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We describe a calculation for the electron Coulomb distortion effects in (e,e’p) in the quasielastic re-
gion from medium and heavy nuclei. The bound nucleons are described by single-particle Dirac wave
functions in the presence of scalar and vector potentials which are parametrized fits to relativistic Har-
tree potentials, while the wave function of the knocked-out nucleon is a solution to the Dirac equation
with the relativistic optical potential. The electron wave functions are solutions to the Dirac equation in
the presence of the Coulomb potential of the nucleus and the interaction with the selected nucleon is
treated to first order. We examine the **Ca(e,e’p) reaction in both parallel and w-q constant kinematics.
We find that electron Coulomb distortion has a smaller effect in w-q constant kinematics than in parallel
kinematics. The principal effect in parallel kinematics is to shift the maximum and minimum of the re-
duced cross section which is consistent with the experimental data. Occupation numbers of about 70%
to 80% are needed to normalize the distorted-wave Born approximation calculation to the **Ca(e,e’p)
experimental data. We also calculate the reduced cross section for the 3s, , state in 2%®Pb and compare
our results to experimental data and previous calculations. We find no significant difference in using rel-
ativistic, as compared with nonrelativistic, nuclear wave functions. We do find significant corrections to
earlier methods of treating Coulomb distortion which, in turn, affect the occupation number extracted
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from experiment. We find an occupation number for this state of 71.4%.

PACS number(s): 25.30.—c, 24.90.+d

I. INTRODUCTION

Analysis of (e,e’p) reactions in the quasielastic region
holds out the possibility of extracting single-particle wave
functions and spectroscopic factors [1], at least within the
independent particle shell model (IPSM). For *Ca,
theoretical models generally predict occupations of
around 80% for levels just below the Fermi level [2,3].
Spectroscopic factors deduced experimentally from pick-
up reactions generally agree with the theoretical esti-
mates [4,5]. However, analyses of the (e,e’p) reaction on
“Ca have found spectroscopic factors of the order of
40-60% for valence protons [6]. These puzzling results
were based on one or the other of two previous methods
of analysis which differ in the way they include Coulomb
distortions effects. One of these approaches uses an
eikonal approximation to approximate the Coulomb dis-
tortion effects [7], while the other also used the same gen-
eral approach we are using, but some approximations
were made in treating the Coulomb distortion [8]. We
also note that the eikonal-based calculations used nonre-
lativistic bound-state and continuum proton wave func-
tions, while Ref. [8] used relativistic bound-state and
continuum proton wave functions.

Using various techniques for handling electron
Coulomb distortion that we have developed over the
years [9], we have completed an analysis of (e,e’) and
(e,e’p) which has removed all significant approximations
which involve Coulomb distortions {10]. In this paper we
report our investigations of the (e,e’p) reactions from
medium and heavy nuclei. In Sec. II we give the formal-
ism for (e,e’p) in the distorted-wave Born approximation
(DWBA) and discuss our treatment of the bound and out-
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going proton wave functions. In Sec. III we relate our
calculations to the commonly used reduced form p,, ex-
pressed as a function of “missing momentum” p,, ; we are
then able to compare our calculations on “°Ca to experi-
mental data from NIKHEF. We estimate the occupation
numbers for two orbitals in “°Ca and find values closer to
those given by theory and by other reactions. In Sec. IV
we investigate (e,e’p) from 2%®Pb and compare our calcu-
lations for the 3s,,, knockout to the experimental data
from NIKHEF and to previous calculations. We extract
the occupation number for this orbital. Finally, in Sec. V
we give our conclusions.

II. FORMALISM
FOR INELASTIC ELECTRON SCATTERING

A. Kinematics and assumptions
for the (e,e’p) precess

We choose to work in the laboratory frame of reference
in which the target nucleus is at the origin of the coordi-
nate system. As shown in Fig. 1, the incoming electron
with four-momentum k# =(kg,k) defines the Z direction;
the scattered electron with k, =(kk’) is moving in the
x -z plane (¢,=0). The ejected proton has p,=(E,p)
with its direction described by the polar angles (6,,4,).
We use ¢,=(w,q) to denote the four-momentum
transfer. Throughout we use units such that (fi=c =1).

