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Second-forbidden unique P decays of 0Be, 22Na, and 26A1
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A shell-model study is made of second-forbidden unique P decay of Be, Na, and Al. Cal-
culations were made with a p-shell interaction for Be and the Sd-shell interaction of Wildenthal
for Na and Al. The resulting second-forbidden unique matrix elements are consistently larger
than experiment. The ratio is discussed in terms of two effects: the "collective suppression" dis-
cussed in 1970 by %'arburton, Garvey, and Towner and in-medium quenching of the spin operator.

Comparison is made to similar effects for M3 transitions.

PACS number(s): 23.40.Hc, 21.60.Cs,27.20.+n

The presently available experimental information on
the second-forbidden unique P decays of ioBe, 22Na, and
~sA1 are collected in Table I. The beta moment B2 for
this process is defined experimentally by [1]

X4
Bq ——[M2] = A (G2) = 6.166 x 10 ' fm

f2'

where A is the ratio of the axial to vector coupling con-
stants (= C~/Cv) which is taken to be 1.2605, and Ac,
= 386.159 fm is the Compton wavelength of the electron.
The second-forbidden unique Fermi integral f2 is evalu-
ated for P+ decay as described in Ref. [1]. For electron
capture, f2 is calculated using the procedures and pa-
rameters given by Bambynek ef al. [2]. Theoretical eval-
uations of the beta moments of Table I were presented
in detail in 1970 by Warburton, Garvey, and Towner [1]—hereafter referred to as WGT. There are several rea-
sons why a reconsideration of these decays is of interest.
First, the experimental values have changed somewhat.
In 1970, the available experimental information led to B2
values of 45(8), 8.0(20), 1.24(6), and 24(2) fm4 for the
decays of Be and Na, and the two decays of Al, re-
spectively. Note the sizable changes in the first and last.
(These changes are due to a new half-life measurement
for ioBe [3], new branching ratios for Al decay [4], and
changes in C~/Cv. ) Second, the shell-model calculations
for the ~Na and Al decays involve rather large dimen-
sions in the appropriate Odsl20dslslsil2 model space (the
2+ states of 24Mg have a J dimension of 4500) so that the
1970 calculation was done in a Od5~21s~y2 space. A cal-
culation with the highly successful Od5gqOd3]2lsg]2 USD
interaction of Wildenthal [5, 6] is now possible and cer-
tainly in order. The third reason involves the interesting
question of in-medium effects on these transitions which
we now consider.

The unique second-forbidden matrix element M~ has
the same operator as the isovector part of the spin term
which dominates the M3 operator [7]. It is assumed to
be a sum over all nucleons of a one-body operator [1]

- 1/2

r, [Yg(r) x a]& )r2,

where r& is a component of a spherical isospin tensor.
The evaluation of the matrix elements of this operator is
described in detail by WGT. The presence of Ys(r) r~ and
of 0 in Eq. (2) suggests a relationship to the E2 and Ml
operators —Zamick [8] proposed that Mq be thought of
crudely as E2Ml. The Gamow-Teller operator can be
thought of formally as the unique zeroth-forbidden oper-
ator. From the nuclear structure point of view a major
difference between the zeroth- and second-forbidden op-
erators is that the former has no first-order contributions
from nba admixtures in the wave functions, while the
second-forbidden operator has first-order contributions
from 2hu admixtures very similar to those occurring in
E2 transitions. However, there is an important difference
between the P and E2 processes: The effect on E2 tran-
sitions is to enhance the isoscalar matrix element while
the usual effect on the matrix element of Eq. (2) is to
decrease the matrix element, hence this latter effect was
termed "collective suppression" by WGT. The first eval-
uation of this collective suppression of M2 was that of
Kurath [9] who used procedures akin to those of Nilsson

[10] to estimate the effects of deformation, these effects
being primarily the admixing of b,Q = +2 orbits, where

Q is the number of quanta in a major shell. The methods
introduced by Kurath were used by WGT to express the
collective suppression in terms of the nuclear deforma-
tion and thus to estimate it for the cases of Table I. The
collective suppression of the M3 matrix element was re-
discovered in a series of studies by Arima and colleagues
[11,12], Zamick [8], and Brown ef al. [13]. (These authors
appeared to be unaware of Kurath's work. ) These studies
bring forth new approaches to the collective suppression
and it is of interest to compare the two approaches. This
will be done after the impulse approximation evaluation
of the B2 is presented. One might note that it is now
possible to calculate the decay of Be in a model space
including all orbits up through the Of, lp shells. Thus
the b,Q = 2 admixtures which presumably are the main
cause for the collective suppression could be included in
the diagonalization and an evaluation of the effect can be
made nonperturbatively. The reason why this is not done
is the great difficulty of obtaining meaningful wave func-
tions for the h, Q = +2 components in (0+2)h~ calcula-
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TABLE I. Summary of experimental information on the five second-forbidden unique transitions under consideration. The
quantities in parentheses are the uncertainties in the last significant figure; those in square brackets are powers of ten. The
branching ratio (B) is for the designated process as well as the final state in question. Q is the energy difference between the
neutral atoms for the initial and final states in question.

