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Using Coulomb distorted waves for the electron wave functions, we investigate (e, e'y ) processes
where the nucleus is excited by inelastic electron scattering and the subsequent decay photon is detected
in coincidence with the scattered electron with the nonavoidable bremsstrahlung process which must be
coherently included. We examine the efFects of Coulomb distortion on the resulting cross sections and
compare our results with plane-wave analyses and with previous approximate calculations. In addition
to examining other calculations, we compare our results with the available data and discuss the possibili-
ties of using this reaction to determine multipole admixtures and extracting transition charge and
current distributions for medium and heavy nuclei.

I. INTRODUCTION

For many years electron scattering has been one of the
most important tools for investigating nuclear structure.
The principle reasons for this are that the electromagnet-
ic interaction is well understood and that it is relatively
weak, so that it only slightly disturbs the nucleus under
study and penetrates the entire volume. While phase-
shift analysis is necessary for the analysis of elastic elec-
tron scattering, the plane-wave Born approximation
(PWBA) suffices for the analysis of inelastic electron
scattering from light nuclei. For inelastic electron
scattering from medium and heavy nuclei, it was neces-
sary to include Coulomb distortion in the electron wave
functions and carry out a distorted-wave Born approxi-
mation (DWBA) analysis. This was worked out many
years ago [1], and more recently, a Coulomb distorted
analysis of the radiation tail accompanying elastic
scattering [2] which lies under the ine.astic cross section
justified an ad hoc procedure long used for subtracting
the radiation tail from medium and heavy nuclei [3]. Us-
ing these tools, inelastic electron scattering has become a
very precise tool for extracting the radial distributions of
transition charge and current distributions to nuclear lev-
els, particularly for cases when only one multipole transi-
tion is allowed or dominant.

With the advent of new continuous-beam machines,
coincidence experiments of the form (e, e'x ) become pos-
sible. In most cases particle x is some nucleon knocked
out of the nucleus or a meson produced from a bound nu-
cleon, which then exits the system. In both cases the
coincidence requirement eliminates the troublesome radi-
ation tail, but having a hadron as an outgoing particle in-
troduces the traditional uncertainties arising from the
strong interaction. While many interesting experiments
are being done with x being a hadron, the idea of keeping
the precision and the lack of uncertainty associated with
purely electromagnetic interactions is dificult to give up.

The basic features of (e,e'y) were first explored by
Rose and co-workers [4,5] in the plane-wave electron ap-
proximation. They identified the essential properties of
the process and treated both the problem of
bremsstrahlung-nuclear interference and the case of
nonzero spin nuclei. Subsequently, Drechsel and Uberall
[6] extended the plane-wave analysis to overlapping nu-
clear levels, while Arenhovel and Drechsel [7] formulated
the problem in the language of polarizabilities. More re-
cently, Fein et al. [8] have used this approach to examine
the suitability of (e,e'y) as a probe for giant resonances.
Finally, within the plane-wave approach, Donnelly, Ras-
kin, and Dubach [9] have emphasized the complementar-
ity between the (e,e'y) process and electron scattering
from polarized targets. An early work [10] set up the
basic formalism for including Coulomb distortion in the
nuclear part of the process, but investigated only a few
cases. More recently, Ravenhall et al. [11],in collabora-
tion with the experimentalists at the University of Illi-
nois, have included the Coulomb distortion effects on the
part of the transition induced by the charge operator in
the Coulomb gauge. They avoided kinematic regions
where the bremsstrahlung interference is a significant
contribution. To date, the experimental efforts to use the
(e,e'y) reaction have been carried out at Illinois [12] and
Mainz [13]. While both groups reported that accurate
measurements of the process are diFicult, they were able
to obtain quite good data from an E2 transition in ' C
and a mixed E2-M1 transition in ' N. The primary ex-
perimental diFiculty, apart from rather low counting
rates, is the detection of the coincidence gamma rays in
the hostile environment of an electron-scattering hall.
However, as noted by Papanicolas in an invited talk four
years ago [14], with care the reaction (e, e'y ) can be
effectively used to study nuclear excitations below the
particle-emission threshold to a high degree of accuracy
even for mixed-multipole transitions.

