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Emission temperatures from the decay of particle unstable complex nuclei
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The relative populations of particle-unstable states of intermediate-mass fragments were measured for
the ' N+Ag reaction at EIA =35 MeV with a position-sensitive hodoscope. These measurements were

compared to the predictions of statistical calculations which include the sequential decay of heavier par-
ticle unstable nuclei. The best overall agreement between the calculated and measured excited-state pop-
ulations was obtained with calculations which assume emission temperatures of about 3—4 MeV for the
primary distributions of the particle unstable intermediate-mass fragments. However, a detailed corn-

parison between calculated and measured excited state populations assuming T, =4 MeV reveals

significant discrepancies for about one-third to one-half of the measured quantities. Calculations that in-

clude rotational effects do not satisfactorily account for this discrepancy. These results suggest the possi-
bility of a breakdown in the assumption of local thermal equilibrium at freezeout.

PACS number(s): 25.70.Mn, 25.70.Gh

I. INTRODUCTION

The emission of intermediate-mass fragments (IMF's
6 ~ A ~ 30) is an important decay mode of highly excited
nuclear systems formed in proton-nucleus and nucleus-
nucleus collisions [1,2]. Dynamical [3] and statistical [4]
models suggest a variety of mechanisms that could be re-
sponsible for fragment production. For example, IMF
emission may be related to the occurrence of adiabatic in-
stabilities [5—8] which may lead to a liquid-gas phase sep-
aration for highly excited nuclear matter [9—11]. More
conventional fragment emission models have very suc-
cessfully reproduced many features of the fragment data,
however, without invoking such bulk instabilities or a
liquid-gas phase transition. To distinguish between
different mechanisms for fragment production it is im-
portant to know whether binary or multifragment break-
up configurations predominate in the reaction of interest
and whether thermal emission mechanisms can be ap-
plied. To apply a particular emission model, one must
have the density and excitation energy of the fragmenting
system at breakup. Such information may suggest that
more than one model may be necessary to describe frag-
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ment production for all the different reactions; models
that are appropriate for fragment production at low in-
cident energies may be inappropriate for violent nuclear
collisions and vice versa.

At low incident energies (E/3 ~ 10 MeV),
intermediate-mass fragments can be emitted through the
binary decay of a fully equilibrated compound nucleus
[12—15]. As the incident energy of a heavy-ion reaction
is increased above EIA =20 MeV, however, faster non-
compound fragment production mechanisms become im-
portant. Such processes have cross sections which are
strongly forward peaked, indicating the emission of many
fragments prior to the attainment of statistical equilibri-
um for the compound nucleus. The determination of the
temperature of the emitting system from fits to the in-

clusive spectra [16,17] becomes increasingly problematic
at higher incident energies, due to the sensitivity of the
spectra to the Coulomb barrier fluctuations [18], and

strongly time-dependent phenomena such as collective
motion [19—21], and equilibration [16].

Complementary information about the temperature of
the fragmenting system may be obtained from the relative
populations of ground and excited states of emitted
intermediate-mass fragments. Statistical models fre-
quently populate the excited states of emitted fragments
with statistical weights determined by the excitation en-

ergy or "temperature" of the emitting system [14,22 —25].
If one adopts this approximation, the ratio n, In& of the
populations of two narrow excited states of a fragment at
freezout is given by

n, (2J, + 1) [ gE
n (2J +l~ P T;

where AE=E& —E&, J,. and E,-* are the spin and excita-
tion energy, respectively, of the ith state of the fragment,
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and T, is the emission temperature" which character-
izes the internal excitation energy of the system at
freezeout. If the excited states are thermally populated
and the feeding from sequential decay of heavier nuclei is
not significant, values for T, may be determined from
the populations of excited states of emitted fragments.

Emission temperatures of T, =3—5 MeV have been
deduced from the relative populations of particle stable
excited states by y-ray measurements [26—29] and from
decays of particle unstable nuclei [30—38]. Most of these
values for the emission temperature were derived from
the relative populations of a few states of light-mass frag-
ments and do not offer a detailed test of the internal con-
sistency of this approach. More stringent tests may be
obtained by comparing measured and calculated excited-
state populations for isotopes which have many resolved
excited states.

In this paper, we describe such a test involving the
populations of the particle unstable excited states of
intermediate-mass fragments emitted in the ' N + Ag re-
action at E/A =35 MeV [39]. Experimental details of
these measurements are given in Sec. II. Single-particle
inclusive spectra and two-particle coincidence cross sec-
tions will be presented in Sec. III and IV, respectively.
Statistical calculations to assess the influence of sequen-
tial feeding are discussed in Sec. V. Apparent tempera-
tures extracted from 40 groups of particle unstable states
of Li, Be, B, C, N, and 0 isotopes are compared to the
predictions of statistical feeding calculations in Sec. VI.
The question of whether angular momentum effects due
to rotation of the emitting system can account for the
discrepancy between experimental data and model pre-
dictions for ' B nuclei is discussed in Sec. VII. Summary
and conclusions are given in Sec. VIII.

thogonal coordinates (here denoted by x and y), followed
by triple-element energy-loss telescopes [40]. For the
detection of light particles, a nonplaner 200-pm silicon
surface barrier detector of 450-mm surface area was
used for the first element, a 5-mrn-thick Si(Li) of 500-mm
surface area was used for the second element, and a 10-
cm-thick NaI(TI) scintillation detector was used for the
third element. For the detection of heavy fragments, pla-
nar 75-pm and 100-pm silicon surface barrier detectors of
300-mm surface area and 1.5% thickness uniformity
were used for the first and second elements; a 5-mm-thick
Si(Li) detector of 400 mm was used for the third ele-
ment.

The position spectra of the gas counters were calibrat-
ed with the 5.805- and 5.763-MeV a particles from a I-
mm-diameter Cm source which was placed at the tar-

get location. Figure 2 shows the two-dimensional cali-
bration spectrum for a heavy fragment telescope after
correction for nonlinearities in the position readout. A
position resolution of 0.33+0.02 mm FWHM was

achieved for a particles with the heavy fragment detec-
tors, and a slightly worse resolution of 0.50+0.01 mm

was achieved with the light particle detectors. The sil-

icon detectors were calibrated at low energies with 'Am

and ' Po a sources. These calibrations were extrapolat-
ed to energies of several hundred MeV by injecting a sig-

nal from a precision BNC pulser into the input stage of
the preamplifiers. In this fashion, relative calibrations of
all the silicon detectors were obtained with an estimated
accuracy of about 0.5%.

The NaI(Tl) detectors were used to construct singles

II. EXPERIMENTAL SETUP

The experiment was performed at the K500 cyclotron
of the National Superconducting Cyclotron Laboratory
of Michigan State University. A natural silver target of
0.5-mg/cm areal density was bombarded with ' N ions
of E/A =35 MeV incident energy. Isotopically resolved
light particles (Z ~2) and intermediate-mass fragments
(Z ~ 3 ) were measured by a close-packed tetragonal array
of thirteen telescopes [40]. The array was centered at
O~,b=38.4', which is significantly larger than the grazing
angle Og, =6'. A schematic front view of the detection
apparatus is shown in Fig. 1. The hodoscope consists of
nine light particle telescopes (LP) and four heavy frag-
ment telescopes (HF). One light particle telescope is situ-
ated at the center of the array. The four heavy fragment
telescopes are situated above, below, and to the left and
right of the central light particle telescope. At the peri-
phery of the array are situated eight additional light par-
ticle telescopes. The light particle and heavy fragment
telescopes have solid angles of 4.5 and 5.7 msr, respec-
tively. The angular separation between adjacent tele-
scopes is 8'.

Both light particle and heavy fragment telescopes con-
sist of two independent single wire gas proportional
counters, providing position information along two or-

I„,.I....1 ' „ ~ (,...)..., I

0 1 8845
Scale in cm

FIG. 1. Front view of the hodoscope showing the nine light
particle (LP) and four heavy fragment (HF) telescopes. The ac-
tual dimensions of heavy fragment detectors are displayed.
Since they are closer to the target, however, they cover larger
solid angles than suggested by this projection.
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spectra for light particles. Calibrations for the NaI(T1)
detectors were obtained by converting the AE informa-
tion from the 5-mm Si(Li) detectors to corresponding en-

ergies. Calibrations were cross checked by the measure-
ment of energies of recoil protons backscattered from a
polypropylene target by a 490-MeV ' N beam. The ener-

gy calibrations of NaI(T1) detectors are estimated to be
accurate to within 5%. The particle identification (PID)
functions for the light particle telescopes were corrected
for the position-dependent nonuniformities of the silicon
detectors. To ensure accurate particle identification,
software gates were imposed on the positions of the
detector which excluded the periphery of the detectors.
Further details of the technique are described in Ref.
[40].

III. SINGLE-PARTICLE
INCLUSIVE CROSS SECTIONS

Single-particle inclusive energy spectra for hydrogen
and helium isotopes are shown in Fig. 3. Kinetic energy
spectra for selected isotopes of lithium, beryllium, boron,
carbon, nitrogen, and oxygen are given in Fig. 4.

All the spectra in Fig. 3 and 4 are Maxwellian in shape,
display maxima at energies close to the exit-channel
Coulomb barrier and then decrease exponentially at
higher energies. Accurate fits to the single-particle kinetic
energy spectra are required for calculating the efficiency
for detecting the decay products of the particle unstable
IMF's, and for calculating the backgrounds caused by
coincident particles which are emitted independently and
do not originate from the decay of a heavier particle un-
stable IMF. The efficiency and background functions are
discussed in the following section and in Ref. [40].

The inclusive data were fitted by using a "moving
source" parametrization given by

FIG. 2. Two-dimensional position spectrum of the calibra-
tion mask for one of the heavy fragment detectors. The missing
points were used to identify and establish the orientation of the
different detectors.
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FIG. 3. Inclusive differential cross sections for H and He iso-
topes are shown for laboratory angles listed in the figure. The
solid lines represent "moving source fits."

2V—E; (E —U, )cosO]/T; ], (2)

where N; is a normalization constant, U, is the kinetic
energy gained by the Coulomb repulsion from the residue
assumed, for simplicity, to be stationary in the laboratory
system, T; is the kinetic temperature parameter of the ith
source, and E; =—,'mv;, where m is the mass of the emit-

ted particle and v; is the velocity of the ith source in the
laboratory system. Fits to the data are shown by the
solid lines in Fig. 3 and 4, obtained with the use of three
"moving sources, " and the parameter values for the fits
are listed in Table I.

Although the fragment kinetic energy spectra are rath-
er well described by the superposition of the contribu-
tions from three sources, the range of angles covered in
this experiment was not sufficient to unambiguously es-
tablish the parameters of these sources. Indeed, the rep-
resentation of these spectra by the superposition of an
equilibrium plus two nonequilibrium sources is an ap-
proximation which we justify mainly by the accuracy of
our fits. As an illustration of the decomposition into
equilibrium and nonequilibrium sources imposed by our
fits, we show the measured energy spectrum for ' B frag-
ments as the solid points in Fig. S along with the full
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FIG. 4. Inclusive differential cross section for selected isotopes of lithium, beryllium, boron, carbon, nitrogen, and oxygen are
shown for laboratory angles listed in the figure. The solid lines represent "moving source fits."

TABLE I. Source parameters of three moving source fits. The Coulomb repulsion energies U, and the temperature parameters T;
are given in units of MeV, and the normalization constants N; are given in units of pb/(sr MeV ).

d

He
a
He
Li

'Li
'Be
'Be
8B
IOB

1)C
12C

14C

"N
'4N
16O

18O

U,

6.23
8.56
8.33

13.08
12.82
15.54
16.00
15.81
20.66
20.24
30.41
29.86
40.97
40.67
40.15
46.15
45.87
50.74
50.25

3.46
4.04
5.49
5.35
5.38
6.14
9.17

19.57
8.97

10.24
9.09
9.09
7.72
7.38
9.53

10.43
10.43
12.22
12r22

U 1 /C

0.036
0.03
0.035
0.04
0.045
0.043
0.064
0.023
0.06
0.05S
0.053
0.053
0.054
0.053
0.051
0.061
0.061
0.057
0.057

33 490
4372
1421
530.5

11060
96.32
74.54
79.10
14.98
32.98
0.63

24.62
7.12

33.17
7.31
0.57
6.21
4.25
1.43

9.27
12.07
12.24
12.80
12.91
14.49
16.73
4.64

18.77
17.97
18.90
18.90
16.82
16.28
14.97
16.69
16.69
3.42
3.42

U2/C

0.168
0.12
0.14
0.158
0.138
0.116
0.114
0.089
0.107
0.114
0.113
0.113
0.105
0.091
0.101
0.118
0.118
0.091
0.091

618
164
892.7
411.1

2101
28.82
50.96

121.2
14.87
12.53
0.40
9.33
2.46
7.15
1.25
0.13
1.41

31.08
19.36

T3

3.98
7.30
6.11
4.96
6.43
9.56

11.22
12.17
11.08
10.89
11.33
11.33
12.02
13.75
16.11
9.88
9.88

12.34
12.34

V3/C

0.27
0.223
0.242
0.26
0.232
0.193
0.207
0.139
0.198
0.200
0.207
0.207
0.193
0.176
0.155
0.194
0.194
0.114
0.114

4159
1862
804.5

1601
4289

32.16
106.2
83.81
57.83
41.32

2.54
55.98
13.62
12.57
0.84
2.06

11.93
1.24
0.06
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FIG. 5. Inclusive differential cross section for ' B fragments.
The solid curves describe the full "three moving source" fits and
the dashed curves show the emission from a slow moving "tar-
getlike" source.

three moving source fit (solid line) and the best fit as-
sumptions for the equilibrium fit (dashed line). Con-
sistent with Ref. [41], these fits suggest that equilibrium
emission plays only a minor role in the emission of the
more energetic fragments. The precise magnitude of the
equilibrium contribution, however, cannot be established
without additional measurements at background angles.

