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Angular distribution of fast protons from the pre-equilibrium process of the ' Ho(a, p) reaction
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The coricept of the exciton model for nucleon-induced nuclear reactions has been extended to a-
induced pre-equilibrium reactions in order to calculate angular distributions and energy spectra of fast
ejectile nucleons. The effect of the nucleon motion on the cascade nucleon-nucleon scattering inside the
nucleus and the geometrical optical effects at the exit channel are taken into account for the 6rst time in

the a-induced pre-equilibrium reaction. Angular distributions of protons from the ' 'Ho(a, p) reaction
at E =109 MeV were calculated. The observed distributions of the fast protons in the pre-equilibrium
region were found to be reproduced well by the calculation.

PACS number(s): 25.55.Hp

I. INTRODUCTION

Phenomenological models for pre-equilibrium nuclear
reactions have been successfully applied to describe
angle-integrated energy spectra of ejectile nucleons for
nuclear reactions induced by light projectiles in the ener-

gy range of several tens of MeV [1]. Recently these mod-
els have been extended to calculate angular distributions
of the ejectile nucleons [2—7]. Beside the quantum
mechanical approach [6], the angular distributions have
been studied in terms of the exciton model [2—5]. For
light projectiles, the calculated values agree with the ex-
perimental data at forward angles, but the cross sections
at backward angles are underpredicted often by as much
as an order of magnitude. Inclusion of effects of refrac-
tion at the nuclear surface into the exciton model does
not much improve fits with the experimental data.

Multiple nucleon-nucleon scattering kinematics inside
the nucleus are calculated in order to obtain angular dis-
tributions. Here the Fermi motion of target nucleons
affects the angular distribution. The Fermi motion, how-
ever, has been either completely neglected [2,3,7] or only
the ground-state Fermi motion has been taken into ac-
count [4,5] in most of the exciton model calculations so
far. For nucleons emitted backward it is important to
take into account not only the first collision but also the
second collision and so on. Thereby the target nucleons
are in the ground state at the first collision, but they are
in excited states at the second collision and so on. Then
it is more realistic to use the Fermi motion of nucleons in
excited states for the second collision and so on, as point-
ed out by De et al. [8,9]. They have extended the work
of nucleon-nucleon scattering kinematics [10] to the case
of the excited nuclear system by taking into account the
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Fermi motion of the nucleon in the excited nucleus and
the Pauli blocking effect there. Their calculations for an-
gular distributions of the ejectile nucleons improve the
fits with the experimental data for nucleon-induced reac-
tions [8,11,12].

The purpose of the present work is to calculate angular
distributions of fast particles emitted in medium energy
( = 100 MeV) a-induced pre-equilibrium reactions. There
are three types of reaction processes, the direct, the pre-
equilibrium, and the equilibrium processes. The present
work is concerned with fast nucleons emitted in the pre-
equilibrium process. These nucleons show continuum
spectra. Calculations for angular distributions of such
nucleons emitted from reactions induced by complex pro-
jectiles such as a particles are scarce. Existing works on
a-induced reactions are limited to the case where the pro-
jectile energy is so low that the reaction proceeds mainly
through the equilibrium process [2,7]. Important pro-
cesses producing fast particles for the reaction induced by
medium energy ( =100 MeV) complex projectiles are the
direct break-up process [13—15] and the pre-equilibrium
decay of highly excited nuclei. Contribution of the
break-up process is limited to the forward angles ( ~ 30').
The pre-equilibrium process plays an important role for
fast particles in a rather wide angular range. In the
present work angular distributions of fast nucleons from
the medium energy a-particle-induced reaction are stud-
ied in a wide angular range in order to see contributions
of the pre-equilibrium process.

The exciton model approach used for nucleon projec-
tiles (proton or neutron) [8,12] is modified so as to be
used for the a projectile. Refraction effects at the nuclear
surface are taken into account at the exit channel only.
In Sec. II we will discuss the formulation for calculating
angular distributions of ejectiles from a-induced pre-
equilibrium nuclear reactions. In Sec. III a method to
take into account the effect of the excited nucleus is

given. In Sec. IV calculated results for the ' Ho(a, p) re-
action at E =109 MeV are compared with the experi-
mental data for ejectile protons in the pre-equilibrium re-

gion [16]. Conclusions are given in Sec. V.
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gN
P~(e, Q) DN f—~P~(e, Q) a~+a~ (2)

