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A. Bohnet and J. Aichelin
Institut fu'r Theoretische Physik, Universitat Heidelberg, Philosophenweg 19, 6900 Heidelberg, Germany

and Max Plan-ck Inst-itut fiir Kernphysik, 6900 Heidelberg, Germany

J. Pochodzalla and W. Trautmann
Gesellschaft fii r Schwerionenforschung, 6100Darmstadt, Germany

G. Peilert, H. Stocker, and W. Greiner
Institut fiir Theoretische Physik, J. W. Goethe Univ-ersitat, 6000 Frankfurt am Main, Germany

(Received 24 July 1990)

We investigate the onset of multifragmentation employing an improved version of the X-body "quan-
tum" molecular-dynamics approach. We study in detail the reaction ' 0+' Au at 84 MeV/nucleon
and find good agreement between the calculated results and the data for the double-differential proton
cross section, the mass yield, the multiplicity, the kinetic energy of the fragments, and even for the kine-

matic correlations between intermediate mass fragments (IMF s), which have been measured in this ex-

periment for the first time. We observe a strong correlation between the impact parameter and both the
size of the target remnant as well as the average proton multiplicity. Hence both observables can be
used to determine the impact parameter experimentally. The IMF's come from the most central col-
lisions. The calculations confirm the experimental result that they are not emitted from an equilibrated

system. Although the inclusive energy spectra look thermal, we cannot identify an impact parameter-
independent isotropically emitting source. Even in central collisions global equilibrium is not observed.
We find that multifragment emission at this bombarding energy is caused by a process very similar to
that proposed in the macroscopic cold multifragmentation model. Thus it has a different origin than at
beam energies around 1 GeV/nucleon, although the mass yield has an almost identical slope.

I. INTRODUCTION

Intermediate-energy heavy-ion collisions in the energy
regime between 30 and 200 MeV/nucleon are not well
understood presently. This is due to the observation that
between these energies a transition takes place between
the typical low-energy and the typical high-energy reac-
tion mechanisms. At lower energies the central collision
data are compatible with the assumption that all projec-
tile and target nucleons form a compound nucleus [I]. It
decays by sequential emission of light particles
(y, n, p, a, . . . ) and intermediate-mass fragments (IMF's).
The formation and decay of the compound nucleus are
completely independent. Thus the emitted particles do
not show any correlation with the entrance channel. At
higher energies the gross features of the reaction are ap-
proximately described in the participant-spectator model
[2]. The participants are those nucleons which are locat-
ed in the geometrical overlap of projectile and target.
The rest are called spectators. If the participants come to
equilibrium in the course of the reaction and form a
high-temperature gas of nucleons and light fragments,
the fireball model emerges. The fireball model has been
successfully applied to describe proton and neutron spec-
tra at the Bevalac energies.

Thus these models seem to indicate equilibration at low
and high energies. The proposed mechanism which leads
to the equilibration of the system is completely different,
however. At low energy, Ek;„«30 MeV/nucleon, few

collisions together with the time-dependent mean field
are sufficient to randomize the beam energy of the projec-
tile nucleons. They are not able to leave the system after
having traversed the target nucleus, but are trapped for
quite a long time. This time is sufficient to populate all
available states with the same probability. Almost all en-
ergetically possible nucleon-nucleon collisions are
blocked because of the occupation of the final-state phase
space by other particles of the system. Thus the equili-
bration is accomplished by the potential and not by col-
lisions [i.e., by the real part (ReG) and not by the imagi-
nary part (ImG ~ cr„,) of the Briickner G matrix] [3]. In
the vacuum the potential term disappears and only the
scattering terms are present. At much higher energies
the situation is quite opposite. The stopping effect of the
mean field is almost negligible and the equilibration
(which is, however, not complete) is caused by two-body
collisions. They are much less suppressed by the Pauli
blocking as compared to lower beam energies: The total
available phase space is larger, and therefore the average
occupation of the phase space by other nucleons is lower
[4—6].

