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A set of coupled transport equations for the phase-space distribution functions of nucleons, deltas, and

pions is solved with the test particle method to study pion production in relativistic heavy ion collisions.
The experimentally observed concave shape of the pion spectra is well reproduced. The mechanism that
causes the concave shape of the pion spectra is found to be due to the different contributions of the delta
resonance produced during the early and the late stages of the heavy ion collision and due to the energy
dependence of the pion and delta absorption cross sections. The dependence of the shape of the pion
spectra on beam energy, target and projectile mass, and impact parameter is also studied. An approxi-
mate scaling function for the shape parameter of the pion spectra is found.

I. INTRODUCTION

In relativistic nuclear collisions of beam energies
around 1 GeV/nucleon, about half of the nucleon-
nucleon cross section is inelastic, mainly through pion
production. The participant region of heavy ion col-
lisions is therefore mainly composed of nucleons, delta
resonances, and pions. Interesting information about the
dynamics of nuclear reactions and the equation of state of
hot and dense matter can be obtained by studying the
properties of the produced pions [1,2]. Moreover, pions
also influence the production of other particles such as
dileptons and high-energy photons which themselves
have been used as probes of the nuclear equation of state
[3—5].

Among the properties of pions produced in relativistic
heavy ion collisions, the excitation function of the pion
multiplicity was first used in an attempt to extract the nu-
clear equation of state by assuming the discrepancy be-
tween the experimental data and the intranuclear-cascade
model prediction completely comes from the lack of
compression energy in the model [1,6]. More elaborated
models like the Boltzmann-Uehling-Uhlenbeck (BUU)
transport model [7—9] and the quantum molecular dy-
namics model (QMD) [10], which include the mean field
in addition to the two-body collisions, found that the sen-
sitivity of the pion multiplicity is not so obvious, especial-
ly when momentum-dependent forces are taken into ac-
count [11]. One therefore has been investigating other
global properties of pions like pion flow [12] and pion
spectra [13].

Recent experimental results from the DIOGENE Col-
laboration show that pions have a nonzero flow in the re-
action plane associated with the baryon collective flow.
However, the cascade model calculation predicts values
compatible with zero over the whole range of rapidity
[12]. QMD model calculations indicate the presence of
pion flow, but predicted values are smaller than the ex-
perimental data [14]. The mechanism that produces pion
flow is therefore not yet well established.

Some features of the pion kinetic-energy spectrum in

relativistic heavy ion collisions are expected to provide
information about the space-time dynamics of the reac-
tion. One interesting feature observed is that pion spec-
tra in central heavy ion collisions show a concave shape
which can be well fitted by a superposition of two
Boltzmann distributions with widely different slope pa-
rameters. This phenomenon has been observed in
Ar+KCl collisions at a beam energy of 1.8 GeV per nu-
cleon [13]and La+La at E/A = 1.35 GeV [15]. Prelimi-
nary results from Au+Au at E/A =1.15 GeV [16] also
show this feature. Several possible mechanisms have
been proposed to explain this phenomenon [13,15,17,18].

In ultrarelativistic heavy ion collisions and proton-
induced reactions, pion transverse momentum spectra
also show a concave shape [19]. This has generated much
interest, and the origin of this phenomenon has been vi-
gorously debated in the literature [20—24]. Therefore the
understanding of the mechanism that causes the concave
shape of the pion kinetic-energy spectra in relativistic
heavy ion collisions may shed some light on the origin of
the concave shape of the pion transverse momentum
spectra in ultrarelativistic nuclear collisions [18].

In this context it is also interesting to note that the soft
pion enhancement is even seen in &s =1.8 TeV pp col-
lisions at Fermilab [25].

The above-mentioned situation concerning the study of
pion properties strongly calls for a more adequate ac-
count of pions in the available relativistic heavy ion col-
lision models.

The BUU transport model for intermediate-energy
heavy ion collisions introduced by Bertsch et al. [8] and
its relativistic extension by Ko et al. [26] and Blattel
et al. [27] is one of the most successful models, in terms
of reproducing experimental observables. However, the
BUU equation describes the time evolution of the phase-
space distribution function for only one kind of particle.
The collision integral in this equation was derived by as-
suming particles can make elastic collisions only. The
dynamics in the BUU model developed for heavy ion col-
lisions at intermediate energies is therefore restricted to
the baryonic level. Mesonic degrees of freedom enter via
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nuclear potentials only. In the past, one has studied pion
production by assuming that delta resonances have life-
times longer than the nuclear reaction time; this is the
so-called frozen delta approximation. The number of del-
tas at the end of the calculation then is equated to the to-
tal pion multiplicity.

Pion production cross sections and pion spectra have
also been calculated in a perturbative manner in the sub-
threshold region by assuming energy-independent mean
free paths for pions in baryonic matter [5,28]. We have,
however, pointed out that a dynamical treatment of pions
is needed in order to evaluate the relative importance of
the collective mechanism and the individual nucleon-
nucleon collision mechanism for subthreshold pion pro-
duction [5].

Together with Wang and Randrup we have derived a
coupled set of transport equations which governs the
dynamical processes for a system of nucleons, deltas, and
pions [29]. The aim of this work is to extend the frame-
work for studying nuclear collisions from the baryonic
level to hadronic level. This approach also enables us to
treat dynamical pions in a BUU type of model in well-
defined approximations.

In the present investigation we present numerical solu-
tions of these coupled transport equations. We focus on
the application of studying pion spectra, especially the
mechanism for the concave shape of the pion spectra in
relativistic heavy ion collisions and the systematics of this
phenomenon.

The paper is organized as follows. We first present the
model equations and a brief review of their derivation in
the next section. In Sec. III we discuss the numerical
realization procedure. We present results on the dynam-
ics of pion production in relativistic heavy ion collisions
in Sec. IV. In Sec. V we apply this model to study the
mechanism for the concave shape of the pion spectra and
confront our model calculations with the experimental
data. Following that, we produce predictions of the
dependence of the shape of the pion spectra on the beam
energy, impact parameter, and mass of the projectile and
target. We compare the shape parameter of the pion
spectra with an approximate scaling function in Sec. VII.
We conclude with a summary and discussion in the last
section.