Transition

( ') "B( ')
Na(3+ ) . Ne(0+)

2s Al(5+ )
ss Mg(2+ )

Al(5 ) . Mg(2+)

Half-life

(s)

4.77(19)[13]

8.233(5)[7]

2.33(9)[13]
2.sa(9) [is]

B
(%)

100.0

0.056(14)

82.1(25)
2.7(2)

(keV)

556.0(4)

2842.0 (5)

2195.33(15)
1065.63(20)

log fg

14.11(7)

14.91(11)
i5.73(2)
14.61(3)

82
(fm')

89.0(35)

8.0(20)

1.16(6)
15.3(13)

tions as discussed, e.g. , by Hoshino, Sagawa, and Arima
[14] and by Millener, Hayes, and Strottman [15].

The shell-model calculations were done with the com-
puter code oxBAsH [16]. Results are given in Table
II. The USD interaction referred to above was used for
the A = 22 and 26 calculations. The result given for
ioBe(P )

i B in Table I uses a p-shell effective interaction
due to Millener [17] similar to the classic Cohen-Kurath
interaction [18] but resulting from a least-squares fit to
48 energy levels in A = 10—15 nuclei. This interaction
gives a significantly better fit to these 48 levels than the
Cohen-Kurath interaction, which results from a fit to en-

ergy levels in the larger range of A = 6—16 or 8—16 nu-
clei. The M2 were calculated with Woods-Saxon (WS),
Hartree-Fock (HF), and harmonic-oscillator (HO) radial
wave functions. The Woods-Saxon radial wave functions
utilized the parameters of Streets, Brown, and Hodgson
[19] for A = 22 and 26 and parameters derived by Mil-
lener for the p shell from a careful consideration of the
spectroscopy of A = 9—19 nuclei [20]. The Hartree-Fock
wave functions were calculated using the Skyrme SK11
interaction of van Giai and Sagawa [21] as described by
Brown, Bronk, and Hodgson [22] with the same orbit
occupancies as in the WS calculation. The agreement
with experiment for the known root-mean-square (rms)
charge and matter radii is better for the HF than WS
calculations in A = 9—10 and 22—26 nuclei and the HF
results are adopted. However, the difference in the M2
values between these two results was small. Also the HO
results were close to those obtained in the HF and WS
calculations as long as the oscillator parameter was cho-
sen to reproduce the average rms charge radius of the

initial and final nuclei [23].
The theoretical predictions of Table II for M2 are con-

sistently larger than the experimental values. The ratio
in the last column is interpreted as a measure of the com-
bined effects of "collective suppression" and quenching of
the axial current, i.e., in an obvious notation, as

1 —b„b~. (3)

For the time being we neglect any in-medium effects on
the spin operator and assume b~ 1. "Collective sup-
pression" has been a much-studied quantity in both beta
decay [1] and M3 transitions [9, 11,8, 12, 13]. It is real-
ized that the shell-model calculations have inherent un-
certainties that might not be too much smaller than the
deviation of this measure of b„ from unity. Neverthe-
less, taken in toto, the comparison gives strong support
for "collective suppression". We now consider these de-
cays individually. Initially we consider the Nilsson model
estimate of b„. Then the approaches to the evaluation
of this suppression factor of Refs. [11,13] are considered.

Be decay. —The present p-shell calculation for Be
decay is quite similar to the previous one which was dis-
cussed in detail by WGT and which was also adopted in
a study by Szybisz [24]. It has only one contributing or-
bital transition v0ps/z ~ mOp3/2. Mq is 89Fo of the value
for pure p3&2 initi'al and final states. The HF radial inte-

gral (Ops/g[r [Op3/z) is 7.61 fm . The expected value of
6„ is sb, where b is the Nilsson deformation parameter
and is 0.48 in this case [1]. The resulting estimate for
b„of 0.16 is in essentially perfect agreement with the
value of 0.15 from Table II.

TABLE II. Comparison of experiment and theory for the four decays of Table I. The theoretical
values are for the p shell for Be and the sd shell for the other three, i.e., "collective suppression"
is not included.

Transition

10B (0+) 10B(3+)

Na(3+): Ne(0+)

Al(5+): Mg(2i+)

Al(5+) Mg(2+ )

Expt

9.43(19)

2.82(35)

1.08(3)
3.91(17)

M2 (fm )
Theory

11.09

4.07

1.14

5.60

M2 (expt)
M2 (theory)

0.85

0.69

0.95

0.70
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~~ Pa decay. —The sd-shell transitions have five pos-
sible orbital transitions, Odsg~ ~ Od5g~, Od3g~ ~ Od5y~,

and Od5~g ~ 1s&~&. The Na transition is highly coher-
ent with all but a weak mls&~2 ~ v0d5g~ contribution in
phase. Thus the result is insensitive to variations in the
USD wave functions. The matrix element is dominated
by the xOds?2 -+ vOds?2 contribution. As for ~ Be, the

Nilsson model result for b„ is 3b and since 6 32 for
Na [1],b„0.11 is expected as opposed to 0.31 from