For asymmetric collisions in the intermediate-energy
regime (between 30 and 200 MeV/nucleon), the following
scenario is plausible: The few allowed collisions neither
slow down the projectile nucleons sufficiently to be
trapped in the target nor are they frequent enough to
form an equilibrium system with the target participants.
Thus nonequilibrium features are expected to appear,
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which make this energy regime quite interesting, but also
quite complicated to understand [4—9].

The first experiments performed in this energy regime
at CERN [10—21] and Michigan State University
[22—25] indeed have shown that there exists no single
source of isotropic emission, neither for protons nor for
IMF's. In the projectile-target c.m. system, we always
observe an enhancement of the total cross section in the
forward direction [15]. This enhancement is correlated
with a higher average energy in the forward direction. It
is expected from the fireball model that difFerent impact
parameters lead to different longitudinal momentum
transfers and hence to different source velocities and tem-
peratures. A multisource fit usually describes the single-
particle spectra reasonably well [22,23]. One may ques-
tion, however, whether these fits are merely a parametriz-
ation of the data or whether this finding presents evi-
dence for an equilibration of the emitting participant
source.

With the advent of the Boltzmann-Uehling-
Uhlenbeck —Vlasov-Uehling-Uhlenbeck (BUU/VUU) cal-
culations, it became possible to simulate the proton and
deuteron spectra in heavy-ion reactions from 20
MeV/nucleon to 1 GeV/nucleon [4—9]. The unexpected
good agreement between the predicted and measured
spectra gave confidence that the essential physics is con-
tained in this approach. Calculations showed a strong
impact-parameter dependence of both the transverse
momentum transfer and longitudinal momentum
transfer, which was never found to be complete in asym-
metric reactions [5,6]. An isotropically emitting source
could be identified only at the end of the reaction [5].
The number of nucleons emitted from that source is small
as compared to the total number of emitted protons.
Most nucleons escape before equilibration, and their
emission pattern depends strongly on the number of col-
lisions they suffer while traversing the target [5]. Thus
BUU/VUU calculations did not support a clear distinc-
tion between preequilibrium and equilibrium emission as
requested by thermal models. Rather, they showed a
quite smooth transition.

While the BUU calculations elucidated the physical
origin of the shape of the proton spectra, they do not al-
low to investigate the origin of IMF s because of the limi-
tation of their predictive power to one-body observables.
For a quantitative comparison with experiment, it is
necessary to treat the IMF's properly. Already, below
100 MeV/nucleon, events with up to four IMF's were ob-
served [26]. Emulsion experiments have shown that the
number of IMF's in a central collision of a light projectile
with a heavy target increases continuously from 25 to 200
MeV/nucleon [27].

The theoretical models applied so far to describe the
production of IMF's at this energy are either phenome-
nological and macroscopic —for a review we refer to Ref.
[27]—or start with the assumption that equilibrium is
achieved before fragment emission [1,28,29].

The macroscopic models assume that in asymmetric
collisions the IMF's are made of spectator matter [30,31].
By nucleon-nucleon collisions some participant nucleons
gain sufhcient transverse momentum so that they enter

the spectator matter. Their interaction with the specta-
tors destabilizes the spectator matter. This causes a cold
breakup of the spectator matter into many fragments.

The thermal models can be further subdivided: (a) The
compound nucleus model assumes a sequential decay on
a time scale which allows equilibration of the whole
[1,29] or of a part [28] of the system in between subse-
quent evaporation steps. (b) The statistical models
[32—34] assume an instantaneous decay.

Both thermal models are only compatible with high-
energy fragmentation data of asymmetric heavy-ion reac-
tions if one argues in favor of a two-step process. In the
first step fast preequilibrium particles are emitted —this
explains the anisotropy of the proton spectra —whereas
in the second step an equilibrated system which contains
all spectators and some of the participants is the source
of the emission of fragments. Because also the double-
differential cross section of IMF's [15] is not isotropic,
these models employ either several sources —usually a
projectile, a target, and a participant source —or intro-
duce impact-parameter-dependent source velocities and
temperatures whose functional dependence is treated as a
fit because there exist no data which allow us to estimate
the momentum and energy carried away by preequilibri-
um particles.

