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Kaonic hydrogen atom and low energy KN interaction
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The apparent discrepancy between the K ~p scattering length obtained from the 15 level shift of
the kaonic hydrogen atom and that from the KN scattering at low energies is reexamined. Two
models, one proposed by Kumar and Nogami and the other by Schnick and Landau, are extended by
including all relevant channels so that comparison with all data available at low energies is possible.
A value of the K p scattering length consistent with the atomic data and a good overall fit to all
the other low energy data have been obtained by means of the extended Schnick-Landau model.
The resulting K~ p scattering amplitude is quite different from the one determined earlier by means
of the K-matrix parametrization. Its sign around threshold is opposite to that indicated by the low
energy extrapolation of the Coulomb-nuclear interference data. It is argued that the extrapolation
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is subject to some uncertainty.
PACS number(s): 25.80.Nv, 13.75.Jz, 36.10.—k

I. INTRODUCTION

The K N interaction at low energies has rich, complex
dynamical aspects. The low energy KN system com-
prises K~p and K%n, which are in turn coupled with
inelastic channels of 7¥ and wA. Experimental data are
available for the following: (a) the K ~p cross sections for
the elastic and inelastic processes, (b) the branching ra-
tios for the processes K™ p — 71X and K~ p — wA at the
K~ p threshold, (c) the w¥ invariant mass distribution
below the K~p threshold, which exhibits the A(1405)
resonance, and (d) the 1S5 level shift of the K~ p atom
determined through measurements of the x rays from the
atom [1-3].

The data for (a)—(c), with varying degrees of accuracy,
became available in the 1950s through the 1970s. They
were analyzed and parametrized in terms of the K ma-
trix with the assumption that its matrix elements are
smooth functions of energy. The data on (a) were (and
still are) available only for about 1440 MeV and above
in the center-of-mass energy F of the K~ p system, but
they could be smoothly related to the data on (b) and (c)
at lower energies. Note that the K~ p threshold energy is
1432 MeV. No particular disharmony or irregularity was
noticed among those data. The KN scattering lengths
were determined in this way [4-6]. For example, Chao
et al. found that the KN scattering lengths a; for isospin
I =0and 1 to be [4]

ao = (—1.60 +¢0.75) fm, a; = (0.08 +¢0.69) fm.
(1)

Then the K ~p scattering length is given by

1 .
ag-p = 5((10 +a;) = (—0.76 +40.72) fm. (2)

*Permanent address: Department of Physics, Science Uni-
versity of Tokyo, Tokyo 162, Japan.

Note that Reag-, < 0; this is due to the large nega-
tive value of Reag. It is interesting that the values of the
a;’s of Eq.(1) are not very different from those of solution
(b-), which Dalitz and Tuan found many years earlier [7].
Dalitz and Tuan then suggested that the negative sign of
Reag would imply the existence of a quasibound state in
the I = 0 channel. The A(1405) resonance, which was
later found experimentally, is consistent with this. In
addition to the data on (a)-(c), there are data on the
Coulomb-nuclear interference in the K~ p scattering at
higher energies, i.e., for £ 2 1500 MeV, about 70 MeV
above the K~ p threshold. When extrapolated (over the
energy range of about 70 MeV) to low energies, those
Coulomb-nuclear interference data were found to be con-
sistent with the negative sign of Reag-, [8]. Martin
incorporated those data in dispersion relation analysis
and also obtained a value of the K~ p scattering length
with a negative real part [5].

When the data on (d) were first reported in 1979, it was
immediately noticed that the data on the atomic level
shift were in direct contradiction with the K ~p scatter-
ing length that had been determined earlier. This con-
tradiction is often referred to as the “kaonic hydrogen
puzzle.” The energy levels of the K~ p atom are shifted
from the Coulombic ones due to the K ~p strong interac-
tion. The level shift is expected to be appreciable only
in the 15 state; this is because of the short range nature
of the strong interaction. The 1S level shift is related to
the K ~p scattering length ag-, by [9]

e+%l’ = 2a3u2aK-p, (3)

where « is the fine structure constant, and p the reduced
mass of K~ and p. There have been three experimental
reports on the level shift [1-3]. Although there is some
disagreement among the three reports, they agree that
Reag-, is positive. In Table I, we list several values of
ak-, obtained from the x-ray measurements and from
scattering analyses.