In our calculations we make the following assump-
tions: (1) The incoming and outgoing electrons are de-
scribed by wave functions distorted by the nuclear
Coulomb potential. (2) The virtual photon emitted by the
electron is absorbed by a single nucleon. All other nu-
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FIG. 1. Kinematics for the (e,e’p) process.

cleons are just spectators in the process. (3) The ejected
nucleon interacts with the residual nucleus through a rel-
ativistic optical potential. (4) The bound nucleon is de-
scribed by an independent particle model in a relativistic
Hartree potential. With these conditions satisfied, we
will refer to the calculation as the distorted-wave Born
approximation (DWBA). Where we ignore the Coulomb
distortion (the first condition) and use plane waves to de-
scribe the electrons, we will label the calculation plane-
wave Born approximation (PWBA), despite the fact that
the outgoing nucleon is still a distorted wave. If we ig-
nore the nucleon final-state interaction, we say explicitly
that we are using a plane wave for the nucleon.

The distorted-wave functions for the electrons are ob-
tained by numerically solving the Dirac equation in the
presence of the static Coulomb potential of the nuclear
charge distribution. Thus the Coulomb distortion of the
electron waves from the static Coulomb field of the nu-
cleus is included to all orders. The Coulomb distorted in-
coming electron wave function can be written as a sum of
partial waves,

Vin(r)= 3 C,,explid ), (r) , (1)
Ku

where 9, , is the electron eigenstate with angular
momentum quantum number k,u given explicitly by

fNY (T
= A ’ 2
Y1) g (DY (D) )
and the spin angle functions are
Yo ®)=3 (Ip—sis|ju) Y, (7). 3)
To satisfy the incoming boundary condition, we need
Cou= T (p—sislju)i'y, (k) 4)

and 8, is the phase shift for the « partial wave, m is the
electron mass, and s is the electron-spin projection. For
the outgoing electron,

Voulr)= 3 Cppexp(—i8 ), (1) . (5)
Ky

We use global optical potentials [1], obtained from fitting
elastic proton-scattering data, to describe the proton
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final-state interaction. The wave function for the outgo-
ing proton has the same structure as that for the outgoing
electron:

frnY, , @
V(=3 C., exp(—is*)| . "
2 “pHp ' ligk (r)‘y_Kp’#p(’f) ’

Kptp I

(6)

where C, , and ¥, , (T) are defined as in Egs. (3) and
pHp P

(4) with the proton energy, mass, angular momentum,
etc., replacing the electron values. Since f and g are the
solutions of the Dirac equation with complex potentials
and must satisfy incoming boundary conditions, we must
use f* and g* and 8;; for the wave function to describe

the outgoing channel.
Finally, the bound-state wave function can be written

in terms of the Dirac quantum numbers k, and p,:

E,+my 172 be(r)‘.V

Y, (O TR,

where my is the nucleon mass. All the radial functions
given above satisfy the standard coupled first-order
differential equations arising from the partial-wave
decomposition of the Dirac equation with the appropri-
ate vector and scalar potentials for the protons and with
simply the Coulomb potential for the electrons.

B. DWBA cross section

In electron-scattering calculations using the Born ap-
proximation, the main task is to evaluate the transition
matrix elements. The interaction is well known from
electrodynamics:

H=—[Jr4,dr, (8)
where J# is the nucleon transition current and A4 u is the

potential generated by the electron transition current j,,.
In the Lorentz gauge the potential can be written in

terms of the retarded Green function G(r,r’)
=explio|r—r'|)/|r—r'| as
A,0= [j,G(r,r'dr . ©)

In the DWBA the nucleon and electron currents are
complicated and the only way to evaluate the transition
matrix elements is through partial-wave analysis. We can
expand the scalar Green function in terms of the spheri-
cal harmonics, i.e.,

G(r,r')=4mio Y jlor Dhp(or, )Y B)Y](T),
M

(10)

where j; denotes the spherical Bessel function and hj
denotes the spherical Hankel function of the first kind;
r. refers to whichever of r and r’ has the larger magni-
tude and 7 _ to the one with the smaller magnitude. For
the three-vector current terms, we can expand the Green
function with the dyadic I in vector spherical harmonics
YY) [12]:



G(r,r')=1G(r,r')

=47iw 2 [jL(cor< )hL(a)r )YJ *(r)YJL(r,)]
JML
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(11)

In terms of these expansions we can write the transition matrix element as

H,=—47iow 2

— zfowj.Yg,*(’f) hJ(a)r)forJ-YK,
J

The nucleon transition current will be the matrix element

Ju —‘I/ J 1/1,(17“6 , (13)
where j u 1s the nucleon current operator. For a free nu-
cleon the operator consists of two parts, namely, the

Dirac contribution and the contribution of the anoma-
lous magnetic moment p:

(14)

1734
o', .