Equations (1) and (2}are the reformulation of Blann's hy-
brid model [17) as described in Ref. [12]. Pz(e, Q)dedQ
is the probability that the x-type particle is emitted at the
Nth nucleon-nucleon collision step in the energy interval
between e, and a+de and in the direction between the
solid angle 0 and 0+dQ. N is the average number of
collisions needed for reaching the thermal equilibrium
configuration of the composite nuclear system. Summa-
tion is carried over all possible steps (N) of the collision
until N reaches to N. cr, is the absorption cross section
of the projectile for the target nucleus. DN is the proba-
bility that no particles are emitted before the Nth col-
lision step. fg, is the number of excited x-type nucleons
in the composite nuclear system at the Nth collision step.
PN(s, Q) is the probability that a nucleon with energy e is
emitted outside the nucleus toward the direction Q at the
Nth collision step. The emission probability is given by
A,, /(A, , +A, ), where A, and A., are the intranuclear tran-
sition rate and emission rate, respectively, for x-type par-
ticle with energy c at the Nth collision step. The proba-
bility Pz(s, Q) is rewritten in terms of the energy E and
direction co of the ejectile inside the nucleus as

P~(E, Q)dedQ=P~(E, co)dE do) . (3)

Here the surface effect of the refraction at the exit chan-
nel is neglected. This relation is somewhat modified
[8,11,12] by the surface effect. The recursion relation
used for finding out Pz(E, co } is

P~) 2(E,co) =fP~ i(E', o)')P(E', a)'~E, co)dE'dao',

(4)

where the single scattering probability P(E', co'~E, co)
transforms the initial configuration (E',co') to the scat-
tered configuration (E,co) by any one of the three transi-
tion modes, i.e., n ~n+2, n ~n, and n ~n —2, where n
is the number of excitons. The single transition probabil-
ity can be expressed in terms of the initial momentum
vector k; and the final one k as [10]

P(k, ~k)dk= f 5(k„'2—k„')P(k„,k'„)PN(k, )dk, .
k,-

The first term inside the integration ensures energy and
momentum conservation. P(k, k„') is the transition prob-
ability from the state with the relative momentum k„ to
the state with the relative momentum k,' after the
nucleon-nucleon collision. P~(k, )dk, is the momentum

II. FORMULATION FOR ANGULAR
DISTRIBUTION OF KJKCTILE

The double differential cross section for the particle of
type x in the framework of the exciton model is expressed
as [8,12]

distribution of the target nucleon at the Nth collision
step. Considering various limits on k, and k, we can in-
clude the different transition modes [9]. An analytical
solution for P(k;~k) has been given by Kikuchi and
Kawai [10] for the Fermi distribution of the target nu-
cleon in the ground state (i.e., zero temperature} as used
in various works [4,5]. P(k;~k) for the excited nuclear
system has been obtained by De et al. [9].

Angular distributions of ejectiles in the case of a-
induced pre-equilibrium reactions are calculated by
modifying the procedure [12] so as to be used for the a
projectiles. The important factor in this approach is to
find out Pz(e, Q), the probability of having an ejectile
with energy between c and c.+dc, in the direction be-
tween Q and Q+dQ. In obtaining this factor through
the recursion relation (4) the most crucial factor is
Pz, (E,Q). In the case of neutron- or proton-induced
nuclear reactions all the target nucleons at the initial
stage before the first nucleon-nucleon collision are below
the Fermi sea, and only one particle, i.e., the projectile, is
above the Fermi sea with the excitation energy E, . Thus
in finding out the momentum distribution function after
N=1, only the single nucleon-nucleon scattering is con-
sidered. On the other hand, the initial configuration of
nucleons is quite different in the case of a-induced nu-
clear reactions because the projectile is a composite sys-
tem of four nucleons.

In the present work we assume the following: (i) the
projectile (a particle) breaks up into four nucleons, two
being protons and the other two being neutrons, at the
nuclear surface under the influence of the target nuclear
field; (ii) the nuclear refraction effect at the entrance
channel is neglected because the a energy is quite high.
The initial nucleons after the break up are assumed to
move along the same direction as the a beam. The exci-
tation energy is assumed to be distributed among initial
four particles. The probability of the energy distribution
is assumed to be proportional to the product of the
single-particle level density and the partial level density
[18].