IV. TWO-PARTICI. K
COINCIDENCE CROSS SECTIONS

A. Analysis of the excitation-energy spectra

Y'„,(E*„)= Y,(E*„)+Yb„„(E*„), (3)

where Y, is the yield from the decay into channel c of the
particle unstable nucleus and Yb„„is a background from
coincidences which do not proceed through the decay of
the particle unstable nucleus being considered.

The first term, Y„canbe related to a normalized
excitation-energy spectrum ~dn(E*)/dE;~, in the rest
frame of the unstable fragment by the equation

Y, (E*,.)= J' dE*~(E*,E*,.)
""'

C

(4)

where E* is the actual excitation energy and e(E*,E*„)

Products from the decay of particle unstable nuclei are
detected as coincident particles. From the measured en-

ergies and angles of the coincident particles, the relative
energy is determined, and by accumulating all the mea-
sured events, the relative energy spectrum Y„,(E'„)is
obtained, E*„being the measured excitation energy.
This total excitation-energy spectrum can be decomposed
into two parts:

is the efficiency function. The decay yield
~dn(E*)/dE*~, is normalized so that

f dE*~dn(E*)ldE*~, is the total yield observed in

channel c divided by the observed yield of the corre-
sponding particle stable nucleus.

The efficiency function is calculated for the detector
geometry of the hodoscope, by taking into account the
position and energy resolutions of the telescopes. It in-
cludes corrections for the target beam spot size, multiple
scattering, and energy loss in the target and the gas
detector windows. For simplicity, the efficiency is calcu-
lated by assuming that the particle unstable nucleus de-
cays isotropically in its rest frame and that the energy
and angular distributions of the excited nucleus are iden-
tical to those measured for the corresponding particle
stable nucleus. Both approximations appear to be
reasonably accurate [32]. Further details of the efficiency
calculation are given in Ref. [40]. The regions close to
the periphery of the silicon detectors, where only poor
isotopic resolution could be attained, were avoided by
utilizing software gates on position information. These
gates were also imposed on the efficiency calculation.
The efficiency function turned out to be somewhat sensi-
tive to the position resolutions of the gas counters. The
uncertainties in the efficiency calculations due to the un-
certainties in the position resolution of the gas counters
were, therefore, estimated and included in establishing
the uncertainties in the excited-state yields.

The background yield, Yb„.k(E*„),which appears in

Eq. (3), can be written in an approximate form as

back C12~1~2[1+ back(Erel )]

where C,2 is a normalization constant, o.
&

and oz are the
single-particle inclusive cross sections for particles 1 and
2 interpolated with the moving source fits discussed in
the last section, E„&is the relative energy of the two par-
ticles, and [1+Rb„k(E„i)]is the background correlation
function. The background correlation function is as-
sumed to vanish for E„&~0and to go to unity at large

E„&where final-state interactions can be neglected. In
the following, we have parametrized the background
correlation function as

1+Rb„„(E„,) = 1 —exp( E„,/b, b ), —

where E„,]
=E*—Eb and Eb is the threshold energy for

an excited nucleus to decay by the given decay channel.
The fit parameter 5b governs the width of the minimum
at EI,. The accuracy of the background parametrization
was assessed by constructing the measured total correla-
tion function, [1+R,„,(E„&)],defined by

Y,„,(E„„)=C,~o. ,o.~[l+R„,(E„,)]
and comparing the measured correlation function to the
background correlation functions for relative energies
where no particle unstable states exist. Values for the
measured correlation functions were obtained by sum-
ming both sides of Eq. (7) over the energies of particles I

and 2 corresponding to a fixed relative energy E„,~, and
choosing C,2 such that the measured correlation function
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dn(E')
stable X p

C I

as, „,—(2J;+1)
T m (1E"

(8)

is unity for large relative energies.
The form of the excitation-energy spectrum can be

usually obtained from measured phase shifts for the de-

cay channels of a particular particle unstable nucleus of
interest, and by adjusting the relative intensities for the
yields from different excited states. Here we summarize

the main expressions used to extract the excited-state
population probabilities; further details are given in the
Appendix. If we assume a thermal population of states,
the expression for the decay spectrum of an excited nu-

cleus with a single open channel, c, is

dn(E" )

dE*
dn&(E")

dE* (9)

fragments. Different channel spins and orbital momenta
are indicated by the index i and 5,-„,and J; are the phase
shifts and spins which contribute to channel c and C„,b~,

is a constant, which is fixed by the requirement that

Jo dE*~dn(E*)/dE*~, is the total yield for decay into
channel c divided by the total yield of the corresponding
particle stable nucleus.

If the resonant parts of the phase shifts in Eq. (8) are
dominated by isolated levels labeled by an index A, and
these resonances have been fitted with R-matrix formal-
ism for an isolated level, then ~dn (E*)/dE*~, can be ap-
proximated by

Here c designates the charges and masses of the daughter
I

where

dna, (E*)
=XgexpdE'

E a (2J&+ 1)

T 7T

x 1—
(Ei +b,i E*) +—,'I i—

dd, E+a,—E* dr, rc
+

dE* ~, dE* r, (10)

Here Ni is a normalization constant (Ni =Cst,bte if the states are thermally populated and sequential feeding is negligi-
ble), Ji is the spin of the level, I i, =2P, yi, is the partial width of the state, I i =+,I &, is the total width of state, and
hi = —g, (S, 8, )y&, . H—ere we include the branching ratio I &, /I & generalizing Eq. (8) to accominodate more than
one open channel c. The penetration factor P„S„boundary condition B„andthe reduced width y&, are further
defined and discussed in the Appendix.

For cases where the resonance parameters I z and 6& depend weakly on the energy, a Breit-Wigner description for
the level paraineters is frequently adopted. In these cases, I i and b i are constants, and ~dn& /dE' ~, becomes

dna (E')
dE* =%&exp

E a (2J&+ 1)

T 7T

I /2 I

(E„,—E*)'+-,'r', I, '

where E„,is the resonance energy for the level A, .
For cases involving the decay of two overlapping states

with the same spin and parity, the formulas are rather
complicated. These cases are discussed in the Appendix
where additional information concerning excitation-
energy spectra are given.

B. Extraction of the population probabilities

dna t t(E")
dE*

dna(E*)
dE* (12)

If the branching ratios to the various channels are
known, a measurement of a single decay channel is
sufficient to evaluate dna „,(E')/dE*.

The decay spectra for most of the particle unstable nu-
clei discussed here consist of a sum of contributions from
various particle unstable levels as defined by Eq. (9). If
one sums the decays from one of the levels in Eq. (9) over
the open decay channels, c, one obtains the excitation-
energy distribution for the level considered:

Following Ref. [39],one can define a "population prob-
ability, "

n&, for this level, by integrating over the excita-
tion energy

1 dna „,(E')
n&= dE*

(2Ji +1) dE' (13)

The extra spin degeneracy factor (2J&+1) in the denomi-
nator of the Eq. (13) refiects our choice to remain con-
sistent with notation adopted in Ref. [39]. This spin de-
generacy factor must be kept in mind during subsequent
discussion of the measured and calculated population
probabilities.

For the majority of the excitation-energy spectra con-
sidered here, the excited states are relatively narrow and
the Boltzmann factor exp( E*/T) varies litt—le over the
resonance line shape. Then Boltzmann factor can be ap-
proximated by exp( E„,/T), and taken o—ut of the in-
tegral. The thermal population probability then becomes

n& =Ni exp( E„,/T), — (14)

and in the limit that ~dn (E*)/dE* ~, can be approximat-
ed by a set of Breit-Wigner resonances, one obtains
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dn(E*)
nzdE*

(2Jq+1) r, /2 r,
(E„,—E*)'+-,'r' I, '

(15)

2.0

3/2

E'( Li) (MeV)
2 4 6

I"'Ag(' N, pa)X

and n& can be evaluated directly.
Regardless of the form of the fitting expression,

Y,(E*„)is obtained by folding ~dn(E*)ldE*~, against
the efficiency function e(E*,E*„)according to Eq. (4).
Because the parametrizations of the single-particle in-
clusive spectra for particle stable nuclei of the same iso-
tope are used to evaluate the efficiency function, we have
chosen to normalize the population probability such that
nz(2J&+1) is equal to the yield for the state A, divided by
the total yield of the particle stable nucleus.

15

+

I

4
E„&(MeV)

I I

C. Measured excitation-energy spectra

Figures 6—12 show correlation functions for lithium
and beryllium isotopes, and Figs. 13—19 show
excitation-energy spectra for boron, carbon, nitrogen,
and oxygen isotopes. In all cases, the solid points with
error bars indicate the experimental data. The solid lines
and dashed lines represent the fits to the data and associ-
ated backgrounds, respectively. Spectroscopic informa-
tion used in fitting the data is given in Table II—V. The
uncertainties in the population probabilities in all cases
were assessed by varying the background and also by
varying the position resolution assumed in the calculation
of the efficiency. An alternate form of the background is
depicted by the dotted lines.

l. Particle unstable states of Li

Figure 6 shows the correlation function for the decay
Li~a+p. At low relative energies, there is a narrow

FIG. 6. Correlation function as a function of relative energy
for a-p. The relative energy of a-p, and the excitation energy of
'Li are indicated in the lower and upper scales, respectively.
The solid curve is the fit to the data assuming the background
designated by the dashed line. The dotted line shows an alter-
nate background.

peak [31] at E„&=0.19 MeV due to the two-stage decay
of B, where Bs, —+p+ Bes, ~p+(a+a). To esti-
mate the contamination due to the B~, decays, a Breit-
%igner resonance of width I =0.055 MeV was included
in the fit. The broad peak at 1~E„&~3 MeV is due to
the decay of the (J =—', ) particle unbound ground state
of Li. This wide state was fitted with Breit-Wigner line
shape using the parameters [42] given in Table II and a
Boltzmann factor with a value of T= 3 MeV was used to
describe the temperature-dependent function in the line
shape. The values of n& extracted for this state are not
very sensitive to the value of T. Because Li has no parti-

TABLE II. Spectroscopic information for lithium and beryllium isotopes. Branching ratios I, /I are given in percent. Unless
otherwise noted the decays are to the ground states of the daughter fragments. Except for Li, population probabilities n& are defined
relative to the particle stable yields for the same nucleus. The group structure is explained in the text.

'Li

Group E* (MeV)

g.s.
16.66b

3
2
3+
2

I, (Me V)

1.5
0.20

Decay products

a-p
'He-d

100
86b

Population probability, nz

0.347+0.03'
5.3 X 10-'+1.4X 10-"

Li 2.186
4.31
5.65

3+
2+
1+

0.024
1.7
1.5

Q-d
9-d
a-d

100
97
74

0.15+0.01
0.059+0.02

'Li 4.63
6.68b

7.46
11.24

7—
25—
2
5—
2
3
2

0.093
0.875

0.089
0.272

a-t
a-t
He-p

100b

100'

18

59

0.047+2.5 X 10
0.03+7X 10

4.8X10 +1X10

Be 4.57b

6.73"
7.21'
7.21

7
25—
25—
25—
2

0.175
1.2
0.5b

0.5

a- He
a- He3

a- He

Li-p

100
100b

3b

97

0.052+5 X 10

0.031+0.01

0.021+3.5 X 10

'Values of nz for 'Li are defined relative to the particle stable yields of Li.
Analysis performed using R-matrix parameters given in the text.
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cle stable states, the energy spectrum for particle stable
Li was used to calculate the efficiency. As a conse-

quence, the population probabilities given in Table II are
defined relative to the particle stable yield of Li.

