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The low-lying excited states of two rotational nuclei, '7°Yb and '®°Hf, have been investigated up to an
excitation energy of 3.5 MeV by means of high-resolution inelastic scattering of 98.4-MeV polarized pro-
tons. The spins and excitation strengths of the observed levels have been deduced by comparing the
measured cross sections and asymmetries with coupled-channel calculations. The deduced quadrupole,
hexadecapole, and octupole strengths have been compared with the predictions of the interacting boson

model in the sdg- and sdf-boson schemes.

PACS number(s): 25.40.Ep, 24.70.+s, 27.70.+q

I. INTRODUCTION

Recent experimental studies [1-7] have emphasized the
role played by the quadrupole-octupole (QO) and the
quadrupole-hexadecapole (QH) interactions in determin-
ing the E3 and E4 strength distributions among the low-
lying states with J7=3" and 47, respectively, in even-
even collective nuclei with medium-heavy mass. In rota-
tional nuclei the QO interaction is responsible for the
splitting of the lowest octupole strength into four 3~
states belonging to rotational bands having K values from
0 to 3 (rotational character of the QO interaction). In vi-
brational nuclei, the same interaction splits up the quint-
uplet of two-phonon levels (one quadrupole, one octupole
phonon) with spins ranging from 1~ to 5, which would
be otherwise degenerate in energy at the sum of the exci-
tation energies of the 21+ and 3| states, and would be ex-
cited only by two-step transitions through these levels (vi-
brational character of the QO interaction). In many nu-
clei, which do not correspond to the two limits just dis-
cussed, the low-lying octupole strength manifests itself in
a more complex way. The experimental observations
[1-3] are often intermediate between those described
above. In spite of this complication, the interacting bo-
son model (IBA), in the sdf expansion, seems to ade-
quately reproduce the experimental distribution of low-
lying octupole strength over a large range of nuclei. This
has been shown by Pignanelli ez al. [1] for medium-mass
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vibrational nuclei, and by Barfield e al. [2] for some ro-
tational nuclei in the rare-earth region.

Up to now, the effect of the QH interaction on the dis-
tribution of the low-lying Ofiw hexadecapole strength in
collective nuclei has not been fully understood because of
the lack of systematic measurements. However, some ex-
periments [3-7] on a few sample nuclei agree on the role
played by the QH interaction in explaining the experi-
mental strength of 4™ levels located above the 4; state.
In the vibrational nucleus !'2Cd the lowest 4; state is
mainly excited [3] by a two-quadrupole-phonon com-
ponent. The biggest hexadecapole strength resides at an
excitation energy of 2.5 MeV, and is spread over a few 41
levels within an excitation energy interval of 1 MeV. A
different situation has been found in some rotational nu-
clei such as '20s [4], *°Nd [5], and '*°Gd [5,6], where
the low-lying hexadecapole strength is dominated by the
4] state belonging to the ground-state (g.s.) rotational
band, or as in *!98Pt [7] where the first three 47 states
have nearly the same E4 strength. In Refs. [3-7] the QH
interaction has been treated by coupling a g boson to the
basic sd approximation of the IBA model (sdg expan-
sion).

Recently, a clustering of 4" states has been found by
Fujita et al. [8] in closed-shell nuclei with centroids be-
tween 164 ~'/3 and 36 4 /3 MeV. These excitations ex-
haust from 3% to 11% of the energy-weighted sum rule
(EWSR), and have a width of about 1 MeV; this cluster-
ing has been identified [8] with the low-energy hexade-
capole resonance (LEHR).

In order to provide more information about the octu-
pole, and especially of the hexadecapole, strength distri-
butions in well-deformed heavy-mass nuclei, we have in-
vestigated in this work the low-lying states of !"°Yb and
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10Hf through a high-resolution inelastic proton scatter-
ing experiment.

II. EXPERIMENTAL PROCEDURE
AND DATA REDUCTION

The experiments were performed at the Indiana Uni-
versity Cyclotron Facility with a polarized 98.4-MeV
proton beam. Isotopically enriched (96.4% for
176Yb, 93.9% for '8°Hf) targets of approximately 10
mg/cm? were used, and scattered protons were detected
with the QDDM magnetic spectrograph. An example of
final spectra is shown in Fig. 1 for 3°Hf. An overall ener-
gy resolution of about 50 keV was achieved. The strong-
est levels were all found below about 3.5 MeV. Excita-
tion energies are reported in the first column of Table I.
The asterisks in this column indicate some known levels,
taken [9] from the Nuclear Data Sheets, and used for the
energy calibration of the spectrograph focal plane detec-
tor. On average the energy values quoted in the present
paper have an uncertainty of about 6 keV for the states
below E,=1.5 MeV for 7°Yb and E,=2.5 MeV for
180Hf, and a larger uncertainty, up to 20 keV, at higher
energies, due to the lack of good reference levels.