We consider the case that one of the projectile nu-
cleons interacts with one of the target nucleons. Then we
get

PN= i(E,co) =f P(E& )P(E,coi —)E,co)dE& . (6)

Here P(E, )dE, , the probability of having initially a par-
ticle with energy between E, and E1+dE, inside the
composite nuclear system, is given by [18]

i+ 0p(E, )dE, = g dE, ,
p4(E, )

where g is the single-particle level density.
p3( E, E i +Eo) is the pa—rtial level density for three par-
ticles ( n =3 ) being at the residual excitation
U=E, E&+ED and p4(E,—) is the partial level density
for four particles (n =4) being at the excitation energy
E,. Here p3(E, E& +Eo) correspon—ds to the number of
possible ways of the energy distribution that the three
particles have the remaining excitation energy U and the
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2N+4
f~= X P."p.F."

n=n 0

(8)

where P„ is the probability of occurrence of the n-exciton
state at the Nth collision step. p„ is the total number of
excited particles in the n-exciton state and F„ is the prob-
ability of getting the x-type excited particle in the n-
exciton state. The initial exciton number is taken as
np=6 since one excited particle and one hole are created
by the a-target interaction, which leads to the a break
up, in addition to the four initial particles inside the com-
posite nuclear system. In successive collision, the state at
the Nth collision can be expressed as an admixture of
different exciton states (n &2N+4). The detail of the
way to obtain the factor P„has been discussed in Ref.
[9]. In the present type of reaction the value of F„ is as-
surned to be —,

' all through the nuclear cascade process be-
cause the existence of neutron and proton probabilities
are the same as the initial stage for the a-induced reac-
tion. D~ is given by

fourth particle has the excitation energy between E& and
E, +dE, . With the consideration of the above-
mentioned concept of P(E& )dE„P&,(E,co) in (6) can
be solved by performing the integration over E& ~ The
limit of integration is obviously from Ep to Ep+E„
where Ep is the Fermi energy. For the first collision
(N = 1) we consider the zero-temperature Fermi distribu-
tion for the target nucleon motion. After the first col-
lision (i.e., N 2) the Fermi distribution of the excited
composite nuclear system is taken into account [8,11,12].
Thus, Pz(E, co) and hence also cr(e, Q) can be solved by
using Eqs. (4), (3), (2), and (1).

In the case of a projectiles effects of the nuclear optical
potential at the nuclear surface are considered in the fol-
lowing ways: At the initial state of the nuclear reaction
we consider the situation having four excited nucleons
with energy distribution given by Eq. (7). The momen-
tum distribution of the four initial nucleons depends on
the break-up mechanism of the incident a particle in the
target nuclear field. In fact the energies of break-up par-
ticles are quite large for the medium energy ( =100 MeV)
a projectile and the refraction effect gets less prominent
with the increase of the particle energy. Thus the refrac-
tion effect of the projectile at the entrance channel is not
quite important. For simplicity we neglect the surface
effect at the entrance channel. On the other hand, effects
of the optical potential at the exit channel for ejectiles
with relatively low energy are important. Therefore, we
have taken it into account using the procedure cited in
the work [8,11,12]

For the a-induced reaction fz [8,12] is modified to

III. EFFECT OF NUCLEONS
IN THE EXCITED STATE

One may use the Fermi distribution with a finite tem-
perature to describe the Fermi motion of nucleons in the
excited state in the equilibrium stage. The Fermi distri-
bution is given by

3 dk,
P(k, )dk, =

4mko I+exp[@(k, —k„)/2m ]
(10)

Here k„=2m@, p is the chemical potential of the ex-
cited nucleus, m is the nucleon mass, and Kp is the Fermi
momentum at zero nuclear temperature. P can be ex-
pressed in terms of the excitation energy E and the num-
ber of degrees of freedom sharing the energy E. For col-
lisions with N ~ 2,

dS~

T~ dE dE

Fast particles emitted in the pre-equilibrium process
are those emitted in the early stage of the reaction where
the sum of the number of excited particles and the num-
ber of holes, i.e., the exciton number n, is much smaller
than that of the equilibrium state. The temperature (Tz)
of the state with small n is high [see Eq. (11)]. Therefore
the early stage of the reaction has large T~ and small n.
This situation is opposite to the normal case of the Fermi
distribution where the number of excitons becomes large
as the temperature increases. Therefore the state in-
volved in the pre-equilibrium particle emission cannot be
described by the Fermi distribution with a conventional
temperature.