The d- He correlation function is shown in Fig. 7. A
pronounced peak corresponding to the (J =—,'+, 16.66
MeV) [42] state in Li can be seen at E„~=0.4 MeV.
This peak was fitted with the R-matrix expression for de-
cay from a single level [Eq. (10)]. The resonance parame-
ters for the two decay channels ( Li~d+ He and
5Li~p+a) of this state are E&=129 keV, y (d)=780
keV, id =0, ad=7 fm, y (p)=12 keV, l&=2, a =7 fm
and the boundary conditions are Bd =B =0 [42]. Con-
tributions from the wide state at E'=20 MeV [42] are
also included in the fit. The resonance pararnters for the
16.66-Me V state, however, generated a peak in the
excitation-energy spectrum at an energy of about 280 keV
lower than the peak observed experimentally, so the corn-
plete spectrum generated by these parameters was shifted
by 280 keV to match to the experimental data. Because
the d and He have diferent charge to mass ratios, these
distortions of the excitation-energy spectra can result
from Coulomb final-state interactions with the residual
nucleus [43]. Such effects have not been explored qualita-
tively for the d- He system. As in the case of the Li
ground state, the population probability n& of this state
listed in Table II is defined with respect to the yield of
stable Li nuclei.

2. Particle unstable states of Li

The correlation function for the decay Lied+a is
shown in Fig. 8. An isolated peak corresponding to the
(J =3+, E*=2.186 MeV) [42] state of Li is observed at
E„&=0.71 MeV. The second maximum in the Li spec-
tra corresponds to excited states of Li at 4.31 MeV
(J =2+) and 5.65 MeV (J"=1+). Both the states at
4.31 and 5.65 MeV are so wide that the line-shape distor-

18

- (3/3')

E"( Li) (MeV)
20 22 24

~

[
0 ~ ~ ~

l
~ I ~ ~

"Ag("W,d'He) X

TV ~
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P a

0 2 4 6
E„„(MeV)

FIG. 7. Correlation function as a function of relative energy
for He-d. The relative energy of He-d is shown in the lower
scale and the upper scale gives the excitation energy of Li. The
solid curve is the fit to the data assuming the background desig-
nated by the dashed line. The dotted line shows an alternate
background.
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FIG. S. The d-a correlation as a function of the relative en-
ergy. The fits to the resonances is shown by solid lines assuming
the background shown by dashed line. The dotted curve shows
an alternative form of the background.

tions coming from the Boltzmann factor must be taken
into account. The population probabilities for all these
states were fitted by Breit-Wigner resonance using the
spectroscopic information [42] given in Table II and ex-
plicitly including a Boltzmann factor with T=4 MeV. In
this fit, the population probability for the state at 2.186
MeV was taken as one free parameter, and the popula-
tions of states at 4.31 and 5.65 MeV were taken to be
equal and were fitted as another free parameter. Values
for the extracted population probabilities n&, with respect
to the ground-state yield of Li, are listed in Table II for
the two groups of states.

3. Particle unstable states of rLi

The correlation function for the decay Li~a+t is
shown in Fig. 9. The peak located at E„&=2. 1622 MeV
corresponds to the (J =

—,', E*=4.630 MeV ) [42] excit-
ed state of Li. This peak was fitted with the R-matrix
theory [Eq. (10)) using the resonance parameters
(E&=2.80 MeV, y =1.3 MeV, l=3, a =4 fm, B= —3)
[44]. A second broad structure in the a+ t spectra of Fig.
9 corresponds to the overlapping (J =

—,', E'=6.68
MeV) and (J =

—,', E'=7.46 MeV ) [42] states of Li.
The threshold for neutron decay is at E'=7.25 MeV,
and the state at 7.46 MeV decays to both the a+t and
Li+n channels. Because these states are overlapping

and have the same spins and parities, the phase shifts for
these states were analyzed with the 8-matrix formalism
for two overlapping levels which will be discussed in the
Appendix and given by Eq. (A36) using the R-matrix pa-
rameters [Eq=5.730 MeV, y (a)=0.98 MeV, l =3,
a =4.4 fm] [45] for the level at 6.68 Me V, and



140 T. K. NAYAK et al. 45

6—

41
IX 4+

Li'~ t+ ct
4.63MeU

(7/~ )
I

—5/2

iM'M
p5 .~'% ~ ~ . I I ~ a a 1, I . a

0 3 4 6
~ 1 I, I

Ag( N, at)X, E/A=35Mev
~7/Z 1025

2.0
tu

1.5X
+

E ( Li) (MeV)
12 13 14

~ I I
i

I I ~ I
i

I ~ I I
)

~ I ~

"'
Ag( N, He)X

15

0
0

7.46MeV

6/s-) g (s/& )
I

~ ~ ~ e~o ~ ~ ~ ~ ~ ~o r~ o~o

4 6

E„„(MeV)

05
0

~ I s s s i I & & i I i I ~ i ) ~

1 2 3 4 5
E„„(MeV)

FIG. 9. t-a correlation function as a function of relative en-

ergy. The location and spins of particle unstable states in Li
are indicated. The insert gives an expanded view showing the

second maximum. The solid curves are the fits to the data as-

suming the background designated by the dashed line. The dot-

ted line shows an alternate background.

[E&=5.188 MeV, y (a)=0.024 MeV, l =3, a =4 fm,

y (n) =1.2 MeV, l„=1, a„=4fm] [44] for the level at
7.46 MeV, with the boundary conditions B = —3 and

B„=—1. The population probability for the state at 4.63
MeV was fitted individually, and the population probabil-
ities for the overlapping states at 6.68 and 7.46 MeV were
assumed to be equal in the fit. The excited state at
E'=9.67 MeV [42] was included in the fit to better de-

scribe the data, but its population probability was not
determined.

Figure 10 gives the correlation function for
Li~ He+p. The peak corresponds to the proton decay

of the (J ==,' ) [42,46] state at E'=11.24 MeV. This

peak was fitted with the Breit-signer resonance parame-
ters given in Table II. The population probabilities for
the Li excited states nz are listed in Table II.

4. Particle unstable states of Be

The He+a correlation function is shown in Fig. 11.
The states in Be are isospin analogs of the Li states, and
are fitted analogously. The (J =—', ) state at E*=4.S7

MeV was fitted with the R-matrix parameters
[E~=3.885 MeV, y (a)=1.595 MeV, l =3, a =4 fm,

B = —3] [44]. The (J =
—,
'

) states at E*=6.73 and

7.21 MeV were fitted with two-level R-matrix expressions
using the R-matrix parameters [Ez =9.007 MeV,

y (a)=3. 1 MeV, l =3, a =4 fm] for the 6.73-MeV
state and [E&=5.993 MeV, y (a)=0.023 MeV, l =3,
a =4 fm, y (p)=1.2 MeV, l =1, a =4 fm] [44,47] for
the 7.21-MeV state. The corresponding channel bound-

ary conditions are 8 = —3 and 8 = —1. The popula-
tion probability for the state at 4.57 MeV and for the
doublet at 6.73 and 7.21 MeV are listed in Table II ~

The Li+p correlation function for 'Be is shown in

Fig. 12. The (J =—', ) E*=7.21 MeV state of Be was

fitted with the Breit-signer formalism. A second state at

FIG. 10. p- He correlation function as a function of relative
energy. The excitation energy in Li is indicated on the top.
The location and spin of a particle unstable state in 'Li is
shown.

E*=9.27 MeV [42] was included in the fit, but its popu-
lation probability was not determined.

5. Particle unstable states of B

The Be+p correlation function is shown in Fig. 13.
Two pronounced maxima corresponding to the
E'=0.774 MeV (1=1+) [42] and E'=2.32 MeV
(J =3+) [42] excited states of B can be clearly seen.
These peaks were fitted by using the Breit-Wigner reso-
nance parameters [42] given in Table III. The spin of the
0.774-MeV state is taken to be equal to that of the corre-
sponding state [42] in the mirror nucleus Li. In the fit,

I =310keV was used for the state at 2.32 MeV instead of
350 KeV [42] because it gave a better description of the
data.

6. Particle unstable states of ' B

The measured excitation-energy spectra Y(E') for the

decay channels ' B~ Li+a and ' B~ Be+p are shown

in Fig. 14 as a function of the excitation energy of ' B. In

spite of the good excitation-energy resolution of the
hodoscope some of the ' B states could not be resolved.
For the states within an unresolved group, a common

population probability nz was assumed. The upper part
of the figure shows the Li+a coincidence spectrum.
The first peak in the Li+a corresponds to the (J =3 )

excited state at 4.774 MeV [42,48]. The second group
consists of the states at E*=5.1103 MeV (J"=2 ), the
state at 5.1639 MeV (J"'=2+) and the (J"=1+)state at
5.18 MeV [42,49]. A small shoulder after the second

group of states may be due to the decay of the 8.889- and

8.895-MeV excited states of ' B to the 3.563-MeV excited
state of Li*. These two states were included in the fits,

but not analyzed further. A third group consists of the
(J"=2 ) state at E*=5.9195 MeV, the (J =4+) state
at 6.0250 MeV, and the (J'=3 ) state at 6.1272 MeV

[42,49,50]. A fourth peak corresponds to the (J =4 )

state at 6.S6 MeV [42,50]. All the preceding states were
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ximum in the correlation function. The solid curves give aare indicated. The insert gives an expanded view showing the second maximum

'

fit to the data with the background shown by the dashed lines. The dotted line shows an alternative background.

fitted by using the Breit-Wigner parameters given in
Table III and the resulting population probabilities are
listed in Table III as well.

The lower part of Fig. 14 shows the coincidence spec-
tra of Be+p. A pronounced peak at E*=7.5 MeV is
composed of the (J =2 ) state at 7.43 MeV, the
(J =1+) state at 7.467 MeV, the (J =2+) state at 7.478
MeV, and the (J =0+) state at 7.5599 MeV [42,51]. A
second group consists of the (J = 1+ ) state at 7.67 MeV,
the (J = 1 ) state at 7.819 MeV, and the (J"=2+) state
at 8.07 MeV [42,52]. A third group in this spectrum con-
sists of the (J =3 ) state at 8.889 MeV [42,53) and
(J =2+) state at 8.895 MeV [42,54]. The (J =1 ) state
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FIG. 12. p- Li correlation function as a function of relative
energy. The location and spin of a particle unstable state in Be
is indicated. The solid curve shows a fit to the data with the
background designated by the dashed line. The dotted line
shows an alternative background.

7. Particle unstable states of C11

11 7Excitation-energy spectra for the decay C~ Be+a
are shown in Fig. 15. The first peak corresponds to the
(J =—' ) state at E*=8.1045 MeV [42,55]. The second2

peak corresponds to the (J =
—,
'

) state at 8.420 MeV
[42]. The third peak consists of the (J =—', +) state at
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FIG. 13. B~ Be+p correlation function. The excitation
energy in B is indicated on the top. The solid curve shows a fit
to the data assuming the background depicted by the dashed
line. The dotted line shows an alternative background.

at 6.873 MeV and the (J =2 ) state at 7.002 MeV are
near the threshold and were not analyzed because the
branching ratios are not well known [42]. These states
were fitted by using the Breit-Wigner parameters given in
Table III, and the resulting population probabilities are
listed in Table III as well.



142 T. K. NAYAK et al. 45

TABLE III. Spectroscopic information for B, ' B, and "C isotopes. Unless otherwise noted the decays are to the ground states of
the daughter fragments. The branching ratios are given in percent, and nz are defined relative to the particle stable yields for the
same nucleus. The group structure is explained in the text.