Several attempts at resolving this puzzle or explain-

2068 ©1992 The American Physical Society



45 KAONIC HYDROGEN ATOM AND LOW ENERGY KN INTERACTION

TABLE 1.
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The K~ p scattering lengths determined from x-ray measurements and those from

scattering analyses. Equations (2) and (3) are used to obtain ax— .

Authors

CK-p (fm)

Davies et al. [1]
Izycki et al. [2]
Bird et al. [3]

Atomic x ray

(0.10 £ 0.14 ) + i ( 0.00 * 338
(065:1:019)+z(068:!:031)
(0.47 £ 0.14 ) + i (0.10 ¥ 537

Chao et al. [4]
Martin et al. [5]
Dalitz et al. [6]

Scattering analysis

—0.76 + 1 0.72
—0.66 + 1 0.64
—0.73 + 1 0.63

ing the data (d) have been made so far. The purpose
of this paper is to reexamine those attempts, which can
be classified into three types. The first one, in chrono-
logical order, assumes that there is an anomalously large
Coulomb correction in the scattering length ax -, [10,11].
As we will discuss in Sec. IV, there are some serious diffi-
culties in this approach. Therefore we focus on the other
two approaches. Throughout this paper we assume that
the Coulomb correction is unimportant.

The second approach is the one proposed by Kumar
and Nogami [12]. They assumed that there is an “ele-
mentary” baryon Ay which has the same quantum num-
bers as those of A(1405) and its mass is near the K~ p
threshold. The Ag could be a three-quark state which is
as elementary as the nucleon. The Ag is a “bare” particle
which cannot be observed directly, but it causes the ob-
served resonance A(1405). This distinguishes the Kumar-
Nogami model from other models, like that of Dalitz and
Tuan, in which A(1405) is a two-body composite sys-
tem. The presence of Ag leads to a rapid variation of the
K~ pscattering amplitude around threshold, invalidating
smooth extrapolation of the amplitude to zero energy.
Kumar and Nogami illustrated the idea by means of a
rather simplistic model; they showed that the KN scat-
tering amplitude can vary rapidly near threshold such
that the apparent contradiction between the atomic level
shift and the scattering data could be avoided. However,
they did not attempt to fit all available data, such as the
branching ratios at threshold. In this sense, the model
has not been tested in detail. We extend the Kumar-
Nogami model by incorporating all the relevant channels
and examine whether or not it can accommodate all of
the aspects of (a)-(d).

The third approach is typified by the model proposed
by Schnick and Landau [13]. They claimed that the K~ p
scattering length consistent with the atomic data could
be obtained by using relativistic kinematics in a cou-
pled channel model. Unlike the Kumar-Nogami model,
A(1405) is a purely two-body system. They obtained the
K~ p scattering length with a positive real part by di-
rectly fitting the low energy scattering data. In the orig-
inal calculation by Schnick and Landau, however, the
branching ratio data were not fitted. We extend the
Schnick-Landau model so that all the relevant channels
are included; then we examine the fit to the branching
ratio data as well. We will also investigate whether or
not relativistic kinematics is really crucial for explaining
the atomic data. In the next section the models are for-

mulated. The results of the calculations are presented in
Sec. III. A discussion of the results is given in Sec. IV.

II. MODELS

We consider only S-wave states. There are six rel-
evant particle channels which are, in descending order
of the threshold, K°n K= p, nt2~, 7%+, 72°%° and

70A°. We refer to these as particle channels 1-6 in this
order. Each of these particle channels can be expressed
as a linear combination of isospin channels, i.e., I = 0
and 1 of KN, I =0, 1, and 2 of 7%, and I = 1 of 7A.
For the interaction we assume isospin symmetry and we
express the interaction referring to the isospin channels.
In reality, however, there are mass differences among the
particles of the same isospin multiplet, and hence isospin
symmetry is broken. These mass differences play impor-
tant roles at low energies. In setting up the dynamical
equations for the models, therefore, we use the particle
channels so that the mass differences can be easily han-
dled.

For the interaction, we assume the separable form,

0 ¢y
Vij *(kisky) = —L=vilki)v; (k) (4)

where Ci(jl) is the coupling constant between isospin chan-
nels ¢ and j when the total isospin of the two-body system

is I. We regard C( ) as free parameters except that they
conform to 1sosp1n symmetry. We take the form factor
as

(k) = b, )
where k; is the relative momentum in the center-of-mass
system of channel ¢. We assume that the range parame-
ters ; take a common value in all the channels consid-
ered, #; = 3, and hence v; = v. The Coulomb interaction
is ignored throughout this paper.

