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Integer alignment and strong coupling limit in superdeformed nuclei
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Superdeformed bands in neighboring nuclei exhibit striking and unexpected similarities which previ-
ously have been interpreted in terms of pseudo-SU(3) symmetry and quantized angular momentum
alignment. The spin and alignment of superdeformed bands near ' Hg are investigated by their
diff'erence in static and dynamical moments of inertia. Special attention is drawn to the strong cou-
pling limit and the possibility of quantized alignment in nuclei around ' Hg.

During the last year, many superdeformed (SD) bands
with almost identical moments of inertia have been ob-
served, the first being reported in mass A =1SO region [1].
The identical SD bands of '

Dy (yrast) and of ' 'Tb (ex-
cited) have been interpreted in terms of the complete
decoupling of the odd particle occupying the [301]—,

'

Nilsson orbital, or alternatively as a pseudospin alignment
related to the pseudo-SU(3) symmetry [21. It has been
known for a long time that certain orbitals easily decouple
from the rotational motion. This is well realized especial-
ly for unique parity orbitals such as trh i lt2 in the La iso-
topes [31. The complete decoupling of the [301] 2 orbital
raises the question of whether the pseudo-SU(3) symme-
try is particularly appropriate at SD shapes [2]. This ob-
servation has been followed by suggestions that SD bands
have quantized integer alignments [4]. These suggestions
are based on y-ray energies differences between SD bands
with similar moments of inertia. In the following it is
shown how the strong coupling scheme can account for
the difference in y-ray energy in a simple and natural way
without invoking the concept of integer angular momen-
tum alignment. We then examine the measured SD mo-
ments of inertia. In order to extract alignments one needs
to know the actual spin individual levels. Unfortunately,
these are unknown for SD bands. We will discuss the
fitting procedure used in previous works and show that
spin uncertainties of at least 16 are present. It has been
shown in Ref. [5] that the existence of the pseudospin
alignment crucially depends on the exact spin values and
that a change in the assignments by only one unit can
alter all conclusions. Also in our analysis, we cannot find
any convincing reason for the presence of integer align-
ment. The SD bands in ' " ' "Hg are also investigated.
It is demonstrated that they can be understood reasonably
in terms of strongly coupled bands built on orbitals result-
ing from cranked Woods-Saxon calculations. The need to
invoke pseudo-SU(3) symmetry has not been demonstrat-
ed on the basis of the calculations nor from experimental
facts and does not help in understanding the specific
features of this mass region.

For the very elongated shapes considered here, most or-
bitals remain strongly coupled to the core. The Coriolis
interaction matrix elements are small compared to the lev-

el splitting in the single-particle potential (see also Ref.
[2] and the more extensive discussion in Ref. [6]). There-
fore, the strong coupling limit is expected in general to be
valid for superdeformed states. A decoupling parameter
close to zero and a vanishing signature splitting is what
one expects for most orbitals (the 0 = —,

' and intruder or-
bitals excluded). The nuclei with axial symmetry, the y-
ray energy, E„,of a stretched E2 transition in a rotational
band at spin I, can be obtained from the energies of the
strongly coupled particle-rotor Hamiltonian [7],

E~ —E~ =BE,=2 hI, (2)

where hI is the difference in angular momentum between
the two nuclei.

The same expression can also be obtained from the
definition of the rotational frequency, @co=dE/dI = (It /
2)I. Taking the difference between the nearest frequen-
cies of two SD bands with the same moments of inertia,
one obtains

6 Ip

Sp

Q
2

(~I+i, ),

(3)

where Sp =3"] =2 and i] is an initial alignment in the nu-
cleus being compared. The initial alignment is defined as
the decoupled angular momentum carried by the valence

E = (4I —2),2J
where we have assumed the decoupling parameter to be
zero. We have also assumed that the resulting angular
momentum of one or two particles (j) is coupled to a core
with angular momentum R. The total angular momen-
tum I is then obtained as I=R+j.

For many SD nuclei in the Hg region, the moments of
inertia 2 are similar to that of '

Hg [4,8]. One can take
the transition energies E, of ' Hg as a reference when
comparing with the nearest transition energies E~ of a
neighboring nucleus [4,8]. It follows from (1) that for
bands with the same moment of inertia
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quasiparticles. The quantity achro/(5 //) or hE„/(2h /
2) can be regarded as a normalized energy difference and
has been defined previously as the incremental alignment
hi [4]. Let us mention that for strongly coupled bands the
initial alignment vanishes, i~ =0, thus AI=hi (actually
BI=hi ~2n, where n =0, 1,2, 3, . . . , depending on which
y-ray energy E~ is taken for comparison).

