )(7(u u & +(d d & ) — qoln( q)—(d iDod &

(4.18)

qoln( —
q )(u iDou &

— (u u & ((u u & +(dtd & )+ (4.19)

We have suppressed terms that are simple polynomials in

q (including divergent terms), as they will not contribute
to the sum rules. Results for the neutron are obtained by
interchanging u and d. Since we focus on isoscalar quan-
tities in nuclear matter here, we take

(uu & =(dd & =(qq& (4.20)

(u u & =(d d &z
——(qtq& =

—,'p~, (4.21)

and so on, where (q q& is the quark density for one
PN

flavor in the nuclear-rnatter rest frame.

C. Sum-rule equations at finite density

To extend the Sorel sum rules of Sec. III to finite den-
sity, it is easiest to generalize the approach that starts
with an integral over a weighting function. Our goal is to
find a weighting function that enhances the positive-
energy quasinucleon contribution, suppresses the
negative-energy quasinucleon contribution, and reduces
to the vacuum sum rule in the zero-density limit. As not-
ed above, the Lehmann representation shows that each
invariant function II; is analytic in the complex ~ plane
except for a cut along the entire real axis. Thus we can
use Cauchy's theorem to derive sum rules as in Sec. III.

We consider an integral of II; times an analytic weight-
ing function W(co) on a contour that has two separate
pieces: It runs along the real axis above the cut, closing
in the upper half plane with a half circle of radius cop, and
runs along the real axis below the cut, closing in the
lower half plane with a half circle of radius coo (see Fig.
2). Thus the total integral is zero:

de 8' co II; co =0 . (4.22)

If we require that W(co*)= [ W(co)]*, then the integrals
along the cut combine to an integral for real co of the
discontinuity in II;(co), which is then equal to the integral
on a circle of radius coo (with the real axis deleted):

cdf, d W( )II, ( )= —f d W( )b, II;( ) .
0 0

(4.23)

In the zero-density limit, the discontinuity in co in Eq.
(4.23) reduces to the discontinuity in s in Eq. (3.6) after
changing variables.

On the left-hand side of Eq. (4.23), we apply operator
product expansions for the II s at co =i coo and analytical-
ly continue to rest of the circle. (See Ref. [32].) The coo

dependence arising from the integral over the circle is
equivalent to introducing continuum thresholds at ENp
with the usual phenomenological ansatz [see Eq. (3.18)].
Because we expect an asymmetry between positive and
negative cop, we could consider different thresholds; for
simplicity we use the same thresholds here. We also take
sp =cop q so that we recover the zero-density ansatz in2 2

the limit.
—co /MIf we choose the weighting function W(co) =toe

then the vacuum Borel sum rule is reproduced in the
2 /~2zero-density limit up to an overall factor of e

This is not an optimal choice at finite density, because it
weights positive and negative co equally. In order to
suppress the negative-energy contribution, we use the
weighting function

W(co) =(co E~)e— (4.24)

E
Reli,.(iso', q) —,Imll, .(ia)', q)

CO

(4.25)

where Eq is the energy of the negative-energy pole in our
quasiparticle ansatz [see Eq. (2.11)]. This choice
suppresses a sharp excitation completely but also strongly
suppresses (relative to the positive-energy contribution) a
broad excitation in this vicinity. Furthermore, this
choice reduces to the usual Borel sum rule in the vacuum:
the vacuum spectral densities are odd in co; thus the E
contribution vanishes.

The same result can be obtained through Borel trans-
forms of the dispersion relation. If we separately consid-
er the real and imaginary parts of Eq. (4.9), with qo =ice'
and co' real, it is easy to show that constructing sum rules
by equating the phenomenological and OPE representa-
tions of
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is equivalent to using the weighting function of Eq. (4.24)
in Eq. (4.23). Here the Borel transform is with respect to
co' . The difference from a Borel transform with respect

2 /M 2
to Q = —

q is a factor of e I ~ common to all terms.
In the zero-density limit, the second term in Eq. (4.25)
vanishes, and we once again recover the usual vacuum

sum rules.
Evaluating the integrals in Eq. {4.23) with the ansatz in

Eqs. (4.12)—(4. 14) and the expansions in Eqs.
(4.17)—(4.19) yields three sum rules —one for each invari-
ant function:

2 2 2—(E —
q )/M

X Ne
1 M4( qq ) — E M2( qiDoq ) E—(—qq ) ( q tq ) (4.26)