In the Kumar-Nogami model, it is assumed that there
is an “elementary” baryon Ag which has the same quan-
tum numbers as A(1405). Kumar and Nogami assumed
that Ag is only coupled with K N. However, we assume
that all the I = 0 channels are coupled w1th Ao. These
additional interactions through Ay can be incorporated

by modifying C,.(Jp) as [12]
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where Mg is the mass of Ao, gi is the coupling constant
between Ay and isosinglet channel i, and E is the center-
of-mass total energy. To reduce the number of parame-
ters, we use an SU(3) relation, grz = "—;ng [14,15]. The
presence of Ap causes the ] = 0 KN scattering ampli-
J
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tude to have a Castillejo-Dalitz-Dyson (CDD) pole [16].
The “CDD pole” is actually a pole in the inverse scatter-
ing amplitude; there the scattering amplitude vanishes.
In the Schnick-Landau model, there is no Ag, and hence
gi = 0. This is the only essential difference between the
two models.

We solve the coupled-channel Lippmann-Schwinger
equation in the particle channel basis. The transition
matrix element from channel 7 to channel j satisfies

Ty (ki ks ) = Vig (ki k) + 3 / a3k Via (ks k)G (ks E)Ty (ko by E), (7
{

where [ is summed over the six particle channels, and k;’s
are now evaluated in the particle channel basis. Note
that, in the Kumar-Nogami model, V;; depends on E
when it is associated with I = 0 states. The propagator
is given by

G,(k) = [E' — w;(k) — Gi(k) + if]_l, (8)

where w; and ¢; are relativistic energies for the meson
and baryon in channel i, respectively. The propagator
with nonrelativistic kinematics is obtained by substitut-
ing the relativistic energies with the nonrelativistic ener-
gies. Differences between relativistic and nonrelativistic
kinematics will be discussed later. An important advan-
tage of assuming the separable form for the interaction
is that Eq. (7) can be solved in a closed form,
Tij(ki, kj; E) = —v(k )H{C[1 = J(E)CI ™" }iju(k;),
9)

where C is the 6 x 6 matrix whose ij element, Cj;, is the
coupling constant between particle channels ¢ and j. The
J is a diagonal matrix; its ith component is defined by

[z k2v%(k)
J"(E)‘/o B o) = ek T ie (10)

The Cj; can be expressed in terms of ijI) as

The coefficients a( ) are given in Table II. It turns out
that the admixture of the I = 2 state in the 7% channel
is unimportant, and this is why aﬂ)«l »x are not shown in
Table II. The elastic and inelastic cross sections initiated
in the K~ p channel (i = 2) can be obtained from Eq. (9).

There are three branching ratios for the K ~p decay at
rest which we are going to fit. They are defined in terms
of cross sections by

=1
7= o(K-p— n=%+t)’ (12)
_ (K~ p — charged particles)
Re = Illl% (K~ p — all final states) (13)
—, 20A0
R, = o(K~p— 7°A%) (14)

k-m (K~ p — all neutral states)’

The invariant mass distribution of 7X is given, apart from
a constant factor, by

WWE(E) X k4|T44(k4,k’4;E)|2. (15)

By varying My, 3, C,(J ),
(a) the K~ p elastic and inelastic cross sections [17-19],
(b) the K~ p decay branching ratios at rest, which are

[20-22]
v =2.36+0.04, R.=0664+0.011, R, = 0.189+0.015,

and g;, we try to fit the data

ZG(I)C,(I)- (11) )
TABLE I Coefficients a{}’ of Eq. (11), where i refers to any of Kon, K~p, 7*£~, 7~£%, 2°L°, and 7°A; and similarly
for j. The first values in parentheses are for I = 0, and the second ones for I = 1.
Kon K—p xto— -zt #x05° 7®A°
Kon (3.3) (~$.3) (-VE-3) V33 (V%0 ©0.v3)
K=p (-3.3) (3.3) V3~ V%D (=10 0.v/3)
by (V-3 (Vi -1) 3 (5,-3) (=3,0) 0,V
ozt -v%3) V&) -1 (3:3) (-3,0) 0.V
L /%0 (—/%,0) (-1,0) (-3,0 (3,0 (0,0)
™A (0,v/3) 0,/3) 0,-v3) (0,v/3) (0,0) (0,1)
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and (c) the X invariant mass distribution for 1350 <
E < 1450 MeV [23]. In fitting the cross-section data
of (a), we confine ourselves to the low energy region of
kiab S 200 MeV/c, namely, E < 1460 MeV. This is
because we have only S-wave interactions. In addition
to data (a)-(c), we are of course interested in explaining
the K~p atom data [1-3]. Therefore we try to find a
parameter set which leads to Reag-, > 0. We do not
try to fit ap and ay, like those of Eq. (1), which have been
determined by the K-matrix analysis [4-6] and which are
in disagreement with the atomic data.