8B

Group E (Mev)

0.774
2.32

1

3+

r, (keV)

37
310

Decay products

'Be-p
Be-p

100
100

Population probability nz

0.152+0.016
0.212+0.085

10B 4.774

5.1103

5.1639
5.180
5.9195
6.0250
6.1272
6.56

7.430

7.467
7.478
7.5599
7.67

7.819
8.07
8.889

8.895

3+

2+
1+
2+
4+

3

1
+

2+
0+
1+

1

2

2+

8.4X10-'
0.98

1.76 X 10-3
110
6

0.05
2.36
25.1

100

65
74

2.65
250

260
800
84

40

'Li-a

'Li-a
'Li-a
'Li-a
Li-a
'Li-a
Li-a
LI-a

'Be-p

'Be-p
'Be-p
'Be-p
'Be-p

'Be-p
'Be-p
'Be-p

'Be-p

100

13
100
100

100
97

100

70

100
65

100
30

90
10
95

19

p p16+2.6x10
—1.7X 10

p pl+3. 6X10
—1.6X 10 3

p1 7+ 1.2 x 10
—1.4X10

p pl+1.2X10
—1. 1 X 10

p 0045+9.5x10
—1.6X 10

p pp55+4. 1X 10
—7.4X 10

p pp27+2. 8X10
—3.5X 10

11C 8.1045

8.420
8.655
8.701

3
25—
2
7+
2
5+
2

0.011
0.015

5

15

'Be-a
'Be-a
'Be-a
'Be-a

92
80
94

100

5.80X 10 +4.3 X 10
5.67 X 10-'+4.3 X 10-'
5.93X10 '+3.4X10
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8.655 MeV [42,56] and the (J =
—,
'+ j state at 8.701 MeV

[42]. These three groups of states were analyzed using
the Breit-Wigner parameters given in Table III and the
resulting population probabilities are listed in Table III

E"("C) (MeV)

FIG. 14. Li+a (upper part) and Be+p (lower part) excita-
tion energy spectra. The location and spins of particle unstable
states in ' B are indicated. The solid curves show the fits to the
data assuming the background depicted by the dashed line. The
dotted lines indicate an alternative choice for the background.

FIG. 15. Excitation energy spectrum of "C obtained from
the coincidence cross section of Be+a. The relative energy of
Be and a, and the excitation energy of "C are indicated in the

lower and upper parts, respectively. The solid line is a fit to the
data assuming the background depicted by the dashed line. The
dotted line shows an alternative background.
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as well. Excited states of "C at E'=9.20, 9.65, 9.78,
9.97, 10.083, 10.069, 11.03, 11.44, and 12.65 MeV [42]
were also included while fitting the experimental yield,
but population probabilities were not extracted for these
states because the spectroscopic information for some of
these states is uncertain.

8. Particie unstable states of isN

The excitation-energy spectrum for the decay
' N~' C+p is shown in Fig. 16. Relative populations
were extracted from two groups of states in ' N. The first
group consists of the (J =

—,
'

) state at 3.511 MeV and
the (J =

—,
'+

) state at 3.547 MeV [42]. Also analyzed was
the (J =—', +

) state at 7.155 MeV which decays to an ex-
cited (E' =4.44 MeV) ' C' and appears in the
excitation-energy spectrum at E"=2.7 MeV [42]. These
peaks were analyzed using the Breit-Wigner parameters
in Table IV and the extracted population probabilities are
given in Table IV as well. Additional excited states of
' N at E*=2.3649,6.364,6.886, 7.376,9.00, and 9.476
MeV [42] were included in the fit to the experimental
data, but population probabilities are not provided for
these states either because they lack statistics or because
necessary spectroscopic information is not available.
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FIG. 16. Excitation energy spectrum of "N obtained from
the coincidence cross section of ' C-p. The lower scale gives the
relative energy of ' C and proton, and the upper scale gives the
excitation energy of ' N assuming proton decay which leaves
' C in its ground state. The locations of states that decay to "C
in its ground and excited states are indicated by the solid and
dotted marks, respectively. The solid line is a fit to the data as-

suming the background depicted by the dashed line. The dotted
curve shows an alternative background.

9. Particle unstable states of N

The excitation-energy spectrum for ' N~' C+p is
shown in Fig. 17. Nine groups of excited states. were ana-
lyzed. The first group consists of the (J =2 ) state at
7.9669 MeV [42]. The second group consists of the
(J =1 ) state at 8.062 MeV [42]. The third consists of

the (J =4 ) state at 8.4899 MeV and the (J"=0+)state
at 8.6197 MeV [42]. The fourth group is made of three
overlapping states, the (J"=3 ) state at 8.9118 MeV, the
(J"=5+ ) state at 8.9638 MeV, and the (J =2+ ) state at
8.9804 MeV [42]. The fifth group consists of the
(J =3+) state at 9.1289 MeV and (J =2+) state at

TABLE IV. Spectroscopic information for "N and ' N isotopes. Branching ratios I, /I are given in percent, and nz are defined
relative to the particle stable yields for the same nucleus. Unless otherwise noted the decays are to the ground states of the daughter
fragments. The group structure is explained in the text.

Group E* (MeV)

3.511
3.547
7.155

3
2
5+
2
7+
2

I, (keV)

62

47
9

Decay products

12C p
12C p
12C p

100
100
100'

Population probability nz

0.110+0.02

0.07+0.02

14N 7.9669
8.062
8.4899
8.6197
8.776
8.9118
8.9638
8.9804
9.1289
9.1723
9.3893
9.509

10.079
10.101
10.812
11.05

2
1

4
0+
0
3
5+
2+
3+
2+
2
2
3+
2+
5+
3+

2.5 X 10
30

3.46 X 10
3.8
410
16

6.25 X 10
8

18.9X 10
0.135

13
41
10
12

0.39X 10
1.2

13C p
13C p
13C p
13C p
13C p
13C p
13C p
13C p
13C

13C

13C p
13C p
13C p
13C p
13C p
13C p

99
100
79

100
100
100
80

100
81
95

100
100
100
100
96

100

7.3 X 10-'+1.4X10-'
5.3X 10 +1.7X 10
9.8 X 10 +1.1 X 10

6.32X 10 +7.9X 10

5.7X 10 +1.2X 10

3.8 X 10-'+7.1X10-'

5.4X 10 3+1.0X10-3

6.2X 10 '+1.5X10-'
4.2X 10 +1.3X 10

'Branching ratio for proton decay to an excited ' C nucleus (E*=4.44 MeV) and proton.
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FIG. 17. Energy spectrum resulting from the decay of parti-
cle unstable ' N. The relative energy of "C and proton, and the
excitation energy of ' N are indicated in the lower and upper
scales, respectively. The solid curve is a fit described in the text

assuming the background shown by the dashed curve. The dot-
ted curve shows an alternative description of the background.

9.1723 MeV [42]. The sixth group consists of the
(J =2 ) state at 9.3893 MeV and the (J =2 ) state at
9.509 MeV [42]. The seventh group consists of the
(J =3+ ) state at 10.079 Me V, and the (J =2+ ) state at
10.101 MeV [42]. The eighth group consists of an isolat-
ed (J =5+) state at 10.812 MeV [42]. The ninth group
consists of a (J =3+) state at 11.05 MeV [42]. The
excitation-energy spectrum was fitted by using the Breit-
Wigner parameters given in Table IV and the extracted
population probabilities were listed in Table IV as well.
Excited states of ' N at E' =9.703, 10.226, 10.432,
10.534, 11.761, 12.2, and 12.408 MeV were also included
while fitting the spectrum, but population probabilities
from these were not extracted either because they lack
the statistics or because the spectroscopic information is
not available.

10. Particle unstable states of 0

The excitation-energy spectrum for the decay
' O~' C+a is shown in Fig. 18. Four groups of states
were analyzed. The first group consists of the (J =2 )

state at 12.53 MeV, which decays to an excited
(E*=4.44 MeV) ' C* nucleus [42]. The second group of
peaks at about E*=9.9 MeV includes the (J =2+) state
at 9.845 MeV, which decays to a ' C in its ground state,
and the (J =3 ) state at 14.1 MeV, the (J =4 ) state
at 14.302 MeV, and the (J =5+) state at 14.399 MeV,
which decay to an excited ' C nucleus (E*=4.44 MeV)
[42]. The branching ratios for these latter two decays are
not known; therefore, we evaluated the sensitivity of our
analysis to these states by varying the branching ratios
for these states between O%%uo and 100%. These variations
in the branching ratios introduced variations in the rela-
tive population probabilities for these states. The range
of such variations was used to estimate the systematic un-

certainties in the population probabilities associated with
these unknown branching ratios. A third group of states

FIG. 18. Excitation energy spectrum of ' 0 obtained from
the coincidence cross section of ' C+a. The scale in the bot-
torn gives the relative energy of "C and a, and the top scale
gives the excitation energy for ' O. The locations of states that
decay to ' C in its ground and excited states are indicated by the
solid and dotted marks, respectively. The solid curve describes
a fit obtained by assuming the dashed line as one possible back-
ground. The dotted curve shows an alternative background.

consists of the (J"=4+) state at 10.356 MeV, which de-
cays to ' C in its ground state, and the (J =4+ ) state at
14.620 MeV, the (J =5 ) state at 14.660 MeV, the
(J =6+ ) state at 14.815 MeV, and the (J =2+ ) state at
14.926 MeV, which decay to an exited ' C' (E'=4.44
MeV) [42]. A fourth group at about E„„=ll MeV was
also analyzed. This group consists of the (J"=4+) state
at 11.097 MeV, which decays to ' C in its ground state
[42]. The state at 15.408 MeV (J =3 ) which could
contribute to this group has a very small (=1%) a
branching ratio to the 4.43 excited state [42]. The fits to
the excitation-energy spectrum were obtained by using
the Breit-Wigner resonance parameters given in Table V,
and the resulting population probabilities were listed in
Table V as well. States in ' 0 corresponding to
E*=8.8719, 9.585, 11.52, 11.6, 12.049, and 12.440 MeV,
which decay to the ground state of ' C and an a particle,
and E*=12.796, 12.97, 13.02, 13.09, 13.129, 13.259,
13.664, 13.869, 13.98, 14.032, 15.196, 15.26, 15.785, and
15.828 MeV [42], which decay to an excited 'zC~

(E' =4.44 MeV) and an a particle, were also included in
fitting the spectra. The population probabilities for these
states were not extracted either because they lack statis-
tics or because the necessary spectroscopic information is
not available.

11. Particle unstable states of 0
The excitation-energy spectrum for the decay

' O~' C+a is shown in Fig. 19. Three groups of states
are identified. The first group consists of the (J"=4+)
state at 7.1169 MeV [42,57,58]. The second group con-
sists of the (J =5 ) state at 7.864 MeV [42,57,58]. The
third group consists of the (J"=1 ) state at 8.039 MeV,
the (J =5 ) state at 8.125 MeV, the (J =2 ) state at
8.213 MeV, and the (J = 3 ) state at 8.282 MeV
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TABLE V. Spectroscopic information for ' 0 and "0 isotopes. Branching ratios I, /I are given in percent, and nz are defined
relative to the particle stable yields for the same nucleus. Unless otherwise noted the decays are to the ground states of the daughter
fragments. The group structure is explained in the text.

16O

Group E* (MeV)

12.530
9.845

14.1
14.302
14.399
10.356
14.62
14.66
14.815
14.926
11.097
15.408

2
2+
3
4
5+
4+
4+
5
6+
2+
4+
3

I, (keV)

0.097
0.625
750
32
27
25

490
670
70
54

0.28
132

Decay products

12C

12C

"C-a
"C-a
"C-a
12C

"C-a
12C

"C-a
12C a
"C-a
"C-a

74'
100
80'
a
a

100
20'

6a

65'
58'

100
la

Population probability nz

1.89 X 10 +7.2 X 10
7.4 X 10-'+5.2 X10-'

4.5 X 10 +1.1 X 10

5.3 X 10 +1.1 X 10

18O 7.117
7.864
8.039
8.125
8.213
8.282

4+
5

1

5
2+

3

2.6X10-'
8

2.5
1

1.6
8

'4C-a
'4C-a
'4C-a
'4C-a
'4C-a
'4C-a

53
100
100
100
99
89

4.1X10-'+1.0 X 10-'
6.1 X 10 +1.5 X 10

2.93 X 10 +6.7 X 10

'Branching ratio for a decay to an excited ' C* nucleus (E*=4.44 MeV).

[42,57,58]. These peaks are fitted by using the Breit-
Wigner resonance parameters given in Table V, and the
resulting population probabilities are listed in that table.
A zero background was used for the alternate back-
ground for the estimation of the uncertainty due to the
background subtraction.

V. SEQUENTIAL FEEDING
FROM HIGHER-LYING STATES
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FIG. 19. Excitation energy spectrum of ' 0 obtained from
the ' C-a coincidence cross section. The lower scale indicates
the relative energy of ' C and a, and the upper scale shows the
excitation energy of ' O. The solid curve describes a fit ob-
tained by assuming the dashed curve as one possible back-
ground.

If the excitation energy at freezout is thermally distri-
buted, and rotational effects are small, the primary popu-
lation probabilities for the excited states of a specific

intermediate-mass fragment should follow a Boltzrnann
distribution. The observed populations of excited states
are influenced, however, by the sequential decay of
heavier particle unstable nuclei [28—30,37,59—63], and
the populations and decays of many of these unbound
states are not known experimentally. We have performed
statistical calculations following the approach outlined in
Ref. [29] to estimate the influence of feeding on measured
values of population probabilities.