II. TRANSPORT EQUATIONS
FOR HADRONIC MATTER

In Ref. [29] we start from an eft'ective Lagrangian den-
sity including the free-baryon fields of nucleons and del-
tas, the meson fields of o., co, and ~, as well as their in-
teractions in the minimum coupling scheme. First, a set
of coupled equations of motion for the density matrices
of nucleons, deltas, and pions is derived. Subsequent
Wigner transforrnations of these equations lead to a cou-
pled set of transport equations for the phase-space distri-
bution functions of nucleons, deltas, and pions. For the
detailed derivation of these equations we refer the reader
to Ref. [29]. The final result for the transport equation
governing the time evolution of the baryon (nucleon and
delta) phase-space distribution function fb(xp ) is

'dfb(xp') rl' „ II~+ V", fb(xp ) — V", U„(x)V~fb(xp)
Eb*(p)

'
Eb*(p)

+, V; U, V' fb(xp) Ib—b(xp)+Ib (xp),
Eb*(p)

where we have used the notation x =(r, t). The collision
terms Ibb(xp) and Ib (xp) on the right-hand side of the
equation are the rate of change of the baryon phase-space
distribution function due to baryon-baryon collisions and
baryon-pion collisions.

In the present investigation, we will not study the full
equation with both scalar and vector mean-field poten-
tials. Rather we wish to focus on the dynamics induced
by the coupled collision terms for pions, deltas, and nu-
cleons. For this purpose, we limit ourselves to the case of
the presence of only a zeroth component of the vector
mean-field potential to be able to compare with previous
approaches.

With this assumption, the transport equation for the
particular state b of the baryon (nucleon or delta) reads

dfb(xp) + V„f„(xp) V„U(x) Vp
—fb(xp)

Bt Eb

=Ibb(xp)+Ib (xp ) . (2)

For (any charge state of) the pion we have

Bf (xk) + V„f (xk)=Ib„(xk),
Bt E (3)

where Ib (xk ) is the rate of change of the pion phase-
space distribution function due to baryon-pion collisions.
In the above equations we have used p=(E, p) for the
four-momentum of baryons and k =(E,k) for that of
pions.

It is noticed that the Vlasov term for the baryon trans-
port equation is of the similar form as in the standard
BUU equation, while for pions the Vlasov term contains
only a drifting term due to the pion's velocity. In gen-
eral, the pion field satisfies an inhomogeneous Klein-
Gorden equation, but in deriving the transport equation
for pions we have used the free-particle approximation
for pions in order to simplify the manipulation within the
density matrix formalism.

It has, however, been pointed out that the pion disper-
sion relation in the hot dense matter might be different
from that in free space [30]. We therefore have to keep in
mind that the potential energy for pions might be irnpor-
tant and the present model calculation could allow us to
study whether the present experimental pion production
data at around 1 GeV/nucleon require any deviation
from the free-space dispersion relation used in our calcu-
lations.

The collision terms are calculated by truncating the
many-body correlations at the two-body level and using
the G-matrix method to solve the equation of motion for
the two-body correlation function [29—33]. The baryon-
baryon collision term can be written as
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~
(xp ) )fb (xp ) ]

X5' (p+p& —
p2

—p3) 9dp~dp2dp3 .(4)

(2n )
(4)

Here, the label a = (b, m„m, ), where b =N or 5, and m, /m, is the spin/isospin of the baryon.
Wbb(p, a„p2az, p3a3, pub ) is the square of the transition matrix element in baryon-baryon collisions, which determines
the transition rate A. n exphcit expression for Wbb can be given in terms of baryon-meson coupling constants [29].
Since we are not pursuing a first-principle theory at the present stage, the effect of the transition matrix element will be
simulated by using the free-space cross sections as we will discuss in detail in the next section. In this respect, we take
the same path as all other presently available relativistic dynamical models [7,26,27,34,39]. The above baryon-baryon
collision term respects the Pauli exclusion principle as shown in the presence of f (xp) =1—f (xp) and
fb(xp) =1 fb(xp). —It is of the same structure as the NX collision term appearing in the standard BUU equation, but
generalized to accommodate the four 6 states of the baryon.

The collision terms due to baryon-pion interactions can be written as

Ib (xp)= —g ff, Wb„(a'p', mk, ap)[[(l+f (xk))f (xp')fb(xp)
8 , b Eb p E ~ p'

f (xk )f .(—xp') fb (xp ) ]5' '(p' —k —p )

+[f (xk)f (xp')fb(xp) —(1+f (xk))f, (xp')fb(xp)]

X5' '(p'+k —p)j dp'dk
(2m )

M M ~

Ib (xk)= g fJ,Wb" (ap, a'p', nk)
16 , E p E , p'

X[(1+f (xk))f (xp')f (xp) f (xk)f (xp)f—(xp')]5'4'(p' —p —k) dpdp' .
(2~)

In Eqs. (5) and (6) the index ~ has been used to specify
the isospin quantum number of the pion.
Wb (a p, ~k, ap) and Wb (ap, a p, ~k) are the square
of the transition matrix element for the corresponding
processes; again their effect will be simulated by using the
free-space cross sections and the width of the resonances.

The above equations are the general expressions for the
collision integrals; the matrix elements in these equations
assure that only physical processes can happen. For ex-
ample, only when b specifies a nucleon the first terms in
Eq. (5) contribute, while only when b specifies a b, the
second terms contribute. It is worth noting that the fer-
mion suppression factors and the boson enhancement fac-
tors are included in these collision terms and follow from
the derivation.

