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The effects of core polarization on the single-particle energies and single-hole energies relative to a
closed major shell core are considered. Not only the familiar two-particle —one-hole and three-particle-
two-hole diagrams but also Hartree-Fock insertions are included. We further consider the effects of the
Dirac spinor approach for nucleons inside the nucleus with a Dirac effective mass less than the bare
mass and also for nucleons at the surface with an effective mass essentially equal to the bare mass. This
relativistic effect tends to reduce the spin-orbit splitting of particle states as compared to that for hole
states, which corresponds to the empirical data. The calculations are performed employing modern ver-
sions of the Bonn one-boson-exchange potentials with various strengths for the tensor component.

PACS number(s): 21.60.Cs, 21.60.Jz

I. INTRODUCTION

The motivation of this work is a better understanding
of single-particle and single-hole energies in nuclei. In
particular we would like to study the differences in the
spin-orbit splittings of single-particle states above the
Fermi energy and of single-hole states below the Fermi
energy. In order to demonstrate that there are effects in
these energy splittings which may require a microscopic
analysis, we recall the experimental fact that the p3/2 p ]/2
single-hole splitting in ' 0 is larger than the d3/z-d5/2
single-particle splitting in ' O. Provided one identifies
the first —,

' level in ' 0 as a single-hole state [(p3/p) ']
and the first —,

'+ level in ' 0 as a single-particle state
[(d3&2)'], the corresponding numbers are 6.176 and 5.086
MeV, respectively. But we know that for a one-body
spin-orbit interaction of the form —gl s with g taken to
be a constant, the splitting between the spin-orbit
partners j=l —

—,
' and j=l+ —,

' is proportional to (2l+1).
Hence the d3/2 d5/2 splitting should be —,

' times the p&/2-

p 3/2 splitting.
This problem persists in more sophisticated Skyrme

Hartree-Fock (HF) calculations [1]. In a HF calculation
for ' 0 with the Skyrme III interaction, the p»2-p3/2
splitting turns out to be 6.0 MeV for neutrons and 5.9
MeV for protons, more or less in agreement with experi-
ment; however, the d3/2 d5/2 splitting is 7.8 MeV for
neutrons and 7.4 MeV for protons, roughly in agreement
with the (2l + 1) rule and thus in disagreement with the
' 0 spectrum.

Since the spin-orbit term in the single-particle potential
has basically a relativistic origin, it sounds quite plausible
that nonrelativistic calculations, like the Skyrme
Hartree-Fock calculations mentioned above, miss the rel-

ativistic degrees of freedom, which are needed to under-
stand details in the spin-orbit splitting of single-particle
levels. Recently we had found that the Dirac-
Brueckner-Hartree-Fock (DBHF) approach to nuclear
structure can lead to significantly different results from a
nonrelativistic calculation [2]. The main feature of the
DBHF approach is that the Dirac spinors for the nu-
cleons inside a nuclear medium, characterized by the
Dirac effective mass m *, can be quite different from the
Dirac spinors for nucleons in the vacuum, i.e., the
effective mass m inside the nucleus is considerably
smaller than the mass m of a free nucleon.

We considered, for example, the magnetic dipole (M 1 )

excitation from the ground state to the lowest J =1+,
T=1 state in ' C at 15.11 MeV. The experimental value
of 8(M1) for this transition is 2.85pz. In a nonrelativis-
tic approach with a bare Bonn A interaction [3], the
value of B(M1) was 0.64pN, much smaller than the ex-
perimental value. In the Dirac spinor approach with
different effective nucleon masses m ', the values of
8(M1) were calculated to be 0.69piv for m*/m =1,
1.14pz for m /m =0.78, and 1.57piv for m "/m =0.67
[2]. The improved results were traced to the fact that the
spin-orbit interaction in the Dirac spinor approach is
nearly inversely proportional to m'. Indeed, without
core polarization, the p3/2 p&iz splittings relative to the
' 0 for the above three (m*/m) values are 3.95, 5.24,
and 6.16 MeV, respectively.

Now in ' C when the spin-orbit splitting is taken to be
small one approaches the LS limit. In this limit the spin
part of the M1 excitation vanishes so one is left with the
orbital part. The orbital part is very small because it is
proportional to the squared isovector gI factor:
(g, ) = [[gi(p) —gi(n)]/ 2] =0.5, which is only about
l%%uo of the squared isovector g, factor:
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(g, ) = [[g,(p) —
g, (n)]/2] =4.706 . In the jj limit, on

the other hand, the value of B(M1) is 11.26tu, z, very
large. Therefore one can obtain better agreement of the
8(MI) value with experiment by increasing the spin-
orbit splitting as it is obtained from the DBHF approach.