Recently, it has been argued that both kinds of thermal
models predict a different distribution of relative veloci-
ties between IMF's [29]. Thus, if thermal models were
applicable, the mechanism could be determined experi-
mentally. A careful investigation of the experimental re-
sults which includes the recently measured kinetic-energy
spectra of the heavy residues rules out the possibility that
the IMF's are either emitted from an excited compound
nucleus or created in a statistical breakup of the system.
This we will show later.

If the system does not reach equilibrium, it is unavoid-
able to investigate the dynamics of the reaction in a mod-
el which includes also information about fragments.
Such a model, the quantum molecular-dynamics (QMD)
model, which describes the complete time evolution of
the system from the initial separation of projectile and
target to the final distribution of nucleons and fragments,
was advanced over the last years [35,36]. Up to now, the
model was used to describe fragment formation at beam
energies larger than 200 MeV/nucleon [35]. Here we re-
port on a detailed comparison with experiment for the re-
action 84 MeV/nucleon ' 0+' Au [10—19]. For this
purpose we had to improve our model.

The aim of this paper is twofold: First, we will demon-
strate that all experimental data which can be calculated
in the QMD approach agree quite well with experiment.
This is especially true for those observables which rule
out the applicability of equilibrium models. Thus, even
near the threshold, multifragmentation can be embedded
in a model which also has been proven to describe the
highly nonthermal single-particle spectra. There is one
exception, the projectilelike fragments which are mea-
sured in coincidence with fast protons in very peripheral
reactions appear at 8-= —5' instead of 8=5 as seen in
experiment. Then we will take advantage of the fact that,
in QMD calculations, not only the momenta, but also all
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positions are recorded. This allows us to investigate not
only the reaction mechanism in detail, but also the
impact-parameter dependence of different observables.
Thus a detailed understanding of these intermediate-
energy heavy-ion reactions is possible and experimental
signatures for different impact parameters can be pro-
posed. This is the second aim of this paper. The
impact-parameter dependence of a variety of observables
has been studied for similar reactions (84 MeV/nucleon
C+Au [5] and 90 MeV/nucleon 0 + Au [37]) in the
BUU approach. Both calculations are compatible with
each other and give reasonable results as far as protons
are concerned. They fail badly, as expected, for target or
intermediate-mass fragment observables because the
BUU theory as a one-body theory is not designed to de-
scribe the fragmentation of the target nucleus. Thus the
prediction of the linear momentum transfer to the target
nucleus and the distribution of masses of the target rem-
nant are not in agreement with experiment and the
impact-parameter dependence of the mass of the heavy
residue is rather flat. Even in central collisions the rem-
nant has a mass of about 3 =188, whereas in experi-
ments target remnants of 3 =150 have been observed.
This requires a 5 times larger mass loss as predicted by
BUU.

In Sec. II we will describe in detail the improvements
of the QMD approach (code version 102) necessary to de-
scribe reactions in this energy regime. They include the
motion of projectile and target along Coulomb trajec-
tories before the nuclei touch and the introduction of a
Yukawa potential, which dampens the density fluctua-
tions and stabilizes small fragments. We will report on
the tests performed and will show that nuclei in the
QMD model have the proper binding energy and can be
kept stable for a suSciently long time span to describe
intermediate-energy heavy-ion reactions. Section III is
devoted to an overview of the reaction, a detailed investi-
gation of the impact-parameter dependence of some ob-
servables, and to the comparison with the experiment. In
Sec. IV we will investigate why nuclei fragment into
many pieces even at this low energy. Finally, in Sec. V
we will present our conclusions.

II. MODEL

In this section we describe the details of the QMD
model and its numerical realization [35]. We give an ac-
count of the tests performed and show how different po-
tentials change the stability of the nuclei.