With the intention of helping achieve this possibility,
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we will examine the (e, e y ) reaction with the inclusion of
the bremsstrahlung amplitude in both the plane-wave ap-
proximation and with Dirac Coulomb waves for the elec-
tron. Inclusion of the bremsstrahlung amplitude will in-
crease the kinematic region available to the experimental-
ists since useful coincidence data can be obtained nearer
the incident and scattered electron directions, and in-
clusion of Coulomb distortion in both the nuclear excita-
tion and 1remsstrahlung amplitudes will permit the
analysis of experiments from medium and heavy nuclei.
In the present work, we restrict ourselves to particle
stable states where the resolution of the detectors is
greater than the natural decay width of the states. This
permits us to only calculate the amplitude corresponding
to nuclear excitation followed by subsequent decay since
the time-reversal amplitude is very small. Our purpose is
to fit the available data and to examine a number of nu-
clear transitions, particularly mixed-multipole transi-
tions, to see if (e, e'y ) can be useful in extracting the nu-
clear transition and current distributions. We also have
particular interest in the case of heavy nuclei since the
bremsstrahlung amplitude is proportional to Z, while the
nuclear excitation and decay is proportional, roughly
speaking, to the number of nucleons involved in the tran-
sition. Thus the bremsstrahlung amplitude increases rel-
ative to a single-particle transition and subsequent decay.
Furthermore, both are modified by Coulomb distortion.
One of our goals is to see how useful (e, e'y) is for such
cases.

In Sec. II we give our formalism for describing the
(e, e'y) process in both the plane-wave approximation
and DWBA. We include both the nuclear excitation and
subsequent decay amplitude and the bremsstrahlung am-
plitude. In Sec. III we present a number of examples to
illustrate the application of the (e, e'y) process to the
study of real nuclei, including mixed-multipole transi-
tions. In Sec. IV we briefly summarize our conclusions.

for the current-current interaction, where r& and r&
refer to the larger or smaller of r, and r„. They are given
by an expansion into spherical harmonics, which also
separates the nuclear and the electron variables. Using %'

and f to denote the time-independent nuclear and elec-
tron wave functions, the amplitude for transitions from
the initial state i into the final state f ' is

~if' 4~+ f' Pe i 6 e n +f' Pn +i

&pf—Ij Ig; & 6(r„r.).&+f lj I+;&~«. «. .

(4)

The matrix elements &ltf. p'~lp; & and &pf Ij' lg; & are
the transition charge and current densities, respectively.
For the electron these quantities are simply evaluated:

& Qf'lp", irj; & =gf'(r )Qi(r )

where a is the Dirac matrices. For the nucleus, transi-
tion densities are conveniently expressed by employing
the expansions

&+f lp'„" +; &= g C~ mm, pL(r„.)YL (r„),
LM

f'

&'pf lj:"I+;&= X c~~M, [JLL(r„)&LL(r„)

L, L —I( )+L,L —1(r

+JI., L. +i(rn )+L,L+i("n ) f .

II. FORMALISM

A. Nuclear excitation amplitude

The Hamiltonian density representing the interaction
of electron and nucleus due to exchange of one photon of
momentum k is

HI„",' = 4vra[p i'G(r„r„)p'„(—r„)

—j;i' G(r„r„) j'„~(r„)j,

B(EL;J, —&Jf )

2J, +1 (2L+ 1)!!" f r dr pL(r)jL(eir)
2 f Q7 0

B(ML;J; —&Jf )

2

The strength of the transitions are characterized by the
reduced transition probabilities for electric and magnetic
multipoles defined by

where p', and j'„i' (p'„and j'„) are electron (nuclear)
charge and current-density operators and a is the fine-
structure constant. The Careen's functions 6 and G for
the interaction are given by

G(r„r„)=ik gjL(kr& )hL"'(kr& )YL (r, )YL (r„), (2)
LM

2J, +1
2Jf +1 L+1

(2L + 1)!!X "
r dr JL L(r )jL(cur )

CO 0

2

for the charge-charge interaction, and

Cx(r„r„)=ik g jL(kr& )hL"(kr& )Vzz(r, )VJL (r„), (3)
JLM

In Appendix A we define the form factor associated with
these charge and current densities and give the con-
straints imposed by the continuity equation.
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1. Plane-waoe approximation

We give a brief review of the plane-wave Born approxi-
mation treatment of inelastic electron scattering, where
we neglect the distortion of the electron wave functions
by the static Coulomb field of the nucleus and take the
electrons to be in plane-wave states. The wave function
for an electron of momentum p and energy E may be
written, for the initial state,

y(tt)(p r )
—u(tL)(p )e' i

1/2E~+m,
Qg

2me

I /2E~+m,
f

i/2
p& sin02e01

E~+m,
PI COS02

EI+m,

—i@2
py cos02 py sin82e10
E~+m, Eg+m,

(14)