For a comparison with experimental data it may not be
sufficient to evaluate the single-particle energies in the
Hartree-Fock or DBHF approximation. In particular for
states close to the Fermi level, it might be necessary to
account for the coupling of single-particle states to two-
particle —one-hole (2p- 1h) and three-particle —two-hole
(3p-2h) configurations at low energies. This means that
the inclusion of rearrangement terms or core polarization
effects could be very important. Therefore it is the sub-
ject of this work to study the interplay between relativis-
tic effects and core polarization terms in calculating
single-particle energies and spin-orbit splittings.

As an example we study the effects for the nucleus ' 0
for which the experimental data have already been dis-
cussed above. For the nucleon-nucleon (NN) interaction
we consider the G matrix calculated for various modern
versions of the Bonn one-boson-exchange (OBE) poten-
tials [4]. It should be remarked at the outset that a dou-
ble partitioning method is used to calculate the G-matrix
elements of the Bonn interactions. Since we want to see
explicitly the effects of the low-lying ladder excitations
(up to 2%co), these low-lying ladders have been excluded
from the G-matrix calculation. Thus there is no double
counting in the calculations we perform.

pllI

(a) Bare (b) 2p- 1h (c) 3p-2h

c
h

(d) Single HF insertions

p p p II + P

c Q C Q---

(e) Double HF insertions

FIG. 1. The first- and second-order diagrams for single-
particle energies. Dashed lines represent the particle-particle
interaction V and dotted lines represent the one-body harmonic
oscillator potential U.

II. RENORMALIZATION OF SINGLE-PARTICLE
AND SINGLE-HOLE ENERGIES

In Fig. 1 we list all the first- and second-order dia-

grams to be included for the renormalization of the
single-particle energies. Figure 1(a) represents the in-

teraction of a particle in the orbit (nlj) (also denoted by

j) with a particle in the core orbit c. The expression for
this diagram, in the lowest order, including the kinetic
energy obtained from a harmonic oscillator single-

particle well, is as follows:

e (M)=e (II:)+e (V)

32n+l+—
2 2

+ . g (2J +1)(2T +)I(jc~Vjic)J T,1

2(2j+1

where the first term is the kinetic energy (n starts from 0)
and the second the bare mean field interaction term. In
the summation, c runs over all the orbits inside the core.

The value of Am and the particle-particle matrix ele-
ments (jc ~ V~ jc )J T that we use in this work are those

appropriate for nuclei around A =16. It should be em-

phasized that all the expressions in this work are in terms
of antisymmetrized and unnormalized particle-particle
matrix elements.

In Fig. 1(b) we show a second-order core polarization

diagram with a 2p-1h intermediate state. Its contribution
to the single-particle energy can be written as

5ej (2p-lh) = . g (2J+ 1)(2T+ 1)
1

4(2j+1) h

(2)

where the sum over p „p2 is an unrestricted sum over par-
ticle states. The above expression yields an attractive
contribution for j denoting a hole state or a low-lying

particle state, as we will do in our investigations, since
the energy denominator is always negative for those
states. From the energy denominator, one can also see
that there is a tendency for this term to yield more attrac-
tion for states j which have a larger energy.

Figure 1(c) is again a second-order core polarization di-

agram but with a 3p-2h intermediate state. For this dia-
gram we write

5e (3p-2h) = — g (21+1)(2T+1)1

4(21+1) J,P, , h, , s, T

[(Ii,h2~ V~ jp) J T]'

(3)
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where the sum over the hole states h &,h2 is unrestricted.
This expression is positive definite for the single-particle
states which will be considered here. Inspecting the ener-

gy denominator again and ignoring possible differences
for the matrix elements in the numerator, one would ex-
pect that this repulsion is larger for the states j with a
lower energy. As a result of the combined terms (2) and
(3}one therefore would expect a bunching up of the levels
near the Fermi surface.

The above expressions (2} and (3) have been amply dis-
cussed by Bertsch [5] and by Bertsch and Kuo [6]. They
noted that whereas the effective mass due to velocity
dependence (not to be confused with the Dirac effective
mass) is less than m with a bare interaction, the effect of
core polarization is to cause this effective mass to be close
to m near the Fermi surface. This is just another way to
describe the bunching up of levels near the Fermi surface,
which we have discussed above. More recently Bar-Touv
and Moszkowski [7] noted that this bunching up holds
for levels from different major shells, but that if one aver-
ages over the spin-orbit splitting there is no bunching up
of levels of different n, l within a major shell. The work of
Mahaux and Sartor [8] is also relevant concerning this
point.