The typical time for a heavy-ion reaction, as we will
see, is around 200 fm/c. For this time noninteracting nu-
clei have to be stable. Otherwise, one cannot be sure that
the results really reveal the physics and are not just nu-
merical artifacts. The stability, and hence the successful
simulation of heavy-ion collisions, depends on the solu-
tion of two critical problems: the choice of the initial
configuration and the propagation of the AT+ A~ sys-
tem. We start with the first topic.

allows one to fulfill most of the experimental and theoret-
ical demands on single-particle distributions and two-
body correlations. (Above and in what follows, we set
fi = 1 ). The Wigner transform of the coherent states is
Gaussian in momentum and coordinate space and is
given by

1 'p 12 12f (rp t)=, e "p, r+, r
(2m )'

r12
r—,t dr~2

—[r—r,.o(t) j /2L —[p —
p,.o(t)] 2L

~3' (2)

The Wigner representation of our Gaussian wave packets
obeys the uncertainty relation Ar„Ap =

—,'6„
Our X-body Wigner densities f ' ' is the direct product

of the Wigner densities of X coherent states. The width
of the Gaussians has the fixed value L =1.08 fm . This
corresponds to a root-mean-square radius of the nucleons
of 1.8 fm.

The one-body densities in coordinate and momentum
space are

p(r, t) = g I 5(r —r, )f ' '(r&, . . .r~, p , . .I.pw, t)

Xd3~p d'"r
—[r—r.o(t)] /2L

e
, =, (2~L)'"

and, equivalently

(3)

A. Initialization

When we compared quantal time-dependent Hartree-
Fock (TDHF) and classical (Vlasov) mean-field systems,
we found an almost identical time evolution of the nu-
clear density for beam energies larger than 25
MeV/nucleon [38]. This means, first of all, a justification
for terminating the A expansion of the potential term in
the time-evolution equation [3]. Nevertheless, this is
quite surprising because of the different initializations
[38]. From these results we have concluded that, at for
bombarding energies larger than 25 MeV/nucleon, the
detailed form of the wave functions has only a minor
influence on the time evolution of the bulk properties of
the system, especially on the single-particle observables,
if they fulfill minimal requirements. The observables are
determined by the single-particle density and are rather
independent of the way the single-particle density is gen-
erated by the density distributions of the individual nu-
cleons. We cannot expect to learn much about two-
nucleon correlations from these different theories. There-
fore, if one wants to construct an N-body theory, one has
to start with an educated guess for the N-body Wigner
density [3]. The description of the nuclear wave function
as a product of N coherent states,

—[r—r,.o(t) j /4L(t) ip,.o(t)r

[2~L(r)]'"
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R(p t)= & f 5(p —p;)f' '(ri . rN pi ' ' ' pN

&(d»p. d»p (4)

H is the total energy of particle j, T is the total kinetic
energy, and U; is the potential of particle i. These
differential equations are solved using an Eulerian in-
tegration routine with a fixed time step At:

Next, we have to determine the centroids r;o and p;0 of
the Gaussians. A random choice of the AT+ Az cen-
troids in coordinate and momentum space, where the
momentum is chosen between zero and the local Fermi
momentum and coordinates are distributed in a sphere of
radius 8 =ro 2 ', is not sufhcient to maintain the stabil-
ity of the nuclei for the required time span. Because of
Auctuations, a limited sequence of random numbers does
not create the ground state of a nucleus, but rather a
metastable excited state which decays by emission of nu-
cleons. The time span for which the nucleus has to be
stable implies an upper limit to the excitation energy
which can be tolerated.