Examples of measured cross sections and asymmetries
are shown in Fig. 2 for '°Hf. Those for !7°Yb are quali-
tatively similar. Coupled-channels (CC) calculations with
the computer code ECIS [10] were performed to identify
the multipolarity of the transitions and to determine their
strengths. Data on the g.s. band were fitted in the frame-
work of the symmetric rotational model. Optical model
(OM) parameters were taken from the systematics of Na-
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dasen et al. [11]. A search on the deformation parame-
ters and on the real and imaginary OM potential depths
was performed; a renormalization of the cross sections,
due to uncertainties and inhomogenities of the target
foils, was also considered. OM parameters are, in the
usual notations, with depths in MeV and radii and
diffusenesses in fm, and with the small changes performed

in some potential depths: V,=32.27, r,=1.217,
ay,=0.693, W,=9.77, W,=0, r,=1.419, a,=0.547,
so. =495, W,,=-—0.55 r,,=1.103, .. =0.6,

rc=1.2, for "°Yb; V,=31.85, r,=1.217, a;,=0.692,
w,=9.25, W,=0, r,=1.419, a,=0.547, V,, =4.63,
W,, =—0.51,r , =1.105,a,, =0.6, rc=1.2 for '*Hf.
The CC predictions were found to agree within £12%
with the absolute values of cross sections normalized by
target areal density, collected charges, and spectrograph
solid angle. Equal deformation parameters were imposed
to the different parts (real, imaginary, spin-orbit, and
Coulomb) of the potential. As an example, the obtained
fits for the 4;" and 6 levels of '®°Hf are reported in Fig.
2. The deduced deformation values for the g.s. rotation-
al bands are reported in the third column (first three
lines) of Table I; in Table II the same values are com-
pared with the results from Ref. [12], where the inelastic
scattering of 65-MeV polarized protons was measured on
many Er, Yb, Hf, and W isotopes.

The quadrupole deformation parameters found in this
analysis are higher than those of Ref. [12]. The difference
is around 7% and slightly outside the uncertainty of 6%
derived from the normalization of our cross sections (un-
certainty +12%); for '®Hf the difference with analysis 1
of Ref. [12] is smaller and around 4%. Part of these
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FIG. 1. "®*Hf(p,p’) sample spectrum. Prominent states are indicated by the excitation energy (in MeV).
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TABLE 1. Excitation energies (E, ), spins (J7), deformation parameters (5, ,/), multipole moments
[M(EM), ] and energy-weighted sum-rule fractions (fgwsg ) for the excited states of '"*Yb and '*°Hf as
derived from the analysis of the (7,p’) data.

Ex M(E)")p,p’ fEWSR
(MeV) JT By, (e b*7?) (%) Nucleus
0.081* 2+ 0.29* 2.62(16) 8.9 176yb
0.269* 4+ —0.045* 0.018(25) 0.001
0.567* 6" 0.008? —0.010(8) 0.001
0.955 8t
1.261* 2t 0.025 0.21(2) 0.92
1.340 2+ 0.043 0.37(3) 2.88
1.439* 4+ 0.023 0.12(1) 0.33
1.542 3~ 0.024 0.16(1) 0.58
1.622 3~ 0.041 0.27(2) 1.79
1.715 57 0.015 0.06(1) 0.12
1.855 b
1.948 4+ 0.031 0.16(1) 0.81
1.992 3 0.050 0.33(2) 3.27
2.235 7
2.303 2t 0.030 0.25(2) 2.42
2.462 4+ 0.028 0.15(1) 0.84
2.528 3~ 0.042 0.28(2) 2.93
2.721 b
2.822 5~ 0.018 0.08(1) 0.28
2.902 b
3.033 4+ 0.024 0.12(1) 0.76
3.088 3~ 0.030 0.20(2) 1.83
3.187 4+ 0.022 0.11(1) 0.67
3.324 4+ 0.022 0.11(1) 0.70
0.091* 2% 0.26* 2.41(15) 8.10 180y ¢
0.312* 4+ —0.05% —0.08(3) 0.032
0.652* 6" 0.0042 —0.041(6) 0.017
1.086* 8t
1.190* 2+ 0.047 0.42(3) 3.17
1.289* 27t 0.019 0.18(2) 0.69
1.372* 3 0.026 0.18(2) 0.63
1.444 57 0.017 0.08(1) 0.13
1.566* 4+ 0.022 0.12(1) 0.34
1.651 3~ 0.038 0.26(2) 1.64
1.715 5 0.014 0.06(1) 0.11
1.740 3~ 0.019 0.13(1) 0.43
1.804* 3 0.026 0.18(2) 0.83
1.839 3~ 0.040 0.27(5) 2.00