—(E2 2)/M2
M6+ E M2(qtq )

327T 3' ~N

5 8
M (qiDq)

9m 9n M ~N

+ M G„'„G'"" +—(qq) + —(q q)~
1 ~s, , 2 4

(4.27)

{4.28)

Our prescription for the weighting function implies that
linear factors of qo in Eqs. (4.17)—(4.19) become minus
the energy of the negative-energy pole in Eqs.
(4.26) —(4.28); that is,

qo~ E=—X—+(q +M' )'
q U (4.29)

Some higher-order terms from the expansion in Eq. (4.16}
are not considered explicitly here. They are accompanied
by factors of q lM, which suppresses these terms for
bound or low-energy nucleons. Continuum factors multi-
plying M, M, and M terms are the same as in Eqs.
(3.25) —(3.27), with so =F00—

q . As noted above, the
thresholds could be different for positive and negative Np.
In practice, this does not seem to be a major effect (see
Ref. [19]for numerical details).

The exponents on the left-hand sides contain the
squared four-momentum of the positive-energy quasinu-
cleon. This was called p in Ref. [5] and can be written
as p =M~ +X, +2E*X„. In the vacuum, p =M& for
all q, and terms proportional to (q q ) vanish, so we

~N

recover Eqs. (3.19) and (3.20} up to the dimension-six
condensates in the zero-density limit. At nuclear matter
saturation density, the empirical value of p is around 1

GeV for low- and intermediate-energy nucleons; i.e., it is
essentially unchanged from the free-space value. Note
that the generalization from zero to finite density in-
volves more than just putting stars on quantities, as in
Mz ~M~.

These sum rules explicitly involve the Borel mass M. If
both the theoretical and phenomenological sides were
calculated to high accuracy, predictions for the spectral
parameters MN, X„, A,~, and the threshold coo (01 so)
should become independent of M ~ In practice, both
sides are represented imperfectly, so we expect (at best)
only a range of M with good overlap. Based on experi-
ence with zero-density sum rules [8,25], we anticipate the
optimal values of M for this overlap to be around p

( —1 GeV ), which should ensure reasonable convergence
of the OPE while suppressing contributions from higher-
mass singularities.

We anticipate a significant asymmetry between the
positive- and negative-energy spectral functions. At zero
density, the charge conjugation invariance of the vacuum
guarantees that the functions are identical (up to a sign,
depending on conventions). At nuclear matter saturation
density, the ground state is not invariant under charge
conjugation, and we expect large differences on physical
grounds between the propagation of an antinucleon and a
nucleon in the infinite medium. Thus the antinucleon-
pole contribution in the vacuum will spread significantly
in the finite-density medium. We also predict a shift in
the "pole" position from the quasinucleon ansatz. (This
in-medium shift would be difficult to recognize in an ex-
periment with antinucleons: by the time they leave the
nucleus and are detected, the antinucleons would have re-
verted to their free-space properties. )

By considering a weighting function that cancels the
positive- and negative-energy spectra, we might hope to
learn directly about the anticipated asymmetry. For ex-

2/M 2
ample, W(co) =e could be chosen. Applied to the
sum-rule equations {4.17)—(4.19), we see that only terms
with odd powers of qp in the OPE will survive. Note that
these all vanish in the zero-density limit. On the phe-
nomenological side, we obtain a weighted difference of
the positive- and negative-energy spectra.

If we use the simple pole model with this new sum rule,
we find a significantly smaller prediction for the vector
self-energy than we found in our other analysis. Howev-
er, this sum rule is very sensitive to the phenornenological
ansatz for the spectra, since it involves differences of
spectra, each of which is only known crudely. This is in
contrast to our usual analysis, where we rely most heavily
on phenomenological insight into the positive-energy
spectrum. Thus, a direct study of the asymmetry is in-
conclusive.
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V. RESULTS

In this section, we present results from the nucleon
sum rules at finite density. We start with the simplified
version of the sum rules introduced in Ref. [5], which re-
quires only the ( qq ) and ( q q ) condensates as a

~N

function of density. As described in Ref. [5], this calcula-
tion predicts nucleon self-energies in qualitative agree-
ment with relativistic phenomenology. Then we test the
stability of the results by including higher-dimensional
condensates in the OPE, accounting for the contribution
of higher-energy states, and considering a more sophisti-
cated sum-rule analysis. Two different methods of
analysis are used, as described below, and we rely on re-
sults from Ref. [18] to model some of the new conden-
sates.