~ iy
j*=F y*+F
J 1Y 25,

When written separately the zero component (charge
density) and three-vector current are

~ KT
Jo=Fye+——F,a-

0 1Yo 2my, aq, (15)
1
F=Fy+F 2 0+ F,-ET 5xq. (16)

my my

Note here g,=w and q is an operator in configuration
space. The form factors F, and F, are related to the elec-
tric and magnetic form factors Gz and Gy, by

GE= q,uIJ’TFz , (17)
4m
Gy=F,+urF,, (18)

where q“=w2—q2 is the invariant square of the four
momentum transfer. We will assume that G and G,
take the usual dipole form [13] for the proton:

1

——— 19
(1—q%/0.71) 19)

K3{rje (@) =Fi(f fr, +8i &, ir(@r)

Fpro 1
2my 2L +1

+(k, =k X

For the vector part,

®)jy(0r'dr +j,(or) [ “IYH @ )h(or)dr |dr

prgKb _gxpfxb )[jL+l(wr)+jL_1(Cl)r)]} .

f pYf(R) [hL(wr f Vi (@r') Y (% )dr’ +jL(a)r)f P hy (o' )Y (F)d T’ ]a’r

(12)

where in this formula g, is in units of GeV. We evaluate
these form factors at qulven by the asymptotic electron
energy and momentum, which amounts to an approxima-
tion, since, strictly speaking, our calculation requires that
the point proton wave functions be convoluted with the
proton charge and magnetization distributions in space.
These are of course equal in electron plane-wave calcula-
tions, but not in DWBA calculations. However, with the
values of energy and momentum transfer in experiments
done to date, this approximation should make an
insignificant difference. Using these definitions, we can
work out the matrix element integrals given in Eq. (12).
We find the following for the nucleon current operator
matrix elements (details are given in Appendix D of Ref.
[10D):

f prupjoll’xb#bh(wr) YLM(?)dQ

= stto LMo, I3, K3 {rojr(0r)) 5 (20)

where 1 f %, is the standard reduced spin-angle matrix ele-
ment
IKK=<yK',[t'(’f)”YLMllyK,ﬂ.(?)) ’ 21

which is independent of the magnetic quantum numbers
u,p’,M and the signs of «,«’. It is understood that this
matrix element is nonzero only when the angular momen-
tum selection rule is followed: i.e., [ +!'+L = even for
electric transition and 7+I!’+L= even for magnetic
transition. Note that / is the nonrelativistic orbital angu-
lar momentum determined by «, (k)= +sgn(k) (j being
the corresponding total angular momentum), and
I=1(—«). The radial kernels K§{r,j, (or)} can be writ-
ten as

{(fkpgxb +gxpfxb )[(L +1)JL +](wr)_LjL—l(wr)]

(22)
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By T i (0 ) Y01 Q= oty LMLy, Y K (1 Jst0r)} 23)

where J=L, L*1. The corresponding quantities K} are written in terms of the proton wave functions in the following
way:

. _l . Fz[.l,T(U
KI'}{r’JL(wr)lz‘/m ]L(wr)(KP+Kb) Fl(fxpgkb +ngbe)+ sz (prgKb _gxpfxb)
pro F, , .
2l +1 Ko TR 8, 8 [, Wi s1l@r)—(L +1Dj —(er)]
+L(L+1)(f,<pg,(b—ngbe)[jLH(a)r)-}-jL_l(cor)]] , (24)
Kpf{r,j (a)r)}="——i: Jjo—ler) | |F(k,—k )—LFZ'uTw (f 8c T8 i)
ViinHJL —1 \/L(2L+1) L—1 1‘\*p b sz KO Ky Kk, d Ky
Fypro
+ (Kp Kb) 2mN LFI (.flcpgl(g gxpfxb)]
Fpro .
+ 2my (Kp——xb)]L(wr)(prbe+nggKb)J, (25)
we i . Fpro
KV[r’]L+l(wr)}:‘/m Joeler) | |Fi(k, —Kkp)+(L +1) 2my (fxpgxb+gxpfxb)
Fpro
+ |k, —Kp) iy +F(L+1) (prgKb—ngbe)‘
Fiuro .
__M—N—(Kp_'(b litlor)(fy fe, +g,<pgxb), . (26)

In the above expressions, the spherical Bessel function j; can be replaced by A; when required [see Eq. (30)].
In the same way, we can work out the corresponding integrals for the electron part and define the corresponding K§
and Ky:

[ Ber o (@r) Y (PdQ=GuL —M|j'u' oo (— DMK E(r, j; (0r )} 27
and
[ B iais @r) Y Y P)d Q= GuL —M\j'u Y — DE T ML K (rj(wr)) . 28)

Because the electron has no form factor and we neglect its anomalous magnetic moment, expressions for K¢ and K
can be obtained by replacing the proton mass and angular momenta in Egs. (22)-(28) by the electron values and setting
F,=1and F,=0. Interms of these integrals, we can write the transition matrix element

H,=4mio ECKuCZ"u'C:,,u,, (= DM(Tppuy LM|T Y (TuL —M|J'W )I,Kb“Kp,IJK,MR::KP (r, (29)

where the summation is understood to run over kux’p's, i, and LM. The complete radial integral, R ﬁ':,(p (r), is given by



R, (N=P, f lKS {r,h;(or)) fKS{r,_]L(a)r )} r'2dr’
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+K&{r,ji(wr)} f K b (or')}rdr }rzdr

—Pf

+Kf/[r,jL_1(a)r)} frmK{}{r’,hL_l(a)r')}rIZdr:

——Pf

KV r,hL_l((Ur) f KV !]L“l(wr )} 'zdr

r2dr

Ky {rhp i (or)} fKV 'L +ler)yridr’

+K;{r,j[‘+[(wr)} fer"}{r',hL+l(mrl)}rlZdr/ ]rzdr

+Pf

+K{i{r,jL(wr)}fwK,'}{r',hL(wr’)r’zdr’ ]rzdr ,

where we have put in explicitly the factors for the angu-
lar momentum selection rule: P, =1 means electric mul-
tipole conditions are satisfied, and P,, =1 for magnetic
multipole. Explicitly,

. I
L (=) T (31)

DL (=) TR ()

P,=1[14(—1
P,=L[1+(—

Finally, we write down the cross section in terms of the
transition matrix element:
d’c kokok'’
/ - 2
dQ,dkydQ, 47k

1 2
S~ 3>——— 3 |Hlp,, 33
2 opin 2j,+1 s, il Pp

where p, =pE /(2m)* is the density of states for the eject-
ed proton.

III. COMPARISON WITH EXPERIMENTS

A popular way of presenting (e,e’p) results is to calcu-
late p,,, which for proton plane waves in the final state is
directly related to the probability that a bound proton
from a given shell with momentum p,, can be knocked
out of the nucleus. This can be related to the cross sec-
tion in the plane-wave impulse approximation (PWIA) by

1 d3c
pEao,, dkodQdQ,

Pm(Pm)= , (34)
where p,, is called the missing momentum and can be
determined by the kinematics p,, =p—q. The off-shell
electron-proton cross section 0 is not uniquely defined,
but the commonly used expression is o' given by

Kp{r,h(or)} fKV r',jr(or’ )} r'idr’

(30)

De Forest [14]. In our calculations we adopt the same
definition since the experimental data is usually presented
in terms of p,,. We cannot, however, interpret the quan-
tity in any simple way; in particular, p,, now depends on
the electron kinematics.