Numerical results in the next section will show that the
2p-1h and 3p-2h diagrams, when combined, change the
single-particle energies of the spin-orbit partners j = l —

—,

and j =l+ —,
' by nearly the same amount so that the

single-particle splitting between j =I—
—,
' and j =l+ —,

' is
almost unaffected.

We next consider Hartree-Fock (HF) insertions in the
calculation of renormalization effects for the single-
particle energies. These were not included in the work of
Bertsch and Kuo [6] but they were considered in a re-
markably complete work by Kassis [9] who carried out
the calculations up to third order in perturbation theory.
Kassis considered He and ' 0, i.e., a closed shell plus a
valence nucleon. In our calculations we wish to see if the
behavior for a closed shell minus one nucleon (' 0) is
similar to that of a closed shell plus a valence nucleon.
Also, as mentioned before, we wish to examine the simi-
larities and differences between the effects of the relativity
and of core polarization.

We divide the HF diagrams into two classes: single
HF insertions (SHF) and double HF insertions (DHF). It
is convenient to define the following sum:

D(a, b, c,d) =5 y . (ac
I VIbd )

2(2j, +1)
t

(4)

In Fig. 1(d} we have the single HF insertions (SHF): V
and U diagrams where U is the single-particle potential
that we actually use to calculate our single-particle wave
functions, i.e., the harmonic oscillator potential. The
contribution from these diagrams is

5c (SHF) =2 yJ E'g

X 'yD(h, p, c,c)—&hlUlp&

x+(n„+1)(n„+l„+—', ) . (6)

The minus sign comes from the convention used for the
two-body matrix elements that all radial wave functions
are positive near the origin. It is obvious that the particle
p and hole h in Fig. 1(d}must couple to J =0+.

The contribution from the double HF insertions (DHF)
[Fig. 1(e)] is

5e (DHF)= g
2

Q,D(j,p, c,c)—(p I UIj )

6') E'p

2

+,D(j,h, c,c ) —(h I Ul j )
(7)

where

(p I UjI)= — 5J, 5~ i 5„„+,Q(n +1)(n +l+ —'),
(8)

(h I UIj ) = —
5J j 5I i 5„„&+n(n+1+—,') .

In Eqs. (2)—(7), we approximate the single-particle en-
ergies in the energy denominators by the kinetic energy
plus the one-body spin-orbit interaction:

e =(2n+I+ —,')A'co —gl s (10)

with (=2 MeV. All configurations with 2fico excitations
(in the case of )=0) for the intermediate states are in-
cluded. The renormalized single-particle energy for a
particle in the orbit (nlj) ignoring the Hartree-Fock
corrections is given by

e (R) =ei(M).+5e)(2p-Ih)+5@ (3p-2h),

where e (M) refers to the mean field part given in Eq. (1)
and the 2p-1h and 3p-2h corrections are defined in Eqs.
(2) and (3). The total result taking into account the
Hartree-Fock terms is denoted by

ej( T)=Ei(R )+5@ (SHF)+5e~(DHF) (12)

We now consider the renormalization of the single-hole
energies. Similar to the single-particle case, the renor-
malized single-hole energy for a hole in the orbit (nlj } in-
side a core can be written as

e (R)=e, (M. )+5@,(2p-3h)+. 5e, ( lp-2h), (13)

and the contributions of the Hartree-Fock corrections
can be added in the very same way as it is written in Eq.
(12). Note that Eq. (13) contains the same terms as Eq.
(11) except that for the case of hole states we refer to the
corrections given in Eqs. (2) and (3) as (2p-3h) and (lp-2h)
terms, respectively. This change of the nomenclature is
made plausible from Fig. 2, where diagrams representing

For the harmonic oscillator potential U= —,'mao r, we

have

(h
I Ulp )

2 5J,J„5I,!„5,„+I
'AN
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Thompson equation. The parameters of these potentials
are given in Table A.2 of [4]. These potentials have been
employed in Dirac-Brueckner-Hartree-Fock calculations
for ' 0 [3]. Such calculations show that the Dirac spi-
nors for nucleons in a nuclear medium are substantially
different from the Dirac spinors of a free nucleon. The
ratio of large to small components for the Dirac spinors
in the medium may be described in terms of an effective
mass m * for which I*=630 MeV is a reasonable choice.
Therefore we will refer to these potentials obtained from
the Thompson equations as relativistic interactions and
study the dependence of the resulting single-particle ener-
gies on the effective mass m *.