Eigenstates of a Hamiltonian have to fulfill the uncer-
tainty relation', i.e., each level fills a volume of h in phase
space. If a system is in the ground state, the phase space
is densely filled up to a maximum value in coordinate and
momentum space. Loosely speaking, there is no hole in
the phase space. It is this property of the ground state
which we employ to initialize the nuclei. First, we deter-
mine the position of the nucleons in a sphere of the radius
r = 1.2 A ' . We draw random numbers, but reject those
which would position the centers of two nucleons closer
than r;„=1.5 fm. The next step is to determine the lo-
cal potential U(r) generated by all the other nucleons at
the centers of the Gaussians. The local Fermi momen-
tum we determine by the relation p~(r, o)=+2mU(r, o),
where U(r, o) is the potential energy of the particle i Fi-.
nally, the momenta of all particles are chosen randomly
between zero and the local Fermi momentum. We then
reject all random numbers which yield two particles
closer in phase space than (r, o

—r o) (p;o —p o) =d
Typically only 1 out of 50000 initializations is accepted
under the present criteria. This procedure ensures that
the nuclei have the proper rms radii in coordinate and
momentum space.

B. Propagation in the eft'ective potential

Successfully initialized nuclei are boosted toward each
other with proper c.m. velocity using relativistic kinemat-
ics. The centers of the distribution are moving along
Coulomb trajectories with the assumption that all
charges are located at the centers of the nuclei. The dis-
tribution is kept fixed until the distance of the surfaces of
the nuclei is 2 fm. From then on, the centroids of the
Gaussians (r,o, p;o) are propagated under the influence of
mutual two- and three-body interactions as described by
the Poisson brackets

ro= ro, gH =Iro, T+U, t

J

P Q=, P 0 y~, =IP 0 T+U I .
J

p, o(n+ 1)=p,o(n) —V „U;(n + ,' )b t,—

p, O(n)

[p,o(n)+m; j'i

+P U,.(n —
—,
' )ht .

1. Static interactions

bloc+ y Yuk+ @Coul (9)

where the different terms are

V'"=ti5(ri —r2)+ tz5(ri —rz)5(ri —r3) (10)

and

with I=1.5 fm and t3 = —6.66 MeV. These parameters
give the best preservation of the nuclear surface, as we
will see in Sec. II C 1.

The total energy H; of the particle i is the sum of the
kinetic and potential energies:

H, =T, + ,' y U,',"+-,' g-U, ",,'.
j Wi j,k;jWk;

j,kWi

(12)

T, refers to the kinetic energy of particle i, and the poten-
tials U' ' and U' ' are defined as

U,', '= f V' '(r; —r )f;(r;,p;, t)f/(r, p, , t)d'v, d rj

xdpdp;,

U&k
= f V' '(r;, r, ri, ) + f,(r„p„t)d r d p„.

v=i,j,k

(14)

V' ' and V' ' are the two- and three-body parts of the in-
teraction V defined in Eq. (9).

We replace the real part of the transition or the
Bruckner 6 matrix by local Skyrme-type interactions,
supplemented by a long-range Yukawa interaction, which
is necessary to reproduce the surface, and an effective-
charge Coulomb interaction, where all particles of projec-
tile and target have a charge Z~/Ap and ZT/3 T, respec-
tively.

Our total static interaction reads
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Performing the integration, one sees immediately that
the local part of g U j ' can be written as

y U(2)loc t p(r ) (15)
J

where the interaction density p(r;0) is

(16)
—(r —r ) /4L

The interaction density has twice the width of the single-
particle density and depends on the distance of the cen-
troids. We can approximate U' ' as a function of p(r, O):

2 U(3j k 3 3/2 p exp[ [(rkO r'0) +(rk0 rjO) +(rjO ri0) ]/6L]
(2mL) 3

j,kAi

exp[[(r;0 —r 0) +(r;0—
rkO) ]/4L]

(2mL) 3
j,kAi

t2(4rrL )""
(2 L )3(v—l)/2( + 1)3/2P''(r ), (17)

with v=2. This equation is used in the present calculation. However, it does not mean that there are strong, true-body
interactions. In spin-saturated nuclear matter, the three-body interaction can either be viewed as a genuine three-body
interaction or as the density dependence of the two-body interaction due to the hard core [39]. The Yukawa part of the
potential energy is given by

/ 2

g U"' "'=t g [
" [1—4( )]— " [1—4( )]]

.~,. r; /2m

where N is the error function and its arguments are

&L
m 2v'L (19)

which has two free parameters a and P which can be
fixed by the requirement that at normal nuclear-matter
density the average binding energy is —15.75 MeV and
the total energy has a minimum at po. The adjustment of
the two parameters fixes the compressibility as well. One
can generalize the potential to

'y
Uloc P p P

po po
(21)

We now have an additional third parameter y, which al-
lows us to fix the compressibility independently from the
other quantities. This generalization can be translated

In the two equations above, ri is the distance between the
centers of the particles i and j.