III. CALCULATIONS

We first examine the Kumar-Nogami model [12].
When the model was conceived, only the data of Davies
et al. [1] were available. Their data suggested that the
K~ p scattering amplitude was almost zero at threshold.
Kumar and Nogami assumed that the K~ p amplitude is
dominated by the / = 0 component, and they designed
the model such that the I = 0 KN scattering amplitude
fo satisfies the following conditions: (i) Re fo vanishes at
E ~ 1405 MeV, implying an unstable bound state, and
Im fy has a peak there, (ii) Re fo ~ 0 at threshold, and
(iii) |Re fo| and Im fy are about the same in magnitude
as those obtained in Ref. [4] for E 2 1460 MeV. In order
to meet conditions (i)—(iii), they assumed that f, has a
rapid energy dependence related to a CDD pole around
threshold, caused by the presence of Ag.

In Ref. [12], only the KN channel was considered ex-
plicitly; A¢ was only coupled with the KN channel. The
7X channel was taken into account by assuming a KN
two-body interaction with a complex coupling constant.
In our extended version of the Kumar-Nogami model,
all inelastic channels are explicitly included and all cou-
pling constants are real. This extended version, with the
constraint that A is only coupled with the KN channel
(9x= = 0), should have a solution similar to that ob-
tained in Ref. [12], namely, an f, that satisfies the above
conditions (i)-(iii). We indeed found such an f,, which
is shown in Fig. 1 [24]. The Re f, vanishes at E ~ 1405
MeV, which implies an unstable bound state. If we ar-
tificially switch off the coupling between Ay and KN,
keeping all other parameters fixed, the unstable bound
state disappears. This means that the unstable bound
state, which corresponds to A(1405), is caused by the
existence of Ag. The width of the unstable bound state
is much narrower than the observed one. This is prob-
ably because Ag is only coupled with the KN channel.
Kumar and Nogami anticipated that the K ~p scattering
data at low energies could be reproduced by making f,
satisfy condition (iii) and by adjusting the I = 1 am-
plitude f;. With f; fixed as aforementioned, we tried
to fit the K ~p elastic cross-section data for E < 1460
MeV by varying the I = 1 parameters only. Note that,
in the I = 1 channels, there is no “elementary” particle
assumed but only two-body interactions. We were not
able to adjust f; such that the K~ p elastic cross-section
data for £ < 1460 MeV were well reproduced.

We further extended the calculation by relaxing the
constraint on Ag and allowed it to couple to the X chan-
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FIG. 1. The KN isosinglet amplitude fo obtained with
the constraint that Ao is only coupled with K N (9»x = 0).
The solid and dashed lines represent the real and imaginary
parts, respectively. The dotted vertical line shows the K~p
threshold.

nel (gxz # 0). Once again, we required that the K~ p
elastic cross-section data for £ < 1460 MeV and the
wX invariant mass distribution be fitted. Again we were
able to find an fy that satisfies conditions (i)-(iii). In
this case, however, the binding mechanism of the A(1405)
turned out to be different from the one described in the
preceding paragraph. The unstable bound state remains,
although at a different energy, when we switch off all the
couplings with Ag. This means that the binding is due to
the K N two-body interaction rather than to the coupling
with A().

So far, only the K~ p elastic cross sections and the 72
mass distribution have been fitted. Taking those parame-
ters that yielded the f; obtained above as starting values,
we tried to fit the various K ~p inelastic cross sections by
varying both of the I = 0 and I = 1 parameters. In
so doing, we replaced conditions (i) and (iii) for fo with
the condition that the #X invariant mass distribution be
fitted and the condition that the K~ p elastic and inelas-
tic cross sections be reproduced, respectively. For f, we
kept only condition (ii). We found it difficult to meet all
of these three conditions as some of the inelastic cross
sections were only poorly reproduced.

