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Determination of F spin symmetry in deformed nuclei
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The purity of a neutron-proton symmetry called F spin is estimated in collective nuclei. Two simple
formulas are shown to provide a quick and accurate estimate for F spin admixtures in the ground band.
Conclusions are also drawn about quadrupole effective charges in collective nuclei.

PACS number(sj: 21.60.Fw, 21.6G.Ev, 21.90.+f

F spin is an SU(2) symmetry between valence neutron
and proton pairs which originated in the interacting bo-
son model of nuclei (IBM) [1,2] but could also apply to
other models of collective motion. If we consider a sys-
tem of n bosons for neutrons and protons, b;, b;, where
i = 1, . . . , n, p= sr (protons) or v (neutrons), and
[b;,b J ]=5;J5 ~, the F spin generators are

P+ = gbt;b„;, P = gbt b;, Po= —,'(8 —8'„),

where 8' = g,"b;b; and 8' counts the number of neu-
tron (p= v) or proton pairs (p =a ), which is one-half the
number of valence neutrons or protons. For IBM, usual-
ly only monopole (J =0+) and quadrupole (J =2+)
pairs are kept, and hence, b, =(sz, dz„,p= —2, . ,. . , 2)
and n =6.

These three operators in (1) fortn an SU(2) Lie algebra
analogous to spin. In a given nucleus, with fixed N,N,
all states have the same value of Fo =

—,'(N —N, ), while
the allowed values of the F spin quantum number F range
from ~Fo~ to F,„=,'(N +N„) in un—it steps. F spin
measures the extent to which the states are symmetric in
the neutron and proton degrees of freedom. The states
with maximum F spin, F,„, have the highest symmetry
and are the lowest in the energy spectrum in general.

F spin is very different physically than isospin because,
for heavy nuclei, the raising operator F+ changes a neu-

tron pair in one major shell into a proton pair in a
diferent major shell producing a low-lying state in the
neighboring nucleus. On the other hand, isospin changes
a neutron pair into a neutron-proton pair in the same ma-

jor shell, thereby producing an excited state, the isobar
analog state, in the neighboring nucleus. Hence F spin
produces multiplets which relate how-lying states of nu-
clei, as opposed to isospin which produces multiplets of
excited states. Furthermore, F spin is not understood on
a fermion level.

The IBM intrinsic state which produces the ground-
state rotational band [3] can, in general, be expanded in
terms of states of well-defined F spin, as

N —2k +1
N —k+1

N

N —k N —k
(x .x, ) ', (2a)

where N =N +N„, k =0, 1, . . . , Fm,„—~Fo ~, (t") are bi-
nomial coefficients, and x are the normalized mean fields
to be associated with the deformation parameters, e.g., in
the sd boson model

(1+Pg„)
(x x)=

(1+P')(1+P') (2b)

Similar formulas had also been derived for the other (ex-
cited) bands in Ref. [5]. After some manipulations (2) can
be written as

N N

k k
k

N —k+1

XF( N+k, N„+k; —N+2k;y—), (3a)—

~c, ) = gz at;~F), where ~F) is the component with the
F spin quoted and aF is the amplitude of that component
in the intrinsic state ~c, ). In a recent paper [4] it was
shown that the amount of admixtures of F spin symmetry
in the ground-state band is determined by the difference
in the neutron and proton deformations of the intrinsic
state and not by whether the Hamiltonian is an F spin
scalar. An upper and lower limit and an approximate
formula were given for the F spin admixtures in the in-
trinsic state in terms of the IBM deformations. Previous-
ly, however, an exact formula for the F spin decomposi-
tion of the intrinsic state had been derived using projec-
tion techniques [5]. This formula, which applies to arbi-
trary (e.g., sd, sdg, etc.) boson models, is given by [5]
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where F(a, b;c,y) is a hypergeometric function and

(3b)

For N,N„ large, this becomes asymptotically

z ~n (PV /2)"
k! (4)

where P =2N N„/N.
In Ref. [4] an approximate expression is derived for

these admixtures which is

2k
2 —x~&

max k1

where

(Sa)

( I+P )

(1+Pg)(1 +PjP)
P(1+P )( I+P„) —y (Sb)

For (P —P„)/(P +P„) small, the quantity in square
brackets in (Sb) is approximately unity, x =PY/2, and
(4}becomes approximately equal to (5a).