—0.037°
—0.314¢
1.920 3 0.019 0.13(1) 0.47
2.067 4+ 0.020 0.11(1) 0.37
2.125 b
2.169* 3~ 0.018 0.12(1) 0.48
—0.013°

—0.11¢
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TABLE 1. (Continued).

E, M(EX), Sewsr
(MeV) JT By, (e b*%) (%) Nucleus
2.205 b
2.257 4* 0.018 0.10(1) 0.33
2.295 b
2.391 47 0.015 0.08(1) 0.24
2.447* 5” 0.027 0.12(1) 0.56
2.482 3" 0.029 0.20(2) 1.42
2.533 3" 0.018 0.12(1) 0.56
2.591 47" 0.022 0.12(1) 0.56

®Values determined in the framework of the symmetric rotational model.
®Unknown spin.
“Two-step process through the 2, level used in CC calculation.
9Two-step process through the 3; level used in CC calculation.
*Excitation energy taken from Ref. (8] and used for energy calibration.
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FIG. 2. Examples of differential cross sections (labeled by spin and excitation energy) and asymmetries observed in the BOHf(p,p")
reaction at E,=98.4 MeV. The solid curves are results of the CC calculations described in the text.
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discrepancies can be attributed to the different CC calcu-
lations performed in the present analysis and in Ref. [12].
For '7°Yb and for '3°Hf analysis 1, in Ref. [12], CC calcu-
lations were performed by imposing equal multipole mo-
ments to the different parts of the potential, while for
10Hf analysis 2, different deformations (B. in Table II)
were allowed [12] to the different potential parts. The
hexadecapole parameters of the present analysis are in-
stead lower than those of Ref. [12]. This is a consequence
of the higher B, values which bring more strength in the
4] levels through two-step processes and second-order
direct excitations; as a consequence direct first-order ex-
citations are lowered.

Most of the remaining states were analyzed by using
the direct excitation O; s.—J 7 scheme of CC calculations
with Woods-Saxon first derivative (WSFD) form factors.
A few cross sections and analyzing powers required two-
step contributions via the 2] level for even-parity states,
or via the 3 level for odd-parity states. The asymmetry
data have been useful in removing uncertainties in spin
assignments and in the evaluation of multiple-excitation
contributions. An example of obtained fits is reported in
Fig. 2. Apart from the g.s. band, only 2+, 37, 4%, and
5~ states have been identified. The assigned spins and
deformation parameters 3, ,- are listed in the second and
third columns of Table I. The pr , values have been con-
verted, using the code BEL [13], into multipole moments
M(EL), , and EWSR fractions (see the fourth and fifth
columns of Table I). The M(EA), , for the g.s. rotation-
al band levels have been obtained from the multipole ex-
pansion of the deformed optical potential (DOP):

Z f Voop(r0)Y;0(0)r*T2dr dQ

M(EL), , =
pp [ Voop(r,0)rdr d2

2.1

For the other levels the moments were derived from the
usual collective WSFD transition potential:

ZB, [ Vwsep(rir*2dr

M(EL), =
" [ Vom(rirtdr

(2.2)

Only the real part of the Vpop, Voum, and Vysgp poten-
tials has been used in the evaluation of the multipole mo-
ments. The uncertainties quoted for the M(EA), ,
values in Tables I and II include contributions due to
statistics, absolute normalizations, and, when present, to
two-step or second-order processes. The last two are im-
portant for the quoted M(EX) uncertainties of the 4;
and 6, levels. Within the quoted errors there is agree-
ment in Table IT between the quadrupole moments of the
21" levels deduced in the present analysis and in Ref. [12].
The agreement is worse for the hexadecapole moments of
the 4, levels. These moments strongly depend upon the
values of first- and second-order processes; these are near-
ly equal with opposite signs. Second-order contributions
are instead dominant in the evaluation of the M(E6)
values.
The reduced transition probabilities

M(EA), ,.)?
B(EA) _ [MUED, ;]