A. Finite-density condensates

To extract values for the self-energies from the formu-
las of Sec. IV, we need to estimate the various matrix ele-
ments (condensates) at finite density. For the simplified
sum rule, however, we need only the scalar and vector
quark condensates in the nuclear medium, (qq ) and

( q q )~, so we focus on them first. We will also find that

they remain the most important elements in the full
sum-rule calculations. As noted earlier, the vector con-
densate is independent of dynamics. Since the baryon
current is conserved, (q q ) is simply related to the nu-

~N

cleon density: (q q) =—3pz. The in-medium scalar

condensate was considered in detail in Ref. [13],and we
briefly summarize the results here.

To estimate the scalar condensate, we work to leading
order in a density expansion. At this level, the change in
the scalar condensate is model independent. It is related
to the nucleon a term crN [12,13]:

2mq((qq )p (qq )„) ~~p~+ ' ' ' (5.1)

where m~:——,'(m„+md) is the average of the up and

down current quark masses. (The same normalization
scale p is applied everywhere to consistently define

(qq ) at that scale. )

This result can be understood in terms of the
Hellmann-Feynman theorem [13]. In particular, the
theorem, when applied to matrix elements of the QCD
Hamiltonian, implies that

2m, ((qq&, —(qq&„„)=m,
dD

dplq
(5.2)

where 54 is the contribution to the energy density from
the nucleon kinetic energies and XX interactions. 56 is
of higher order in the nucleon density, and its contribu-
tion to the density dependence (qq) is model depen-

dent.

where the derivative is taken at fixed density. The energy
density of nuclear matter @ is given by

(5.3)

A further application of the Hellmann-Feynman
theorem to the nucleon matrix element of the @CD Ham-
iltonian yields

oN=2mq f d x((N~qq~N &
—&0~qq~0&) (5.4)

(5.5)

2m, (qq &„„=—m'f'„. (5.6)

We take m =138 MeV and f„=93MeV. The product
on the left-hand side is renormalization-group invariant,
so fixing a value for the quark mass at the scale of interest
fixes the consistent value of the quark condensate in vac-
uum. Here we will follow Ref. [25] and take m~=5. 5

MeV, which implies that (qq )„„=—(245 MeV) . Other
values [such as m~ =7 MeV, (qq)„„=—(225 MeV) ]
will be considered explicitly in Ref. [19]; the qualitative
results from the full sum-rule analysis are not sensitive to
this difference.

The in-medium gluon condensate ((a, /n )G„' G'" )~
is estimated in Ref. [13]. Other condensates,
(q i Doq ) and ( qiDoq ), that appear in Eqs.
(4.26)—(4.28) are estimated in Ref. [18] along with other
higher-dimensional condensates. These condensates are
given to leading order in the density in terms of nucleon
matrix elements. We simply quote the values used here:

G„' G'"' = 330 MeV —700 MeV p~,

(q iDoq ) =(150 MeV)p~,

(5.7)

(5.8)

( qiD, q ), -m, pN =0,
where p~ is expressed in MeV .

(5.9)

B. Simplest Snite-density sum rules

The simplified finite-density sum rules follow by keep-
ing in each of the three sum rules of Eqs. (4.26) —(4.28}
only the quasinucleon pole contribution to the phenome-
nological side (i.e., no continuum factors), and only the
leading term in the operator product expansion on the

where Eq. (5.4) follows from the definition of Oz. Com-
bining Eqs. (5.2) and (5.5), we obtain Eq. (5.1). Correc-
tions due to higher-order terms in the density expansion
(from 58} were estimated in a variety of models in Ref.
[13] and were found to be small ( —10%) at nuclear
matter saturation density and below. We will assume
that these estimates are reliable and use only the leading
contribution from Eq. (5.1). The value of oz remains a
subject of some controversy; values from 30 to 60 MeV
have been cited and vigorously defended [38—40]. In this
paper we show results only for cr&=45 MeV, which is
the value from a recent analysis [39], and defer to Ref.
[19] a study of how results depend on the magnitude of
the 0 term.