Up to now, all the (e,e’p) experiments have been car-
ried out using one of two kinematic arrangements, called
parallel kinematics and w-q constant kinematics. In
parallel kinematics one only observes protons ejected
along the momentum-transfer direction q and measures
their energy spectrum. By varying the incoming and out-
going electron energies and the scattering angle, a variety
of spectra for different momentum transfers is obtained.
In w-q constant kinematics, the energy and momentum
transfer are fixed by fixing the electron kinematics and
the proton angular distributions are measured. So far,
only in-plane proton angular distributions have been
measured.

A. Comparison to *°Ca ( e,e’'p) experimental data

As noted in the Introduction, we carry out the calcula-
tion in the laboratory frame (target fixed frame). Numer-
ically, it takes less time to do a w-g constant kinematics
calculation than a parallel kinematics calculation because
the radial integrals, which take much of the computation-
al time, do not depend on the angles 6,, 6,, etc., but de-
pend on the incoming and outgoing electron energies;
hence parallel kinematics requires they be recalculated
for each point. So we prefer to study w-q constant kine-
matic data. All of the data shown are from NIKHEEF [6].

In Fig. 2 we show a calculation which corresponds to
knocking out a proton from a 2s, ,, orbit in “*Ca. The ki-
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FIG. 2. Reduced cross section for “°Ca (e,e’p) from the 2s, ,,
shell with w-g constant kinematics. The kinematics are k, =375
MeV, k,=275, and p=gq. The corresponding electron-
scattering angle is 6, =83°. The solid line is the DWBA calcula-
tion, the dashed line is the DWBA calculation with Z =1, and
the dotted line the PWBA calculation.

nematics are k,=375 MeV, k;=275, and p =g, which
means that at one proton angle we have the precise
match q=p, which marks the top of the quasielastic
peak; the corresponding electron-scattering angle is
6,=83°. The solid line is our DWBA calculation; the
dotted line is the PWBA calculation. The PWBA calcu-
lation should agree with the DWBA calculation in the
limit Z —0; our expressions become indeterminate in this
limit, and hence in testing the program we choose an
artificially small value of Z and compare with the PWBA.
Therefore, in Fig. 2 we also show a dashed line, which is
the DWBA calculation with Z =1. These results also
show that the electron Coulomb distortions give no dis-
tinct contribution over the whole region shown; the peak
in the middle stays roughly the same, and the two small
ones are suppressed a little by the electron Coulomb dis-
tortion. Although we expect the electron Coulomb dis-
tortion effect due to the *°Ca target to be small, we did
expect it to be somewhat larger. To understand this we
varied the kinematic conditions to see if Coulomb distor-
tion effects show up in other cases, for example, if we
change the kinematics to move away from the quasielas-
tic peak. Figures 3 and 4 show such calculations, where
we chose the electron-scattering angle to be 6, =60° and
120°, respectively (ky=265 MeV). The horizontal
straight lines are the regions of p,, which cannot be
reached by the kinematics used. Compared with the
PWBA calculation, note that the Coulomb distortion
changes the amplitudes of the peaks, and also shifts the
peaks, toward high p,, in Fig. 3, but toward low p,, in
Fig. 4. In Fig. 3, 6, =60°, which corresponds to g <p,
and in Fig. 4, 6, =120°, which corresponds to ¢ > p, and
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FIG. 3. Reduced cross section for “*Ca (e,e’p) from the 2s, ,,
shell with off-peak w-g constant kinematics. The kinematics are
ko=375 MeV, k,=265, and p > q; 6, =60°. The solid line is the
DWBA calculation, the dashed line is the DWBA calculation
with Z =1, and the dotted line the PWBA calculation.

remembering p,, =p—q, we can see that in both cases
Coulomb distortion shifts peaks toward lower gq.

The jump from positive to negative values of p,, is an
artifact of this kind of plot. For w-g constant kinematics,
the direction of the outgoing proton momentum is the
significant variable. As it swings around, at some point p

102 T T T T T

T T T

Loy

10

T T T TTTT7T

P(p)(GeV) ]

10

- *°Ca(e.e’p)*’K
s, /2 E
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Pm [MeV]

FIG. 4. Reduced cross section for *°Ca (e,e’p) from the 2s, ,,
shell with off-peak w-g constant kinematics. The kinematics are
ko=375 MeV, k,=265, and p <gq; 6,=120°. The solid line is
the DWBA calculation, dashed line is the DWBA calculation
with Z =1, and the dotted line the PWBA calculation.