A. Levels and level densities

Sequential decay calculations were performed for ao
ensemble of nuclei with 3 ~Z & 13. Since the spins, iso-
spins, and parities of many low-lying particle bound and
unbound levels of nuclei with Z + 11 are known, a lookup
table containing excitation energies, spins, isospins, pari-
ties, and branching ratios for approximately 2600 known
levels for isotopes within this charge range [42] was con-
structed, and used in the sequential decay calculations.
For known levels with incomplete spectroscopic informa-
tion, values for the spin, isospin, and parity were chosen
randomly according to primary distributions obtained
from the noninteracting shell model [64]. The calcula-
tions were repeated with different initial values for the
unknown spectroscopic information until sensitivities of
the calculations to these spectroscopic uncertainties were
assessed.

The low-lying discrete levels of heavier nuclei with
Z ~ 12 are not as well known as those of lighter nuclei.
To calculate the decay of these heavier nuclei for low ex-
citation energies, E*~ eo( A;, Z, ), we used a continuum
approximation to the discrete level density [63], modify-
ing the empirical interpolation formula of Ref. [65] to in-
clude a spin dependence:
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p(E*,J; ) = exp[(E* E—
, )/T, ]

1

1

(2J;+1)exp[ —(J, +—,') /2o, ]

g(2J;+ 1)exp[ —(J,. +—,
' )2/2cr 2]

(16)

100 I ~ ~ ~
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~ ~ ~ ~
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~ I ~ ~

2pg

for E*~co, where cr, =0.0888[a,.(eo —Eo)]'~2A,2~3, and
a, = A, /8; J,-, A;, and Z; are the spin, mass, and charge
numbers of the fragment. This value of a, is comparable
to that extracted from Ericson fluctuation analyses of
somewhat heavier compound nuclei [66,67]. The values
for co=co(A;, Z;), T, =T, (A;,Z;), and E, =E,(A, ,Z, )

were taken from Ref. [65]. For Z + 12, ED =ED( A;, Z; ) is
determined by matching the level density at ep provided
by Eq. (16) to that provided by Eq. (17) given below.
[Note that in Eq. (16) and also in Eq. (17) below, we
match the density of levels rather than the density of
states because the spins of many of the discrete levels are
not known. ]

For higher excitation energies in the continuum for all
nuclei, we assumed the level density of the form

10—

Cp

I. . . , I, . . . I. ~, , I. . . , I1
0 5 10 15 20 25 30

E' (MeV)

p(E', J; ) =p)(E')p, (J;,a; ),
where

p)(E")=

p2(J;, o;)=

cr =0.0888[a (E' Eo)]'—

exp[2[a;(E* Eo)]'~—]

12&2[a;(E Eo) ]' c—r,

(2J;+ 1)exp[ —(J;+—,
' )2/2o 2]

20

(17)
FIG. 20. The level density of Ne as a function of excitation

energy. The histogram gives the number of known levels
whereas the solid line shows results of level density predicted by
Eq. (17).

MeV for 1S ~ E*+ 30 meV, and 3 MeV for E' 30 MeV.
The results of these calculations do not appear to be sen-
sitive to these binning widths. Parities of continuum
states were chosen to be positive and negative with equa1
probability. To save both space and time, the isospins of
the continuum states were taken to be equal to the isospin
of the ground state of the same nucleus.

For Z; ~ 12, ED=ED(A;, Z,. ) is determined by matching
the level density provided by Eq. (16) at eo to that provid-
ed by Eq. (17). At smaller values of Z;, Eo is adjusted
for each fragment to match the integral of the continuum
level density to the total number of tabulated levels ac-
cording to the equation

f dE' f dJ p(E', J)=f dE' + 5(E E'), (1—8)
t

where ep, for these lighter fragments, was chosen to be
the maximum excitation energy up to which the informa-
tion concerning the number and locations of discrete
states appears to be complete. Figure 20 illustrates the
matching between the continuum level density at E' & ep

and that derived from known discrete transitions at
E*& ep for the case of excited Ne nuclei. The matching
point at 6'p=13 MeV lies at the maximum of the level
density constructed from the known discrete transitions;
at much higher energies, the experimental level density
becomes much less complete. Since the slopes of the con-
tinuum and discrete level density expressions are similar
at E*& ep, both the extracted value of Ep and the overall
level density would not be significantly altered if a some-
what smaller value of ep were chosen.

To reduce the computer memory requirements, the
population of continuum states were stored at discrete
excitation-energy intervals of 1 MeV for E' ~ 1S MeV, 2

B. Primary populations

For the ith level of spin J; we assumed an initial popu-
lation P,. given by

P, ~ PQ( A, ,Z, )(2J, +1)exp( E* /T, ), — (19)

Po( A, Z) ~ exp( fVc /T, +Q /T, ), — (20)

where V, is the Coulomb barrier for emission from a
parent nucleus of mass and atomic numbers Ap and Zp
and Q is the ground-state Q value

where Po( A;, Z;) denotes the population per spin degree
of freedom of the ground state of a fragment and T, is
the emission temperature which characterizes the
thermal population of states of a given isotope. (This
temperature is assumed to be associated with the intrinsic
excitation of the fragmenting system at breakup and may
be different from the "kinetic" temperature which may be
extracted from the kinetic energy spectra of the emitted
fragments. ) The initial populations of states of a given
fragment were assumed to be thermal up to excitation en-

ergy of E,„„z/A=S MeV, corresponding to a mean life-
time of the continuum states at the cutoff energy about
125 fm/c [68].

For simplicity, we parametrized the initial relative
populations, Pp( A, , Z; j, by
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Vc=Z;(Zp —Z;)e /[ro[A, '~ +(A —A;)'~ ]] (21) coefficients were approximated by the sharp cutoff ap-
proximation.

Q = [B( A —A, ,Z —Z; }+B,] B—( A, Z } . (22) D. Results

We used a radius parameter of r0=1.2 fm, A =122,
Z =54. For heavy nuclei, the binding energies, B ( A, Z),
were calculated from the Weizacker mass formula [69]
and for the emitted light fragments, we used the mea-
sured binding energies, B, , of the respective ground states
[70]. At each temperature T, , the parameter f in Eq.
(20) was adjusted to provide optimal agreement between
the calculated final fragment distributions (obtained after
the decay of particle unstable states} and the measured
fragment distributions. This constraint reduced the pos-
sibility of inaccuracies in the predicted primary elemental
distributions at high temperatures [61,62]. The value off
obtained for different T, are discussed in the last part of
this section.

C. Branching ratios

Particle decay branching ratios were calculated for the
n, 2n, p, 2p, d, r, He and a channels. The decays via y
rays were taken into account for calculations of the final
particle stable yields. Tabulated branching ratios were
used whenever possible to describe the decay of particle
unstable states. Where such information was not avail-
able, the branching ratios were calculated from the
Hauser-Feshbach formula [71], taking into account con-
straints imposed by isospin and parity conservation. The
branching ratio for a channel c was taken to be

6,
g,.G;

(23)

where

G, = ( TI DTr, FT(34,DT(3}I,FI TI I T(3)I~)
.=fs+g I =~J+z~

X g g [[1+77p7TD77p( 1) ]/2] TI(E) .
z =Is-JI I =II-zi

(24)

Here J and j are the spins of the parent and daughter nu-
clei, Z is the channel spin, S and I are the intrinsic spin
and orbital angular momentum of the emitted particle,
and TI(E) is the transmission coefficient for the 1th par-
tial wave. The factor [1+rrpmDnF( —1)']/2 enforces
parity conservation and depends on the parities m =+1 of
the emitted fragment and the parent and daughter nuclei.
The Clebsch-Gordan coefficient involving Tz ~, Tz D, and
Tz F, the isospins of the parent nucleus, daughter nucleus,
and emitted particle, likewise allows one to take isospin
conservation into account.

For decays from states when the kinetic energy of the
emitted particle is less than 20 MeV and 1~20, the
transmission coefficients were interpolated from a set of
calculated optical model transmission coefficients. For
decays from continuum states when the kinetic energy of
the emitted particle exceeds 20 MeV, the transmission
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FIG. 21. Elemental yields at 8=38' summed over measured
energies. The dashed and solid histograms show the primary
and final yields of particle stable fragments produced by the
feeding calculations. Results for T, =2, 3, 4, 5, 6, and 8 MeV
with the corresponding parameters f are given in the figure.

Calculations were performed for T, =2, 3, 4, 5, 6, and
8 MeV. The measured fragment elemental and isotopic
distributions and calculated final elemental distributions
for E,„«fr/A =5 MeV are compared for different values
of T, in Figs. 21, 22, and 23. The solid points corre-
spond to the fragment yields at 8=38' summed over all
measured energies. The dashed lines in Fig. 21 show the
calculated elemental distributions of primary fragments
assumed for each temperature. The fitted parameters, f,
are indicated in the figure. The solid lines show the cal-
culated final elemental distributions obtained after the
statistical decay of particle unbound fragments. At each
temperature the parameter f was adjusted so that the cal-
culated final elemental distribution closely follows the
trend of the measured elemental distribution. Since these
parameters, f, have been adjusted to reproduce the ele-
mental yields measured in this experiment, one must be
very cautious about applying the results of these calcula-
tions to other reactions. The solid histograms in Figs. 22
and 23 represent final isotopic distributions obtained for
each temperature. In general, the trends of the isotopic
distributions are reproduced.

At each temperature T, , the relative population prob-
abilities were calculated taking sequential feeding into ac-
count. In the following sections, these calculated popula-
tion probabilities are compared to the experimental data
to assess whether these calculations can explain the mea-
sured population probabi1ities.
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FIG. 22. Comparisons of measured and calculated isotopic
yields at 8=38'. The solid histograms show final fragment dis-
tributions for feeding calculations at T, =2, 3, and 4 MeV.

VI. EMISSION TEMPERATURES

N+Ag, E/A=35MeV, go=38'

To provide an overall comparison between the calcu-

lated and measured population probabilities, we per-

formed a least-squares analysis, computing

1 &exp, i &cal, i
v ( . — )

X'p (2&)

for each initial temperature in the calculation. Here
y,„;and y„&,. are the experimental and calculated values
of the population probabilities or ratios of population
probabilities and v is the number of data points. The un-

+O.„i;,where 0
the experimental uncertainty, and cr„&,. rejects the range
of calculated values obtained when the spins, isospins,
and parities were varied for the states where this informa-
tion is incomplete. Restricting the summation to the
mathematically independent population probabilities
makes the y, function unduly sensitive to the feeding
corrections to the populations of particle stable states.
The ratios of population probabilities have the advantage
of being sensitive to these feeding corrections even
though they are not completely independent.

Values for y2 were computed according to Eq. (25) for
combinations of population probabilities and the ratios of
population probabilities. The results are presented in
Fig. 24 for four groups: Z =3,4; Z = 5, 6; Z =7; and
Z =8, as functions of the temperature (T, =2—8 MeV)
of the primary distribution assumed in the feeding calcu-
lation. The solid lines depict values for y where both the
independent population probabilities and all the ratios of
populations have been included, and the dash-dotted lines
show y where just the ratios of population probabilities
are included. Results for lithium and beryllium isotopes,
shown in the upper left-hand window of the figure,
display a minimum at about T, =3 MeV for the ratios
of population probabilities alone and at about T, =4
MeV when all the quantities are combined. Similar cal-
culations for boron and carbon isotopes, shown in the
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FIG. 23. Comparisons of measured and calculated isotopic
yields at 0=38 . The solid histograrns show final fragment dis-

tributions for feeding calculations at T, =5, 6, and 8 MeV.
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FIG. 24. Results of the least-squares analysis for four groups
of fragments. The solid lines depict y', , calculated for a com-
bination of population probabilities and the ratios of population
probabilities. The dot-dashed lines show y, , when just the ratios
of population probabilities are included.
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FIG. 25. Results of least-squares analysis for a combination
of all fragments. The dashed, dash-dotted, and solid lines depict

calculated for the population probabilities, the ratios of pop-
ulations probabilities, and the summation of the population
probabilities and ratios of population probabilities respectively.
The dotted line depicts y calculated from the decays of 'Li.

upper right-hand window, display minima at about
T, =3 MeV. The results for nitrogen isotopes, shown in
the lower left-hand window, display a minimum at
T, =4 MeV for the ratios of population probabilities
alone. This minimum shifts to T, =3 MeV when g
values of the population probabilities are added. For the
oxygen isotopes, shown in the lower right-hand window,
few groups of states are detected, and the locations of the
minima in the g functions are not well determined.