Although the transport equations presented here are
derived for a system of pions, nucleons, and delta reso-
nances, they can be easily extended to contain higher res-
onances, such as the X*. In the following we will treat
N*'s in a manner similar to that for delta resonances.

The advantage of the transport equations as presented
above is that one can represent the phase-space distribu-
tion functions for nucleons, deltas, and pions by test par-
ticle distributions for the different species. With this, one

is able to extend the powerful simulation techniques
developed for the nonrelativistic case of the dynamical
simulation of the phase-space distribution function of nu-
cleons in heavy ion collisions to the relativistic coupled
problem for nucleons, deltas, and pions. We discuss this
procedure in detail in the next section.

III. NUMERICAL REALIZATION

The transport equations (2) and (3) for hadronic matter
are highly coupled through the collision integrals. How-
ever, their solutions can be obtained numerically within
the test particle method which was first introduced to nu-
clear physics by Wong [42]. The details of the applica-
tion of the test particle method to solving the standard
BUU equation can be found in Ref. [7].

In the test particle method one discretizes the continu-
ous distribution function with a finite number of test par-
ticles representing individual phase-space cells. The test
particles obey Newtonian equations of motion. The
equations of motion for the baryon test particles corre-
sponding to the solution of the transport equations (2)
and (3) are
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di
dt E
GP = —V„U+Dbb(p)+Db (p) .
dt

For the pion test particles, we obtain

(7)
ponential law using the proper time obtained from their
widths. The branching ratios for the allowed final states
are determined from the appropriate Clebsch-Gordan
coeKcients. The cross section for the pion-nucleon reso-
nance is also parametrized using the Breit-Wigner formu-
la with the maximum cross section from the experimental
data [46],

=Db„(k) . (10)

0.47q
[1+0.6(q/m ) ]m

where q is the momentum of the pion.
During each time step, the decay probability of the 6's

and X*'s present in the system is determined by an ex-

Here Dbb(p), Db (p) are the changes of the baryon
momentum distribution due to baryon-baryon collisions
and baryon-pion collisions, respectively, in accordance
with the collision integrals Ibb and Ib . Db (k) is the cor-
responding change in the pion phase-space distribution
due to baryon-pion collisions corresponding to the col-
lision integral I& . They are calculated in the same
manner as in the cascade models [38,39], namely, by
discretizing the reaction time into small time steps and
solving the collision integrals within each time step via a
Monte Carlo simulation method.

In a first approximation we use a Skyrme-type density-
dependent mean-field potential for the nucleons. It has
been shown, however, that the stiff momentum-
independent equation of state produces about the same
amount of transverse momentum in heavy ion collisions
as the available momentum-dependent parametrizations,
and that the soft momentum-independent equation of
state produces less [11]. For the observables studied by
us, the use of all equations of state of the above forms
yielded basically identical results. The mean-Aeld poten-
tials of the b, and N* are still very uncertain [35]. How-
ever, relativistic heavy ion collisions are expected to pro-
vide information about these potentials [36,37]. In this
study we assumed that the potential energies of the 5 and
N are the same as that of nucleons.

As in Ref. [7], we adopt the well-known Cugnon's pa-
rametrization for nucleon-nucleon elastic cross sections,
for both the angular distribution and the total cross sec-
tion. Following Ref. [43], 6 and N* production cross
sections for each charge state in all possible isospin chan-
nels have been estimated by using VerWest and Amdt's
isospin decomposition formula [44] for pion production
in nucleon-nucleon collisions.

Of the higher baryon resonances, only the N*(1440) is
included. Resonances with even higher mass have negli-
gible production cross sections in the energy range of in-
terest here. The shape of the X* resonance mass distri-
bution is parametrized by a Breit-Wigner function with a
constant width of 200 MeV [44].

The width for the 6 is parameterized following Kita-
zoe et al. [45] as

cr,„(rr+p ~6+ )=cr,„(m n ~h ) =200 mb,

cr,„(m p —+5+)=o,„(m n~b )=135 mb,

o,„(vr p~b, )=o,„(rr+n~4+)=70 mb,

o,„(7r p~N* )=o,„(mn~N. * )=SO mb,

o,„(rr+n ~N*+ ) =o,„(~p —+N*+ ) =50 mb .

(12)

(13)

(14)

(15)

(16)

The phase-space occupation factors for the Anal state
of the fermions, 1 fb(xp) —in Eqs. (5) and (6), are treated
via a Monte Carlo rejection method. Since the computa-
tion of all possible Anal-state phase-space occupation fac-
tors is a very time-intensive task, we have developed a
technique to store the six-dimensional phase-space occu-
pation probability at every time step on a lattice [47]. In
this way we are able to use a large number of test parti-
cles ( ) 100) to represent a real particle in the reaction of
two heavy nuclei while using a reasonable amount of
CPU time. BUU type of calculations for heavy system
have been hindered using the old way of evaluating Pauli
blocking factors. For reactions involving intermediate
mass nuclei, as many as 400 test particles per real particle
have been used. For the implementation of this tech-
nique, we have to, however, make use of the locality in
time and the mass-shell condition for the energy.

The Anal-state phase-space occupation probability fac-
tors for bosons, 1+f (xp), cannot be treated by conven-
tional rejection methods, because the possible range of
values of this function is not between 0 and 1. However,
it is possible to introduce a cuto6' F such
F)max[1+f (xp)] for all coordinate values (x,p) dur-
ing the course of the nuclear collision. By multiplying
the interaction matrix element by F and dividing
[1+f (xp)]/F one can use the conventional rejection
technique on this scaled occupation probability factor.