(15)

and for the final state

E, +m,
2me

E;+m,
2me

1
0

p; cosg, /E;+m,
p; si (n9, e '/(E;+m, )

0
1—i/i

p, sinO&e '/E, +m,
—p; cos8(/(E, +m, )

(13)

q(TT)(p r ) u(tL)(p )e I (12)

The spinors u;(f) (p) are given for electrons traveling in
general direction by

The matrix elements for the scattering of the electrons by
the nucleus can be written as

&f'Ij, li ) y
&,"I"= —4~ai f u, fd, r e'q'

q co

i&f' pauli)+
q

Pp Qp

(16)

where u =u yo and a=Py. The multipole expansion of
the Fourier transform of the nuclear matrix elements can
be carried out by

f (f'lp)v(r)li)e' 'dr=v'4m g Li c~ ~~~ DM o(0, $,0)FL(q),
0 LM i f'

f (f'lj, (r)li)e'q'dr=v 2' QLi C~~IM g pDM „(8,$,0)g„[FL (q)+ipFL(q)],
LM p=+ 1

(17)

(18)

where (9,$) are polar and azimuthal angle of q and the various form factors FI (q ) are given in Appendix A. Choosing
q along the z direction and substituting Eqs. (17) and (18) into Eq. (16), we obtain, for the excitation amplitude in the
plane-wave approximation,

I LII, FL (q )L . I LI, FL(q ).
A f.(M;,MI., m;, m'/ ) = 4mai 2~—g u.

& i CM „M (u'g y 2 z
+iCM „I pg. y z;P f 2 2

q
—w

I,.LII, FL(q )
+i&2(2L+ 1)C~OMI y() u. (19)M,.OMf,

where g„are the spherical unit vectors given by g(= —(x+(y)/&2, g (=(x —(y)/&2, g~=z, and @=+I in the trans-
verse terms since q is along the z axis. The scattering amplitude can be separated into magnetic (transverse) and electric
(transverse and longitudinal) components, which can be written as

g ex
M

&2L+ I .L t I LII,
2 2

i u/ ( —CM (M ag'(+CM' (M a g' ()uFL (q),
q co i f' i f'

L('q) t ILI ~ ILI I.(q ) I,LII,a g'(+C~, M a g' i)u;+i &2(2L+1)
2 C~oM u/

q
i f' f q2 i f'

(20)

(21)

2. Distorted wave

Next, we consider the distorted-wave treatment of inelastic electron scattering. That is, we take into account the dis-
tortion of an electron wave function due to the static Coulomb field of the nuclear charge density. The incoming and
outgoing electron wave functions ii), and g&, are the solutions of the Dirac equation containing the potential due to stat-
ic charge distribution of the nucleus. Explicitly, initial and final electron wave functions for electron momentum p;(pI. )
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1If. (pf, r, )=4m
KP

where the spinor is

and energy E, (Ef ) in a central field when expanded in partial waves with appropriate boundary condition are
' 1/2

1I, (p, , r, )=4m g e "i'C„"' IJ„Yt™~(P,)Q(p;, r, ),2E V
KP

1/2
'

~ I' C I'l l /2 II '
Ytt'

— '
(P2Ef V

(22)

(23)

(24)

With these expansions the integration over the nuclear angular variables and the electron angular variables can be per-
formed. In a coordinate system in which the incoming electron direction de6nes the z axis, one obtains the result

(E;+m, )(Ef.+m, )
AJ"J (M„Mf., m, m')=8m a

(2J;+1)E;EfV

J,LJf
CM. MM

y (
1)j'+1+1/2+le' ' I!—I'(2I+1)(2j+1)1/2

l. M (2L+1)
1(1/2)j I'(1/2) j' 1'Lj '

Qrnm m+M —m'm'm+M mMrn+M

X [C~W(j 'Ij'I; ,'L )R («L«—')+Coot W(j 'Ij'I; ,'L )R (~—La')]

XY + (P )

where I = I( —«) and the electric and magnetic radial integrals R («'Lv ) and R («'L«') are given by