To relate the current quark mass and the quark con-
densate in vacuum, we use the Gell-Mann-
Oakes —Renner relation



1522 FURNSTAHL, GRIEGEL, AND COHEN 46

OPE side:

—(E —q )/M
A~ M~e

—(E —q )/M
w e

1

32m4

, M'&qq &,4~
(5.10)

(5.1 1)

2
—(E —q )/M

N Ue , M'&q'q &,
3m.2 ~N

(5.12)

64n&t .
&

32~
u 3M 2 q q PN M2 PQ (5.14)

which we expect to apply up to nuclear matter saturation
density. To derive Eq. (5.13) we have subtracted the
zero-density result [Eq. (3.30)] adopting the same Borel
mass. (Recall that X, =Mg —M~. )

We can directly compare the magnitudes of the scalar
and vector self-energies by taking the ratio of Eqs. (5.13)
and (5.14). The explicit dependence on the Borel mass
and the density drops out, yielding

8m
(5.15)

For typical values of 0.& and the light quark masses, this
ratio is close to —1, indicating a substantial cancellation
of 2, and X„ in the medium. Thus we have qualitative
agreement with several features of relativistic phenome-
nology: the self-energies scale with the density, they are
weakly dependent on the nucleon state (three-
momentum), and scalar and vector self-energies cancel.

Alternatively, we can normalize the self-energies to the
zero-density mass as calculated via the sum rules. This is
meant to reduce the sensitivity to particular details of the
sum rules and to the level of truncation, provided we
work to the same level of approximation at finite and zero
density. Taking ratios of Eqs. (5.10)—(5.12) at both zero
and finite density, we obtain results independent of M:

MN X,1+
M~ M~

&qq &"=1—
&qq &„„

Oxpx

m„f„
(5.16)

q q

Mx 3 &qq &„„

8m p~
m f2 (5.17)

The last equalities in Eqs. (5.16) and (5.17) follow from
Eqs. (5.1) and (5.6). [Note that the independence of M
in the ratios in Eqs. (5.16) and (5.17) should not be inter-
preted as evidence that the indiuidual sum rules are
weakly dependent on M .] For typical values of the

By considering ratios of these sum rules evaluated at a
value of the Borel mass in the middle of the range where
the full sum rules will be considered, we hope to extract
the basic physics. As we shall see later, this truncation is
qualitatively reasonable except for the large contribution
of the scalar-scalar four-quark condensate.

Taking ratios of Eqs. (5.10)—(5.12), we obtain simple
expressions for the scalar and vector self-energies,

8 2 4 0 P

mq

relevant condensates and other parameters,
M~/M~-0. 6—0.7 and X /M~-0. 3—0.4. This is in

good agreement with the values used in relativistic
mean-field models that provide good fits to bulk proper-
ties of finite nuclei [4].

The key feature that assures qualitative agreement with
relativistic phenomenology is that Eq. (5.11) is density in-
dependent to leading order. In the simple sum rule, this

implies that the pole position and residue do not vary
much with density. This in turn implies the results of
Eqs. (5.13) and (5.14), in which the eifective mass natural-
ly follows &qq& and the vector self-energy follows

&q q & . In the more complete sum rules considered
~N

below, these basic results survive if the correction terms
to Eqs. (5.10) and (5.12) are not overly large and if Eq.
(5.11) remains weakly density dependent. This latter con-
dition turns out to be problematic.

C. Detailed sum-rule analysis

We use two approaches to analyze the complete sum
rules. The first is a ratio method, which generalizes the
simple analysis of Ref. [5] and the previous section. In
each of the three sum rules in Eqs. (4.26)—(4.28), the con-
tribution from the quasiparticle pole is isolated on one
side of the equation. As in Sec. III, the continuum
dependence is included with the operator product expan-
sions of the invariant functions, which we denote as
II', II,', and II'„. Then the ratios II,'/II' and II„/II' pre-
dict Mz and X, for each value of the Sorel M . In order
to focus on the change from the vacuum values and to de-
crease the sensitivity to details of the calculation that
affect the vacuum predictions as well as the finite-density
values, we consider the normalized ratios Ms, /Mz and

X, /Mz. The value of Mz is obtained from the zero-
density limit of the same sum rules.

Detailed comparisons of how various contributions
affect results and studies of the uncertainties due to vari-
ous assumptions about the density dependence of conden-
sates will be documented and discussed in a separate pa-
per [19]. (Examples include anomalous dimensions,
choice of the range in Borel mass, treatment of continu-
um thresholds, and variation of input parameters. ) In
general, the normalized ratios are not very sensitive to
these details. As noted earlier, the one exception is that
the scalar-scalar four-quark condensate is found to play a
crucial role, and qualitatively different results are found
from different assumptions about its density dependence.
Therefore, we will consider two extreme assumptions as
to how it varies with density in our discussion here.