In the present calculation the mean boson phase-space
occupation probabilities are on the order of
(f ) = 5 X 10, because we have, for example, =50
pions of three different isospin substates distributed over
a total phase-space volume of =400h for central
La+La collisions at 1.3S GeV/nucleon beam energy.
Thus the effect of stimulated emission of pions due to the
effect of the boson enhancement factor is negligible in the
case studied here. In nucleus-nucleus collisions at CERN
energies, however, this may not be the case. Depending
on the assumptions for pion freeze-out and expansion of
the hadronic system, pion phase-space occupation proba-
bilities may become comparable to 1, and one may intro-
duce a nonzero chemical potential for pions. Kataya and
Ruuskanen [23] have shown that then one can also obtain
a concave p, spectrum for negative pions due to this
effect.
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IV. DYNAMICS QF PION PRODUCTION
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To gain some insight into the dynamical properties of
relativistic heavy ion collisions and to get some familiari-
ty with the dynamical characteristics of our model, we
show in Fig. 1 the time evolution of the accumulated to-
tal baryon-baryon collision numbers and the reaction
rates for several relevant collision processes. In the mod-
el explicit isospin degrees of freedom have been used; the
quantities shown in the figure are the sums over all possi-
ble isospin channels.

The particular choice of the system Ca+ Ca at a beam
energy of E/3 = 1.8 GeV and impact parameter b =0 is
made in order to compare with Cugnon's cascade calcula-
tion [39]. The overall time dependence of the total col-
lision number and reaction rates is similar to that of the
cascade calculation. The accumulated baryon-baryon
collision number saturates at around 10—15 fm/c. After
this time, mainly 6 decays and pion reabsorptions are
present. We see that the 6 destruction processes,
XA~XX and 6—+X~, set in slightly later than the
XX~%A process, because the former processes need an
appreciable accumulation of 6's, and because the 6 has a
finite lifetime. The 6 decay rate is always higher than
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)

~ I ~ ~

I
I I 0 ~

(
~ ~ ~ I

+b, +7r

that of the formation of this resonance.
It is of interest to note the quantitative differences be-

tween our model calculations and the cascade model cal-
culations. The saturated number of total baryon-baryon
collisions calculated in the present model is about 15%
smaller than that of the cascade model. This is mainly
due to the better treatment of the Pauli blocking factor
and the inclusion of the mean field in our model. The
time-integrated cross section for the 6 reabsorption pro-
cess (NA —+NN) in the present model is about twice of
that in the cascade model. Consequently, the total num-
ber of pions observed in the final state is about 30% less
than that in the cascade model. A later modified cascade
calculation [40] shows that the discrepancies between the
experimental data and the cascade calculation on pion
production in proton, pion, and heavy ion induced reac-
tions can be removed if one artificially multiplies the
cross section o(Nb +NN) —by a factor of 3 without
changing the cross section o(NN~Nb, ). This has been
explained as an indication of the enhancement of the pion
reabsorption in nuclear medium and the underestimation
of the pion reabsorption in their model. However, in our
calculation the medium effect explanation is not neces-
sary, and the total pion production cross sections are in
agreement with data (see below).

Since we are interested in the properties of pions, it is
crucial to know the time evolution of the source of the
pions. In Fig. 2 the population of free pions and pions
still bound inside excited baryons (unborn pions) is
displayed for the system La+La at a beam energy of
1350 MeV per nucleon and b =1 fm. It is seen that the
total number of pions, 6's, and N*'s freezes out at
around t =20 fm/c at a value which is in good agreement
with experimental data [6]. The overall time dependence
of our bound and unbound pion multiplicities is similar
to the one obtained from the cascade calculation.
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FIG. 1. Upper figure: Accumulation of the total number of
baryon-baryon collisions in the reaction of Ca+ Ca at
E/2 =1.8 CxeV and impact parameter b =0 fm. Lower figure:
Time evolution of the reaction rate for the specified processes in
the same reaction.

10 20 30
Time (&~ye)

FIG. 2. Time evolution of the population of free pions, 6's
and X 's in central collisions of La+ La at E/3 = 1350 MeV.
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concave shape of the pion spectra might come from
difFerent contributions of 5 resonances produced early
and late during the course of the heavy ion collision.
Here we explore this idea in more detail and compare our
model calculations with the available experimental data.
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In Fig. 3 we compare the excitation function of the
pion multiplicity with that of the experimental data for
central collisions of La+La. The round plot symbols on
the solid line are our calculated results, and the square
symbols with error bars are the experimental data [6]. A
good agreement can be seen in the whole energy range.
Similarly good results have been obtained with a VUU
model [41]. In Ref. [41] a comparison of the data to ex-
isting cascade model calculations is shown as well, and a
clear overprediction is observed for this model.

FIG. 3. Excitation function of the pion multiplicity in central
collisions of La+La. The squares are the experimental data of
Ref. [6], and the round plot symbols on the solid line are the
model calculations.

A. Model calculation for the pion spectrum

1 dX
PE dE (17)

As we can observe from Fig. 4, the free pions at freeze-
out can be well described with a Boltzmann distribution
of temperature 78 MeV (straight-line fit).

By assuming a sudden decay of all 6's and N"s at
freeze-out, the contribution to the pion spectrum from
bound pions can be obtained. These are shown by the
dashed histogram. It is clear that these pions do not
show the same temperature as the pions which are al-
ready free at freeze-out time, but indicate a lower temper-
ature.

If we superimpose the two contributions to the pion

In Fig. 4 we show the number of pions per energy in-
terval for the La+La reaction, (I/PE)(dN/dE), as a
function of the pion kinetic energy, where P is the
momentum and E is the total energy of the pions.

The time chosen for the figure, t =20 fm/c, approxi-
mately the freeze-out time; by this time most of the
baryon-baryon collisions have ceased, but a large fraction
of the excited baryons produced have not decayed yet.