When comparing transition energies of an even-even
nucleus with a strongly coupled two-quasiparticle band of
a neighboring even-even nucleus, one finds that the incre-
mental alignment hi approaches unity or zero for the
odd-I and even-I sequence, respectively. Similarly,
Ai = + —,

' for sequences of an odd-A nucleus. (One
should note that the sign of h, i is opposite to that given in
Ref. [4], where the alignment i has been defined as
i =hi+Al Th.is definition always leads to an integer
alignment i in strongly coupled bands with the same mo-
ments of inertia because both hi and AI are half integer. )

The excited SD bands of ' Dy, which have moments of
inertia identical to those in ' Dy (Ref. [2]), are striking
examples of strongly coupled sequences. In '

Dy, 46 /2
has a value of 47 keV for almost the whole band, and hE„
is =11 keV, resulting in an incremental alignment of
+' —,'. The band in ' Dy has been discussed as being
strongly coupled with a decoupling parameter of zero [2].
The incremental alignment of +

2 shows the difference
in transition energies due to the odd particle and refiects
the fact that the strong coupling limit is valid up to very
high frequencies. This is a "natural" interpretation since
strongly coupled orbitals do not have any initial angular
momentum alignment [io(m=0) =0]. Consequently, a
half integer value of 5; does not imply integer aligninent.

Many SD nuclei in the A =190. region (with nearly
identical moments of inertia) have incremental align-
ments which cluster around values of 0, 2, and 1. Sug-
gestions have been made that the values of the incremen-
tal alignment reflects the alignment i of a nucleus versus a
chosen reference, e.g., ' Hg, and that i preferably takes
the integer value of one [4]. The alignment i is a quantity
which in principle can take any value and the presence of
a quantized alignment, i.e., i =0, 1,2, . . . , would raise
profound questions for nuclear structure theory. Howev-
er, the above discussion shows that within the strong cou-
pling limit, the observed incremental alignments do not
necessarily imply integer alignments. To extract precise
total alignment values i, a knowledge of the level spin is
required. This point is discussed in the following.

In all superdeformed nuclei found so far, spins have not
been measured although suggestions for spin assignments
have been made for most of the bands. The presence of
any alignment process will lead to additional uncertainties
in the suggested spin assignments. Therefore, we are in-
terested in a formalism, which focuses on relative changes
in angular momentum caused by the alignment of quasi-
particles (qp), rather than on a systematic analysis based
on definite spin assignments.

Introducing the spin projection onto the rotational axis,
I„=[(I+1/2) —K ] ', one defines a "kinematical" mo-
ment of inertia, z t'~ I„/A, co and a "dynamical" moment
of inertia ~ =dI„/A, dro. (For a perfect rigid rotor,

.) The dynamical moments of inertia &~ are

independent of the spin assignments, in contrast to ~ ' .
The ~ ~ ~ moments can also be expressed as (Ii =1)

c (2) " c (1)+~d~(i)
(4)

dro dco

As a consequence, ~ is very sensitive to changes caused
by level crossings (resulting in alignment) and also to col-
lective changes due to a decrease in pairing or a shift in
deformation.

The quantity z~ 1 —&
'~ is independent of the chosen

reference. By taking the difference of and ~ ', the
collective part of the moment of inertia is canceled (see
also the more extensive discussion in Ref. [9]). If we
define the alignment in a broader sense and associate all
changes of the nuclear structure caused by rotation with
an apparent alignment i, (including changes due to pair-
ing or deformation), then

c (2) c (]) (5)
dco N

This simple picture shows that an increase in ~ t 1 —~ t'1 is
connected with an alignment and that ~ t 1 —~ t' becomes
negative as soon as di, /dro & i, /co If ~. 1 is constant and
no alignment process is taking place, then (~ t 1 —~ t'1)c0
= —i, is constant (assuming i, is preserved). For ro 0,
(~t 1 —~ ' )co will also approach zero, unless we deal
with decoupled, rotationally aligned orbitals where it ap-
proaches the value of the aligned angular momentum —i
of that orbital.

The absolute value of (~ —~~' )co depends on the
spin assigninents; however, the slope indicating an align-
ment process does not depend sensitively on the actual
value of the spins and is used in the following to investi-
gate possible alignment rocesses.