For both kinds of scattering equations, Ref. [4]
presents potentials with various strengths for the tensor
component. We will consider in the present investigation
versions A and C. While a moderate tensor force is con-
tained in the potentials C, yielding a D-state probability
for the deuteron of I'D =5.5 /o, the potentials A contain a
rather weak tensor force (PD =4.5%).

c
J

J

c

P(
c

FIG. 2. Some of the first- and second-order diagrams (left)
for the single-hole energies and the corresponding diagrams
(right) for the single-particle energies which have the same ex-

pressions. Dashed lines represent the particle-particle interac-
tion V.

contributions for the single-particle energies for particle
and hole states are compared to each other.

For the two-body interaction employed in Eqs. (1)—(4)
we consider 6-matrix elements which have been deter-
mined by solving the Bethe-Goldstone equation,

G=V+V G,
S

(14)

directly in a basis of harmonic oscillator states [10]. The
oscillator parameter for this basis and also for the corre-
sponding energies in Eqs. (1), (6), (8), and (9) has been
chosen to yield an oscillator energy of Ace=13.92 MeV.
For the starting energy [E, in Eq. (14)], a constant value
of —15 MeV has been selected and the Pauli operator Q
has been defined in the oscillator basis to prevent inter-
mediate two-particle states with one nucleon in a hole
state (Os and Op) or both nucleons in the lsOd shell. In
this way the particle-particle ladders of Fig. 1(b) with an
excitation energy of 2%co are not taken into account in the
G matrix and therefore should be calculated explicitly.
For the spectrum of intermediate particle states only the
kinetic energy (r) is taken into account.

For the bare XN interaction V we have considered
various modern versions of the Bonn OBE potentials [4].
The parameters of these potentials have been adjusted to
fit the XN scattering phase shifts. This has been done ei-
ther by solving the Blankenbecler-Sugar equation (we will
refer to these potentials, which are defined in Table A. 1

of [4], as nonrelativistic interactions) or by solving the

III. DISCUSSION OF RESULTS

As a first example we discuss the results obtained for
the single-particle energies for the p3/2 and p»2 hole
states in ' 0 which are given in Table I. The first column
shows the results obtained in the mean field approxima-
tion [e(M), defined in Eq. (1)]. Considering the nonrela-
tivistic approaches (NRBA and NRBC), the energies for
the p3/2 state are —25. 17 and —23.84 MeV for versions
A and C, respectively. Therefore the binding energy is a
bit larger than the experimental value of —21.8 MeV,
which is derived from the energy difference between the
ground states of ' 0 and ' O.

The agreement for the single-particle energy could be
improved by a self-consistent choice for the starting ener-

gy E, in the Bethe-Goldstone equation (14). The value
chosen for all the results which we present here is
E, = —15 MeV, which is quite appropriate for the mean
field term of the d states [note that a self-consistent
choice in Eq. (1) would require E, =ej+e, ]. For the
states in the p shell a more negative starting energy
should be chosen. If we use E, = —30 MeV, the single-
particle energies would be less attractive by around 1

MeV. Since, however, all other quantities listed in Table
I, like the effects of the core polarization terms or the re-
sults for the spin-orbit splittings, are hardly affected by
the choice of the starting energy, we have chosen to
present results for a fixed value of E, .

Comparing different versions for the XX interaction,
we see that the interactions with a weaker tensor force
(A) yield more attractive single-particle energies than
those with a stronger tensor force (C). This is the same
feature as observed in the BHF calculations. Comparing
the saturation points of nuclear matter (and also finite nu-
clei) obtained for various realistic NX interactions, one
finds that these results form a "Coester" band [11],such
that interactions with a weaker tensor force lead to more
binding energy than those with a stronger tensor force, as
the Pauli effects in the Bethe-Goldstone equation reduce
the attraction in the 6 matrix more in the latter than in
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TABLE I. Single-particle energies for the p3/2 and p1/2 hole states in ' 0 are presented as obtained in the mean field approxima-
tion [e(M), see Eq. (1)], with inclusion of core polarization corrections from 1p-2h, 2p-3h diagrams [e(R), see Eq. (13)], and adding
the Hartree-Fock corrections [e( T), see Eq. (12)]. Also, the sums of the individual contributions are given. Nonrelativistic Bonn A
(NRBA) and Bonn C (NRBC) and relativistic Bonn A (RBA) and Bonn C (RBC) interactions with different values of Dirac effective
nucleon mass m are used. All energies are in units of MeV. Also given is the spin-orbit splitting he=a —e . The experirnen-

~1/2 ~3/2
tal data to compare to are —21.8 MeV for the single-particle energy of the p3/2 state and 6.176 MeV for the spin-orbit splitting hE.