The real pions which are not bound in resonances are
represented by the solid histogram. For a thermally
equilibrated dilute pion gas at a temperature T, we can
use the Boltzmann distribution function

V. MECHANISMS FOR THE CONCAVE SHAPE
OF PION SPECTRA
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I
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I
~ s s s

I
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I
s

In this section, we apply our model to study the mech-
anism that causes the concave shape of pion spectra in
central heavy ion collisions at around 1 GeV/nucleon.
Several hypotheses have been made by the groups who
discovered this eQ'ect in order to explain their experimen-
tal results. These include the superposition of thermal
pions and the pions from the final-state 6 decays, higher
resonances [13]and the effect of baryon fiow on the pions
[16]. Based on a simplified hydrodynamical model calcu-
lation [17], it was also conjectured that the concave shape
of the pion spectra may come from an isotropic hydro-
dynamical expansion of the hot compressed nuclear
matter.

The cascade model predicts purely thermal pion spec-
tra [13],although it has been very successful in predicting
many other experimental observables in relativistic heavy
ion collisions. The original BUU model uses the frozen
delta approximation and qualitatively reproduces the
two-temperature pion spectra [16]. The origin of this
agreement, however, was not investigated.

In a previous publication [18] we proposed that the
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FIG. 4. Calculated contributions to the pion spectrum from
pion already free (solid histogram) and still bound in baryonic
resonances (dashed histogram) as well as their sum (circles) at
t =20 fm/c.
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FIG. 5. Upper part: Rate of nucleon-nucleon collisions
which lead to the formation of a b, during the central La+La
reaction at E / A = 13SO MeV. Lower part: Probability distri-
bution for the total energy in the nucleon-nucleon center-of-
mass system. The dashed histogram corresponds to the early
collisions (t ~6 fm/c, dashed hatched area in the upper part),
and the solid histogram represents the late nucleon-nucleon col-
lisions (t ~ 12 fm/c, solid hatched area in the upper part).

during the La+La reaction. The lower part of the figure
displays the probability distribution of baryon-baryon
center of mass energies„&s, for two different time inter-
vals during the course of the heavy ion reaction, as ex-
tracted from the computer calculation. The dashed his-
togram corresponds to all baryon-baryon collisions of the
type Eq. (18) during the initial compressional phase of the
reaction (dashed hatched area in the upper part of the
figure), t ~6 fm/c. The solid histogram corresponds in
the same way to all collisions for t ~ 12 fm/c (solid
hatched area).

We can clearly see that the early baryon-baryon col-
lisions are on average more energetic than the later ones.
This is because the central rapidity region is initially free
of baryons, but is increasingly more populated as the re-
action proceeds. A subsequent interaction of a nucleon
at central rapidity with a nucleon at target or projectile
rapidity thus becomes more and more probable towards
the later time in the reaction. Since it is less energetic
than a reaction of a nucleon at projectile rapidity and one
at target rapidity (the only kind possible in the initial
stage of the reaction), the 5's produced later are less en-
ergetic than the ones produced earlier, and the different
contributions to the kinetic energy spectrum of the pions
can be understood.

The pion spectra shown in Fig. 4 are the results of the
full dynamical evolution of the system, and this also in-
cludes the reabsorption of pionic excitations. We there-
fore have to ask what the effect of pion reabsorption and
rescattering on the pion spectrum is.

In the present model pions can be reabsorbed through
the two-step mechanism, namely, Nvr~b, (N*) and
Nh(N' )~NN.

To illustrate the effect of pion reabsorption and rescat-
tering on the pion spectrum, we compare in Fig. 6 the
primordial m. spectrum with the final one obtained at
t=40 fm/c from the full dynamical evolution for the

spectrum, we obtain the result which is represented by
the round plot symbols. The error bars are of statistical
nature since we solve the transport equations !Eqs. (2)
and (3)j with a Monte Carlo integration procedure. The
concave shape obtained in this way clearly hints at a pion
spectrum with a two-temperature appearance. The low
temperature is about 50 MeV for pions with EI,;„~0.2
GeV and the higher one is about 78 MeV for pions with
Ek;„~0.2 GeV.

We note that the total pion spectrum obtained at t =20
fm/c (Fig. 4) is almost the same as that obtained at t =40
fm/c when we stop our calculation. The reason for this is
that between these two time instances the 5's and X 's

are almost moving freely during this expansion phase be-
fore they decay.
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B. Concave pion spectra

What is the reason for the pions that are still bound at
freeze-out to show a lower temperature'? 'We attempt to
answer this question in Fig. 5. The upper part of Fig. 5
shows the rate of processes

(18)
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FIG. 6. Comparison between the spectra of primordial pions
(solid histogram) and Anal pions (dotted histogram).
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La+La reaction. The primordial pions are obtained by
recording the momentum, mass, and isospin of all 6's
and X*'s when they are first produced during the course
of the reaction, and by calculating the pion spectrum
which would be obtained if all of these baryonic reso-
nances were to decay right after they are formed, and the
resulting pions would propagate without further interac-
tion from then on. The primordial pions are represented
by the round plot symbols on the solid histogram, and the
final pions are represented by the plot symbols on the
dotted histogram.

We first notice the large difference in the normaliza-
tions of the two histograms: The number of finally escap-
ing pions is only on the order of 10% to 20% of the total
number of pionic excitations generated during the course
of the heavy ion reaction.

Second, we see that the primordial pion spectrum does
not show the concave shape observed in the final distribu-
tion. Due to the effect described above, the primordial
pion spectrum is, however, not quite of the Boltzmann
type as predicted by the thermal equilibrium model cal-
culations [17,48,49]. The reason for this additional shape
change lies in the energy dependence of the elementary
pion absorption cross sections obtained from detailed bal-
ance. High-energy pions with kinetic energy larger than
0.2 GeV are rescattered or reabsorbed at a higher rate
than low-energy ones.

In addition, pion absorption is a two-step process and
thus dependent on the square of the nucleon density.
This also favors the reabsorption of the higher-energy
pions produced early in the reaction (when the baryon
density was high) over the reabsorption of lower-energy
pions produced later in the heavy ion reaction (when the
baryon density was lower). Clearly, a dynamical calcula-
tion of pion reabsorption is thus essential for the correct
explanation of pion energy spectra, and a calculation util-
izing an energy-independent pion mean free path in nu-
clear matter is insufticient.

