
PHYSICAL REVIEW C VOLUME 45, NUMBER 6 JUNE 1992

Fluctuations and intermittency in multifragmentation processes
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Nuclear multifragmentation processes may show features such as intermittency that signal scale-
invariant properties of fluctuations in the fragment distributions. We test this behavior using several
models and show that intermittency may be caused by a combination of finite-size effects and the mix-

ing of fragmentation events corresponding to different initial conditions.

PACS number(s): 25.70.Pq

The fluctuations that cause the breakup of a highly ex-
cited nuclear system into many fragments have been stud-
ied very intensely in the last few years. It was recently
pointed out that the fragment size distribution shows signs
of intermittency [1]. If this were truly the case, it would
indicate that the fragmentation process exhibits scale-
invariance properties similar to those found, e.g. , in tur-
bulent flows.

Intermittency can be inferred from the data through
consideration of the factorial moments (see Ref. [2] and
references therein)
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Here Zo is the total charge of the disassembling nuclear
system which is divided in bins of length 6, and N; repre-
sents the number of fragments with charges in the inter-
val [(i —1)A+ l,i', ], i =1,2, . . . , Zo/h. The ensemble
averaging ( ) in Eq. (1) is performed over all the frag-
rnentation events considered. One expects for an intermit-
tency behavior that the moments Fk follow a power law as
a function of the resolution h, of the form Fp -h, ', i.e.,
the moments show self-similarity for the different resolu-
tions F&(ah) a 'Fk(t5). ' When this analysis is ap-
plied to the reaction of gold on emulsion at 1 GeV per nu-
cleon incident energy [6] one observes [1] that (i)
In[a�(h)l )0 for all k, h; (ii) In[Fk(h)] increases rough
ly linearly with —In(A). These findings were interpreted
as a signal for intermittency in the nuclear fragmentation
process. It was also shown in Ref. [I] that the percolation
approach to multifragmentation gives a similar intermit-
tency behavior as the data.

'For a discussion of the intermittency pattern in connection
with fractal geometry and chaos we refer to Refs. [3-5] and
references therein.

Despite the fact that the data are exclusive in the sense
that they were analyzed event by event, one has to be
aware that they do include fragmentation events corre-
sponding to many diff'erent impact parameters. As a
consequence, they are associated to a wide range of exci-
tation energies of the fragmenting transient system, and
so give rise to large fluctuations of the initial conditions
for the nuclear disassembly reactions (see also Ref. [7]).

It is the aim of the present work to investigate the inter-
mittency patterns using different nuclear multifragmenta-
tion models and to find out whether they are intrinsic to
the models or arise from particular details of the phenom-
enological description. In fact, we will show that these
patterns can appear either because of improperly binning
together events which correspond to difl'erent excitation
energies, or when the multifragmentation model itself pre-
dicts a very broad multiplicity distribution.

Let us first consider a large system that is in thermal
equilibrium. In calculating the fragment size distribution
for such a system the grand canonical approach is rather
appropriate and yields a Poisson distribution for fragment
sizes N; [8]
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Using the fact that the sum of two Poisson distributions
also follows a similar distribution law, one can easily
demonstrate that the logarithm of the factorial moments
(1) vanishes for all values of k and resolution sizes h.
This means that in this case not only is there no interrnit-
tency, but also that all factorial moments are equal to one
irrespective of the system size or excitation energy. In
fact, it is important to realize that even the mixture of
fragments arising from the decay of nuclear systems hav-
ing a diversity of excitation energies would have, in the
grand canonical limit, Piosson-like multiplicity distribu-
tions and, as a consequence, factorial moments equal to 1,
i.e., no signs of intermittency should be present. Depar-
tures from unity factorial moment values may thus be
traced back to the fact that we are dealing with a relative-
ly small system, for which the Poisson distribution in-
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herent to the grand canonical approach is not the most
adequate one.

Let us now consider another fragment distribution
function. The so-called "cold fragmentation model" [9],
assumes that all possible partitions of the nucleus have the
same probability. In this case the multiplicity distribution
is rather broad, as illustrated by the solid line in Fig. l. In
fact, its variance cr is larger than its average value (M),
which makes it broader than a Poisson distribution. For
comparison we also employ another distribution where
fragments with the same size are suppressed by weighting
the probability of a given partition P([N;]) by the factor
W([N;]) =I/IIN;!. These probabilities lead to the much
narrower multiplicity distribution shown by the dashed
line in Fig. l.

The factorial moments associated with these two distri-
butions have completely different behaviors. In fact, as
shown in Fig. 2, the original cold fragmentation model
[9] (solid lines) leads to positive factorial moments,
ln[Fk(4)] & 0 which strongly increase with the resolution
—tn(h) and exhibit the characteristic pattern for inter-
mittency. In other words, in the example chosen, the in-
termittency behavior is an immediate consequence of the
assumption that all partitions of the nucleus have the
same probability, i.e., any kind of conservation laws such
as energy or momentum conservation which would make
the distribution much narrower are disregarded. Taking,
for example, the narrow distribution due to including the
suppression factors into account, the factorial moments
take negative values (dashed lines) and the pattern resem-
bling intermittency disappears. This particular behavior
can easily be demonstrated by looking at the second fac-
torial moments which can be expressed in terms of the
mean multiplicity (M) and the spread o of the distribu-
tion function according to
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FIG. 1. Multiplicity distribution for two versions of the "cold

fragmentation model. " The solid line corresponds to the case

[9] where alt charge partitions are equally probable. The dashed

curve takes into account quantum suppression of identical frag-

ments.