Interaction

NRBA

RBA
m*/m =1

RBA
m */m =0.78

RBA
m */m =0.67

Orbit

P3/2

P 1/2

he
P3/2

P 1/2

he
P3/2

P 1/2

he
P3/2

P 1/2

Ae

&(M)

—25.17
—21.00

4.17
—23.25
—19.31

3.95
—21.54
—16.29

5.24
—20.21
—14.05

6.16

5e(1p-2h)

4.50
5.03
0.53
3.62
4.19
0.57
3.42
3.98
0.56
3.29
3.87
0.59

5e(2p-3h)

—4.87
—5.39
—0.52
—3.82
—4.24
—0.41
—3.52
—4.00
—0.48

3.32
—3.88
—0.56

e(R )

—25.54
—21.36

4.18
—23.46
—19.36

4.11
—21.64
—16.31

5.33
—20.24
—14.05

6.19

5e(SHF)

—5.30
—3.04

2.25
—3.87
—2.18

1.69
—2.14
—0.73

1.41
—1.04
—0.11

0.93

5e(DHF)

—1.20
—0.83

0.37
—0.70
—0.44

0.26
—0.29
—0.09

0.19
—0.10

0.00
0.10

—32.03
—25.23

6.80
—28.04
—21.98

6.06
—24.07
—17.14

6.92
—21.38
—14.16

7.22

NRBC

RBC
m /m =1

RBC
m /m =0.78

RBC
m */m =0.67

P3/2

P 1/2

he
P3/2

P 1/2

he
P3/2

P 1/2

he
P3/2

P 1/2

he

—23.84
—19.69

4.15
—20.99
—17.09

3.91
—19.15
—13.95

5.20
—17.71
—11.60

6.11

4.26
4.84
0.59
3.34
3.97
0.63
3.14
3.77
0.63
3.01
3.66
0.65

—4.65
—5.22
—0.57
—3.60
—4.07
—0.47
—3.31
—3.85
—0.54
—3.12
—3.74
—0.61

—24.24
—20.07

4.16
—21.26
—17.19

4.07
—19.32
—14.03

5.29
—17.83
—11.68

6.15

—4.38
—2.42

1.97
—2.53
—1.32

1.21
—1.00
—0.23

0.77
—0.04

0.13
0.18

—0.89
—0.58

0.31
—0.35
—0.18

0.17
—0.08

0.00
0.08
0.00

—0.04
—0.04

—29.51
—23.07

6.44
—24.14
—18.68

5.46
—20.40
—14.26

6.13
—17.87
—11.59

6.28

the former case [3,4, 12].
It is furthermore remarkable that the results obtained

for the relativistic cases (RBA and RBC, Thompson
equation, m ' =m) are less attractive than those for the
nonrelativistic approaches. The same feature can also be
observed in BHF calculations for finite nuclei [3,12] while
in nuclear matter the relativistic potentials yield more
binding energy (for m *=m ) than the calculations em-
ploying the Blankenbecler-Sugar equation [4]. This could
be a consequence of the fact that the Blankenbecler-Sugar
potentials are fitted with an attraction of shorter range in
the channels with isospin T=1, as the mass of the 0.
meson has been chosen to be larger for these channels.

While single-particle energies depend on the choice of
the interaction, the spin-orbit splitting is almost not
affected, as long as we do not consider any change of the
Dirac spinors, i.e., we keep m*=m. This splitting is 4.2
MeV in the case of the nonrelativistic choice and 3.9
MeV for the relativistic cases, almost independent on the
strength of the tensor force. These values are too small
compared to the experimental splitting, which is 6.176
MeV. If, however, we consider a change of the Dirac spi-
nors in the nuclear medium by decreasing the effective
mass we find that the spin-orbit splitting is enhanced con-
siderably. This is the relativistic effect that we have al-
ready discussed in the section describing the motivation

for this investigation (see also [13,14]). Using an effective
mass m ' =630 MeV ( m ' /m =0.67 ), which is supported
by DBHF calculations for nucleons occupying levels in-
side the nucleus [3], we obtain values for the spin-orbit
splitting of 6.16 MeV (A) and 6.11 MeV (C), which are
in good agreement with the experimental data, again
nearly independent on the strength of the tensor force
considered.

Furthermore, one finds that the reduction of the
effective mass decreases the absolute value of the single-
particle energy. This is of course a consequence of the
well-known relativistic effect that the attractive com-
ponents of the NN interaction in the medium are reduced
if the Dirac spinors of the nucleons are modified in a
self-consistent way [3,15].

We are now going to discuss the effects of the core po-
larization terms displayed in Figs. 1(b) and 1(c) and evalu-
ated as given in Eqs. (2) and (3). Note that the hole states
h, h&, and h2 appearing in these equations are summed
over all core orbits; the particle states p, p&, and p2 take
all possible orbits outside the core with the restriction
that the energy denominator be equal to —2fuu in the ab-
sence of the spin-orbit interaction [/=0 in Eq. (10)].