R («L«')=(2L+1)ik f I pi(r„)jL(kr& )hL' '(kr& )[g (r, )g .(r, )+f (r, )f„.(r, )]
0 0

1(l' )J'I 1(kr )hi 1 ( kl' )+t
v L(2L+1)

X [L[f (r, )g (r, ) g„(r, )f, (r, )]+—(« «')[f (r, )g—, (r, )+g (r, )f„.(r, )]]

. jL,j.+ 1(r. )j I, + 1( «& )hi. '+ 1 («
v'(L + 1)(2L + 1)

(25)

X I(L+1)[f,(r, )g„(r, ) g, (r, )f .(r, )—]—(lr —«')[f,(r, )g,.(r, )+g,(r, )f,, (r, )]]

X rn re drndre (26)

jI I (r„)jL (kr )hi '(kr
R («L«')=(2L+1)ik f I i ' " [(«+«')[f„(r, )g,.(r, )+g,(r, )f,.(r, )]]r„r,dr„dr, .

0 0 L(L+1)
These particular forms of the radial integrals result from using the Lorentz gauge.

(27)

B. Deexcitation process

The nucleus y decays from the excited state f to state f with the emission of a photon and, of course, is independent
of whether or not we use a plane wave or distorted wave for the excitation. The transition matrix element for the pro-
cess is given by

~,"", = —I fd x(f, l~H;„, ~O, f'&e (28)

where H1„,= —&4maj A, where A is the vector potential of the real photon field. In terms of the creation and annihi-
lation operator, it can be written as

X (+k, k+k, ke ++k, k+k, ke
k, A,

(29)
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where uk &=e&e' " and A, denotes the polarization state of nuclear photons propagating with momentum k:

AJd'"J = 2m—i&4ma5(Ef+co E—f ) J d'r&, flj ay*If'&e (30)

We can expand the photon field e e '"' in terms of the multipole expansion

L( —1) M+iD+L (y g O)( A™+'gATE )
L,M

(31)

where the radial parts of the current density are defined by the complex conjugate of Eq. (8) and the D function is
defined by Rose [15]. The scattering amplitude thus is found to be

4 'A, 4

Q(2J«+ 1)co

Xg (
—1) +'i D*M i((hr, 9y, O)CMf MfM [12L+IFL (co)+iAFL(co)] . (32)

In order to examine mixing between electric and magnetic multipoles, we separate this amplitude into magnetic and
electric parts, both of which are transverse:

(33)

For convenience, we introduce a mixing parameter P and write the total amplitude for excitation and deexcitation as

A"""(A,m, m', ,M;, Mf, J;,Jf )= g fpEJ"J (M„M«, m, m')+(I 13)MJ"—J (M;,Mf, m, m')]
Jf,Mf,

X [IBEJ'"J (A, , Mf, Mf )+(1 13)MJ'"~ (A, ,Mf—,Mf )] (35)

where the subscripts q and ~ are the arguments of the
form factors for the excitation (plane-wave case) and
deexcitation amplitudes, respectively. The coincidence
cross section is obtained by multiplying the excitation
amplitude times the deexcitation amplitude and coherent-
ly summing over the angular momenta labels, L,I.' and
the intermediate magnetic substrates Mf . Finally, the
modulus squared of the product of the amplitudes is aver-
aged over the initial spin states, summed over the final
spin states, multiplied by the density of states, and divid-
ed by the incident Aux to obtain

3
nucl

dQ, dQ dao

f i fcop E;E gex codexL,M, Mf, L', Mf, , Mf
Pi m ) m~ LL'Mf

M,.Mf k

along q while in the distorted wave, we choose the z axis
along p;.

C. Bremsstrahlung amplitude

1. Distorted blaue

H =H„d+HDC+H;„, , (37)

where the spherical symmetric static Coulomb potential
of the nucleus, V(r), is included in the Dirac Coulomb
Hamiltonian

HDC= ia V+ V—(r)+m P, (38)

The Hamiltonian density for electrons in a static elec-
tromagnetic field and photon is

The deexcitation amplitude is the same for both the
plane- and distorted-wave excitation, but one should note
that, in the plane wave calculation, we choose the z axis

and a and P are the standard Dirac matrices. Substitut-
ing the partial-wave expansion Eqs. (22) and (23) for the
initial and final electron states and the photon multipole
expansion and carrying out the angular integral and re-
quisite Dirac algebra, we obtain [2]
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(E, +m, )(Ef+m, )a
Af,"(A,,M, L, m, m') =8nA,