These comparisons of the temperature dependence of
do not reveal any unambiguous dependence of the

emission temperature on the fragment charge. We have
therefore combined the results for all fragments to get an
improved measure for T, . The solid curve in Fig. 25
depicts the values of g where the independent popula-
tion probabilities and the ratios of population probabili-
ties have been included. The dashed line in the figure in-
dicates the values, where y„is summed over only the in-

dependent population probabilities of all fragments
(3 &Z & 8), and the dash-dotted line shows the corre-
sponding values where the sum includes just the ratios of
population probabilities of all fragments. Minimum
values for y occur in these comparisons at emission tem-
peratures of T, =3—4 MeV. For comparison, the dot-
ted line in the figure shows the y value for the ratio be-
tween the population probabilities of Li in its ground
and 16.66-MeV excited states. Calculations predict the
relative populations of Li excited states to be rather in-
sensitive to the corrections due to the sequential feeding
from heavier particle unstable nuclei. The minimum
value of y, occurs at T, =4 MeV for the Li states, con-
sistent with the emission temperatures extracted from the
' N+ ' Au system at E/A =35 MeV.

Even for T, =3—4 MeV, the values of g shown in

Figs. 24 and 25 are rather large indicating that the
discrepancies between measurement and calculation are
significant. To explore this issue in greater detail, we
present individual comparisons between the experimental
and calculated population probabilities and the ratios of
population probabilities at T, =4 MeV. In these com-
parisons, we calculate an apparent emission temperature
T

pp
defined by the relation

=exp( —[E;* E,'—]P, ), (26)

where P,. ~~
= I /T, ~. Using the definition of the popula-

tion probability to simplify the above equation for cases
where j denotes the ground state, one obtains

(2Jz, +1)n; =exp( E,'P,—),. (27)

where J, is the spin of the ground state. Equations (26)
and (27) can be used to define T, in terms of ratios of ei-
ther measured or calculated values of n; and n . Because
values for T,„calculated by Eqs. (26) and (27) can be
negative or infinite, we extract and assign an uncertainty
to P, rather than to T,

In Figs. 26—29 we present values for P,z~ (on the lower
axis) and T,~~

= 1 lP,~~ (on the upper axis) for population
probabilities and ratios of population probabilities for iso-
topes with Z=3,4; Z =5,6; Z =7; and Z =8, respective-
ly. The solid points represent the values for P, obtained
for experimental population probabilities or the ratios of
population probabilities. In cases where states are not
resolved, the quantities are calculated for groups of states
defined in Tables II—V. The histograms represent corre-
sponding values for P, obtained from sequential feeding
calculations starting with an initial temperature T, =4
MeV. The uncertainties in the calculation are designated
by the spread of the histogram which is shaded in the
figure. In these figures, only those cases are plotted for
which both the calculated or experimental uncertainties
are smaller than the dynamical range of the figures.

Values for P, and T,~„obtained from the population
probabilities of two groups of states in Li and Li, and
three groups of states in Li and Be, are shown in Fig.
26. (The relevant populations were given in Table II.)
The experimental data in Fig. 26 for the population of
states in Li, Li, and Li are comparable to the results
obtained for the fragments in previous measurements at
similar energies [32,63]. The calculations and data are in
good agreement for ratios involving the widely separated
ground state and 16.66-Me V excited state of Li
(b,E = 16.66 MeV), which is rather insensitive to sequen-
tial feeding [61,62]. For most transitions, the calculated
apparent temperatures are similar to the measured ones.

The values for P, and T, obtained from measureed
and calculated population probabilities for groups of
states in B, ' B, and "C are presented in Fig. 27. For
convenience of presentation, the ratios are labeled ac-
cording to the groups of states discussed in Sec. IV. In
general, the population probabilities for the three nuclei
are moderately well described by the calculations. The
measured ratio of the second group of excited states to
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the first group of excited states of 8 is significantly larger
than the corresponding ratio predicted by the sequential
feeding calculations. Even larger discrepancies are ob-
served for excited states of ' B. There, the measured ra-
tios, involving the second group of excited states at
E =5.1 MeV and the third group of excited states at
E'=6 MeV yield negative temperatures, in strong
disagreement with the assumptions of a statistical pri-
mary distribution as embodied in the sequential decay
calculation. Because there are large uncertainties in the
calculation for the ratios of population probabilities for
"C, these ratios are not plotted.

In Fig. 28, we present P,» and T,» for groups of states
in ' N and '"N. The experimental and calculated popula-
tion probabilities for the first group of states in ' N are in
agreement. The deviation for the second group is large.
For ' N, the calculated population probabilities differ
significantly from the measured ones, indicating that
more feeding to the particle stable states is predicted than
is observed. Somewhat better agreement for the popula-
tion probabilities of ' N excited states is obtained for
T, =3 MeV. The measured ratios of population proba-
bilities, on the other hand, are very consistent with calcu-
lations for T, =4 MeV.

Comparisons for groups of states in ' 0 and ' 0 are
shown in Fig. 29. Here, the overall agreement is some-
what worse for ' 0 states than for the states of ' O. Un-
like the case for the lighter fragments, the second and
third groups in ' 0 are mixtures of states which decay to

the ground state of ' C and to the first excited state of
' C. This reduces the sensitivity of population probabili-
ties to the temperature, making these states less suitable
for temperature measurement.

To summarize these comparisons, roughly half of all
the experimenta1 population probabilities and one-third
of the ratios of population probabilities deviate
significantly from the predictions of the statistical calcu-
lations. The largest discrepancies in the ratios of
excited-state population probabilities are observed for
' B. The largest discrepancies for population probabili-
ties were observed for ' N.

VII. ANGULAR MOMENTUM EFFECTS

The measured population probabilities are shown as
the solid points and the results of the feeding calculations
are shown as the shaded bands in Fig. 30 for the case of
' B at an emission temperature of 4 MeV. These bands
depict the range of values for n,. calculated when the
spins and parities of states with incomplete nuclear struc-
ture information are randomly chosen according to pri-
mary distributions provided by the noninteracting shell
model. Clearly, these calculations do not reproduce the
nonmonotonic dependence of n; upon excitation energy.
The uncertainty due to unknown spectroscopic informa-
tion is much less than the observed enhancement of the
experimental population at E*=6 MeV.
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FIG. 26. Experimental values for P,» and T, ~ are shown as

the solid points for excited states of Li and Be isotopes. The
histograms represent the results of sequential feeding calcula-
tion with an initial temperature T, =4 MeV. The shaded re-
gions between the histograms represent the range of values pre-
dicted by the sequential feeding calculations for an initial tem-
perature of T, =4 MeV.

FIG. 27. Experimental values for P,~~ and T,~~ are shown as
the solid points for the groups of excited states of B and C iso-

topes described in Table III. The histograms represent the re-
sults of sequential feeding calculation with an initial tempera-
ture T, =4 MeV. The shaded regions between the histograms
represent the range of values predicted by the sequential feeding
calculations for an initiaI temperature of T, =4 MeV.
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A. The inhuence of rotational effects
on the population probabilities

P ccPo(A, Z) (m —m)
exp

m = —J 2&m
exp-

~em

Angular momentum effects due to the rotation of the
emitting system can cause the populations of high spin
states of emitted fragments to be selectively enhanced.
To explore this issue, we have estimated the infIuence of
rotational effects (I) by modifying the sequential decay
calculations discussed previously, and (2) by applying the
statistical theory of compound nuclear decay.

Sequential decay calculations. We introduce rotational
effects into our sequential decay calculations by assuming
[7) the system rotates with collective velocity, co, and ap-
proximating the primary population by
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where m are the m substates ( —J+ m + +J) of a given L
Here m and o. are parameters which describe the cen-

troid and width of the I-substrate distribution for the
fragment, and are chosen to be proportional to the rigid

body moment of inertia, S( A, Z). Finally, to simplify our
expressions, we express m and 0. in terms of the corre-
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FIG. 29. Experimental values for p,~~ and T,~~ are shown as

the solid points for the groups of excited states of ' 0 and "0
described in Table V. The histograms represent the results of
sequential feeding calculation with an initial temperature

T, =4 MeV. The shaded regions between the histograms

represent the range of values predicted by the sequential feeding

calculations for an initial temperature of T, =4 MeV.
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m =mt2 (2/12) and cr =(cr )tt (2/12)

(29)
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where mt2 and (cr~ )» are the appropriate centroid and

width parameters for ' C fragments.
The calculations were performed for many different
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FIG. 28. Experimental values for p,~ and T, ~ are shown as
the solid points for the groups of excited states of ' N and ' N
described in Table IV. The histograms represent the results of
sequential feeding calculation vrith an initial temperature
T, =4 MeV. The shaded regions between the histograms
represent the range of values predicted by the sequential feeding
calculations for an initial temperature of T, =4 MeV.
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FIG. 30. Relative populations n; of different groups of parti-
cle unstable states in ' B are plotted as a function of excitation
energy. The vertical scale is normalized so that gk(2Jk
+ 1)nk = 1, where the summation is restricted to the particle
stable states of ' B.
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values of m»c and (o )~, . For each set of parameters

m»c and (o )»c, Po( A, Z) was adjusted to make the cal-

culated particle stable yields consistent with the mea-
sured ones. The calculated population probabilities most
similar to the measured ones were obtained for m» =6,
(cr )~~ =2.5, and T, =4 MeV. As indicated by the

solid line in Fig. 31, the populations of high spin states
are significantly enhanced for this choice of parameters;
however, the enhancement for the triplet of high spin
states (J=2,3,4) at E =6 MeV cannot be reproduced
without simultaneously overpredicting the population of

the high spin state (J=4) at E,*=. 6.56 MeV and the spin
doublet (J=3,2) at E,*=9.0 MeV. In this respect, the
inclusion of rotational effects does not improve the agree-
ment with the experimental data.

Compound nuclear decay. Recently, it has been sug-
gested [72] that the inhuence of rotational effects on the
population probability may be easily explored in the ap-
proximation of the compound nucleus emission [73]. In
the statistical theory of the compound nucleus, the yield
7; of an excited state of an emitted fragment can be writ-
ten as [74]

I +I Z+I,.

Y( =Co g g g J dEDp(ED~ID )T((Ep +Qs ~ E( ED)
I=oz=II —II I =tz —I.

(p D i

(30)

Here Co is a factor independent of the spin and excitation
energy of the excited state of the emitted fragment, I is
the orbital angular momentum, Z is the channel spin, I
and E* are the spin and excitation energy of the parent
nucleus, ID and ED are the spin and excitation energy of
the daughter nucleus, I; and E;* are the spin and excita-
tion energy of the emitted fragment, and Qs, is the
ground-state Q value for the decay. p(ED, ID } is the level

density of the daughter nucleus and TI is the transmis-
sion coefficient for the emitted fragment.

For the purposes of these illustrative calculations, the
level density of the daughter nucleus can be written in an
exponential form [75] which is approximately valid for
the range of temperatures considered here:

1/2
D

AD
(32)

where we have taken the level density parameter a =8
(MeV) ', and we approximate ED by

ED =E~'+ Qs, E;*—Vc—,„)(RD), (33)

where Vc,„~(RD} is the Coulomb potential when the
I

fragment and daughter nucleus are separated by a dis-
tance RD =1.2(AD +A ~ ). E„,is the rotational ener-

I

gy associated with the daughter nucleus and is approxi-
mated by

p(ED, ID ) =C(2ID+ 1)exp
TD

(31)

(ID+ —,
' }E„,=(fi)

2 g)

(34)

'
N+Ag, E/A=35MeV, HO=38'
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where C is a constant and TD is the temperature of the
daughter nucleus:

where JD is the moment of inertia of the daughter nu-

cleus. For simplicity, we assume a rigid body moment of
inertia JD= 5mDRD, —where mD and RD=1.2AD fm

are the mass and radius of the daughter nucleus. We also
assumed a sharp cutoff transmission coefficient TI given

by

0.080 TI(E"+Q, E,* ED)— —

0.010

=0(E'+Q, , E,' E'—. —

—Vc,„i(R„)—A' ( l +—,
'

) l2pR 2 ), (35)

0.005
where p, =m D m, /( mD +m, ) is the reduced mass for the
system consisting of the daughter nucleus plus an emitted
fragment of mass m;.

The measured quantity in our experiment is the popu-
lation probability, which is defined as

0 00 i ~ 0 ~ ~ I ~ I I I ~ ~ ~ I ~ ~ ~ ~ I ~ I I I I ~ L

4 5 6 7 8 9
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F,.