Table II. The agreement is poor.
Al decay. —The weakness of the decay to the 2+~

state of 24Mg is due to poor overlap of the initial and
final states and cancellation between comparable Od5gq ~
Odz?2 and Ods?z ~ 1sq?2 contributions [25]. The decay to
the 22+ state in contrast has highly coherent contributions
from all five possible orbital transitions with only the
very weak Ods?2 ~ Odsl q contribution out of phase. Thus
this Mq is also insensitive to variations in the USD wave

functions. The transition is dominated by the x0d5~2 —+

vis&?2 contribution. As discussed by WGT, the Nilsson
model does not provide a quantitative estimate for b„
for these transitions. However, since the deformation is
small, a small value of 6„ is expected, say, 0.05, again
in poor agreement with Table II.

The relationship to the Es isoscalar effective charge—Brown et al. [13] showed that in the limit of a delta-
function residual interaction, b„can be related to the
incremental effective isoscalar E2 charge bo by

(aE,(2+) l S,
(AEg(3+)) 3

(4)

where GEO(2+) and b, Eq(3+) are the centroids of the
excitation energies of the giant isoscalar E2 and giant
isovector M3 resonances in the Tz ——0 nucleus (parent or
daughter). The ratio of energies in Eq. (4) is estimated to
be between 0.5 and 1.0 with the lower value favored [13].
Since bo in both the p shell and sd shell is found to be
highly state-independent and closely equal to 0.70, this
estimate gives 6„-0.12—0.23 (lower limit favored) for all
p-shell and sd-shell second-forbidden unique P transitions
and M3 transitions and moments. Horikawa et al [11].
incorporated the effects of AQ = +2 admixtures on A =
17 and 41 closed-shell-plus-one nuclei perturbatively with
a G-matrix interaction. They found results consistent
with this 6-function interaction estimate.

Comparison of the methods of Euruth and Brown et
al. —In his treatment of the ground states of Li, Be,

B, and 8 Kurath found a strong state dependence for
the effects of b.Q = 2 admixtures on the M3 moments
with multiplicative corrections of 1.6, 0.83, 0.36, and 1.19
for these four nuclei, respectively. This very strong state
dependence is at variance with the conclusion from Eq.
(4) of a relatively constant suppression. Certainly, the
role of AQ = 2 admixtures on the operator of Eq. (2)
cannot be said to be understood until this discrepency is
resolved.

Isolation of the axial current quenchingo —We as-
sume, again for purposes of discussion, the essential cor-
rectness of Eq. (4). This estimate of Eq. (4) is compared
to results for the two strong sd-shell transitions and the

two values from the A = 24 and 34 analysis of M3 tran-
sitions of Brown et al. [13] as follows:
A Process Empirical estimate of b„
22
24
26
34

M3

M3

0.31
0.14
0.30
0.12.

It is seen that the estimate based on Eq. (4) is in agree-
ment with the empirical estimates for the two M3 cases
but not with those for the two cases of P decay. A
quite possible reason for this difference is the different
behavior of the quenching of the spin operator in the two
processes. In analogy with the well-studied comparison
of Gamow-Teller and Ml transitions [26], it is expected
that the quenching of the spin operator due to ¹isobar
currents and higher-order configuration mixing will be
roughly the same in the two processes but that meson-
exchange currents (MEC) will be strongly enhancing for
M3 transitions —thus largely offsetting the effects of 6
isobars, etc. —and small for the P decays —thus leav-

ing a net large quenching from 6 isobars, etc. Thus, it
is suggested that the difference between the P and M3
estimates of b„ in the table above may well be due to a
significant quenching of the axial current with b~ 0.18
[see Eq. (3)]. If so it would be presumed that the ratio
Mq(expt)/Mq(theory) of Table II errs on the high side
for soBe decay.

In summary, the various perturbative estimates of the
"collective suppression" of second-forbidden unique P
decays and M3 transitions give results in qualitatitive
agreement with those extracted by comparing experi-
ment and theory. However, a microscopic understanding
of this effect has not yet been achieved. The perturbative
result of Horikawa et al [11]f.or a single particle outside
a closed shell agrees with the estimate of Eq. (4). An
important, as-yet-unanswered question is: "Would a per-
turbative treatment for the actual decays and transitions
in question show the state dependence suggested by the
estimates for 6„listed above'?" Horoshino, Sagawa, and
Arima [14] have suggested an approximate way to satisfy
the Hartree-Fock condition so as to produce realistic AQ
= +2 admixtures in (0+2)hu calculations. An interesting
study with their method would be to calculate ground-
state wave functions for the A = 7—11 nuclei considered
by Kurath and to see whether the shell model gave results
in agreement with his Nilsson model approach.

Comparison of the second-forbidden beta decay results
with previous studies of M3 transitions [13], with anal-
ogy to Gamow-Teller and Ml transitions, suggests the
possibility of isolating MEC effects in second-forbidden
P decay. Certainly further studies to better explore this
possibility would be welcome. A necessary step in these
studies is a reconciliation of the two methods of estimat-
ing the "collective suppression" .
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