EfE;co

X g &2L+ li g (
—1) +'D* ~q($, 8,0)

L M

K K it I
( 1 )J+ i/2(2 ~ + 1 )1/2(2i+ 1 }i/2

K~K

~ ~1(1/2)j ~ I'(1/2) j' ~jj 'L~ OmM ~m+M —m'm'm+M~ —(1/2)(1/2)O~mMm+M

XR(ir, ~', L, A. )F&
+

(pf ), (39)

R (~,~', L,A, ) = (40)

where the initial electron momentum p; has been chosen to define the z axis. The radial integral in Eq. (39) is given by

1+( 1) (M) 1+( 1)

where I =/( —sc), and the magnetic and electric radial integrals are given by

+I' '=,
/ JL ~r „g ~ +g,[L(L+1)]'"

and

(41)

I(E) L
L+1 f 00 K+K 2JL-1(~r) (f.g. g.f. }—+ (f.g. +g.f. } +JL(~r)(f.g. +g.f. } «»

L
(42)

and for calculational convenience we have written the radial integrals in the least singular gauge.
The bremsstrahlung amplitude also can be expressed as a sum over the polar angle dependence of the D functions

[15]by writing

&f = X &iMd~, M(gr»-
L, M

(43)

(j+m)(j —m)
a3
™~(j+m')(j —m')(g}g i dj+](g)(g+m'+1)(j —m'+1)

r r a3 r (j +m+1)(j —m —1)
(44)+ ds (gr),

a3

with the azimuthal dependence in the coefficient az M. In this form we can apply the Yennie- Ravenhall [16] conver-
gence technique to make the L sum converge faster. The recursion formula for d ~ (8) on j is given by

1/2 1/2

where a, =[(j—m+1)(j+m+1)/(j +1)(2j+1)]a3, a4=[(j—m')(j+m')/j(2j +1)]a3,
+1)]a3. In our case, j=L, m'=A, , m = —M, and Eq. (44) reduces to

&(L +M+ 1)(L —M + 1)(l +1+1)(L —
A, + 1)

(L + 1)(2L + 1)

and az = [mm'/j(2j

&(L+M)(L —M)(L+k)(L —
A, ) ds i MA,

(L +1)(2L +1) L(L+1) (45)

Equation (43) can be written as

1
af; = g as~(1 —cosg )dq M(8 ),

(1—cosgr } ~M

and applying relation Eq. (45), we get

1 g as ~di ~(gr),
1 cosgr)

where

(46)

(47)

MX
L(L+1)

&(L +M )(L —M )(L+A, )(L —A, )
+L —1M L(2L+1)

aL+1M
&(L+M+ 1 )(L —M+ 1)(L +1,+ 1)(L —1+1)

(L + 1)(2L + 1)
(48)
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Using this technique, we can calculate the DWBA bremsstrahlung amplitude for all photon angles 0 at least 20 —30
from the incident and outgoing electron directions. For photon angles closer to either the incident or outgoing electron
directions, the L series does not converge well.

2. I'/ane-wave amplitude

2

Sf, =i(4ma) ~. z6(EI+co E;—)
2E;Efco

The transition matrix element for the second-order (bremsstrahlung) process is given by [2]
1/2

uf(Ti+Tz)u; . (49)

The operators T, and T2 corresponding to the two difFerent diagrams appear between initial and final electron spinors
with four-momenta p;=(E;,p, ) and pf+(Ef, pf) and can be written in terms of an integral over the intermediate
three-momentum p as

~z. (yo 'y P™)Yo —i (k —p+pf)
T, = drdp F(~p —p, ~)e (50)

yo(yoEf y'p™))Lz. —'~ (k+p —pf )

T, = drdp. . . F(ip —pf i)e
(I f —p') bp pf—'

(51)

where F(q )=F( ~p
—p; ~

) =F( ~p
—pf ~

) is the form factor due to the finite size of the nucleus, A, denotes the photon po-
larization, and g=yoe —y g)„. After integrating over r and p and taking a =(a, —iaz)/&2, y =Pa, and yo=P, for
positive A, , we obtain

i/2
3 F(q) t Et + izz yo+ a)pz sin8ze +a3(pz cos8z+co )

Sf+, = C(2m.)', ufta
p; (pf+k +—2pfk cos8z)