2I, +1 (36}

FIG. 31. Calculations for n.; from the sequential feeding cal-
culation T, =4 MeV, m&2 =6, and (o. )» =2.5 are shown as

the solid line in the figure. Experimental values for n; are de-

picted by the large solid points.

This quantity must be calculated. If one combines the in-
formation given above and integrates over energy, an ex-
plicit expression for n, can be obtained in the limit of full

spin coupling:
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—E,. /TD I +1 Z+I.
t

n; =8(Ip)
l=oz=Ir —&~r =(z —I.

Ip D i

(2ID+1)exp
(I+—,') A' (ID+ —,') ttt'

2ittR D
TD

Here B(Ip ) is a constant which, like C„is independent of
spin and excitation energy of the fragment, but could de-
pend on the spin of the parent nucleus. Values for n;
were calculated for the excited states of ' 8 assuming
I =25, 50, 75, and 100, assuming a mass A =118,
charge Z =50, and excitation energy E'=200 MeV for
the parent nucleus. The overall normalization constant
8 (Ip ) for the calculated values of n; was determined at
each value of I by minimizing the function g„

(nexpi, c i, ia)
2

~exp, i
(38)

where N „„,is the total number of data points, n,„,. and

n„&; are the experimental and calculated values of the
population probabilities, respectively, and 0.,„,is the ex-
perimental uncertainty. The results are shown in Fig. 32
along with the experimental values of n, . Values of
g =2.4, 1.8, 1.5, 1.7 were obtained for I =25, 50, 75, 100,
respectively. Thus the agreement with experimental data
is improved slightly for larger I . It can be seen that
larger values of the parent nucleus I lead to larger
enhancements in the populations of high spin states of
the emitted ' 8 nuclei. Values of I =75 and 100 show
enhanced populations for high spin states at E,.*=6.0,
6.6, and 8.9 MeV, but the effects are nevertheless small
compared to the experimental variations in n, . Larger
rotational effects are predicted for larger values ofI, but
values of I greater than I =88 are inconsistent with the
stability criterion for a metastable equilibrated compound
nucleus as predicted by the liquid drop model. Further
calculations are necessary to determine whether larger

effects can be predicted by noncompound emission mod-
els. The calculations suggest, however, that it may be
difficult to enhance the population of group of states at
E;*=6.0 MeV by rotational effects without likewise
enhancing the high spin state at E =6.56 MeV or the
high spin doublet at E;*=8e 9 MeV.

B. Decay angular distributions

, q.(vb„XP)
Iqllvb, xPI

' (39)

Additional information about the importance of rota-
tional effects can be obtained from the measurements sen-
sitive to the spin alignment of the emitted IMF's. Such
spin alignment effects can be explored by the measure-
ment of the decay angular distributions for the particle
unstable IMF's. Previous measurements of the spin
alignments for the decay of Li—+u+d are consistent
with a vanishing spin aligntnent of the excited Li [32].

Angle conventions used for investigating the decay an-
gular correlations are shown in Fig. 33. The unit vector
nj defines the reaction normal which is in the direction
perpendicular to the reaction plane defined by the beam
axis and the momentum of the particle unstable frag-
ment. Here, 8d is defined to be the polar angle in the
center of mass between the reaction normal n~ and the
velocity v of the outgoing a particle defined in this
frame of the unstable fragment. In terms of the relative
momentum q, the total momentum P, and the beam ve-
locity vbeam one has

V~ (VbeamXVc m )

lv llv„, Xv,
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The azitnuthal angle Pd between the projection of the
vector v on the reaction plane and the direction of the
total momentum of the ' B nucleus can be defined by
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FIG. 32. Calculations for n,- in the limit of full spin coupling
are shown as dotted, dashed, dot-dashed, and solid lines for
parent nuclear spins Ip =25, 50, 75, and 100, respectively.

FIG. 33. Coordinate system used to describe the a decay of
particle unstable excited states of ' B. 9„andPd are the decay
angles as defined in the text.
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Pd=cos . if sin8„%0.qP
q P sin8d

(40)
C. Comparison with statistical calculations

The distributions, Pd and 8&, explore correlations in the
reaction plane and correlations with respect to the reac-
tion normal, respectively.

Figure 34 shows relative energy spectra for the decay
' B~u+ Li for difFerent gates in the polar angle Od with
respect to the reaction normal. The solid curve in the
center plane for 8d =81'—100' shows a best fft to the data
for this angle gate assuming the dashed curve for the
background. Using the population probabilities and
background parameters obtained from this fit to the
excitation-energy spectra for 0d =80'-100', the
excitation-energy spectra were calculated for all the
values of 8d using the appropriate efficiency functions
calculated for the other polar angle gates. The solid and
dotted curves in the other panels of Fig. 34 show the cor-
responding calculations for the relative energy spectra
and backgrounds, respectively. The experimental data
are reasonably well reproduced by this extrapolation for
all cases, indicating that the same values of the relative
populations can roughly account for the relative energy
spectra regardless of 8d. A similar analysis (not shown)
performed for different gates on the azimuthal angle II)d

did not reveal a sizable anisotropy. Both the analyses
suggest that any anisotropy in the decay angular distribu-
tion for ' 8 must be small. Analyses of the Li~a+d
correlations (not shown) were also consistent with a van-

ishing anisotropy in the decay angular distributions.

More precise determinations of the decay angular dis-
tributions for ' 8 were obtained by fitting each of the rel-
ative energy spectra in Fig. 34 and the corresponding
spectra for the Pd gates to obtain n; as a function of 8d
and Pd. Uncertainties in the extracted population proba-
bilities n; were estimated using different assumptions for
the background and by considering possible uncertainties
in the eSciency function. Angular correlations were ex-
tracted for the erst three groups of e-unstable states of
' 8 corresponding to excitation energies of 4.66—4.92,
5.0-5.26, and 5.66-6.36 MeV, respectively. In Figs. 35
and 36, we present the decay angular correlation as a
function of 8d and Pd, respectively. These angular corre-
lations were normalized to average values of unity. The
excitation energies and spins of the states which contrib-
ute to different groups are indicated in the figures. This
more detailed comparison shows small anisotropy in the
angular correlations for the first state and negligible an-
isotropy for the second and third groups of states.

The decay angular distributions were calculated using
the statistical compound nuclear model as discussed be-
fore. In these estimates, the m-substate populations were
calculated assuming the fragments were emitted from a
compound nucleus whose spin is perfectly aligned along
the reaction normal. %ithin this approximation, the
population for each m substate of the emitted fragment is
given by
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FIG. 34. Relative energy spectra for the decay ' 8~a+ Li at diferent valUes of the decay angle, Od.
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P;(m;)=
f, mI, Ze V, ID, mD

e ' (I;m;IDmD~Zv) (lm&Zv~I I )

X (2ID+ 1)exp
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'
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2pR 29D
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~f f
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tf mf Zf Vf m'm

1 'm2

The various quantities are as defined in Eqs. (33)—(40). One must now consider the decay of these aligned fragments.
For decay with a single open channel, this is given by

dI'I
(I,m i I2m 2 IZf vf ) ( &f mf Zf vf I I,m, )

I Y, {fI )
2

Here the subscript i refers to the values for ' B fragment,
the subscripts 1 and 2 identify the angular momentum
quantum numbers for the emitted particles a and Li; If
and mf are the orbital angular momentum and corre-
sponding m-substate value for the a decay of ' B; Zf and

vf are the channel spins and the channel spin m-substrate
values; and P;(m;) is calculated according to Eq. (41).

I,-The transmission coefficients T ' are obtained from the
optical potential calculations. Decay angular distribu-
tions were calculated with Eq. (42) for ' B~a+ Li using
the parent spins I =25, 50, 75, 100. The results for the
8d-angular correlations for the first (J=3+, E'=4.77
MeV) excited state are shown in Fig. 37. The small an-
isotropy seen for the first group is consistent with the an-
gular momentum. I of an aligned compound nucleus be-

tween 50 and 75. This result offers some positive evi-
dence for the importance of rotational effects. This com-
parison, however, cannot be used to place stringent upper
limits on the angular momentum of the system, since the
decay angular distributions of the systems can lead to
similar decay angular correlations provided the initial
spin is poorly aligned with the reaction normal.

VIII. SUMMARY AND CONCLUSION

In this paper, we report measurements, with a
position-sensitive hodoscope, of the relative populations
of 40 groups of particle unstable states of Li, Be, B, C, N,
and 0 fragments emitted in ' N induced reaction on
""Ag at E/A =35 MeV. Extensive calculations were
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FIG. 35. The Od dependence of the decay angular distribu-
tions are shown for various excited states of ' B. The vertical
scale is normalized to the average value of the distributions for
each case. The dashed line shows the prediction from an isotro-
pic decay.

FIG. 36. The Pd dependence of the decay angular distribu-
tions are shown for various excited states of ' B. The vertical
scale is normalized to the average value of the distributions for
each case. The dashed line shows the prediction from an isotro-
pic decay.



156 T. K. NAYAK et al. 45

1.4
B: 4.774 MeV: Full spin Coupling

I =25
P

0,8

0.6
0

I I I l I I I I I I I I I I
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(«g)
FIG. 37. The 9d dePendence of the decay angular distributions is shown for the first excited state of 'OB. The vertical scale is nor-

malized to the average value. The predictions from statistical calculations with I =&5, 5Q, 75, ]QQ are shown by dotted, dashed, dot-
dashed, and solid lines, respectively.

also performed to predict the relative populations of
these same states while taking into account the sequential
feeding from heavier particle unstable nuclei. In global
comparisons involving all the population probabilities
and ratios of population probabilities, the best agreement
between calculated and measured quantities occurred at
T, =—3—4 MeV. The emission temperature extracted for
Li fragments is slightly higher (T, =4 MeV), and is

consistent with the systemtic incident energy dependence
of emission temperatures extracted from Li fragments
previously reported.

Even for an emission temperature T, =3—4 MeV,
however, the magnitude of the g functions used in the
global comparisons were rather large, indicating a
significant discrepancy between measured and calculated
quantities. Indeed, the disagreement between calculated
and measured quantities was substantial for roughly half
of the population probabilities and one-third of the ratios
of population probabilities. The relative populations of
the excited states were studied in detail for excited ' 8
nuclei, where some of the largest discrepancies between
the calculated and measured population probabilities
were observed. Calculations were performed to explore
whether rotational effects could account for this devia-
tion when imbeded in a statistical description. While the
inclusion of rotational effects did indeed alter the popula-
tion probabi1ities, it did not account for the effects ob-
served experimentally and in some respects, the trends in-
duced by rotation differed quantitatively from the trends
observed experimentally. Measurements of the decay an-

gular distributions of ' 8 fragments did indicate the ex-
istence of small anisotropy of these decay angular distri-
butions, offering positive evidence for the existence of ro-
tationa1 effects.

At the present time, the discrepancies between calcu-
lated and measured population probabilities are not un-
derstood; several possible explanations can be offered.

(l) Since the masses of the fragments considered in our
analysis are close to the mass of the projectile, simple
nonthermal production mechanisms, which may contrib-
ute at peripheral impact parameters, cannot be excluded.
These mechanisms may not thermally populate the frag-
ment excited states. This possibility can be explored via
additional measurements with heavier or lighter projec-
tile nuclei, or via measurements done in conjunction with
an impact parameter filter. Indeed, recent emission tem-
perature measurements, performed in conjunction with a
4~ charged particle multiplicity filter, suggest that such
nonthermal population probabilities occur more strongly
for peripheral collisions [79].

(2) There is a possibility that the spins or branching ra-
tios of some of the states analyzed in this paper may be
incorrectly assigned in the literature. The extracted pop-
ulations are sensitive to this spectroscopic information.
Incorrect spectroscopic information will result in an in-
correct extraction of the corresponding population prob-
abilities. For the states of ' B where large discrepancies
were observed, however, the relevant spectroscopic infor-
mation appears well established and the discrepancies ap-
pear to be real.

(3) Some of the measured peaks could contain back-
ground peaks from three-body decays or from the decays
to daughter fragments in particle stable excited states.
Additional measurements with improved excitation-
energy resolution could help to clarify this issue.

(4) Some heavier particle unstable nuclei could decay
sequentially to the excited intermediate-mass fragments
measured in this experiment with branching ratios that
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differ significantly from the ones predicted in the
Hauser-Feshbach model of statistical decay. This would
lead to an enhancement or a depletion of the populations
of selected excited states.

(5) It is conceivable that the excited states of the emit-.

ted fragments could be thermally populated at a higher
density transition state where the energies of the levels
differ significantly from their asymptotic values. If the
evolution of the system to zero density is adiabatic, the
populations of these levels could be preserved while the
ordering of the levels could be changed leading to the ap-
pearance of nonthermal populations of the isolated frag-
ments.