passes q, at which point the missing momentum p,,
(=p—q) has a minimum magnitude |p —q| and also
points along q. But p,, vectors to the right of q and to
the left of q are not equivalent, although they may have
the same magnitude. They are distinguished on the plot
by sign, +|p,, and —|p,,|: Values between +|p —g| are
not physically accessible, and this region is bridged by a
straight line. The points at either end of the straight lines
should correspond to the same kinematics if we chose
q|lp. However, in some figures, p is not exactly parallel
to q. We know from the discussions above that peaks are
shifted toward higher p,, for p <q and toward lower p,,
for p>gq, and hence we can anticipate the distortion
effect in parallel kinematics; i.e., all DWBA peaks will
shift to the right (increasing p,,). In Fig. 5 we show the
corresponding calculation in parallel kinematics. As ex-
pected, while leaving the point at p =g changed very lit-
tle, the DWBA calculation shifts the curve to the right,
so that the minimum shown by the experiment is well
reproduced. Also, note that the electron distortions
affect the p,, >0 and p,, <O regions differently; the p,, <0
region shows a larger Coulomb effect.

In Figs. 6-9 are shown the same calculations for the
dsy, orbit **Ca. Again, we get negligible Coulomb distor-
tion effects with the p=gq and w-q constant kinematics
(Fig. 6), some effects with p*q (Figs. 7 and 8), and the
largest effect with parallel kinematics. In this particular
case, the electron Coulomb distortion enhances the peak
for p,, <0 and reduces the peak for p,, >0.

To do the 2s,,, and d;,, orbit calculations for “’Ca
(Z =20), we used 40 electron partial waves and 20 final-
state proton partial waves (also 20 virtual photon mul-
tipoles). All radial integrals are carried out numerically

10a T T T T T 3
16 £ 3
F 3
e L ]
= . 4
()]
g 10 ¢ 3
s | ]
4 L ]
10" t .
t 4°Ca( p)”K b
L RSy
A Eg‘ll 1 A 1 H
-300 -200 -100 O 100 200 300

Pm [MeV]

FIG. 5. Reduced cross section for *°Ca (e,e’p) from the 2s,
shell with parallel kinematics. The kinematics are k,=375
MeV and ko,=275. The solid line is the DWBA calculation,
and the dotted line is the PWBA calculation. The data are from
Ref. [6].
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FIG. 6. Reduced cross section for °Ca (e,e’p) from the d;,,
shell with w-g constant kinematics. The kinematics are k, =375
MeV, k=275, and p=q. The corresponding electron-
scattering angle is §, =83°. The solid line is the DWBA calcula-
tion, the dashed line is the DWBA calculation with Z =1, and
the dotted line is the PWBA calculation.

to a radius R ,, well outside the nucleus (determined by
the bound-state wave functions), and analytic forms [9]
are used to complete the integration to infinity. We work
with 14-digit words in the computer and require that all
radial integrals be accurate to 6 digits. Even with these
precautions, there are a few regions in the cross sections

10‘ m T T T T T ]
F 3
C ]
- R
10 E i
@ E
_ C ]
= ]
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£ .
<
10" |/ =
T a9 ]
I Ca(ee'’p)” K 1
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Pm [MeV]

FIG. 7. Reduced cross section for *°Ca (e,e’p) from the d; ,,
shell with off-peak w-g constant kinematics. The kinematics are
ko=375 MeV, ky=265, and p > q; 8, =60°. The solid line is the
DWBA calculation, the dashed line is the DWBA calculation
with Z =1, and the dotted line is the PWBA calculation.
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FIG. 8. Reduced cross section for *°Ca (e,e’p) from th d;,,
shell with off-peak w-g constant kinematics. The kinematics are
ko=375 MeV, ky=265, and p <gq; 6, =120°. The solid line is
the DWBA calculation, the dashed line is the DWBA calcula-
tion with Z =1, and the dotted line is the PWBA calculation.

(minima) where we have found it necessary to take more
terms in the expansion to get adequate convergence.