From the above arguments based on Figs. 5 and 6, it is
clear that we do not have only two contributions of
different temperature to the pion spectrum, but rather a
continuous change from the initial high-temperature con-
tribution to the final low temperature. The formation of
the concave shape of the pion spectra is due to the gradu-
al change of mean energies of the formed baryon reso-
nances and the gradual change of reabsorption conditions
during the course of the reaction.

In the study of pion spectra in relativistic heavy ion
collisions an important question is to what extent the
slope of pion spectra rejects the true temperature of the
system in the early high-compression phase of the reac-
tion. From the comparison of the two spectra shown in
Figs. 4 and 6, we see that the higher temperature extract-
ed from the pion spectra in the final state more accurately
reAects the temperature of the system in its early phase.
However, one should use caution in applying the term
"temperature, "because what we observe is not the conse-
quence of an equilibrated system, but rather of a none-
quilibrium transport process of a system on its path to-
wards kinetic equilibration.

Within the present transport model, one can also test

C. Comparison with experimental data

In Fig. 7 we compare our model calculation with ex-
perimental data for central (b (2.8 fm) reactions of
La+La at a beam energy of 1350 MeV per nucleon. The
experimental ~ number distribution, (PE ) 'dX/dE at
90'+30' in the center of mass of the target and projectile,
is shown as a function of pion kinetic energy and
represented by the round plot symbols. The data can be
well fitted by a two-temperature fit with a g per degree
of freedom of 0.9, whereas the minimum y per degree of
freedom is 3.4 for a one-temperature fit [15]. For com-
parison, the one-temperature fit ( T=49 MeV) to the data
is shown with the dashed line. Our calculations are
represented by the histogram. Calculation and data both

10
La+La
E/A = 1.35 GeV

102R
I

101

10
0.2 0.4

E„;„(GeV)
FIG. 7. Comparison between calculations (histogram) and

the experimental data of Ref. [15] (plot symbols). The dashed
line is the one-temperature fit to the experimental data with
temperature T=49 MeV.

the other hypotheses made to explain the concave shape
of the pion spectra. By studying the dependence of the
shape of the pion spectra on the nuclear equation of state
[18], it is found that one should at most expect a small
effect on the pion spectra from the baryon collective Aow.

The effect of higher resonances on the pion spectrum,
such as that of X*(1440)'s included in the present model,
has been studied by turning off the reaction channels in-
volving X*'s. It is found that the presence of X 's has
only a very small effect due to their small production
cross sections in the energy range interested here. This
finding is in agreement with that of Randrup from the
study of the hadronic matter equilibration process [38].
It was found that as long as the beam energy remains of
the order of 1 GeV/nucleon it suKces to include only the

resonance. However, at higher energies, Eb„~2
GeV/nucleon, higher baryon resonances as well as direct
multiple pion production grow increasingly important in
the reaction process, and their effects on the pion spectra
remain to be explored.
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show a clear deviation from the one-temperature fit. The
data are in reasonable agreement with our calculation.

A slight tendency of underpredicting the higher-energy
pions of energy Ek;„~0a4 GeV is noticed. One of the
reasons is that a semiclassical momentum distribution
has been used to initialize the nucleons; therefore, the cal-
culation lacks the quantum high-momentum components.
This is a problem we share with all the other semiclassi-
cal dynamical models. In the lowest-energy bin, we over-
predict the data by a factor of 2 —3, which is primarily
due to the fact that we neglect the Coulomb interaction
of the pions with the nuclear system.

In Fig. 8 we perform another comparison between our
calculation and the experimental data for central col-
lisions of Ar+KC1 at a beam energy of E/A = 1.8 GeV.
This is the experimental data set in which the two-
temperature structure of the pion spectrum was first
found [13]. Again, the experimental data are displayed
by the round plot symbols, and the solid histogram is our
calculation. The dashed curve is a one-temperature fit to
the spectrum with T=63 MeV.

As can be seen from the figure, the pion energy spec-
trum shows a deviation from the simple exponential law
for pion energies greater than 0.5 GeV. A fit with two
slope parameters ( T, = 58 MeV and T2 = 110 MeV)
reproduces the whole spectrum. Similar to the situation
in La+La reactions shown in Fig. 7, experimental data
and model calculation agree quite well.

It is well known that the cascade models with 6 reso-
nances and their decays predict a single exponential spec-
trum. In principle, the main differences between our ha-
dronic transport model and the cascade models are the
inclusion of the mean field for baryons and a more proper
treatment of the Pauli blocking in the present model.

The agreement between our model calculations and the

available experimental data indicates that to correctly de-
scribe the experimental observables in heavy ion col-
lisions of 1 —2 GeV/nucleon beam energies, it is necessary
to include the mesonic degrees of freedom explicitly,
while still keeping the baryon mean field. This is because
in this energy domain the long-range nucleon-nucleon in-
teractions are still suKciently significant that the particles
are not free but moving in a varying mean field in both
space and time.

VI. SYSTEMATICS OF PION SPECTRA

From our previous discussions, we see that what is im-
portant for reproducing the experimentally observed con-
cave shape of the pion spectra is the correct description
of the effects of the reaction dynamics on pion production
and absorption. Pions in the high-temperature com-
ponent are mainly produced in the early high-
compression phase of the reaction, probably during the
first one or two nucleon-nucleon collisions per nucleon.
On the other hand, low-energy pions are mainly pro-
duced in the late expansion phase of the reaction. Pion
spectra carry indeed interesting information about the
space-time dynamics of heavy ion collisions. More of this
information can be obtained by studying the dependence
of the shape of the pion spectra on the beam energy,
mass, and impact parameter.