In the early stage of the reaction where fast particles
are emitted at the pre-equilibrium stage, the excitation
energy is shared among a small number of particles and
holes. The excitation energy spreads to the whole nu-
cleus through the nucleon-nucleon collision; finally the
system reaches the equilibrium state. Thus at the pre-
equilibrium stage, the small part of the nucleus has the
whole excitation energy and the rest remains in the
ground state. Consequently, the temperature of the
former is high, while that of the latter remains zero. At
the equilibrium stage the excitation energy spreads to the
whole nucleus; thus the temperature is low. Therefore
one may simulate the pre-equilibrium stage by a complex
system of two parts, one at high temperature and the oth-
er at zero temperature. In successive collision, an excited
particle collides with nucleons in either the high- or the
zero-temperature part. Thus pre-equilibrium particle
emission at the Nth collision step can be given by the sum
of particle emissions after the (N 1)th collision wit—h nu-

cleons at high- and zero-temperature parts of the nucleus
as

N —1

D = g 1 —g fP" (e, Q)dedQ
N'=1

(9) dEdQ dE dQ dE dQ

(12)

Detailed discussions on this work have been given in an
earlier report [19].

where the first term of the right-hand side gives the parti-
cle emission after the collision with nucleons in the high-
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temperature part and the second term gives that in the
zero-temperature part. The value gN stands for the prob-

ability that nucleons are in the high-temperature part. It
can be estimated as follows. The number of excited parti-
cles N,„above the Fermi momentum for the Fermi distri-
bution E(k, T~) with temperature T~ is given by

N,„=cof F(k, T~}k dk, (13)ex 0

gN =N, o, /A,
where A is the mass number of the nucleus.

IV. RESULT OF CALCULATION

(16)

The experimental data of the ' Ho(a, p) reaction at
E =109 MeV are available from the measurements of
the Osaka University group [16]. We discuss mainly the
high energy part of the proton spectrum. Thus multipar-
ticle emissions, which contribute mainly to the low ener-

gy part, are not taken into account in the present calcula-
tion. In the course of the intranuclear cascade A,, and A,

depend in principle on the collision number N as well as
on the particle energy e. However, A,, and A, , as func-
tions of N and e, are not well known. Thus we use A,,
and iP given in Ref. [17]. The parameter v=3.5 in A, is
used as stated in Ref. [12]. To find out the inverse cross
section cr;„„(e}we use the MAGALI program [20]. The op-
tical model parameters used in the program are taken
from Percy and Percy [21]. The value of a, is taken to be
1.7 b so as to be consistent with data of (a,p), (a, n),
(a,pn), and (a, 2n) reactions [16]. The value of single-
particle level density parameter g is evaluated from
6alvr using the a-paraineter table of Chatterjee et al.
[22]. Final calculations for the angular distribution and
the energy spectrum of fast nucleons are performed with
the computer code PRoIEcT [23].

The distribution function P(E, ) vs Ei using expression
(7) is shown in Fig. 1. To see the eff'ect of the excited nu-
clear system, calculations were made for both TN )0 and
T~=O by using the Fermi motion given by Eq. (10),
which corresponds to the case of /~ = 1 and gN =0 in Eq.
(12), respectively. The angular distributions for three
proton groups of c.=20, 40, and 60 MeV following the

Ho(a, p) reaction at E = 100 MeV are calculated. The
results are shown in Fig. 2 (a) with inclusion of optical

where ko is the Fermi momentum at zero temperature
and k~ is the maximum momentum of the nucleon in the
excited state with the temperature Tz. The total number
of nucleons in the high-temperature part (the system with

T~) is given by

N„,=cof F(k, TN)k dk .
0

The number of excited particles N,„ is equal to the total
number of exciton particles pN at the Nth collision step.
Then N„, is obtained from Eqs. (13) and (14) as

N„, =ptv f F(k, T~)k dk f E(k, Ttt)k dk . (15}
0 ko

Then the probability gz is given by

O. l
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4
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O.OOI
Eo Eg30 Eg60

E
)
(MeV)

~90

FIG. 1. Distribution function P(E, )dE& vs Ej using the rela-
tion (7) (see text). P(E& )dE, is the probability of having a parti-
cle with energy lying between E& and E&+dE& inside the com-
posite nuclear system initially. Excitation of the composite sys-
tem is produced by the reaction ' 'Ho+a at E =109 MeV.
Eo =33 MeV, the Fermi energy, corresponds to a nuclear radius
of approximately 1.2X A ' ' fm.
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FIG. 2. Calculated angular distributions for protons from the
Ho(a, p) reaction at E =109MeV. The distributions for pro-

tons with energies @=20, 40, and 60 MeV are shown. The
dashed lines are calculations with the excitation effects included
but without the optical effects. The dotted lines are calculations
with the optical effects included but neglecting the excitation
effects of the composite system. Calculations represented by the
full lines include both the nuclear excitation and the surface op-
tical effects.