Kumar and Nogami intended to fit Re ag-p ~ 0, which
was indicated by the data of Davies etal. In view of
other atomic data, however, the value of Re ak-p is quite
uncertain. Therefore we further examined the Kumar-
Nogami model by replacing condition (ii) for fo with the
weaker condition that Re ag-p 2 0. We varied the ] = 0
and I = 1 parameters and tried to fit all the available
data at low energies, namely, the cross sections, the 7%
mass distribution, and the branching ratios at threshold.
We limited our consideration to the cases where M is
close to the K~ p threshold value. However, we found
it difficult to fit the branching ratios. When we relaxed
the fit to the branching ratios, a marginal fit to all the
cross sections and the X invariant mass distribution was
obtained, as shown in Fig. 2. The resulting branching
ratios in this case were
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v=0013, R.=0317, R, =0.889. (17)

These are very different from the experimental values of
Eq. (16). The obtained K ~p scattering amplitude fx-,
is shown in Fig. 2(c). The fg-, is influenced by the
presence of Ay over a wide energy range around thresh-
old. We also tried to fit all the data, by making the
couplings with Ao small and thereby confining the in-

(a)
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fluence of a CDD pole on fx-, in a narrower energy
region around threshold. In this case, however, the re-
action cross-section data for the wA channel were only
poorly reproduced, and again we found it difficult to fit
the branching ratios.

One may wonder why the presence of Ag of I = 0
disturbs the mA channel with I = 1 so much. This can
be understood as follows. Suppose one fits the data for

o(mb) o(mb) o(mb)
150 ] 150 e 150 e
o _ P - - r p
- Kp - Kn - . Kp » 7L~ A
- - 4 - -
100 L ~ 100 |- ‘J 100 —
[ ] . i [ ]
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FIG. 2.

(a) The K~ p elastic and inelastic scattering cross sections and (b) the X invariant mass distribution fitted by the

Kumar-Nogami model. (c) The K™ p elastic scattering amplitude; the solid and dashed lines represent the real and imaginary

parts of the amplitude, respectively.
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K~p — K~ p, of which the amplitude is given by (fo +
f1)/2. If fo is modified by the presence of Ag, then f; has
to be modified such that (fo + f1)/2 remains the same.
In this way, the presence of Ag affects f;, and this is
essentially how the effect of A9 can show up in the 7A
channel. Alternatively, the data for the 7 A channel play
an important role in determining the I = 0 parameters.

In summary, although the Kumar-Nogami model can
fit the level shift of the kaonic hydrogen atom and the
energy of A(1405), it fails to reproduce other data well,
such as the branching ratios at threshold and the K~p
reaction cross sections. Let us add that, for the coupling
between Ag and the I = 0 channels, we imposed an SU(3)
relation. If we relax this restriction, the fit will improve.
However, we did not pursue this, because, as we show
below, one can obtain a good overall fit, without Ag, by
means of the extended Schnick-Landau model.

Next we examine the Schnick-Landau model [13],
which differs from the Kumar-Nogami model only in that
it does not assume the existence of Ag. In Schnick and
Landau’s original calculations, some of the channels were
not explicitly treated. The three #X channels were repre-
sented by the 7°L° channel as one effective I = 0 chan-
nel, and the I = 1 channels of #X and 7A were taken
into account altogether by assuming a complex coupling
constant of an J = 1 KN interaction. They made no
attempt to fit the branching ratio data. We extend the
Schnick-Landau model by including all relevant channels
explicitly, and examine whether or not the branching ra-
tios together with the atomic data can be fitted. We also
examine whether or not relativistic kinematics is really
crucial as they claimed.

Let us first see if we can get results similar to those
of Ref. [13] in our extended version, under the same con-
ditions as those of Ref. [13]. A particularly interesting
feature of the results of Ref. [13] is that Re fo is posi-
tive in the whole energy region considered. This fo, in
combination with f;, leads to Reag-, > 0, which is
consistent with the atomic data. We tried to fit all the
available data, except for the branching ratios, with the
requirement that Re fo, be positive at threshold. With
a reasonable fit to the K~ p cross sections and the 7%
mass distribution, we indeed obtained f; and f; similar
to those of Ref. [13]; Re fo was found to be positive at
threshold. The K~ p scattering length obtained is

1
Ag-p = 5[(016 + i0.81)0 + (112 + 1018)1] fm

=(0.64 + 70.50) fm, (18)
which is consistent with the atomic value. However, the
resulting branching ratios are

v=1012, R.=0.626, R, =0.145, (19)
which are far from their experimental values.