disassembling a gold nucleus with an average excitation
energy of E 6 MeV per nucleon. One clearly sees that
the factorial moments are less than one and no sign of in-

termittency is observed. These results do not qualitatively
change when the cooling of the hot primordial fragments
due to evaporation is disregarded. Since both the variance
and the average values of the multiplicity distribution de-
pend on the excitation energy E, we calculated them for
a wide range of E* values. The result was that the vari-
ances were always significantively smaller than the corre-
sponding average values. As a consequence, irrespective
of the adopted initial excitation energy, the factorial mo-
ments turned out to be rather small with tn(FI, ) &0 and
insensitive to the bin size chosen. In this connection it
should be noted that equilibrium fragmentation models
indeed show criticality at the onset of multifragmentation
that is signaled by widely different fragment sizes within

each event, i.e., by a big value of the parameter y2 accord-

suggesting that the appearance of intermittency is con-
nected to broad multiplicity distributions.

In order to obtain further information on the possible
intermittency in fragmenting nuclear systems, we have
calculated the factorial moments using the statistical mul-

tifragmentation model based on a microcanonical treat-
ment [8,10], which is similar in spirit to those of Koonin
and Randrup [11] and Gross and co-workers [12]. The
rnicrocanonical approaches take into account energy and
momentum conservation for the different partitions and
consider the indistinguishability of fragments with the
same neutron and proton number. The resulting multipli-
city distributions have Gaussian-like shapes, whereby the
variances are considerably smaller than the corresponding
average values. Obviously, these distribution functions
turn out to be rather narrow and, in accordance with the
considerations in formula (3) there should be no sign of
intermittency. To quantify this we show in Fig. 3(a)
(dashed lines) the calculated factorial moments when
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FIG. 2. Factorial moments labeled by the order parameter k

as a function of the resolution —In(h) for the two fragmenta-

tion models discussed in Fig. l.
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ing to Campi's analysis [13]. For the studied equilibrium
model this critical onset of multifragmentation happens at
an excitation energy per nucleon of E /A =4 MeV,
where most of the contributing events have y2& 2. It is
important to realize that an intermittency signal is not re-
lated to a typical event, but instead is determined by Auc-
tuations from event to event.

The question is then, how can an intermittency pattern
emerge when analyzing the data? One source of a behav-
ior resembling intermittency is mixing events associated
with different excitation energy E*. In fact, different ex-
citation energies lead to qualitatively distinct decay pat-
terns of the fragmenting nucleus and may cause correla-
tions which resemble those inferred from the data by ap-
plying the intermittency analysis. To demonstrate the

-In (h, )
FIG. 3. (a) Factorial moments as predicted by the Copen-

hagen statistical multifragmentation model [S,IO] as a function

pf the resplutjpn —ln(h). The dashed curves are calculated for

the fragmentation of a gold nucleus with an average excitation

energy E* 6 MeV per nucleon. The solid lines are calculated

by mixing equally events corresponding to excitation energies of
E» 3, 6, and 9 MeV per nucleon. (b) Same as (a) taking the

excitation energy of the fragmenting nucleus uniformly distri-

buted in the range [6—bE, 6+bEl MeV per nucleon, with

BE 0, 1, 2, and 3 MeV.

effect of event mixing we show in Fig. 3(a) (solid lines)
the factorial moments when equally mixing events with
E 3, 6, and 9 MeV per nucleon. One sees clearly that
ln(FI, ) )0 and increases with the resolution —[n(h). In
other words, any kind of event mixing implies that the re-
sulting multiplicity distribution function becomes broader
than the original one and as a consequence the factorial
moments may significantively increase with —in(h). This
is illustrated by the results shown in Fig. 3(b), where the
factorial moments are calculated as a function of the
spreading bE of excitation energies included in the event
mixing. It is clearly seen that an increased range of initial
excitations bE implies an increased range of linear scaling
of [n(Fq) with —In(h). As a consequence, for a suffi-
ciently broad range of initial excitations the factorial mo-
ments appear to scale linearly with bin size and therefore
seem to signal intermittency.

It seems to us that a signal that may be interpreted as
an intermittency pattern may arise because (i) it is direct-
ly linked to the larger width of the multiplicity distribu-
tion obtained when fragments arising from breakup pro-
cesses at widely different combinations of energy and
mass of the fragmenting system are put together, and also
because of (ii) the finiteness of the nuclear system that
undergoes multifragmentation, since mixed-up Poisson
distributions characteristic for large systems would always
lead to vanishing factorial moments.

The intermittency pattern found recently [14] by apply-
ing the microcanonical fragmentation to gold nuclei could
most likely be traced back to the adopted excitation ener-

gy spectrum of the gold nucleus. This has to be seen in
line with the results of Ref. [15] in which fragment distri-
butions from breakup processes at different excitation en-
ergies have been studied. It is also worthwhile noting that
it has recently been shown [16] that linear rate equations
for fragment yields, which can be related to simulations of
sequential decay processes, are generally unable to repro-
duce intermittency in the final fragment distribution.

In conclusion the appearance of intermittency patterns
in the data of [6] seems to arise from the mixing of
different types of fragmentation events. It is importnat to
repeat this analysis disentangling the peripheral from the
more central processes. In principle this could be done us-

ing the method of Ref. [7]. If intermittency still appears
for such more exclusive data, it may have important
consequences on the validity of the statistical models of
fragmentation, e.g., the assumption of thermal equilibri-
um of the fragmenting system.
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