When examining ~ —~ '~ for SD nuclei in the Hg
region (Fig. 1), one immediately notices a strong rise for
all the bands. Lifetime measurements indicate that the
deformation of ' Hg is remarkably constant in the ob-
served range [10], in accordance with mean-field calcula-
tions [10,11]. As shown by Eq. (5), the rise in (z—~t'~)co implies that di, /dro is increasing more rapidly
than i,/co. Because deformation changes are small, the in-
crease in —&

' comes, most likely, from the align-
ment of quasiparticles and/or a decrease in pairing.

The SD bands in Hg nuclei are observed down to rela-
tively low frequencies, typically 0.10-0.15 MeV. It has
been suggested that the bands can be extrapolated to zero
frequency by means of the Harris expansion in order to
extract the spin values [12]. Because of the extremely
smooth alignment process (see Fig. 1), a reasonable fit
(see below) can be achieved for most nuclei in this mass
region. In particular, the fit of yrast SD bands in even-
even nuclei, which are expected to have even spins, always
result in values very close to even spins. If, for example,
we force the spins of the SD levels in ' Hg to change by
two units, the rms of the fit increases by more than 2 or-
ders of magnitude. The rms values are defined as
rms =100[+(!x',„~ =x'r„! )]'i, where x' represents the
experimental and calculated I values used in the fit.

In order to demonstrate uncertainties connected with
the fitting procedure, we show possible spin values for the
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two excited bands in ' Hg in Table I. The unknown spins
were obtained by a least-squares fit to the I„values by
means of the Harris expansion:

I = [(I+I/2) —K ] 'i =i n+ Jul+ J ~ ro (6)

The value of the spin I has to be an integer for even-even
nuclei and half integer for odd-even ones. The alignment
io is unknown and has to be treated as a free parameter.
If this value becomes larger than one, an equally good fit

191
Hgy

1910— h, Hg1

+~+ A Hg2
i I I I l i I I I I I I I I l I I I I [ I I t I I
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FIG. 1. Values of (~t ' —~ "i)co for the SD band in ' Hg,
compared with the three SD bands in ' 'Hg. The spins are tak-
en from Refs. [12] and [19]. A value of 7 is added to the
(~'~' —~"') values of '9'Hg for comparison with the three SD
bands in '94Hg (Ref. [lg]). The exit spins for the excited bands
are 9 for band 1 and 10 for band 2. The spins of the ' Hg yrast
band are taken from Ref. [1g].

is obtained by changing the spins I by one unit.
Previously reported fits are based on the assumptions

that the alignment gain lo below the known transitions is
Oh, [12]. There has been no attempt to justify this kind of
fitting procedure in the presence of an alignment process.
Another basic assumption is that the nucleus continues to
behave smoothly below the known states, excluding the
possibility of low-frequency distortions. Figure 1 shows
that an alignment process is present and that the total
gain in alignment below Aro=0. 15 MeV is unknown.
The onset of alignment leads to changes in slope and cur-
vature in the I vs A co curve and consequently in all &

'

and ~ curves. Since we do not know when or to what
extent the alignment sets in, we can conclude that the spin
assignments suggested in Refs. [8] and [12] are uncertain.
For excited bands in odd-A nuclei, the presence of ongo-
ing alignment processes results in uncertainties greater
than for yrast SD bands in even-even nuclei.

From Table I, one can see that by changing the assign-
ment for the excited bands in ' Hg from odd to even
spins the rms values are rather weakly aA'ected. This fact
suggests that at low frequencies, the actual spin values are
expected to deviate from the simple Harris expansion.
This is reAected by the rapid variations of J] when fitting
the expansion to fewer points (Table I). Strong state-
ments based solely on spin assignments should be avoided.
It should be noted that a careful investigation of spin as-
signments carried out in Ref. [13] also suggests large un-
certainties in this fitting procedure.

It is instructive to use the Harris expansion on bands of
known angular momenta. In ' Pt (Ref. [14]) for exam-
ple, a four-point fit to the first transitions of the ground-
state band built on the [512] —', level fails to reproduce the
bandhead angular momentum by = 1 t't. A similar fit to
the ground-state band of Th (Ref. [15]) results in a
value close to the assigned spins. However, if the four
lowest transitions are excluded from the fit, by taking only
levels above the 8+ state, the difference between the fitted
and assigned spin is 1.66. The presence of octupole de-
grees of freedom in superdeformed nuclei has also been

TABLE I. Values of i p, Jp, and Jl obtained from a fit to I assuming given exit spins I„and E values
(I =io+ Jodo+ J~co ) The diA.'erences between the fit to four and nine data points are also presented.