We also tried to fit all the data including the branching
ratios. When we kept the condition that Refy be posi-
tive at threshold, we found it difficult to reproduce the
branching ratios well. Therefore, we replaced the condi-
tion for fo with the weaker condition that Reag-, be
positive. In this way we obtained a very good fit to all
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the data. Figures 3 (a) and (b) show the K~ p cross sec-
tions and the 7X invariant mass distribution (solid lines).
The branching ratios thus obtained are

v=2354, R,=0.646, R, =0.187, (20)

which are in good agreement with experiment. The ax-,
has a positive real part;

ax-p= %[(—0.43 +41.10)0 + (1.11 + i0.44),] fm

=(0.34 + §0.77) fm. (21)

This is consistent with the atomic data. The obtained
fK-p is shown in Fig. 3(c); this is similar to the fg-, of
Ref. [13]. Thus the extended Schnick-Landau model suc-
cessfully incorporates the branching ratios as well as all
the other data, and the K~ p scattering length obtained
is consistent with the atomic data.

There is, however, an interesting difference regarding
ak-, between this fit and that of Ref. [13]. As seen in
Eq. (21), the positive Reag-, resulted from cancella-
tion between ag with a smaller negative real part and a,
with a larger positive real part. On the other hand, in
Ref. [13], a positive or almost zero Reaq, together with
a positive Rea;, yielded the positive Reag-,. As we
said earlier, we obtained fo and f; similar to those of
Ref. [13], without fitting the branching ratios. In that
case, Reag > 0 as shown in Eq. (18). The difference be-
tween the two solutions, one related to Eq. (21) and the
other to Eq. (18), stems from the difference regarding the
branching ratios, i.e., whether or not the branching ratios
are fitted. Thus the branching ratios are very important
for determining the KN elastic amplitudes at threshold.

Next let us turn to the question: Is relativistic kine-
matics really crucial in obtaining ax-, consistent with
the atomic data? The answer that we found is negative.
We repeated calculations with nonrelativistic propaga-
tors, readjusting all the parameters, and obtained a fit
to all the data which was as good as the one obtained
with relativistic kinematics. The cross sections and the
mX mass distribution which we obtained are shown with
dashed lines in Figs. 3(a) and (b). The two fits are almost
indistinguishable. The branching ratios obtained are

v=2353, R,=0646, R, =0.187. (22)

The ag-, again is the sum:

1
ag-p = 5[(~0.50 + i1.15)o + (1.13 + i0.47),] fm
=(0.32 + i0.81) fm. (23)

Note that Egs. (20) and (21) are almost identical with
Eqgs. (22) and (23), respectively. The fx-, also has an
energy dependence very similar to the one obtained with
relativistic kinematics. Therefore, kinematics is not es-
sential for fitting the data.

In Table III we list the coupling constants and the
range parameters for the above two calculations, one by
using relativistic kinematics and the other by using non-
relativistic kinematics. The parameters are very different
between the two calculations. For example, the range
parameter is § = 2050 MeV for the relativistic calcu-
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lation and 8 = 1230 MeV for the nonrelativistic one.
Hence different kinematics requires very different values
of the parameters. Neither of the sets of the coupling
constants with relativistic and with nonrelativistic kine-
matics nearly conform to the flavor SU(3) symmetry. Re-
garding the importance of kinematics in the low energy
K~ p problem, Siegel and Weise [15] also reached the con-
clusion that the difference between relativistic and non-
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relativistic kinematics is not essential. They calculated
Ji(E) defined by Eq. (10) with relativistic and with non-
relativistic kinematics, varying the range parameter in
each channel. They then stated that for a set of non-
relativistic ranges there exists a set of relativistic ranges
which will give similar results. They seem to imply that
the difference in kinematics has little influence on the
coupling constants. However, this is not true as we men-
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FIG. 3.

(a) The K~ p elastic and inelastic scattering cross sections and (b) the #% invariant mass distribution fitted by the

extended Schnick-Landau model, by using relativistic (solid lines) and nonrelativistic (dashed lines) kinematics. (c) The K~p
elastic scattering amplitude; the solid and dashed lines represent the real and imaginary parts of the amplitude, respectively.
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TABLE IIL
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Cg) obtained from the best fit of the data with relativistic and nonrelativistic kinematics. For each kinematics,

the upper row corresponds to I = 0 and the lower row to I = 1. The range parameter is § = 2050 MeV for relativistic, and

B = 1230 MeV for nonrelativistic kinematics.