778 ANURADHA DE, TOKUSHI SHIBATA, AND HIROYASU EJIRI 45

effects for emitted particles and using Tz &0 for N~2
(shown by full lines), (b) without the optical effects at the
surface and considering Tz )0 for collision number

¹ 2 (shown by dashed lines), and (c) with the inclusion
of optical effects but using Tz =0 for all collision number
N (shown by dotted lines}.

The angular distribution of pre-equilibrium particles is
given by the sum of the contribution from the high-
temperature part of the nucleus and that from the zero-
temperature part of it, as mentioned in the previous sec-
tion. The weighting factor g~ changes step by step be-
cause the number of excitons increases every step. We,
however, calculate the angular distribution by summing
up two terms using, for simplicity, an effective weighting
factor g for all through collision processes as

(T=finite)+(1 —g) (T=O) .
dEdQ

(17)

20

0

Xl
10

Here the first term is the angular distribution calculated
by using TN=O for N=1 and TN &0 for all steps with
N ~ 2 (full lines in Fig. 2) and the second term is calculat-
ed by using T~ =0 for all collision steps with N ~ 1 (dot-
ted lines in Fig. 2). The weighting factor g is estimated as
follows. As was discussed in Ref. [16],the escape proba-
bility for the initial stage of the ' ~Ho(a, X) reaction at

L a I

Os 0~ 10 20 &0 40 50 60 70 80
E' ( MeV)

FIG. 4. Angle-integrated energy spectrum for protons from
the ' 'Ho(a, p) reaction at E =109 MeV. Full line represents
present calculation. Data are taken from Ref. [16].

10.
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0
O.I .-X

Lh

E
Cg
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O.OI -.

OOOI
0 30 60 90 120 I50

ANGLE(deg )

FIG. 3. Calculated angular distributions give by the sum of
contributions from both high- and zero-temperature parts of the
nucleus. The weighting factor in Eq. (17) of /=0. 14 is used.
Experimental data are taken from Ref. [16].

E =109 MeV is about 30% and it decreases as the exci-
ton number increases. Since the sum of the escape proba-
bilities of the first three exciton states is equal to the sum
of all states after the fourth exciton state for the pre-
equilibrium particle emission, we used the value (g3} of
the third exciton state as g in Eq. (17) which is calculated
to be )=0.14. Calculated results are compared with ex-
perimental angular distributions in Fig. 3.

It is remarkable to find that calculated angular distri-
butions reproduce gross features of the observed distribu-
tions. Calculated values at the forward direction, howev-
er, are smaller than the observed ones and the discrepan-
cy increases with the increase of the proton energy. Pro-
tons at very forward angles, particularly those with the
highest energy of c.=60 MeV, are considered to be main-
ly due to the first collision, i.e., the direct process. Some
of them may not go into the nucleus to proceed to the in-
tranuclear cascade process but go directly outside the nu-
cleus. Such direct protons contribute to the excess at the
forward angles. The calculated energy spectrum is com-
pared with the experimental data in Fig. 4. The calculat-
ed value reproduces the major part of the spectrum ex-
cept for excesses at the high and low energy regions. The
main contributions at higher proton energies especially in
the extreme forward direction are considered to be due to
the direct process. The low energy side of the proton
spectrum (s(20 MeV) is considered to include the
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multiparticle emission in both equilibrium and pre-
equilibrium processes.

V. CONCLUSIONS

In this work we have extended the exciton model ap-
proach of the nucleon-induced reactions [8,11,12] to the
a-induced reaction to calculate the double differentiaI-
cross section of emitted nucleons. The pre-equilibrium
contributions are evaluated for the energy spectrum and
angular distributions of emitted particles. In comparison
with the existing works in this field [2,7] we have includ-
ed in the present work excited nucleon's motion in suc-

cessive nucleon-nucleon collisions and optical effects at
the nuclear surface for the exit channel.

The calculations reproduce gross features of the ob-
served angular distributions and the angle-integrated en-
ergy spectrum for fast protons from the ' Ho(a, p) reac-
tion at E =109 MeV. It should be noted here that there
is no free parameter to adjust in the present pre-
equilibrium calculation. Some parts of the data are not
reproduced by the present analysis. They may reflect
effects of the direct process and the multiparticle emis-
sion process, which are not taken into account in this
present analysis of the pre-equilibrium process.
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