, 2.3
PP 2J,+1 2.9
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FIG. 3. Reduced transition probabilities (open points) for
quadrupole (upper parts), hexadecapole (middle parts), and oc-
tupole (lower parts) excitations in '7*Yb and '®°Hf determined in
the present experiment. Solid and dashed vertical lines are the
results of the IBA calculations described in the text.

for the direct excitation from the g.s. of the J™=2" 4%,
and 3~ levels, are plotted in Fig. 3 versus the excitation
energy. The three multipolarities have similar strength
distributions in the two nuclei studied. In particular, the
quadrupole strength (upper part of figure) is concentrated
in the first 2] levels; this is the case even if the EWSR
fraction is considered. This behavior is similar to that
observed [3,14] for E2 excitations in other mass regions.
The hexadecapole strength of the 4, levels (middle part
of figure) is weak. The largest E4 strength is fragmented
between 1.5 and 3.5 MeV, with major contributions in
five or six levels. This behavior is different from that ob-
served in all the other rotational nuclei investigated [4-7].
The octupole strength (bottom part of Fig. 3) shows no
evidence of concentration in any single level. It has ma-
jor contributions from about five levels, with a distribu-
tion pattern roughly consistent with the rotational char-
acter of the QO interaction.

Only ~4% and ~2% of the E4 EWSR has been
found, respectively, in !7°Yb and '*°Hf up to an excitation
energy of approximately 204 ~'/> MeV. These values
are low to associate this strength with the LEHR report-
ed in Ref. [8]. The same conclusions can be drawn con-
cerning the octupole strength reported here and the low-
energy octupole resonance [15] (LEOR).

IIL. IBA ANALYSES

In order to quantitatively evaluate the role played by
the QO and QH interactions in '"°Yb and "°Hf, we have
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compared IBA analyses [16] with the data. The version
IBA-1, which does not distinguish neutron from proton
bosons, has been used.

The multipole expansion of the sd Hamiltonian has
been used:

H,=H,+PAIR+ELL(D-D)+QQ(Q-Q)

+OCT(0-0)+HEX(H-H) . (3.1

A short version of this Hamiltonian (with
H,;=PAIR=0CT=HEX=0) has been found adequate
in reproducing the excited levels of nuclei in the transi-
tional region between the SU(3) (i.e., axially symmetric
rotors) and O(6) (i.e., y-unstable nuclei) limits [2,17]. The
consistent Q formalism (CQF) of the IBA model is ob-
tained if the same quadrupole (Q) and hexadecapole (H)
operators are used both in the Hamiltonian and in the
evaluation of the transition operators:

o=(s"d+a')¥+cHQd'd)?,
H=d"'a)® .

(3.2)
(3.3)

The reduced transition probabilities then have the
form: B(E2)=(e,Q)% B(E4)=(e,H ). The parameters
of this Hamiltonian, listed in the sd columns of Table III,
were obtained by fitting the lowest excitation energies
and the B(E2{), B(E2}), and B(E4{) values. This
Hamiltonian fails to reproduce the excitation energies
and the strengths of 4™ levels located higher than the 4,
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state (see the dashed vertical lines in Fig. 3). To account
for this strength, it is necessary to consider the sdg ex-
pansion of the IBA model. In this expansion the Hamil-
tonian is formally the same of the sd one, with the only
addition of the unperturbed g boson energy:
H,=H,;+H,. However, the transition operators suffer
great changes since several additional modes now become
available to form L =2 and 4 angular momenta:

0=(s'd+d"s@+Q2pD(d'3)?

+Q2DG (g d+dTg)?+Q2GG(g 2)?, (3.4
H=d'd)Y+Q4Gs(g s+sTg)¥®
+Q4DG(g d+dTg)¥ . (3.5)

With the hexadecapole terms (HEX or Q4Q4, see
Table III) set to zero in Hy,; and in H 4., only the parame-
ters Q2DG and Q2GG are responsible for the QH in-
teraction. They affect the excitation energy of higher 2™
and 4™ states and bring strength in the new terms of the
H operator. Moreover, if sufficiently high in value, they
also influence the quadrupole strength. The parameter
Q2DG causes mixing between the pure sd and g
configurations, while Q2GG produces splitting of the
pure or degenerate g configurations.

The values derived from the fits for the Q2DG and
Q2GG parameters (see Table III) suggest that, in both
nuclei, the hexadecapole strength resulting from the in-

TABLE III. IBA parameters for the analyses described in the text. The codes [16] PHINT-FBEM have been used for the sd and sdf
expansions, PHINTL-FBEML for the sdg one. The codes PHINT and PHINTL make use of different names and values for some parameters
of identical meaning; these are QQ=Q2Q2*2, CHQ=Q2DD*V'5, HEX=Q4Q4/5.