(1) I) (1) (I) I) (I)
CT(N,T(N d—KN,ﬂ‘E C-I—(N,RA Cﬂ'E,'lrE CEPE,WA C1rA,1rA
Relativistic -2.1181 -0.3154 -2.3954
5.6898 -19.1365 3.6610 44.2425 -8.5451 -0.3010
Nonrelativistic -2.1608 -1.1055 -3.4656
-1.7223 -1.1252 0.4884 0.8286 -0.4719 -1.3493

tioned above: Not only the range parameters, but also all
the coupling constants have to be readjusted to a large
extent if similar transition matrix elements are to be ob-
tained.

In summary, the extended Schnick-Landau model fits
the level shift of the kaonic hydrogen atom and all the
other available data at low energies. Contrary to Schnick
and Landau’s claim, however, relativistic kinematics is
not essential.

IV. DISCUSSION

We have extended and reexamined the Kumar-Nogami
and Schnick-Landau models, which had been proposed to
explain the 1S level shift of the kaonic hydrogen atom.
An essential feature of the Kumar-Nogami model is that
the K~ p amplitude exhibits a rapid energy dependence
around threshold; this is due to the assumed “elemen-
tary” baryon Ag which underlies the A(1405) resonance.
The Schnick-Landau model assumes no such Ag, and the
interactions are all in the form of the two-body (separa-
ble) potential. We have extended both models in such a
way that all relevant channels are explicitly included.

We found that, although it can be made consistent
with the atomic data and A(1405), the Kumar-Nogami
model does not fit the inelastic processes well. This is
with a certain constraint on the coupling of Ag. On the
other hand, the extended Schnick-Landau model can fit
all the available data, including those of the atomic level
shift and the branching ratios. Therefore, there is no
need to introduce Ay as was done in the Kumar-Nogami
model. We also found that, contrary to Schnick and Lan-
dau’s claim, the difference between relativistic and non-
relativistic kinematics is not essential. Either of them can
be used to obtain essentially the same results, provided
that the coupling constants and the range parameters are
appropriately readjusted.

The structure of A(1405) has been a subject of con-
siderable interest [14,25]. In the Kumar-Nogami model,
A(1405) is essentially caused by the presence of the ele-
mentary Ag. As we said above, however, this model does
not work as well as the Schnick-Landau model [26]. In
the latter model, A(1405) is a two-body composite sys-
tem. We are then led to ask whether or not the A(1405)
is a KN bound state rather than a 7 resonance? It is
of course conceivable that the KN and =% channels are
coupled so strongly that there is no clear answer to this
question. However, our analysis provides some insight
into this aspect. As seen in Fig. 3(c), the real part of the
fi-p of the extended Schnick-Landau model is positive

over the whole energy region considered. The Re fo that
we obtained vanishes and changes its sign below the KN
threshold. This 1mphes that there is an unstable bound
state of K and N in the isosinglet state. In this sense,
A(1405) is an unstable bound state of K and N.

Siegel and Weise studied the KN system at low ener-
gies with practically the same models as those we have
used [15]. It is interesting that, when all the coupling
constants were required to conform to the flavor SU(3)
symmetry, they found Ag necessary in fitting the branch-
ing ratios well. In their calculation, the Ao induced a res-
onance near the K N threshold in the #¥ channel. This
is in addition to the A(1405) resonance. They said that,
so as not to spoil the 7X mass spectrum, the mass of A
needs to be close to the K ~p threshold and the coupling
very weak. A main difference between their calculation
and ours is that they did not try to fit the K~ p atomic
level shift. Their results are indeed incompatible with
the atomic data. In our calculation, we regarded all the
coupling constants as free parameters, and were able to
obtain, without assuming Ag, a good fit to the atomic
data as well as the branching ratios. We should note
that Siegel and Weise also obtained a fit to all the data
except the atomic shift without Ao, varying the coupling-
constant ratios within a deviation of 256% from the SU(3)
values. Let us also comment on the SU(3) ratios of the
coupling constants. Siegel and Weise used nonrelativis-
tic kinematics. However, as we pointed out towards the
end of Sec. III, different kinematics requires very differ-
ent values of the coupling constants. Therefore, if their
calculation is repeated by using relativistic kinematics,
the coupling constants may substantially deviate from
the SU(3) values.