In Fig. 3, we plot the nucleon mass predicted by the ra-
tio sum rule in vacuum as a function of Borel M . Both
sets of curves neglect corrections from anomalous dimen-
sions. The lower set of three curves corresponds to the
zero-density sum rule from Sec. III, including only up to
dimension-six condensates. This is the underlying sum
rule for M& used in our finite-density calculations of
M~/M~ and X„/M~.

We expect that the sum rule should be valid in a region
near M~= 1 GeV2 [8]. That is to say, the overlap be-
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FIG. 3. Ratio sum-rule predictions for the nucleon mass M&
at zero density [see Eqs. (3.19) and (3.20)] as a function of Borel
M'. Anoma1ous dimension corrections are not included here.
The upper group of curves show the predictions of the sum rule
from Ref. [25], and the lower curves are from the ratio sum rule

including up to dimension-six condensates only. All curves use
the parameters described in the text. In both cases, the three
curves correspond to continuum thresholds sp =2.0 GeV'
(solid), sp =2.5 GeV~ (dashes), and sp =3.0 GeV (dot-dashes).

tween the region where the sum rule is dominated by the
nucleon contribution and the region where the truncated
operator product expansion is reliable is around 1 GeV .
In this overlap region, the prediction is only weakly
dependent on the continuum threshold, but the curves
are not flat. If the sum rule were perfect, we would ex-
pect to see horizontal lines, since the mass should be in-
dependent of the auxiliary parameter M . It is evident
that the nucleon sum rule truncated at dimension-six
condensates does not provide a convincing "plateau. "
One interpretation of the variation of the curve in the
fiducial region near 1 GeV is that this is a measure of the
uncertainty in the prediction. Another interpretation
would be that the sum rule is not working. We will as-
sume that the sum rule actually has a region of overlap,
although imperfect.

We note that the inclusion of higher-dimensional con-
densates tends to bring up the curve at lower M . This is
evident in the top set of curves in Fig. 3, which corre-
sponds to the sum rule given by Ioffe and Smilga in Ref.
[25] [see Eqs. (3.19) and (3.20)], which we take as an ex-
ample of the more complete treatments. Ioffe and Smilga
identify the fiducial interval in M as roughly 0.8
GeV &M &1.4 GeV . We will adopt these boundaries
as the maximal limits of applicability of our sum rules at
finite density.

It is clear that even an optimistic interpretation of the
nucleon sum rule implies a significant uncertainty in the
predicted mass. One might worry that the uncertainties
are as large as the changes we expect to see at finite densi-
ty. However, we have some advantages that improve the
situation. We rely on the cancellation of systematic
discrepancies by normalizing all finite-density self-

1.0

0.8

0.2 Z /MN

Q Q
I I

0.6 0.8
I

1 1.2 1.4
M (GeV )

1.6 1.8

FIG. 4. Ratio sum rules for MN/MN and. X, /MN as a func-
tion of Borel M, evaluated at nuclear matter saturation density.
The input parameters are described in the text. The scalar-
scalar four-quark condensate (see text) is held fixed at the zero-
density factorized value. In both cases, the three curves corre-
spond to continuum thresholds sp=2. 0 GeV (solid), sp=2. 5
GeV (dashes), and sp =3.0 GeV (dot-dashes).

energies to the zero-density prediction for the mass. This
is designed to compensate for general deficiencies of the
nucleon sum rule. While the individual curves can be
shifted up and down by varying parameters and assump-
tions, the ratios do not vary much. We also note that
values determined by optimizing the agreement of left-
and right-hand sides of the sum-rule equations over a re-
gion in M are much less sensitive to details. Further-
more, we can tolerate a large error (say —50%) and still
find useful results.