Next, we have to determine the parameters t, and t2.
We start from the observation that in nuclear matter,
where the density is constant, the interaction density
coincides with the single-particle density, and U' '"', as
well as U' ' "", is directly proportional to p/pO, where pO
is the normal nuclear-matter density. The three-body
part U' ' of the interaction is proportional to (p/pO) . If
we adopt for U' ' the approximation (17), we can directly
relate our parameters to nuclear-matter properties. In
nuclear rnatter our Skyrme-like potential has the form

Uloc P +13 P (2O)
po po

47TUl t 3 —( r —r )2/4Lio jo +O(V2 (22)

Thus, in nuclear matter, any combination of t &, t3, and m

is equivalent as long as t, —4am t3=const.
This is not the case with finite nuclei. It turns out that

(12) in the approximation (17) with the values for t, and
t2 obtained for the desired nuclear-matter properties
gives about the right binding energy for finite nuclei also.
Consequently, if we want to employ a Yukawa potential
with parameters t3 and m, we calculate its contribution
to the potential energy of the particle i, which is then
subtracted from the local two-body term by changing the
coeKcient t, to t„:

t„p(r, )=t,p(r; ) gU—(23)

Thus the total potential energy remains constant, in-

back to the nucleon-nucleon potential in a unique way by
identifying v in Eq. (17) with y. By varying these three
parameters, we can investigate how different compressi-
bilities, i.e., different equations of state, infIuence the ob-
servables.

The parameter n contains contributions from the local
two-body potential as well as from the Yukawa potential.
In nuclear matter there is no difference between local and
nonlocal potentials. We can always expand nonlocal in-
teractions such as the Yukawa interaction:

e
—Ir —r'I /m

=4mm t3 f d r p, (r)pj(r)+O(V p)
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dependent of the parameters of the Yukawa term we
choose. The forces which determine the time evolution,
however, depend strongly on the choice of the parame-
ters.

For the actual propagation, we would like to stress that
the explicit two- and three-body potentials [Eqs. (13),
(17), and (18)] are used and not the nuclear-matter poten-
tials [Eq. (21)]. This is important since the equivalence of
both is only true in nuclear matter, not in finite nuclei.

The parameters of the static potential we use here are
a= —356 MeV, @=303MeV, and y= —', . This set of pa-
rameters is usually called the "soft equation of state" and
has an incompressibility constant of 200 MeV.

2. Collisions

The scattering of nucleons in nuclear matter in the
low-density expansion should be described in terms of the
Briickner G matrix:

G(E)= V+ V . G(E),E—e+ic (24)

where the Pauli operator Q projects on unoccupied states
and e is the energy of the intermediate state,
e =p, /2m +p7/2m + U(p, )+ U(pz ). At high energies
the influence of the Pauli blocking is small and the kinetic
energy is large as compared to the Hartree-Fock poten-
tial U. Then the G matrix becomes identical to the tran-
sition matrix which describes the scattering between two
free nucleons. We assume for the time being that we can
neglect the Pauli blocking of the intermediate states and
include the Pauli blocking of the final state only. Of
course, it would be highly desirable to have true in-
medium-corrected scattering amplitudes. At high ener-
gies these are only available for an equilibrated environ-
ment and amount to a 30% reduction of the free cross
section crt„, [40,41]. Recently, however, also an increase
of the in-medium cross section compared to the free one
has been put forward [42,43]. Thus, presently, it is hard
to judge the direction of in-medium corrections to the
nucleon-nucleon cross section on the basis of nuclear-
matter calculations. At low energies the influence of the
Pauli blocking of the intermediate states in the highly
nonthermal environment at the beginning of a heavy-ion
collision has been found to be small [44]. Thus we per-
formed the calculation presented here with an isotropic
40-mb cross section, which requires less computer time
than the calculation with the G-matrix cross section, but
yields almost identical results.