%hether these discrepancies would be less in experi-
ments with heavier or lighter beams where simple frag-
ment production modes are suppressed, is an open ques-
tion which should be addressed by future investigations.
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is the density of states per unit relative momentum for
noninteracting spinless particles, and

1
Ap(q) =—g(2l + 1)

7T
(A4)

a5,
bp(q) =—g (2J;+1)

Bq
(A5)

If the two particles are in contact with a thermal reser-
voir with a temperature T, the phase space will be popu-
lated in accordance with the Boltzmann factor
exp( —E*lT). For the phase space of relative motion,
one expects a probability distribution per unit relative
momentum having the form [76]

4~q p„(q)exp q
2pT

describes the modification of the phase density due to the
interactions between the two particles [77]. In this ex-
pression, 5I is the scattering phase shift for the partial
wave with orbital angular momentum /. Additional
quantum numbers are in general associated with the
phase shifts. Each of these phase shifts can contribute to
Ap. If one assigns an index i to each phase shift, one can
generalize Eq. (A4} for particles with nonzero spins:

APPENDIX: EXPRESSION FOR
THE EXCITATION-ENERGY SPECTRUM

To find an expression for the excitation-energy spec-
trum,

~
dn (E' )IdE'

~ „we must consider the
modifications of the phase-space density of the decay
products due to their mutual interactions. Following
Ref. [76], we consider the interactions of two spinless
nonidentical particle. The density of two-particle states
containing one of each of the decay products can be writ-
ten as

=pa(q)exp — +hp(q)exp —,(A6)q
2pT 2pT

where p is the reduced mass of the two-body decay chan-
nel. The latter term in Eq. (A6) arises from the interac-
tions between the two fragments. If one isolates the por-
tion 5,„,of the total phase shift 5;, which corresponds to
the modifications of the two-particle phase space due to
long-lived resonant interactions between the two frag-
ments, one obtains an expression for the population of
resonant excited states. For a system with a single open
channel, the expression for the decay spectrum of the ex-
cited nucleus becomes

P12(pl P2} PT(p}p,(q» (Al)

p, (q) = [po(q)+b, (q)]/4mq

where

4m. V
po(q}= h, q

(A2)

(A3}

where pr(P) is the density of states associated with the
motion of the center of mass of these particles, and p„(q)
is the density of states per unit volume in momentum
space for the relative motion of the two particles. Here
p&, p2 are the momenta of the two detected particles, q is
the relative momentum, and P is the total momentum.
The density of states for center-of-mass motion pr(P) is
not affected by the mutual interaction of the two decay
products. %'e need consider only modifications of the
density of states for the relative motion p„(q).If one con-
siders the number of states in a box of volume V about
the center of mass of the two particles and requires the
relative wave function to vanish at the boundaries of the
box, one can obtain

dn(E*)
Cstabie g exp

C

a5,„,—(2J;+1)T m gE*

(A7)

where C„,b&, is a constant fixed by the requirement that

I dE" ~dn(E*)ldE ~, is the total decay yield into
channel c divided by the total yield for the corresponding
particle stable nucleus. To proceed further, we need an
expression for 05,„,/BE, allowing for the possibility
that more than one decay channel may be open.

Most of the phase shifts for the formation of particle
unstable light nuclei are already experimentally known.
Many are parametrized using the R-matrix theory of nu-
clear reactions [78]. We now recapitulate the essential
elements of this theory. Central to this theory is the R-
matrix R, which is the multichannel analog to the log-
arithmic derivative of the radial wave function 1t . The
symbol v is a shorthand denoting the many quantum
numbers (e.g. , c, l, m, channel spins, etc.) required to
completely specify the decay channel. The index c desig-
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nates two specific daughter isotopes produced by the de-
cay of the particle unstable nucleus. Due to the existence
of particle unbound states in the fragment, R ~ is often
expressed as a sum of poles:

R VV

VAVVAV

E~ —E' (A8)

corresponding to resonances at E*=E&. The terms y&
are the reduced widths containing information about cou-
pling of the resonance A. to the decay channel v. In prin-
ciple, the locations of the poles Ez correspond to the
energy eigenvalues of eigenstates 4&&,]=const
Xg&„(r)Y& (e, p) that satisfy Schrodinger equation at
r & a in addition to a boundary condition

d fq„(r)
a r=a

V

=&„f„„(a„), (A9)

at the channel radius av, with the boundary value B .
Within the R-matrix theory, the scattering matrix S, ~

is given by a matrix expression

S=(ka)'~ 0 '[1—R(L—B)]
X [1—R(L' —B)]I(ka}

where

(ka)' =(k a )'~'5, 0 '=0„'5„,,

L=L 5„~,B=B 5 ~, I=I 5„~

(Alo)

(A 1 1)

are matrix representations for channel-dependent quanti-
ties. Here, k is the channel wave number, 0, and I are
the outgoing and incoming solutions of the radial equa-
tion for channel v, and

0'„(I'„)'
" (I„)' (A12)

is the corresponding logarithmic derivative. Values for
a, and B, are not a priori specified by the R-matrix
theory. In practice, for charged-particle decay channels,
a is often chosen sufficiently large that the outgoing and
incoming radial wave functions 0 and I can be accu-
rately approximated by Coulomb wave functions. While
the choices for B and a are not especially significant,
they do define a convention that must be consistently fol-
lowed because Bv and a„arecoupled to the values of Ez
and yz„obtained from fitting Eq. (A10) to low energy
scattering data. In other words, the parameters of a reso-
nance are not completely specified by Ez and y&, and the
conventions for B and a must also be followed when
fitting the R-matrix expression to the experimental data.

Little can be gained by elaborating on the R-matrix
theory. We now address specific limiting cases relevant
to the states measured in this work.

A. One-level approximation

When E' is near an isolated resonance at energy E&,
the R matrix is often approximated by

XXV 3 AV'

vv vv E Eg (A13)

where the pole reAects the infiuence of the resonance at
E*=Ez. Substituting Eq. (A13) into (A10), the one-level
formula for the S matrix becomes

S „.=exp[i(a) +co .P—„P—„))
i(r,„r,)'"x 5„.+ E„+5 E"——(i/2)l

(A14)

where P and co are the hard sphere and Coulomb phase
shifts, respectively, and 5, ~ is the Kronecker delta func-
tion. The width I &„and the energy shift hz can be ex-
pressed in terms of the reduced width y& as follows:

r„„=2Z7, r„=yr, (A15)

b x
= —g(S, 8„}7'x-„. (A16)

V

Here I & is the total width of the resonance. P„is called
the penetration factor, which is related to the probability
that the particles in the exit channel escape from the in-
teraction region. Mathematically P and S can be ex-
pressed in terms of F and 6, the regular and irregular
solutions of the radial wave equation in the external re-
gion and their derivatives, all evaluated at channel radius
a . One obtains

&,=p.A. 'I, =. , S„=p„A„'(BA„/ap)I,=. (A17)

where

A„=F+6 and p =k r,
with F and 6 the regular and irregular Coulomb wave
functions. The inclusion of the factor hz in Eq. (A14) has
the consequence that the level energy E& is different from
the resonance energy E„,of the level k and is given by
[47]

Eres =Ea+~a ' (A18)

S =exp(2i5~ „,)=

From Eq. (A14) it is clear that the S matrix has off-

diagonal terms that mix channels v and v'. To obtain the
modifications of the phase space density due to unbound
resonances, the position of the S matrix within the square
bracket of Eq. (A14) must be diagonalized. The phases
involving the Coulomb and hard-sphere phase shifts can,
in principle, be eliminated by an alternative choice of in-

coming and outgoing channel wave functions, and we

drop it in the ensuing discussion. In the diagonal repre-
sentation, the S matrix in the resonant channel becomes

E +5„E*+(i/2}l-
(A19)

E +b, E*—(i/2)l„—
Near E„„this single resonance makes the dominant con-
tribution to the partial wave decomposition in Eq. (A7).
Let us denote the contributions to I dn /dE ' I, from this
single term as Idnky/dE I

. One can easily obtain a
thermal expression for the excitation energy distribution
of this isolated level by inserting Eq. (A19) into Eq. (A7)
to obtain
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dn] „,(E*)
stable P=C ex

(2J]„+1)

T
I /2 db]& E +i]],&

—E dI
2 2(E +b„E—') + —,'I dE' 12. dE* (A20)

In general, v will not be the resonant channel in the diagonal representation and this state will decay to all available
channels v. The branching ratio governing the decay to the original channel v is equal to the absolute value of the
coefficient describing the contribution to the resonant channel from the vth original channel. Using the S matrix of Eq.
(A19), we can solve for the given channels of the S matrix to obtain the branching ratio BR for the decay of this state
to vth channel

r,.BR =
A.

(A21)

The excitation energy spectrum for channel v is obtained by multiplying the excitation energy spectrum in Eq. (A20)
by this branching ratio. In most cases, a given pair of final decay products, c, are emitted with a unique partial wave I,
and channel spin z, . Thus by specifying c for resonance A,, v is completely defined and therefore becomes redundant.
Taking this into account, we can then write decay spectrum for the channel c as

dn], (E*)
dE*

=N& exp
(2J&+ 1)

T 7T

I', /2 diI], E +b, E* d—I'
1 — +(E„+6 E) +——' I'„dE' I dE' (A22)

Ix/2 I xc

(E —E+ )2+ 11 2

~here the constant C„,», has been replaced by another constant N& that depends specifical)y on the level A,. For nuclei
with more than one isolated level, the contribution from the various levels can be seen to be
~dn IdE'~, =g]„(dn]„IdE'{,. In the absence of sequential feeding from heavier particle unstable nuclei, the value of
Nz should be equal to C„,», for all states in the summation. Values for Nz for individual excited states obtained from
fits to the experimental data are given in Sec. IV.

Where the resonance parameters I & and 6& depend only weakly on the energy, a Breit-signer description of the S-
matrix is frequently used. In this case, I & and bz are constants, and ~dn]„IdE'~, becomes

dn] (E*) E* (2J]„+1)
=N&exp (A23)dE*, T

where E„,is the resonance energy for the level A, . —2lP 1/2R P 1/2d —I
21 l (A29)

B. The two-level approximation

The analysis of overlapping levels with the same spins
and parities is more complicated. For our purposes,
however, it is only necessary to obtain the appropriate ex-
pressions for the case of two overlapping levels and two
open decay channels. The R matrix for this case is given
by (Ref. [78], p. 329)

71' 1v' V2v7 2v'

E1 —E E2 —E (A24)

S=QWQ, (A25)

The relationship between R matrix and S matrix given in
Eq. (52) can be written in the form

where

d=(1—R]]L])(1—R22L2) —L ]R 2L2

with

(A30)

I-v =
v Bv=Sv+iPv —Bv .

The indices 1 and 2 refer to channels 1 and 2, respective-
ly.

Following our previous discussion, we adopt the fac-
tors of 0 in Eq. (A25) which can be eliminated by an al-
ternative choice of incoming and outgoing channel wave
functions. Thus, to find stationary wave solutions in both
channels, we need to solve the eigenvalue equation

where pa =Wa (A31)

A=I]~20 '~ =2exp[i(~, ]t] )]5„„—, (A26)
for the eigenvectors a and their corresponding eigenval-
ues g. This yields the two possible eigenvalues:

and the components of the matrix W in the case of two
levels with two open channels are 0] g [w] 1 + w22

w]] =1+2iP, [R,] L2(R „R22—R]2)]d-
W22 = 1+2iP2[R22 L]{R]]R22—R 12 ) ]d—

(A27)

(A28)

—Q( w„+w„)'—4( w„w„—w„w„)],
{A32)
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4z=-,'I. W]]+ Wzz

+/( W] ] + Wpp } —4( W„W~~—W]z W~] ) ]

The two-level decay spectrum for the decay into channel
v is given by

(A33}
dn(E*) =N exp

dE

E" (2J+1)
T 2771

for the two levels considered. By substituting these ei-
genvalues in Eq. (A31), the eigenvectors a can be ob-
tained. The branching ratios for the decay from one of
the levels A, to channel v( = 1,2) are then

dk
X — (BR),„+— (BR)~„

g] dE" gp dE*

(A36)

(BR)]
lg, —w„l'+fw„l' '

—W
(BR) 0A, ll

lg
—w I'+lw I'

(A34)

(A35)

where J is the spin of the levels considered. Here we use
a single normalization constant N because the experimen-
tal data generally do not allow for a separate determina-
tion of the emission temperature T and also for two nor-
malizations for two overlapping states with the same
spin.
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