B. Occupation numbers

If we assume that the shells near the Fermi surface are
not completely filled in the shell model, then occupation

1()2 C T T T T T
o 3
i ]
10 - B
o F .
- C ]
= C ]
2 L J
o L ]
&
SO ‘
10 i 3
r e:
- i
- *%Ca(eep) K _J
B da/a &
1 1 1 1 1
-300 -200 -100 O 100 200 300
Pm [MeV]

FIG. 9. Reduced cross section for *°Ca (e,e’p) from the d;,,
shell with parallel kinematics. The kinematics are ko, =375
MeV and ky=275. The solid line is the DWBA calculation,
and the dotted line is the PWBA calculation. The data are from
Ref. [6].
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numbers will appear as multiplying factors in our calcula-
tions. Visual fitting shows that we would need about
75% for the 2s,,, orbital in **Ca and 80% for the d; ,
orbital using parallel kinematics data [6]. Occupation
numbers, extracted using approximate treatment of the
electron distortion [6], are about 509% for the 2s,,, state
and about 64% for the d; , state; our calculation shows
that including the electron distortion properly gives a
better fit to the experimental data and more believable oc-
cupation numbers. Remember that in our calculation we
have no adjustable parameters apart from an overall scal-
ing which is used to determine the occupation probability
and all the wave functions we used are predetermined by
some other mechanism. We also note that it was ob-
served in Ref. [6] that previous analyses of w-g constant
kinematic data tended to find larger occupation numbers
than analyses of parallel kinematic data.

IV. ELECTRON
COULOMB DISTORTION EFFECTS FOR LEAD

As we finished the calculation for the “°Ca cases, a
Letter [8] was published by McDermott in which he also
presented a DWBA calculation. His calculation used a
bound-state wave function from Horowitz and Serot [15]
and a relativistic global optical potential to describe the
knocked-out proton [11]. The Letter particularly em-
phasized the calculation for the 3s,,, state in **Pb. In
the following we attempt to do the same calculation and
compare the results.

Besides the relativistic calculations, there is a nonrela-
tivistic calculation which is also used for experimental
analysis [7]. This calculation treats the electron distor-
tion in an approximate way by using eikonal-type wave
functions to describe the incoming and outgoing elec-
trons. The approximation gives a relatively simple ex-
pression compared with the full distorted-wave calcula-
tion, but without an exact calculation to verify the accu-
racy, it is not clear under what conditions the approxima-
tion is valid.

In Fig. 10 we compare three calculations: the solid line
is the present calculation, the dotted line McDermott’s
calculation, and the dashed line the nonrelativistic eikon-
al calculation [7] (the latter two curves are reproduced
from Ref. [8)]. We first compare the plane-wave approxi-
mation calculations; i.e., ignore the electron Coulomb
distortion. In doing so we can compare the treatment of
the nuclear wave functions: both the bound and free
states without the complication of electron distortion.
Surprisingly, our results do not agree with McDermott’s
calculation at all, but agree rather well with the nonrela-
tivistic calculation, especially near the peak. Presumably,
the slight differences between our calculation and the
nonrelativistic calculation is attributable to differences in
the bound-state and continuum wave functions arising
from a nonrelativistic versus relativistic approach to
describing the nucleus and proton scattering. The
disagreement between our results and those of McDer-
mott caused us to spend a lot of time checking the accu-
racy of our calculation. We checked our code by substi-
tuting the code of Horowitz and Serot [15] TIMORA, and
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FIG. 10. Reduced cross section for 2%Pb (e,e’p) from the
3s,,, shell with parallel kinematics calculated in (a) the PWBA
and (b) the DWBA. The solid line is the calculation given in the
text, the dashed line is the eikonal calculation from Ref. [7], and
the dotted line is McDermott’s calculation from Ref. [8].

the code of Hama et al. [11], GLOBAL, for our own Har-
tree and proton-scattering codes. We are also en-
couraged by our approximate agreement with the nonre-
lativistic results since we would not anticipate any
significant relativistic effects showing up in the (e,e’p)
cross section at these energies; see also Ref. [16]. We
have been unable to discover the basis of our disagree-
ment with McDermott’s results.