by other nucleons. The collision is then allowed with a
probability

P,ll,„,d = [1—min(PI, 1)][1—min(P2, 1)], (25)

and, correspondingly, is blocked with the probabi1ity
(1 P—,ll,„,d ). Whenever a collision is blocked, we replace
the momentum of the scattering partners by the value it
had prior to scattering. Care is taken for nucleons which
are close to the surface of the many-nucleon system,
where the above description includes also portions of
phase space which are classically forbidden as a conse-
quence of energy conservation. For a nucleus in its
ground state, where all collisions should be blocked, we
obtain an averaged blocking probability (P»„k ) of 0.96.
This determines the low-energy limit of our theory: Aim-
ing at no more than 25% artificial collisions, i.e., col-
lisions which are due to the imperfection of the Pauli-
blocking description, we can only admit beam energies at
which no more than 84% of the collisions are blocked.
Therefore, Et,h=20 MeV/nucleon is at the moment the
lower bound for the range of validity of our approach.

20 I I

Time evolution of a single nucleon

in the field of the other nucleons

10—

t =200 fm

C. Nurnerieal tests

I. Stability

One basic requirement that the model has to fulfill is
the stability of nuclei on a time scale comparable with the
time span needed for a nucleus-nucleus collision. High-
energy collisions (Et,&) 500 MeV/nucleon) require less
than 80 fm/c as far as single-particle properties are con-
cerned. However, it turns out that in order to investigate
the fragmentation process in heavy-ion collisions, we
have to follow the reaction for a considerably longer
time. Unstable fragments are formed which have an exci-
tation energy near the particle-emission threshold, and
hence the time for particle emission is quite long, i.e., of
the order of a compound nucleus lifetime.

Figure 1 shows how a single nucleon moves in the po-

3. Pauli blocking of the final states

Whenever a collision occurs, we check the phase space
around the final states of the scattering partners. For
simplicity, we assume that each nucleon occupies a
sphere in coordinate and momentum space. This
prescription yields the same Pauli-blocking ratio as an ex-
act calculation of the overlap of the Gaussians, but is
much less time consuming to calculate. We determine
which fractions, P, and P2, of the final phase spaces for
each of the two scattering partners are already occupied

-10—

-20
-20

R = 1.3 (197) [frn]

I I I I I I I I I

-'10 0 10
x [fm]

20

FICx. 1. Trajectory of a single nucleon in the Geld of 196 oth-
ers is displayed for a time span of 200 fm/c. To visualize the
size of the system, we show also a sphere of radius
r =1.3X 197'
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tentials generated by all its fellow nucleons in a gold nu-
cleus. For clarity we also show a circle of the radius of
r = 1.3A . One has to keep in mind that in the QMD1//3

approach the surface is a consequence of the strength of
the mutual interactions and it is not automatically a con-
stant as a function of time. We see that the nucleon
moves quite a distance during 200 fm/c. Whenever it
comes close to the "surface, " it is pulled back by the oth-
er nucleons. Thus the nucleon remains confined in a
sphere.

Figure 2 shows the time evolution of the root-mean-
square radius of five nuclei ranging in mass from Li to
Au. For each species the time evolution of the radii of 12
differently initialized nuclei is displayed. For the heavy
nuclei we see oscillations around the mean value, but no
nucleons are emitted. Light nuclei are a little less stable.
One or two of the nuclei emit a nucleon in the time span
of 200 fm/c because the local-density approximation is
not very good for these light nuclei.