Band
ip Jp

4-point fit
rms lp Jp

9-point fit
rms

[92Hg 10 0 0.06 86.8 130.2 0.03 —0.14 88.6 109.2 0.68

Hg 1

"4Hg 2

9
9

10
10
11
11
10
10
11
11
12
12

—1.13
—0.23
—0.21

0.03
0.76
0.50

—1.05
—0.35
—0.12
—0.003

0.98
0.58

95.3
88.7
95.8
94.1

96.1

97.9
94.8
90.2
95.3
94.8
94.2
97.4

52.6
131.0
46.8
69.5
45.4
29.8
65.6

112.1
61.2
67.0
76.2
46. 1

0.23
0.15
0.09
0.12
0.26
0.66
0.57
0.1 1

0.58
0.48
0.69
0.57

—0.92
—0.39

0.03
0.09
0.98
0.72

—0.88
—0.45

0.08
0. 1 1

1.06
0.78

93.0
90.4
93.3
93.3
93.6
95.3
93.0
91.1
93.3
93.5
93.3
95.1

88.3
105.7
86.8
88.9
85.2
78.1

89.7
101.4
88.6
89.3
88.4
81.2

0.98
1.56
0.98
0.92
0.99
0.98
1.32
1.42
1.33
1.24
1.33
1.31
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FIG. 2. Single-particle Woods-Saxon Routhians for neutrons
for ' Hg at the calculated equilibrium deformation. The
normal-parity Nilsson orbitals ae labeled by means of the
asymptotic quantum numbers (Nn, A) 0, whereas the intruder
orbitals are labeled using the principal oscillator number N.
The parity x and signature a of individual levels are indicated in
the following way: n=+, a=+ —,

' (solid line); n=+, a= —
—,

(dotted line); n = —,a = + —,
' (dash-dotted line); and

n= —,a= ——, (dashed line). Note that the N =112 gap is
larger than the one shown in Ref. [18] because of slightly
diAerent deformation parameters.

discussed [16]. We can investigate a case from the nor-
mally deformed Th (Ref. [17])where such an interac-
tion is observed. A fit to the four lowest transitions repro-
duces the assigned spins. However, the Harris expansion
deviates as much as 2.36 for a four-transition fit starting
from the fifth transitions and above. Note that for all
cases the data exhibit a very smooth and monotonic in-
crease in ~

Another justification of the fitting procedure is that
when the lowest transitions are removed, the assigned spin
values should not change. However, if a pseudospin align-
ment is taking place at low frequency, the aligned pseu-
dospin io has to be taken into account in the fit [Eq. (6)].
The possible presence of pseudospin alignment at low fre-
quency leads to an inconsistency, because the pseudospin
alignment is the unknown quantity which is supposed to
be determined by the fit.

By comparing the yrast bands of '92Hg and '94Hg, we
note that they have almost the same moments of iner-
tia, the transition energies of ' Hg being exactly 4 keV
less. This is valid for the 11 lowest transitions, above
which the difference increases to = 8 keV. If this is con-
verted to incremental alignment, we have hi = 0.16 at the
bottom of the band increasing to almost 0.5A. for the
highest frequencies (the alignment gain is also seen in Fig.
1).

Two excited SD bands have been observed in ' "Hg and
are assigned as built on a two-quasiparticle state involving
the [624] 2 and the [512] 2 neutron orbitals (see Fig. 2),
resulting in either K=2 or 7 [18]. The excited two-qp
band structure can couple strongly to the ' Hg SD core,
and will have even and odd spins, with a difference of 16
in incremental alignment. The even spin sequence is thus

expected to have the same transition energies as the even-
even core. The data may be interpreted in this manner
since the transition energies of band 2 of ' Hg and of

Hg become equal within 1.5 keV. (Other configura-
tions are also possible, but do not affect the conclusions
drawn about the incremental aligninent. )

The spins of '94Hg band 2, which has an incremental
alignment of zero (i.e., identical y-ray energies as in

Hg), have been suggested to take odd values [8]. This
is only possible if an alignment i of one unit is present in
band 2 [see Eq. (3)]. In a fit of Eq. (6) to the spins of the
lowest members of the band, both the odd and even spin
assignments yield equally good results, the only difference
being the initial alignment io (see Table I). (Negative
values of io, although unphysical, are reasonable since
they simply mean that the fit does not properly take into
account the changing slope at low frequencies. ) The spin
assignment for this particular case is thus connected with
uncertainties of at least 16. One cannot conclude from
the fit which band has odd or which has even spins, nor
can one determine the K value. The fit of band 2 to an
even spin sequence is reasonable and accounts for the zero
incremental alignment in a natural manner. Therefore, it
is suggested that the difference in incremental alignment
only refiects the difference in spin and that no integer
alignment is present. The validity of the strong coupling
scheme also suggests that there is no need to involve the
alignment of pseudospin.