Ef —m yo+ a)p) sin8, cos(t ) +azp, sin8( sing, +a3(p, cos8, —k )

pf —(p +k' —2p, k cos8 )

and taking a+ = —(al+ i az)/e2, for negative A, , we obtain

(52)

3 F(q) t E +M yo+a )pzsin8ze +a3(pz cos8z+k
Sf; =C(2~)

&Zq' f
p (pf +k'+ 2p—fk cos8, )

Ef ™yo+a)p)»n8rcosp)+a3(p) cos8, —k )+azp i sin8 sing,

pf (p +k' 2p—, k cos8 )— (53)

where C= i (4~a) z5(Ef +co E, ). The —bre. msstrah-
lung cross section can be written as an incoherent sum
over the electron spins and photon polarization,

P e
—ik A+2~ y I ). I.

( I)—M+)D—*L (k)
L, M

X( ALM+i)M ALM) ~ (56)

where

3d ~tot

Qe Qyd Q)

E;k JfEf
2p; (2' )

2
(54)

where D*~„(k) are defined by Rose [16] and ALM and

AL~ are the transverse magnetic and electric Hansen
solutions given by Eisenberg and Greiner [17]. The label

p denotes di6'erent polarization states of the photon. For
k =pf —p in T, and k =p —p; in T2, we can perform the
space integrals in Eqs. (50) and (51). For example, the
(TM) contribution to Sg. for photon polarization is given

by

contains all Aux, density of states, and statistical factors.
Since the DWBA calculation for bremsstrahlung neces-
sarily involves a photon multipole expansion, it is useful
to obtain a multipole decomposition of the plane-wave re-
sult for checking purposes. %'e expand the photon field
in multipoles by writing

( f")™=CX uf[&: (~i+Fz)yo

+yo(+z+Fz»)'. ,I, ]u;

where

(57)
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g LM [g~5(2L + 1)]1/2( 1)2 +M+ la eL (k)g (5g)A,~p M, p

and gz are spherical basis vectors for A, =O, +1. The in-
tegrals over d p are written as a sealer integral
ILMA, CL1L G LMA, , w ere

F(
~ p —p; ~ ) YL (kf )5( k —kf )

(p'; —p') p —p; 'k'

with F, =m, I& and I'& =E,I, and vector integral
FLMX cL 1k, ALMA. , w ere

pF( Ip p'I ) YL (kf )5(k kf )~L,M —A, d p. (60)
(p'; —I ') p —p; 'k'

The integrals with the subscript 2 are obtained by inter-
changing the labels i and f for E;, p;, and kf. The in-

tegrals G, and Ci, can most easily be evaluated
by choosing the vector p; —pf to define the z axis and for
p; and pf to lie in x —z plane. It is convenient to take kf
as the integration variable rather than p. The integration
over dkf is straightforwardly done by using the delta
function [2]. The P integration can be performed analyti-
cally by use of contour integration, while the remaining
integration over 8 is done numerically [2].

D. Interference and total cross section

For the case where the final nuclear state is the initial
nuclear state, the amplitude for the nuclear excitation fol-
lowed by deexcitation must be coherently added to the
bremsstrahlung amplitude. Thus the cross section for
this case is given by

3d ~tot

dQ, dQ dm

co pfE;Ef
256p, m.

m, m', k
M, ME, J;,Jf

g brem 2+ ~ g nucl 2+ ~ ( g ebremg nucl + g bremen
enucl

)
'

LM L', M' ~ LM L'M' LM
L,M L', M' L, M

L'M'

(61)

However, when the final nuclear state is an excited nu-
clear state (not the ground state), there is no interference
with bremsstrahlung. In the following we only consider
the case where the nucleus returns to the ground state.

III. RESULTS AND DISCUSSION

Before examining specific cases, let us discuss the coor-
dinate system for displaying results. We choose the in-
cident electron to be along the z axis and the scattered
electron lies in the x-z plane. Thus the momentum
transfer q=p; —pf has azimuthal angle P =m. . The out-
going photon is characterized by polar and azimuthal an-
gles 8 and P, but for convenience in display, the in-
plane photon distributions are plotted for 0& ranging
from 0' to 360' with |i) =0. Thus, in these plots, 8
occurs somewhere between 0& equal to 180 and 360'.
For photon distributions out of plane, we use the stan-
dard polar angles.