As we have already discussed in Sec. II, the 1p-2h con-
tribution turns out to yield a repulsive contribution to the
single-particle energies for the p states. From an inspec-
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tion of the energy denominators in Eq. (3) alone, one
could have expected the correction to be larger for the

p 3/2 state than for the p»2 state. The calculations show,
however, that the opposite is true because of the different
matrix elements in the numerator of Eq. (3). Therefore
the 1p-2h contributions enhance the spin-orbit splitting
by a value typically of 0.53—0.65 MeV, depending on
which model is used for the NN interaction.

As we expected from our discussion of Eq. (2), the 2p-
3h corrections to the single-particle energies turn out to
be attractive. Also in this case the effects are larger for
the p3/2 state compared to the p, /z state due to
differences in the matrix elements in Eq. (2). Therefore
the 2p-3h terms reduce the spin-orbit splitting. We ob-
serve a remarkable cancellation between the 2p-3h and
1p-2h correction terms. While each core polarization
term alone leads to modifications for the single-particle
energies and the spin-orbit splittings up to 20%, the total
effect of these corrections is negligible. This cancellation
is an observation supporting our double partitioning for
the treatment of correlations. Note that the effects of
particle-particle ladders with intermediate states of ener-
gies above 2'~ have been considered by solving the
Bethe-Goldstone equation, while the effects of particle-
particle terms at low energies have been combined with
those of intermediate hole-hole states in our explicit per-
turbative calculation, evaluating diagrams of Figs. 1(b)
and 1(c), which leads to the cancellation we have just dis-
cussed. Therefore the inclusion of core polarization

terms does not destroy the good agreement obtained for
the spin-orbit splitting already in the mean field approxi-
mation, if the change of the Dirac spinors is taken into
account.

It should be mentioned that BHF and also DBHF cal-
culations try to include particle-particle terms at all ener-
gies but ignore the effects of hole-hole scattering terms.
This is justified for the excitations at high energies, as
there are no hole-hole excitations at such high energies.
For the low-energy excitations it might be preferable to
include particle-particle terms and hole-hole terms in a
symmetric way [8,16]. Our investigations also show that
the single-particle energies obtained in BHF calculations
should be modified according to the corrections listed in
the second column of Tables I and II.

Finally, we consider the corrections due to the
Hartree-Fock insertions displayed in Figs. 1(d) and 1(e).
These terms represent a perturbative approach to evalu-
ate the diagrams of Figs. 1(a)—1(c), in particular, the
mean field diagram of Fig. 1(a) in terms of self-consistent
BHF single-particle states rather than using the basis of
harmonic oscillator states. Since the expansion nucleon
self-energy should converge better in a self-consistent
basis, it is of course conceptually favorable to include the
Hartree-Fock terms. However, one has to be aware that
self-consistent BHF or DBHF calculations employing the
OBE potentials that we also use in our present investiga-
tions tend to produce single-particle wave functions,
which lead to a radius for ' 0, much smaller than the ex-

TABLE II. Single-particle energies for the d5/2 and d3/p particle states in ' O. The experimental data to compare to are —4. 14
MeV for the single-particle energy of the d5/2 state and 5.086 MeV for the spin-orbit splitting he. See Table I for further informa-
tion.

Interaction

NRBA

RBA
m*/m =1

RBA
m*/m =0.78

RBA
m */m =0.67

Orbit

d 5/2

d3/Q

he
5/2

d3/Q
he
5/2

3/2

he
d5/2

d3/2

—4.61
1.53
6.14

—3.42
2.38
5.80

—1.94
5.58
7.52

—0.81
7.91
8.72

5e(3p-2h )

2.00
2.64
0.64
1.54
2.18
0.64
1.41
2.04
0.62
1.33
1.96
0.62

5e(2p-1h)

—3.55
—4.63
—1.09
—2.77
—3.71
—0.95
—2.57
—3.57
—1.00
—2.44
—3.53
—1.09

—6.15
—0.46

5.69
—4.65

0.85
5.50

—3.09
4.05
7.14

—1.92
6.34
8.26

5e(SHF)

—1.26
0.91
2.18

—1.05
0.56
1.61

—0.47
0.83
1.31

—0.14
0.71
0.86

5e(DHF)