Next, we examined the Coulomb distortion effects pre-
dicted by the three calculations. In our calculation the
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FIG. 11. Reduced cross section for 2% Pb (e,e’p) from the
35y, shell with parallel kinematics. The kinematics are
ko =412 MeV, and proton kinetic energy T,=100 MeV. The
solid line is the DWBA calculation, the dashed line is the
DWBA calculation with Z =1, and the dotted line the PWBA
calculation. The data are from NIKHEF [17]. The calculated
curves are scaled by 0.71.
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electron distortion shifts the curve toward higher p,, with
a bigger shift for the first peak than the second peak and
partly fills the minimum in between. There is also a
slight enhancement of the peak values. The eikonal cal-
culation follows the same general pattern, but the effect is
much larger. We roughly agree with McDermott’s calcu-
lation on the size of the shift of the first peak, but not
with the detailed shape changes we find due to Coulomb
distortion.

It is interesting to see whether, as in the “°Ca calcula-
tions, we get an occupation number larger than obtained
with other calculations. Using an error-weighted least-
squares fit to the experimental data [17], the occupation
number from our calculation is 1.43 (71.4%). The occu-
pation number obtained using the nonrelativistic eikonal
calculations is 1.03 (51.5%), while using McDermott’s
calculation gives 1.30 (65%). In Fig. 11 we show our best
fit to the experimental data.

V. CONCLUSION

The purpose of this work was to develop an effective
way of handling the electron distortion in quasielastic
electron scattering. Utilizing the potentials and wave
functions of relativistic nuclear physics, the relativistic
Hartree calculations, and Dirac phenomenology of the
elastic proton scattering, we have developed a code which
takes advantage of the supercomputer vectorization capa-
bility and properly includes the electron distortions
through a partial-wave analysis of the electron wave
functions as well as the proton wave functions. The cal-
culation is carried out entirely in relativistic terms, and
there is no nonrelativistic reduction involved.

As a preliminary project, we reanalyzed “’Ca(e,e’p)
experimental data using our DWBA code. We examined
two orbitals near the Fermi surface of “°Ca, namely, 2s, ,,
and d;,, with both parallel kinematics and w-q constant
kinematics. The calculations show that by properly in-
cluding the electron distortion, the shapes and minima of
the experimental data can be reproduced. We require oc-
cupations of 70—80 % in order to agree with the experi-
mental data, larger than previous values extracted from
(e,e'p) cross sections (see Ref. [6]). Using the PWBA re-
sult as a reference, Coulomb distortion contributes
differently, depending on the kinematics. In w-g constant
kinematics, especially if we make the requirement that
g =p, which includes the quasielastic peak condition,
Coulomb effects are minimal. But in other -cases,
Coulomb distortion gives more noticeable effects. In
parallel kinematics we find that Coulomb distortion
effects cannot be neglected except for the lightest nuclei.
The main effects in parallel kinematics are the shifting of
the reduced crosssection p,, towards larger p,, and the
differential changing of the amplitude as a function of
Pm» SO that the overall shape of the curve gets changed.

In order to compare with the previous calculation by
McDermott [8], we chose the 3s;,, proton in 2%Pb as a
subject. Using what we believed to be the same relativis-
tic Hartree bound-state wave function, our calculation
does not agree with McDermott’s calculation even in the
plane-wave limit. Comparing our calculation with the
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nonrelativistic calculation of Ref. [7], we find good
agreement with the electron distortion turned off and we
find that the eikonal method used qualitatively gives the
right Coulomb distortion effects, but overestimates them
considerably. The occupation number extracted from
our calculation is 1.43 (71.4%), which is larger than any
previous extracted from (e,e’p) by using other calcula-
tions.

Since it now seems likely that the occupation numbers
extracted from (e,e’p) experiments may agree with those
extracted from other reactions and with the theoretical
predictions, it is our next project to examine systemati-
cally the experimental data available for medium/heavy
nuclei.

An item of interest for the future is the separation of
the structure functions in the (e,e’p) process. According
to the PWBA, the cross section can be written in terms of
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four nuclear structure functions, which could, in princi-
ple, be experimentally separated, and many of the experi-
mental arrangements adopted are guided by this pros-
pect. Since our results show that even for “0Ca the
Coulomb effects are noticeable, especially if off-peak kine-
matics are used, one should be cautious in using plane-
wave-based interpretations.
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