The formalism for the (e,e'y) process developed in the
previous section is now used to explore the size of the
corrections brought about by Coulomb distortion with
the particular concern to see if the Coulomb effects inter-
fere with using this reaction to study the underlying nu-
clear transitions. The ingredients needed for studying a
given nuclear excitation and deexcitation process are
multipole decomposed transition charge and current ra-
dial distributions. We used transition charge and current
distributions extracted from inelastic scattering experi-
ments, for the light nuclei ' C and ' N, a medium nucleus

Zr, and heavy nuclei ' 'Ta and Pb. In particular, we
examine excitation and deexcitation of the 4.439-MeV,
(I =2+) state of ' C, 6.32-MeV (I =

—,
'

) state of "N,
5.06-MeV (I =7+) state of Zr, 0.136-MeV (I =

—,
'+)

state of ' 'Ta, and 2.615-MeV (I =3 ) state of Pb.

A. '2C{e,e'y)(2, 4.439 MeV)

We first consider an E2 transition to the 4.439-MeV
state in ' C. We use the Fourier-Bessel fit to the transi-
tion charge and current distributions given by Ravenhall
et al. [11) to characterize the transition. In Fig. 1(a) we
show the coincidence differential cross sections for excita-
tion and deexcitation, bremsstrahlung, and interference
terms at T=66.9 MeV and electron-scattering angle of
60'. The bremsstrahlung and interference terms are
negligible apart from photon directions near the incident
and scattered electron directions or diffraction minima.
Note that, for ' C, Coulomb distortion plays a significant
role with a small shift in the photon angular distribution,
but with a significant change in the magnitude of the to-
tal cross section. In Fig. 1(b) we show the Coulomb dis-
tortion effects on the total coincidence cross section at
electron incident energy E, =66.9 MeV and scattering
angle of 8, =60'. As noted earlier, the DWBA calcula-
tion for bremsstrahlung does not converge for photon an-
gles too near the electron incident and final direction, and
so we only show the DWBA results in angular regions
where we achieve convergence. In Fig. 1(c) we show our
DWBA calculation as compared to the experimental data
from Illinois [12]. The experimental data were not an ab-
solute measurement and have been shifted to obtain a
best fit which is excellent. Our results are in general
agreement with those of Ravenhall et al. [11],in that we
confirm their conclusion regarding the sign between the
longitudinal and transverse form factors, but our agree-
ment with the data is somewhat better. We suspect this
arises from their approximate treatment of the Coulomb
effects on the transverse terms. Note that the full PWBA
and DWBA curves are very slightly shifted in angle for
this case; the primary effect is a change in magnitude.
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FIG. 5. (Continued).

tions to the differential cross section at T= 183 MeV and
scattering angle of electron 0, =25 . In this case brems-
strahlung and the interference terms are only significant
near the incident and scattered electron angles. In Figs.
5(b) —5(e) we show a comparison of our calculations with
the experimental results carried out at the University of
Mainz by Nick I13]. The photon angular distributions
were measured for various polar angles as a function of
the out-of-plane azimuthal angle P . Recalling that we
have defined the electron azimuthal angle as 0, we set the
electron-scattering angles 0, =24, 40, 54', and 72 and
fixed the photon polar angle Oz at 90', 120, and 130'
while varying P . In general, our calculated shapes are in
very good agreement with the measured distributions.
Note that only relative cross sections were measured, and
so we multiplied the data points of a given azimuthal dis-
tribution by a factor which gives the best fit to our calcu-
lated cross sections. While Coulomb distortion effects re-
sult in small shifts in the 8& distribution we only found an
overall magnitude change in a given P distribution.
Hence this experiment is not sensitive to Coulomb effects.
In order to check the sensitivity of the nuclear excitation
and deexcitation to the relative strength of the E2 and
M 1, we varied the P factor in Eq. (35) to obtain the az-
imuthal distributions shown in Fig. 5(Q for T= 183 MeV,
electron-scattering angle 0, =25', and photon polar angle
8r=130'. The experimentally determined 8(E2) and
8(M 1) corresponds to P=0.5 and gives the best fit to the
data. Increasing or decreasing P results in quite diS'erent
shapes. In Fig. 5(g) we varied the P factor for photon po-
lar angle distributions for T=96.3 MeV, scattering elec-
tron angle 8, =50', and photon azimuthal angle $r =0'.
Again, we find that the shapes for different admixtures
are quite different, and so it should be possible to extract
the mixing parameter.