—0.12
—0.05

0.07
—0.01
—0.17
—0.15
—0.02
—0.67
—0.65
—0.11
—1.23
—1.12

—7.53
0.40
7.93

—5.71
1.24
6.95

—3.59
4.22
7.80

—2.18
5.82
7.99

NRBC

RBC
m*/m =1

RBC
m /m =0.78

RBC
m */m =0.67

5/2

d 3 /2

5/2

he
5/2

d 3 /2

d 5/2

3/2

Ae

—3.58
2.52
6.10

—1.65
4.09
5.74

—0.11
7.33
7.45
1.06
9.71
8.65

1.84
2.60
0.76
1.37
2.12
0.75
1.25
1.98
0.73
1.18
1.90
0.72

—3.30
—4.42
—1.12
—2.51
—3.52
—1.01
—2.33
—3.38
—1.06
—2.20
—3.35
—1.14

—5.04
0.69
5.74

—2.80
2.68
5.48

—1.19
5.93
7.12
0.03
8.26
8.23

—1.03
0.85
1.88

—0.64
0.51
1.15

—0.16
0.55
0.71
0.11
0.26
0.15

—0.04
—0.13
—0.10
—0.01
—0.40
—0.39
—0.14
—1.09
—0.95
—0.33
—1.80
—1.47

—6.11
1.41
7.52

—3.44
2.79
6.24

—1.49
5.39
6.88

—0.19
6.72
6.91
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perimental value [3,12]. Therefore it may be favorable to
ignore the Hartree-Fock corrections and stick to the orig-
inal oscillator wave functions since they yield much more
realistic radii.

This dilemma has also been observed, e.g., by Hjorth-
Jensen et al. [17]. In evaluating the renormalization of
the effective two-body interaction to be used in sd-shell
model calculations, they find that the choice of self-
consistent BHF wave functions improves the convergence
of the expansion. On the other hand, however, the result-
ing matrix elements obtained in the BHF basis are much
less realistic than those obtained in an appropriate oscil-
lator basis. Hjorth-Jensen et al. relate this deficiency of
the results in the BHF basis to the fact that the BHF
wave functions are localized too much to the center of
the nucleus.

Because of this experience we prefer to evaluate in a
first step the single-particle energies and the spin-orbit
splitting in an oscillator basis, using wave functions with
realistic radii, as we have discussed up to now. In a
second step we can now determine the modifications
which are due to the Hartree-Fock self-consistency and
discuss those effects separately.

Inspecting the effects of the HF correction terms
presented in Table I, one observes quite a substantial in-
crease in the binding energies for the single-particle
states. The size of the effect is directly related to the
change of the radius obtained in the BHF calculation as
compared to the oscillator model: The potentials with
weak tensor force ( A ) tend to give smaller radii than
those with a stronger tensor component ( C) [12] and also
the Hartree-Fock corrections listed in Table I are larger
for the former as compared to the latter cases. Relativis-
tic potentials yield larger radii than those from nonrela-
tivistic treatment, in particular, if m (m, and therefore
the energy corrections are smaller in the former case.
Anyway, with inclusion of the Hartree-Fock corrections
the single-particle states are too much bound as com-
pared to the empirical values, in particular, if the relativ-
istic effects are ignored. Also, the results for the spin-
orbit splitting tend to be too large.

Results for the single-particle energies of the d5&z and

d3/Q particle states and the corresponding spin-orbit
splitting are listed in Table II. Many features are identi-
cal to those discussed for the p states. Therefore we will
concentrate the discussion on differences between the two
cases. The mean field predictions e(M) for the d~&z state
are in reasonable agreement with the experimental data.
The nonrelativistic interaction A yields slightly too much
binding, whereas the nonrelativistic potential C and both
relativistic treatments (A and C) give too little binding
for the d5&z state. This is particularly true for those cases
for which we consider an effective Dirac mass m * smaller
than the bare mass. In this case, however, one must keep
in mind that a nucleon moving at the surface of ' 0 in a
d5&z orbit is exposed to an average nuclear density which
is much smaller than the typical density for nucleons oc-
cupying states of the core. Therefore it seems to be more
realistic to consider an effective mass m* which is close
to the bare mass or even identical to the bare mass.

If now we compare the mean field predictions for spin-

orbit splitting in the p-shell and in the d-shell case by
case, we find that the splitting obtained for the d shell is
always larger than that for the p shell. This is the behav-
ior one would expect from a simple one-body spin-orbit
interaction of the form —gl. s, as we discussed in the In-
troduction. If, however, we now take into account rela-
tivistic effects and, following the arguments outlined just
before, use m*/m =0.67 for the p shell and m*=m for
the d shell, we find that this yields a spin-orbit splitting,
which is slightly larger in the p shell (6.1 MeV) than in
the d shell (5.8 MeV). This result is almost independent
on the potential that is used ( A or C) and shows the same
tendency as experiment (6.2 MeV for p shell and 5.1 MeV
for d shell).