Now we turn to results from the finite-density sum
rules. We first consider the case with the scalar-scalar
four-quark condensate jixed at the zero-density factor-
ized value (qq)„„. In Fig. 4, the ratios Mz/MN and

2„/MN are plotted at nuclear matter saturation density
(p]v'=0. 17 fm ) as a function of Borel M . As before,
the three curves are for three different continuum thresh-
olds, which are the same for finite density and zero densi-
ty. The curves are quite flat over the relevant region even
though the individual sum rules are not. The predictions
from this analysis are Mg /M& -0.65 —0.70 and
X„/M&-0. 25 —0.30, which are comparable to typical
values from relativistic phenomenology [4]. The results
are insensitive to the variation of parameters within the
usual ranges, the inclusion of anomalous dimensions, the
treatment of dimension-four and -five condensates, and
the choice of three momentum (if below 1 GeV) [19].
The three-mom. entum enters only through E, the com-
bination E q, and i—n factors of q /M that accom-
pany higher-dimensional condensates. If ~q~ is much less
than Mz, the sum rules are little affected by the actual
value. All results plotted here use ~q~ =270 MeV.

Predictions for Mg/Mz and X„/Mz as a function of
density are shown in Fig. 5 with the same input parame-
ters as above. These results are from an optimization
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procedure applied to obtain a "best fit" of the sum-rule
equations. To perform the optimization, a range in Bore

(4.26)—(4.28)] are evaluated at each density for a large
nuinber (e.g. , 100) of equally spaced points in this range.
Then we minimize the sum over M points o

(5.18)

f A,
* M* X and s . This procedureas a function o

reduces the sensitivity to the end points of the range an
the scales of the curves being fit [25].removes e sca

Fi . 5 are theThe dashed and dot-dashed lines in ig.
values 0 ~ ~ aiif M*/M and X /I for a relativistic mean-
field o-co model (see Ref. [41]) that is typical of models
that fit a wide range of bulk properties of finite nuc ei. It
is a nonlinear mo e ad l that is quantitatively more success-
f 1 h the original Walecka model. ) The sum-ru e se-utane
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lartic phenomeno ogy. e

'
arlo . The cancellations between the sca ar
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'
d endent of density. The continuum thresh-

old is also essentially constant at 2.1 Ge, an e r
due drops only a ou ob t 15%%u' at saturation density relative
to the vacuum va ue. e pl The recise values and systematics
of the threshold and residue, however, are much more
sensitive to the details of the sum rule (parameters, choice
of Borel range) than are the self-energy ratios.

rn tion for theN t consider another extreme assu p
me it fac-scalar-scalar four-quark condensate. We assume i

(qq) for all densities. Its density dependence is then

fixed by &qq p . e resTh ults are shown for the ratio

method in Fig. 6 and for the optimization method in Fig.
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7. In the ratios, the X, /Mz curve is relatively flat, with
somewhat higher values than before ( -0.4 . The ratio is

m threshold. Innot particularly sensitive to the continuum
contrast, z & is no, M" /M

'
t well determined, with the curves

varying over a ma much larger range from 0.85 to greater
than one, with significant dependence on the thresho

The optimized values for this case show X„/Mz to e
similar to the relativistic mean-field curve up to satura-
tion density and not very different from the curve in Fig.
5. However, within the uncertainties, Mz/M~ is at an
equal to unity up to saturation density. The net result is
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an increasing value for the pole energy E, which be-
comes 30% greater than the free nucleon mass. In addi-
tion, the optimized continuum threshold and residue in-
crease steadily and are each about 30% larger in nuclear
matter, implying a significant rearrangement of the spec-
trum with unexpected systematics. Clearly the sum rules
are problematic with this set of assumptions.

VI. DISCUSSION

The sensitivity of our results to the unknown density
dependence of the scalar-scalar four-quark condensate
means that our conclusions must still be somewhat
indefinite. Nevertheless, we emphasize that the results
obtained with the two different assumed forms of this
condensate are not equally compatible with known nu-
clear phenomenology.

In particular, when the four-quark condensate varies
slowly with density, our predictions are very similar to
the characteristics of self-energies found in relativistic
nuclear physics phenomenology (see Sec. II). For exam-

ple, the change in the scalar self-energy is negative with
increasing density (decreasing effective mass), the change
in the vector self-energy is positive, and there is a
significant degree of cancellation between them. This is
particularly important, because the empirical observation
is that the nucleon energy (the quasiparticle pole posi-
tion) is shifted only slightly in nuclear matter relative to
its free-space mass. When normalized to the predicted
nucleon mass at zero density, the magnitudes of the pre-
dicted self-energies are comparable to those of relativistic
phenomenology and are weakly dependent on the three-
momentum (at least for relatively small values, less than 1

GeV). The continuum thresholds and residues predicted
by the optimization of the sum rules do not vary
significantly with density up to nuclear matter saturation
density (not at all within reasonable error estimates).
This is compatible with experiment; there is no evidence
for a strong rearrangement of the spectrum at these den-
sities, merely a spreading of strength over energy scales
too small to be resolved by the sum rules.