In order to test the validity of the asymptotic and ap-
proximate expressions for aF given in (4) and (5), re-

max

spectively, we compare them in Fig. 1 with the exact
value of az as a function of y given in (3) for N =6,

max

N, =10, which implies P =7.5. Both agree well up to
relatively large values of y ( =0.2) with the approximate
formula (5) giving the better agreement. Although it is
not apparent from (5), numerical calculations show that

and P is defined by the equation [4]

(N„P„+N„P„)P+N(1 Pg„)P—(N P„+—N, P„}=0.

(5c}

the approximate formula (5), like (3) and (4), is also a
function of only y and not of P, P„separately.

The asymptotic formula (4) and, to a degree, the ap-
proximate formula (5) suggest that a~ depends mainly

max

on P, and not on N, N„separately. In Fig. 2, we com-
pare the exact formula (3) as a function of P for two
different functional dependences on N, N, . The solid
line has N =N and the dashed line as N =20—N .
The two overlap even for very large values of y, which es-
tablishes that az depends predominantly on P. This

max

result is also consistent with the observation [6] that col-
lective observables depend primarily on P.

We can use the IBM P and P„determined [4,7,8] from
pion charge exchange on ' Ho to estimate the amount of
F spin admixtures in the ground-state rotational band. In
this estimation, the ratio of IBM neutron and proton
quadrupole efFective charges, R =e,/e, must be as-
sumed. The estimation of the F spin admixtures is very
sensitive to this ratio R. The larger the value of R taken,
the larger the estimation of F spin admixtures because
the larger value of R means that the transition operator
becomes more like an F spin scalar, and hence, a given
difference in measured quadrupole moments must be ex-
plained by a larger difFerence in P and P„, thereby imply-
ing larger F spin admixtures in the ground-state band.
Generally very large R's are used in IBM [1], but this
may be due to the fact that only electromagnetic transi-
tion rates are used to determine R. Two rates are needed
to determine R, and one of the transition rates will be less
collective and thus sensitive to other degrees of freedom
not in the IBM space. A better way to determine R is to
measure a collective proton and neutron transition rate.
This can be done by measuring a collective transition for
both m+ and m inelastic scattering. The best determina-
tion of R comes from fitting both m scattering to the
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FIG. 1. The exact value of a+ (solid line), the asymptotic
max

value of az given in (4) (dashed line), and the approximate
max

value of aF given in (5) (dash-dotted line) are plotted vs ymax

defined in (3b), where P =7.S.

FIG. 2. The exact values for az plotted against P for two
max

diferent values of y. The solid line is for N =N„, the dashed
line for N =20—N . The overlap of the two lines demon-
strates P dependence of aF

max
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first 2+ state in the Pd isotopes [9]. In this analysis the
value R =0.41 was extracted in IBM-1, independent of
the IBM-1 Hamiltonian. This value is slightly larger
than the shell-model value of R =0.33, but the use of
IBM-1 may have the effect of making R effectively larger.
Since we are using IBM-2 in this paper, we expect a value
of R more consistent with the shell model to be the
correct one to use.

If R is assumed to be close to the shell-model value of
0.33, then y =0.017 and there is a 6% admixture of
lower F spins with F &F,„. If a large value of R =0.73
is used, which is in fact used for many IBM calculations
[1], then y =0.14 and there is a 43% admixture of lower
F spins in the ground-state band. This latter estimate is
much larger than either that determined by 8 (M 1 ) mea-
surements [10]or IBM calculations [11].

In conclusions, we have shown that once the IBM de-
formation parameters for both neutrons and protons are
determined, the amount of admixtures of F spin lower

than F=F,„can be estimated in the ground-state rota-
tional band. Furthermore, the simple formulas (4) and (5)
can be used to determine these estimates. Finally, we
conclude that neutron and proton quadrupole effective
charges that are nearly equal will produce unrealistically
large estimates of F spin admixture, which suggests that
the ratio of the neutron and proton boson quadrupole
effective charges is more like the ratio of the neutron and
proton shell-model effective charges, which is much
smaller than the ratio of the boson quadrupole effective
charges used in many IBM calculations.
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