The systematic experimental study of the concave
shape of the pion spectra is underway on
SIS/Gesellschaft fiir Schwerionenforschung by the
KAOS Collaboration [50], it is therefore interesting to
study these systematics based on our model calculations
also. Moreover, a comparison between the two systemat-
ic studies will further determine the mechanism that
causes the concave shape of the pion spectra and further
test our model ingredients.
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FIG. 8. Comparison between calculations (histogram) and
the experimental data of Ref. [13] (plot symbols). The dashed
line is the one-temperature fit to the experimental data with
temperature T=63 MeV.

We first study the energy dependence of the shape of
the pion spectra in central collisions of La+La. In ex-
periments one usually measures the pion spectrum at
around 90 in the c.m. system in order to avoid the "coro-
na effect" [13], so that reliable information about the dy-
namics and properties of the hot and dense matter in the
participant region can be extracted. All the spectra
presented in the following are then calculated in the c.m.
system at 90+30' in accordance with the experimental
situation of the KAOS Collaboration [50].

Pion spectra in central collisions have been calculated
for beam energies from 0.5 GeV/nucleon to 2.1

GeV/nucleon; typical ones are displayed in the upper
part of Fig. 9. Pion spectra at beam energies below 0.7
GeV/nucleon can be well described by a one-temperature
Boltzmann distribution. This is because in this energy
range the nucleon-nucleon inelastic cross section is small;
only the first collision of a nucleon with target rapidity
and a nucleon with projectile rapidity can effectively pro-
duce pions. For beam energies greater than 0.7
GeV/nucleon, if one fits the lower-energy part of the
spectrum with a single exponential distribution it is seen



PION SPECTRA IN A HADRONIC TRANSPORT MODEL FOR. . . 459

10 t I I

i

E 1 I

I

I

10 I I I

i
I F I I

)
V l

10

1P

I ~ I I I I I I I I I I

1.3 GeV/A

!

1

0.7 GeV/A
I

II. . . , I

x10
1

2. 1 GeV/A s—
1

1.7 GeV/A
x10

lA
I

106

1O4—

1P2
I

Tb+Tb

Br+Br

Ca+ Ca

C+C

x10
r=

x10'

x10
1

I. . . , I ~. . . I, . . . I. . . I

0.1 0.2 0.3 0.4 0.5 0.6
E„„(Gev)

0.1 0.2 0.3 0.4 0.5 0.6
E„,„(cev)

1.0- I I I
i

I I I 'f

f

I I ~ I I
I

1 c ~ I
l

I I I 1

i
I

0.5

,~k
La+La

b
I I I I I I I I I

0.7 .—
0.6 --

~
E/A = 1.5 GeV

b=1fm
0. I I I I I I I I I I

0.5 1.0 1.5
E... /A (Gev)

2.0 100 200
Ap+AT

300

FIG. 9. Upper figure: Calculated energy dependence of the
pion spectra at 90'+30' in the center-of-mass frame for La+La
reactions at impact parameter b =1 fm. I.ower figure: Energy
dependence of the shape parameter R of the pion spectra shown
in the upper figure. The solid line represents the analytic scal-
ing function of Eq. {21).

FIG. 10. Upper figure: Calculated mass dependence of the
pion spectra at 90'+30' in the center-of-mass frame for a beam
energy of 1.5 GeV/nucleon and impact parameter b=1 fm.
Lower figure: Mass dependence of the shape parameter R of the
pion spectra shown in the upper figure. The solid line
represents the analytic scaling function of Eq. (21).

that the deviation of the spectrum from the single ex-
ponential distribution increases as the beam energy in-
creases up to around 1.5 GeV/nucleon. The general
feature observed here is in agreement with the experi-
mental findings [15]. However, the tendency is not so ob-
vious at beam energies above 1.5 GeV/nucleon.

As can be seen, the slope of high-energy pions also in-
creases as the beam energy increases. As we have dis-
cussed in the last section, pions in this high-
"temperature" component are produced in the early
high-compression phase of the reaction. The slope of the
high-energy pions reAects the amount of energy deposited
in the participant region via baryon excitations, which is
monotonically increasing with beam energy.

B. Mass dependence

In Fig. 10 the upper part shows our predictions on the
mass dependence of the pion spectrum. All calculations
are performed for symmetric systems at a beam energy of
1.5 CxeV/nucleon and an impact parameter of 1 fm.

For light systems, such as C+C and Ne+Ne (not
shown}, the spectra can be well described by a one-
temperature Boltzmann distribution. The reason for that

is the following, for light systems the size of the partici-
pant region is small which is compatible with the mean
free path of the nucleon, therefore on average particles
only suA'er one collision during the course of the reaction.
For heavier systems from Ca+Ca to Tb+Tb, the situa-
tion is diA'erent. If one fits the lower-energy part of the
spectrum with a single exponential distribution, one sees
that the deviation of the spectrum from the single ex-
ponential distribution increases as the mass of the system
increases. This feature of the mass dependence also
agrees with the experimental results. Looking at the ex-
perimental pion spectra shown in Figs. 7 and 8, the devia-
tion of the spectrum from the single exponential 1aw in
La+La is much larger than that in Ar+KCl, given the
fact that the beam energy per nucleon in the La+ La re-
action is 450 Me V smaller than in the reaction of
Ar+KC1. We also observed that the slope of high-
energy pions is almost independent of the mass of the col-
liding nuclei.

C. Impact parameter dependence

Little knowledge of the impact parameter dependence
of the pion spectra is presently available from experimen-
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tal data. The KAOS Collaboration has thus planned to
study this dependence. In particular, a change in the
slope of high-energy pions with centrality might indicate
a thermal origin for these pions, while a similar slope
would favor a dynamical decay process.

Our predictions on the impact parameter dependence
of the pion spectrum are shown in the upper part of Fig.
11. The reaction of Ar+KC1 at a beam energy of 1.8
GeV/nucleon has been chosen. It can be seen that the
spectra are almost parallel to each other and show a con-
cave shape for impact parameters smaller than 3 fm. For
impact parameters larger than 5 fm the spectra show

only one temperature component. This is because at
large impact parameters too few particles are inside the
collision zone, and pions are produced in first collisions
only.