If we assume that the scalar-scalar four-quark conden-
sate in nuclear matter is essentially unchanged from its
vacuum value, the basic physics is dictated by the dom-
inant behavior of the QCD side of the three sum rules:
(1) The II~ expansion is largely density independent, lead-

ing to essentially constant values of the effective pole po-
sition, residue, and continuum threshold. (2) The II, ex-
pansion is dominated by the quark condensate (qq )z .
Thus, given the previous constraint, changes in the con-
densate with density are directly reflected in changes in
the nucleon effective mass M&. We have estimated the
rate of change through the empirical value of the nucleon
o term o& and the nucleon density pz. (3) The II„ex-
pansion is dominated by the vector quark condensate,
that is, the baryon density. Given the constraint from
the IIq rule, the nucleon vector self-energy X, simply fol-
lows the density. Higher-order terms in each of the sum
rules are not negligible, but they do not change the quali-
tative features outlined above.

In contrast, if we assume that the scalar-scalar four-

quark condensate varies significantly with density, as im-
plied by a finite-density factorization assumption, we find
results that are not compatible with nuclear phenornenol-

ogy. That is to say, the choice is not between a relativis-
tic and nonrelativistic picture of a nucleon in the medium
but, rather, between the relativistic picture and a failure
of our sum-rule calculations. Specifically, we find a large
change in the vector self-energy with density (larger than
in the case described above) with almost no change in the
scalar self-energy up to the empirical nuclear matter satu-
ration density. So the effective mass stays at the free-
space mass, while we inevitably find a large vector self-
energy. The resulting pole position shifts significantly, in
contradiction with experiment.

If we assume that the first scenario is correct (i.e., so
that the sum-rule calculations work for the quasinu-
cleon), there are still some important open questions.
The cancellation of scalar and vector contributions found
in the nucleon case may not be predicted elsewhere, lead-
ing to contradictions with experiment. We must test sum
rules for other baryons as well as other nucleon proper-
ties such as isovector self-energies and magnetic mo-
ments. The 6 and the A should be particularly informa-
tive. There is useful information on the 5 in the nuclear
medium from both electron and proton scattering from
nuclei. Since the 6 sum rule is especially sensitive to the
scalar-scalar four-quark condensate [7,8], we may obtain
some phenomenological constraints on its density depen-
dence.

In the simplest sum rule, the scalar self-energy depends
on the degree of chiral restoration in the nuclear medium,
while the vector self-energy is simply proportional to the
baryon density. Nevertheless, they tend to cancel one
another at all densities. This cancellation follows in lead-
ing order because the ratio crz/8m~ is approximately
equal to unity [see Eq. (5.15)]. How do we understand
this?

Finally, there is the role of correlations to consider.
Because of confinement and the strongly repulsive short-
range NN interaction, correlations of quarks, clustered
into hadrons, and correlations of the nucleons themselves
might play an important role in determining nucleon
properties at finite density. Yet the basic physics of the

simplest sum rule indicates that correlations play a secon-
dary role. In particular, the uniform condensates ( qq )

~N

and ( q q ) seem to be most important while the
~N

higher-dimensional terms with derivatives, which could
reflect the "lumpiness" of nuclear matter, are numerically
less important. This is an important topic for further
study, since underestimating correlation effects might
overemphasize changes in the self-energies with density.

VII. SUMMARY

In this paper, we apply QCD sum-rule methods to
study the self-energies of a quasinucleon propagating in
nuclear matter. A Fourier-transformed correlator of nu-
cleon interpolating fields, evaluated in the finite-density
ground state, is the basic object of study [see Eq. (4.1)].
Covariance and the (assumed) properties of the ground
state under parity and time reversal imply that the corre-
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lator is specified by three independent invariant functions
[Eq. (4.3)]. We derive sum rules for each of these func-
tions.