In addition to the two models we have examined, there
has been another model proposed in relation to the kaonic
hydrogen problem [10,11]. This model assumes that the
Coulomb correction in the K~ p system is anomalously
large. Law et al. constructed an explicit model in this
line; they used the Klein-Gordon equation for the KN
system, and assumed a very strong, singular potential of
the Lorentz vector nature [11]. This model illustrates a
situation in which the Coulomb-nuclear interference ef-
fect can be very large. They adjusted the parameters in
the model such that the level shift of kaonic hydrogen
and the conventional values of the scattering lengths ag
and a; were fitted. This, however, leads to the follow-
ing difficulties. If the Coulomb correction is very large,
the ag and a; no longer determine the K~ p scattering
length. In fact, the notion of “isospin” becomes useless.
Also, A(1405) would obtain a significant admixture of
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the I = 1 component such that it could decay into 7wA.
No such wA decay has been observed. These difficul-
ties associated with the anomalous Coulomb effect were
discussed earlier by Kumar et al. [27]. They also con-
structed a model which exhibits an anomalous Coulomb
effect, and pointed out that the effect cannot be con-
fined within a narrow energy region around threshold.
The effect will show up in the K~ p scattering well above
threshold and in A(1405) below threshold. The model
of Law et al. was also criticized on the grounds that the
Klein-Gordon equation is not really a legitimate equation

(a)
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for a two-body system [28]. However, the difficulties that
we noted above would not depend on any specific choice
of the dynamical equation used.

As we mentioned in Sec. I, the “kaonic hydrogen
puzzle” refers to the discrepancy regarding the sign of
Reag-,. The atomic data indicated that Reag-, is
positive, in contradiction to the traditional values which
had been determined by means of the K-matrix analy-
sis. However, we have been able to fit all relevant low
energy data, including the atomic level shift. The ob-
tained values of ay and a; of Eq. (21), which yield a
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(a) The K~ p scattering cross sections and (b) the x¥ invariant mass distribution (b) fitted, by disregarding the

K~ p atomic data, with relativistic (solid lines) and nonrelativistic (dashed lines) kinematics.
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positive Reag-,, should be equally credible, if not more
so, as the earlier values. In this sense, the puzzle has
been resolved. However, a question remains regarding
the sign of Re fx-,. This sign can be determined from
the Coulomb-nuclear interference in the K ~p scattering.
As we mentioned in Sec. I, however, experimental data
for the Coulomb-nuclear interference have been available
only at higher energies, E' 2 1500 MeV. These data indi-
cate that Re fx-, is positive in that energy region. Sev-
eral analyses have deduced, by extrapolating these data
to threshold (£ = 1432 MeV), that Re fx-, is negative
around threshold [8]. This sign is opposite to that of
the fx-, we obtained. However, we suspect that there
is considerable uncertainty in the extrapolation over the
energy interval of about 70 MeV. Indeed, several extrap-
olated values in those analyses are spread over a rather
large range [8].

About the K~p atom data, the statistics seem to be
rather poor, and the error bars are large [29]. It may
well turn out that Reag-, is even negative. Therefore
we also tried calculations in which the atomic data are
disregarded. We found a set of parameters which pro-
duces very good fit to all the data (other than those for
the K~ p atom). The obtained cross sections and the 7X
mass distribution are shown in Fig. 4. Again for compar-
ison, the fit with relativistic kinematics (solid lines) and
the one with nonrelativistic kinematics (dashed lines) are
shown together; they are practically indistinguishable.
The branching ratios are, with either kinematics,
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v=2354, R.=0.651, R,=0.188. (24)
The scattering length so obtained is

ak-p = (—1.11 +40.70) fm. (25)

This ag -, is consistent with those obtained by K-matrix
analyses, for example, that of Ref. [5], when the correc-
tion due to the threshold difference between K~p and
KO%n is taken into account,

ag-p = (=1.03 4 i0.75) fm. (26)

Finally, in order to settle the issue concerning the be-
havior of fx -, near the threshold, measurements of the
Coulomb-nuclear interference at lower energies as well as
further x-ray measurements of the kaonic hydrogen atom
are urged. If it should so happen that fx-, behaves in a
strange manner, then we might indeed need Ag as in the
Kumar-Nogami model.
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