That the effects of the core polarization terms are
smaller for the d states may indicate that the typical ma-
trix elements occurring in the numerators of Eqs. (2) and
(3) are smaller than those for the p states. The cancella-
tion between 3p-2h and 2p-1h is not as complete as it is in
the case of corresponding terms in the p shell. For the
states above the Fermi surface the particle-particle ladder
term of Fig. 1(b) is enhanced as compared to the hole-
hole term, which can be understood from the energy
denominators discussed in Sec. II. Therefore the com-
bined core polarization terms slightly enhance the attrac-
tion for the single-particle energies, which for most cases
improve the agreement with experiment, and decrease the
spin-orbit splitting. For the example that, according to
the earlier discussion, is our most favorable one for the d
shell, the relativistic case m *=m, this yields a reduction
from 5.8 to 5.5 MeV.

Finally, we mention that the effects of the Hartree-
Fock correction terms are smaller than in the case of the
p shell. This can be interpreted as an indication that the
BHF wave functions for the particle states are less local-
ized than those for the hole states. Therefore the BHF
wave functions for the d state are closer to the oscillator
approach and the correction gets smaller. For the spin-
orbit splitting we observe some cancellations between the
SHF and DHF terms, while their combination enhances
the spin-orbit splitting coherently. One may argue that
this demonstrates that, employing self-consistent wave
functions, the spin-orbit splittings for the particle states
tend to be reduced as compared to those for the hole
states since the particle states are less localized. At the
present stage, however, this conclusion must be con-
sidered with some care as the BHF wave functions for
modern OBE potentials yield nuclear radii, which are too
small compared with experiment (see discussion above).

IV. ADDITIONAL REMARKS AND CONCLUSION

It is the main purpose of the present investigation to
compare the spin-orbit splitting for the single-particle
shells just above and below the Fermi level. As an exam-
ple we consider ' 0, for which the experimental data
show a larger spin-orbit splitting for the p shell (6.176
MeV) than for the d shell (5.086 MeV). This is contrary
to the predictions of a simple —gl. s term which yields a
larger splitting for the larger orbital angular momentum
and also to the predictions of Hartree-Fock calculations
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using phenomenological forces [1] or realistic forces (see
discussion in the preceding section) which yield spin-orbit
splittings increasing with l.

We observe the following mechanisms to reduce the
spin-orbit splittings of the particle shells as compared to
the hole shells.

(i) The change of the Dirac spinors in the nuclear medi-
um obtained in Dirac-Brueckner-Hartree-Fock (DBHF)
calculations can be described in terms of an effective
Dirac mass m * which is much smaller in the interior of
the nucleus than at the surface. Since the spin-orbit split-
ting is to first order proportional to the inverse of m*
[13,14], this enhances the spin-orbit splittings for the hole
states as compared to those of the particle states.

(ii) The core polarization effects due to low-energy ex-
citations in the intermediate states of Figs. 1(b) and 1(c)
tend to cancel each other. This cancellation is almost
complete for the p states in ' O. For the particle states
(d) the particle-particle ladder term of Fig. 1(b) gets more
important as compared to the hole-hole term in Fig. 1(c),
which reduces the spin-orbit splitting slightly. Both of
these effects are clearly established in our investigation.

(iii) Self-consistent wave functions for the particle
states are less localized than those of hole states, even
beyond effects contained in an oscillator model. This
tends to reduce the spin-orbit splitting of the particle
states as compared to those in hole shells. Unfortunately,
the OBE potentials employed in the present investigation
produce BHF wave functions with a radius too small as
compared to experiment [3,12]. Therefore the BHF

corrections may not be very realistic and must be con-
sidered with some care.

Approximating the single-particle wave functions by
harmonic oscillator waves with realistic radii, we obtain
results in good agreement with the experimental data not
only for the spin-orbit splittings but also for the single-
particle energies for the particle and hole states. Consid-
ering the relativistic potential A of [4] and taking into ac-
count the change of the Dirac spinors as a function of
density, we obtain —20.24 and —4.65 MeV for the ener-
gy of the p3&2 and d»z states, respectively, which is in
good agreement with the experimental data: —21.8 and—4. 1 MeV. Also the results obtained for the spin-orbit
splitting (6.19 MeV for p and 5.50 MeV for d shell) are in
fair agreement with the data.

A problem, which remains to be solved, is to find out
why microscopic many-body calculations using modern
OBE potentials fail to predict the correct radius. Only
after the solution of this problem reliable calculations can
be performed which account for the effects of single-
particle wave functions which are determined in a self-
consistent way.
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