We consider a Lehmann representation for the correla-
tor in the energy variable qo, with fixed three-momentum.
(We work in the rest frame of nuclear matter for conveni-
ence; generalizing to arbitrary frames is straightforward
but unnecessary for our purposes}. This representation
rnanifests the analytic structure of each invariant func-
tion, enabling us to relate the value of the function for
complex qo to an integral over the spectral density, which
is defined by the discontinuity across the real qo axis. A
simple spectral ansatz introduces the effective Lorentz
scalar and vector self-energies for the quasinucleon, X,
and X„. In free space, the nucleon contribution to the
spectral function is a delta function that is reasonably
well isolated (on hadronic scales) from higher-energies ex-
citations. We assume, based on nuclear physics phenom-
enology, that it is reasonable in the sum rule to approxi-
mate the low-energy spectrum at finite density with an
effective quasinucleon pole. That is, we assume that there
are no major rearrangements of the spectrum and that
the major spreading of strength with density is on nuclear
(tens of MeV) rather than hadronic (hundreds of MeV)
energy scales. The contribution of higher-energy states is
roughly approximated, starting at an effective threshold.

Each dispersion integral is equated to the correspond-
ing invariant function evaluated at large imaginary qo.
In the latter region, we can apply an operator product ex-

pansion (OPE) to each function, which involves finite-

density matrix elements of QCD composite operators
(condensates) and coefficient functions evaluated in QCD
perturbation theory. This equivalence of the OPE and
the spectral representation is a QCD sum rule. In the
vacuum, a Sorel transform with respect to q is applied
to improve the convergence of the OPE while concentrat-
ing the dispersion integral on the nucleon contribution
(within an appropriate range of Borel M2). At finite den-

sity, we apply the Borel transform to a particular com-
bination of the real and imaginary parts of the sum rule
chosen to suppress the contribution from the antinucleon
"pole." This approach is equivalent to considering an in-
tegral over a contour in the complex qo plane (see Fig. 2)
of the correlator times an optimal weighting function [see
Eq. (4.22)].

A truncated version of the resulting sum rules indicates
that the key phenomenological inputs are the baryon den-
sity and the value of the in-medium scalar quark conden-
sate, which we relate to the density and the nucleon o.

term divided by the average current mass of the light
quarks [Eq. (5.1}]. Using standard values, we see that the
scalar condensate has a strong density dependence: it is
reduced by 30—50% from its vacuum value at nuclear
matter density [13]. This implies a large change in the
nucleon scalar self-energy (so the nucleons experience a
large scalar potential). Given the empirical fact that the
total potential, which is roughly equal to scalar plus vec-
tor, is known to be small (of order tens of MeV), we ex-
pect a strong vector potential with the opposite sign. We

find that this emerges naturally from the sum rule, de-
pending in leading order only on the total quark density.
Scalar attraction and vector repulsion of this sort are the
essential ingredients of relativistic nuclear physics.

We observe that the strong cancellation between scalar
and vector components occurs to a large degree because
the ratio of oz to m„+md is approximately four. It
remains an open question as to whether this is a conse-
quence of some deep principle in QCD or if it is acciden-
tal. One can explore this issue through a calculation of
o.~ using the same techniques used in our calculation of
the nucleon self-energies, i.e., via QCD sum rules. Work
in this direction is in progress.

We find that the basic features of the simplified sum
rules survive in a more detailed analysis that incorporates
the effects of higher-energy states and higher-dimensional
condensate contributions. The qualitative results are in-
sensitive to most details of the corrections considered
here. The exception is the inhuence of the "scalar-
scalar" four-quark condensate, which plays an important
role in the vacuum sum rules for the nucleon. Upon con-
sidering two possible scenarios for the density depen-
dence of this condensate, we find either good qualitative
agreement with relativistic phenomenology or else a basic
disagreement with the empirical situation. We note that
a large vector self-energy is implied in either case. In the
second case, this large vector piece is coupled with an
essentially constant effective mass, so that the nucleon en-

ergy is predicted to shift by hundreds of MeV, in contra-
diction with experiment. Clearly, further study of the
four-quark condensates in the medium is a high priority,
along with analyses of the higher-order density depen-
dence of other condensates and the convergence of the
OPE.

Many related areas of investigation are also possible
within the same framework we have described here. Oth-
er nucleon properties, such as magnetic moments, form
factors, and isovector self-energies, can be predicted. In
addition, one is naturally led to consider the spectral
properties of other baryons in nuclear rnatter, such as 6's
and A hyperons. In these cases there are both experi-
mental data and phenomenological models to confront
with the QCD sum-rule predictions. Finally, the proper-
ties of mesons in medium can be studied (see Ref. [16]).
These topics will be discussed in forthcoming publica-
tions.
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