In experiments the centrality of the reaction is usually
measured in terms of the charged particle multiplicity, in
this case charged pions. In our model calculations there
is a one-to-one correspondence between the impact pa-
rameter and the multiplicity of charged pions in the final
state. It will therefore be possible to make a direct com-
parison between our calculations and the coming experi-
mental data from the KAOS Collaboration.

VII. APPROXIMATE ANALYTIC SCALING FUNCTION

To describe the shape of the pion spectrum quantita-
tively and further study its dependence on beam energy,
mass, and impact parameter, we perform a least-squares
fit to the spectrum with a two-temperature distribution
function

(PE) 'dX jdE = 3, exp( Ek;—„/T, )

+ A 2 exp( Ek,„—!T2 ),

and define the shape parameter as

A)T)
A, Ti+ A2T2

(20)

With T, we refer to the lower temperature in the two-
temperature fit. It should be noted that this temperature
is not the same as obtained by fitting the lower-energy
part of the spectrum with a single exponential function.
8 represents the fraction of the area in the first exponen-
tial. It is approximately equal to the fraction of the pion
yield in the first exponential [15].

The shape parameters as extracted from our computer
calculations are plotted in Figs. 9, 10, and 11 as functions
of beam energy, mass, and impact parameter, respective-
ly. The energy dependence of the shape parameter is
rather Oat. As a function of the total mass of the system,
8 increases from about 0.5 to 0.8 when the total masses
of the system grows from 24 to 160. For heavier systems,
R saturates at around 0.8. For Ar+KC1 collisions at a
beam energy of 1.8 GeV/nucleon, the shape parameter is
about 0.7 for impact parameters smaller than 2 fm, it
then decreases to about 0.4 at b =5 fm.

In order to understand the scaling behavior of the
shape parameter R we may attempt to formulate approxi-
mate scaling laws, based on our knowledge of the mecha-
nism that causes the concave shape of the pion spectra.
As we have discussed previously, pions in the higher-
temperature component are mainly produced in the early
high-compression phase during the course of the reac-
tion. To obtain an approximate scaling function we as-
sume that pions in the higher-temperature component are
completely coming from first collisions in the early phase
of the reaction. This approximation is valid for beam en-
ergies which are not too high. To contribute to the
lower-energy component, at least one of the colliding nu-
cleons has to have had at least one previous collision to
transport it into the "midrapidity source. " We use Pois-
son statistics for the probability distribution of the num-
ber of nucleon-nucleon collisions. Under these simplify-
ing assumptions, the .scaling function for the shape pa-
rameter is given by

FIGs 11. Upper figure: Calculated impact parameter depen-
dence of the pion spectra at 90'+30' in the center-of-mass frame
for Ar+KC1 reactions at beam energy of 1.8 CreV/nucleon.
Lower figure: Impact-parameter dependence of the shape pa-
rameter R of the pion spectra shown in the upper figure. The
solid line represents the analytic scaling function of Eq. (21).

1 —e "—ne

where n is the average number of nucleon-nucleon col-
lisions per nucleon [51],
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A, Ado„„(E)f dxdy f dz, dzzp, (x +y +z&)' p (x +y +z2)'
(22)

—,
' f dxdy f dz[p~(x +y +z )' +p, (x +y +z )'~ ]

Here o„„(E. ) is the energy-dependent total nucleon-nucleon cross section. The integrations over x and y are performed
over the geometrical overlap area 8 with the Monte Carlo integration method. A, is a correction factor resulting from
the fact that the final-state phase space for the scattering nucleons is partially Pauli forbidden. With use of geometrical
considerations, it can be approximated by

(23)

with h =(pF pb)~ p~ pb). Ad is ano her correction
factor used to include properly the effect of energy degra-
dation and pion reabsorption. A constant of 0.6 has been
used in our calculations.

Even though we expect the above scaling function for
the shape parameter to be only an approximation, we can
still compare it with the numerical values extracted from
the calculated spectra. The results obtained from Eq. (21)
are displayed by the solid lines in the lower parts in Figs.
9, 10, and 11. As can be seen the qualitative features of
the numerical calculations are reproduced, and the gross
features of the shape parameter and therefore the sys-
tematics of pion spectra in relativistic heavy ion collisions
at beam energies around l CxeV/nucleon can be under-
stood in terms of the simple scaling arguments presented
here.

VIII. SUMMARY

We have presented a hadronic transport model for
studying relativistic heavy ion collisions. This model is
based on solutions of a set of coupled transport equations
for the phase-space distribution functions of nucleons,
baryon resonances, and pions. The model can be seen as
an extension of the BUU model from the baryon dynam-
ics level to the hadron dynamics level.

An application of the model to the study of the pion
spectrum shows that the shape of the pion spectrum
reflects the effect of the reaction dynamics on pions; the

mechanism for the concave shape of the pion spectra in
central heavy ion collisions is found to be due to the
different contributions of the delta resonances produced
early and late during the course of the reaction. The
available experimental pion spectra have been repro-
duced. The systematic study of the shape of the pion
spectra indicates that the concavity of the pion spectra
increases with both the beam energy and the mass of the
colliding nuclei, and decrease with impact parameter.

An approximate scaling function for the shape parame-
ter of the pion spectra has been derived from a Glauber-
type multiple collision model to understand the systemat-
ics of the pion spectra. Upcoming experimental results
from the KAOS Collaboration on the systematics of the
concave shape of the pion spectra are expected to further
test our model predictions.

We conclude from our study that in heavy ion col-
lisions of beam energies around 1 CxeV/nucleon it is
necessary to treat mesonic degrees of freedom explicitly,
without neglecting the nuclear mean field. This is impor-
tant to understand the observables sensitive to the
dynamical degrees of freedom in relativistic heavy ion
collisions and to reliably infer properties of hot and dense
matter produced in these collisions.
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