IV. SUMMARY AND CQNCLUSION

We have a working calculation for the (e,e'y) process
which treats the Coulomb distortion of electrons exactly
using solutions of the Dirac equation with the static

Coulomb potential of the nucleus included. The in-
gredients needed for studying a given nuclear excitation
and deexcitation process are rnultipole decomposed tran-
sition charge and current radial distributions. In the
preceding section we investigated the (e,e'y) process for
a number of different nuclear excitations and subsequent
deexcitations described by various simple models which
have been fitted to inelastic electron-scattering data. We
have carried out our calculations using the plane-wave
approximation and the distorted-wave Born approxima-
tion, and in both calculations we have included the ac-
companying bremsstrahlung amplitude which contributes
coherently for nuclear deexcitations back to the ground
state. We have concentrated our attention on examining
the gamma angular distributions both in and out of the
scattering plane defined by incident and scattered elec-
tron directions.

The Coulomb distortion effects are not very large for
light nuclei, but they do result in small shifts in the angu-
lar distributions and should be included when one is sort-
ing out transverse and longitudinal parts of the excitation
process. We also note that Coulomb distortion leads to
changes in the absolute value of the cross section which
would be important for absolute normalization rneasure-
ments. For medium and heavy nuclei, the Coulomb dis-
tortion efFects are quite large in both the nuclear excita-
tion process and accompanying bremsstrahlung process,
but in the cases we examined, they do not cause any
diKculty in examining the photon angular distributions.
That is, sensitivity to mixed rnultipoles is still present,
and this reaction can be a very useful tool for determin-
ing the various multipole components and their relative
phases in mixed transition.

We have also included the brernsstrahlung contribu-
tions in both the plane-wave and DWBA calculations. If
we avoid detection of photons within 30'-40' of either
the incident or scattered electron direction, the brems-
strahlung contributions for the light nuclei can usually be
ignored, although the interference term makes small con-
tributions. For medium and heavy nuclei, the brems-
strahlung contributions increase, but even for single-
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particle transitions the nuclear excitation and deexcita-
tion gamma distinctive multipole patterns can still be
clearly seen. This is because the bremsstrahlung photon
distributions tend to be rather smooth with respect to an-
gle apart from the peaks around the incident and outgo-
ing electron directions.

We have demonstrated with a number of examples that
the (e,e'y) appear to very useful in analyzing mixed-
multipole transitions in nuclei. While Coulomb distor-
tion effects and the bremsstrahlung contributions need to
be included, particularly for heavy nuclei, they do not
signi6cantly reduce the utility of this reaction in doing
nuclear spectroscopy.
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where C, E, and I represent Coulomb, transverse elec-
tric, and transverse magnetic, respectively. The continui-
ty equation, which is just a statement of charge conserva-
tion, connects the currents JL I +, and Jl L &

to the tran-
sition charge pL by

T

Scope ( r ) =&L
dr

L —1
JI., L, —t(r )r

(A4)

where L=+2L+l. After Fourier transformation the
continuity equation becomes

coL cFJ (q ) = &L FL,L.
——t(q ) —&L + I FL L +(q ),

g

(A5)

which can be used to eliminate JI I,(r) so that the
transverse electric form factor becomes

i 1/2

Ft (q) = — Fl'(q)—E L+1
APPENDIX:

CHARGE AND CURRENT DENSITIES L ~ 2
v'L JL t. + t(r )IL, +t(qr)r dr (A6)

In PWBA the form factors FL are simple Fourier-
Bessel transforms of the nuclear charge and current den-
sities and are given in terms of the transition charge and
current densities pL (r ) and JL L,(r ) as

Finally, since the measured form factors are just
Fourier-Bessel transforms of the densities, they can be in-
verted to obtain

pL(r ) =—f FL(q j)L (qr )q dq,
7T 0

FL(q)= f pt (r)I'I (qr)r dr,
0

E
FL, (q)== f [&L+1JL L, ,(rj)L, ,(qr)

o

&L JL I. +t(r—)IL, +t(qr)]» «,

(A 1)

(A2)

2 &L
JL,L+&(r)= f FLE(q)

rr 0

1/2L+1
L FL (q)—

g

Fz (q) = f JL L (r)jL(qr)r dr, (A3)

X jL +,(qr )q dq,

JL L (r)= —f Ft (q)jt (qr)q dq .
0
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