Nucleus
Analysis 176Yb 180Hf

Parameter sd sdg sdf sd sdg sdf
H, (MeV) 0.0 0.0 0.0 0.0 0.0 0.0
PAIR (MeV) 0.0 0.0 0.0 0.0 0.0 0.0
ELL (MeV) 0.012 0.012 0.012 0.009 0.009 0.009
QQ (MeV) —0.04 —0.04 —0.06 —0.06
Q2Q2 (MeV) —0.02 —0.03
OCT (MeV) 0.0 0.0 0.0 0.0 0.0 0.0
HEX (MeV) 0.0 0.0 0.0 0.0
Q4Q4 (MeV) 0.0 0.0
H, (MeV) 0.80 0.60
H; (MeV) 0.87 0.54
FELL (MeV) 0.028 0.037
FQQ (MeV) 0.009 0.008
FEX (MeV) 0.019 0.040
CHQ —1.7 —1.7 —1.1 —1.1
Q2DD —0.76 —0.54
Q2DG 0.05 0.26
Q2GG —1.14 —0.64
Q4GS 17.5 3.4
Q4DG 15.0 1.4
e (eb) 0.127 0.127 0.127 0.142 0.140 0.142
ey (eb?) 0.007 0.006 0.007 0.037 0.023 0.037
e3 (eb’”?) 0.07 0.07
esgr  (eb*?) —0.09 —0.01
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troduction of the g-boson configuration is more split than
mixed with the sd one. Moreover, the obtained Q2DG
and Q2GG values are higher than those required [3] for
12Cd, revealing the different character and the impor-
tance of the QH interaction in the rotational nuclei '"°Yb
and '3°Hf.

The sdf expansion of the IBA model has been used to
reproduce the octupole strength. The Hamiltonian is
written as Hy,, =H; +H,+H,;, where H, is the unper-
turbed f-boson energy, and H,, is the part of the Hamil-
tonian responsible for the QO interaction. The expansion
of H, into a dipole, quadrupole, and an octupole term is
given as

H;=FELL(L,-L;)+FQQ(Q,; Q;)

—5FEX[(de)(”(fTJ)(”}‘O’ . (3.6)
This Hamiltonian has been used successfully both in the
A~100 (Ref. [1]) and A4 ~150-180 (Ref. [2]) regions,
and has been retained here. The meaning of the three
terms has been extensively discussed in Refs. [1] and [2].
All three terms of H,  are able to break the
energy degeneracy of the two-phonon quintuplet
(17,27,37,47,57), each producing a different spin se-
quence, but only the quadrupole term FQQ changes the
sd configuration, thus transferring part of the octupole
strength from the 3; level to higher-lying 3~ states. The
following simplified parametrization, without second-
order terms, has been assumed to evaluate the octupole
reduced transition probabilities:

B(E3)=[es(s" F+fT5)V4es d" FHTA)VP . 3D

The results of a search for the best sdf parameters,
performed by fitting the available 3~ level excitation en-
ergies and reduced transition probabilities, are presented
in Table III (sdf column) and in the lower parts of Fig. 3
with the vertical full lines. The deduced parameters
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agree within 80 keV with the systematics of Ref. [2] per-
formed on other nuclei in the same mass region. The
agreement is noteworthy considering that the emphasis in
the present analysis has been put on the reproduction of
the B(E3) strength distribution, while in Ref. [2] the
reproduction of the level sequence of the different (K™)
octupole bands was emphasized. The last information is
not yet available in the nuclei here explored.

IV. CONCLUSIONS

The low-lying quadrupole, hexadecapole, and octupole
strengths in 17Yb and "*°Hf have been measured through
an high-resolution inelastic scattering of 98.4-MeV polar-
ized protons. Similar distributions for the different
strengths in the two nuclei have been found. As in other
nuclear mass regions, the quadrupole strength is concen-
trated in the 2" levels. A weak hexadecapole strength re-
sides in the 41+ states, but a considerable amount lies
equifragmented in six or seven 4" levels located between
1.5 and 3.5 MeV. To reproduce this behavior, the sdg
version of the IBA model is necessary, and a QH interac-
tion stronger than that of the vibrational nucleus 12,
and with a different character, is required. The octupole
strength is strongly influenced by the QO interaction and
it lies nearly equifragmented into four or five 3~ levels;
this is evidence for the rotational character of the QO in-
teraction in these nuclei.
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