In ' Hg, four SD bands have been observed, two of
which interact strongly revealing a highly irregular pat-
tern [16]. Two bands can be viewed as states built on the

Hg S [624] —', or ' Hg [512]—', configurations [16],
the same as discussed above for ' Hg (see Fig. 2). Both
alternatives involve high-IC orbitals, strongly coupled to
the core, and have an incremental alignment of ~ I/26.
The incremental alignment for the two excited bands
remains constant over the whole frequency range con-
sidered; this is related to the high-0 orbitals being unsplit
up to the highest frequencies (Fig. 2). Figure 2 clearly
shows that the calculated initial alignment io (defined as
in= —de"/dro) of the [624] —,

' and [532] —', orbital is zero.
By analogy to '5 Dy and ' Dy, one cannot conclude from
the incremental alignment itself that an alignment of one
unit should be present.

In ' 'Hg, three different SD bands have been observed
[19]. The band with the largest intensity (labeled y in
Fig. 1) is suggested to be built on the lowest j~y2 neutron
configuration, thus blocking the first neutron alignment.
This is correlated with the (~( ) —~t'))ro plot, showing
smaller increase at the lowest frequencies. Figure 1 also
shows the onset of an alignment in the yrast band of ' 'Hg
at hro =0.12 MeV. On the other hand, the two excited
bands are expected to occupy the same intruder orbitals as

Hg. The signature splitting between the two excited
bands is zero at the beginning of the band and does not in-
crease to more than 50 keV. The two bands can be re-
garded as strongly coupled hole states with respect to the

Hg core [19]. One thus expects these orbitals to exhibit
an incremental alignment of +' —,', and this is indeed ob-
served over part of the frequency range.

The two excited bands in ' 'Hg have been assigned to
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the [624] 2 orbital (see Fig. 2). The favored signature
(band 2, Fig. 1) has a constant incremental alignment of

relative to the ' Hg core. This band is expected to
start with I= —,

' which translates into an incremental
alignment of + —,

' [Eq. (3)], in disagreement with the ex-
perimental value of —

& . A possible alignment of one
unit would shift the incremental alignment by the same
amount and would account for this discrepancy. The
difference between the assigned spins and the ' Hg core
can be seen in Fig. 1, where the two excited bands are
displayed one unit lower than ' Hg. However, if the
spins are lowered by one unit, the discrepancy between the
incremental alignment and the assi ned spins would
disappear and the values of ~ —~(' would lie on the

Hg curve. In that case the signatures would be invert-
ed, in disagreement with calculations. However, this
discrepancy is not serious, since very small differences in
deformation between the two configurations can lead to a
signature inversion. (A difference in y deformation of 1'
combined with a reduced P4 of 0.01 for the unfavored
band is predicted in this case to lead to a signature inver-
sion. ) Since the bandhead level and the spins of the
strongly coupled structure are not known, one has to wait
for more experimental results in order to firmly establish
theoretical band assignments.

For bands with similar moments of inertia, the incre-
mental alignment is a very convenient method of relating
the angular momentum of one band to another. The in-
cremental alignment di can be obtained without knowl-
edge of the spins. It has been suggested in Ref. [4] that
the observed values of hi (integer for even-even and half
integer for odd-A nuclei) imply integer alignments, in-
dependently of spins. In our opinion, such a statement is

incorrect, since it simply follows from the strong coupling
limit. The values of t'ai indicate that for SD shapes many
orbitals remain strongly coupled to rather high frequen-
cies.

To extract alignments, it is necessary to know the spin
for all states. The varying moment of inertia and the un-
known behavior at low spin makes any attempt to fit the
spin values uncertain. We showed that an uncertainty of
the order of 1$ is more realistic. Consequently, a change
in the spin assignment of one unit drastically alters the
conclusions given in Ref. [4]. Instead of a relative align-
ment of one unit, the total alignment becomes zero. Since
the spins are unknown and the strong coupling limit can
account for most of the observed features, we find no evi-
dence of quantized integer alignment.

The similarity between SD bands in the Hg region is
shown to depend strongly on an apparent similar align-
ment process. The strong coupling scheme does not ex-
plain why the moments of inertia are almost the same,
neither does the pseudospin picture. The nearly identical
moments of inertia, as well as the extremely smooth align-
ment processes are the crucial questions that need further
investigations.
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