To get rid of unstable configurations, the following
procedure can be applied: We select a sample of nuclei
which have the required stability; then we choose ran-

domly two Euler angles and rotate the positions of all nu-
cleons of one nucleus around its center of mass. The ro-
tated nuclei are then boosted toward each other along the
old z axis. Each set of Euler angles yields a completely
different reaction without changing the stability.

Figure 3 displays the binding energy ((II, ) ) per nu-
cleon averaged over all nucleons for the same sample as
used in Fig. 2. H, is defined in Eq. (12), and T, is defined
as p;o/2n. First of all, we see that the binding energy
fluctuates around a mean value. So we have energy con-
servation on the average. However, the Auctuations
reach 2 MeV/nucleon, a large value compared to the
average binding energy of 8 MeV/nucleon. In order to
appreciate the size of the Auctuations, one has to realize
that the potential energy is just the difference between
two large quantities, the attractive two-body part
(=—350 MeV at p=po) and the repulsive three-body
part (=300 MeV at p=po). Hence a 1-MeV/nucleon
fluctuation means that we determine these potentials to
an accuracy of 1 part in 10 . The light nuclei show more
fluctuations than the heavier ones. The many nucleons
which have to be initialized in the case of heavy nuclei
give a longer series of random numbers. This averages
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FIG. 2. Root-mean-square radii of different nuclei as a func-
tion of time. For each nucleus we display this radius for 12
different initializations.

FIG. 3. Binding energy/nucleon as a function of time for the
12 simulations of the different nuclei displayed in Fig. 2.
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Employing a fourth-order Runge-Kutta method for the
time evolution, the energy fluctuations can be substantial-
ly reduced; however, the CPU time also increases by a
factor of 5.

The least-bound configurations in the cases of lithium
and oxygen are those which emit particles the earliest (see
Fig. 2). Discarding these initial configurations, which
have a low binding energy, allows a further reduction in
the number of unstable nuclei. This cut can be applied
when it is important to keep light nuclei stable for a long
time.

FIG. 4. Average binding energy per nucleon of the nuclei as
a function of the mass number A. The binding energy is ob-
tained by averaging the binding energy for each individual
simulation over the first 100 fm/c. Then we average over the 12
simulations. The values are compared with the Weiszacker
mass formula without symmetry energy.
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out some of the fluctuations. Thus the energy conserva-
tion is here much better than in the BUU calculations,
where the use of a grid for the determination of the po-
tential energy makes energy conservation quite difficult.
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FIG. 5. Radial density distribution for a gold nucleus as a
function of time in steps of 30 fm/c. (a) shows this distribution
for the Yukawa parameters applied in the calculations. (b)
shows this distribution for a different choice of these parameters
in order to demonstrate the dependence of the surface fluctua-
tion of the Yukawa parameters.
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FIG. 6. Radial density distribution of the nuclei. We have
averaged the local density over the first 100 fm/c. The mean
value and as well, the standard deviation (dotted lines) are plot-
ted.
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Figure 4 displays the average binding energy per nu-
cleon of the nuclei. These numbers are average values
over the first 100 fm/c and over the 12 simulations. For
low masses, not only the trend, but also the absolute
values are reproduced. At large masses the binding ener-

gy becomes constant and the heavy nuclei are overbound
by 1 MeV/nucleon. We do not see a maximum in the
binding energy in the region of iron as we did not include
the symmetrization energy.

More important than the reproduction of the root-
mean-square radius is the requirement that the nucleus
keeps its radial distribution. In Fig. 5 the radial distribu-
tion of a gold nucleus is shown for two different parame-
ters of the Yukawa potential. We display the density
profiles in time steps for 30 fm/c. In Fig. 5(a) we see the
distribution with the Yukawa parameters chosen in our
calculations. We observe that the nuclear surface is
preserved for almost 240 fm/c. To understand the large
Auctuations in the interior, one has to recall that there
are very few (about four) nucleons. We will see that these
fluctuations average out as a function of time. In Fig.
5(b), with different Yukawa parameters, the nuclear sur-
face is much less well preserved, although the rms radius
as well as the nuclear binding energy are very close to
those of Fig. 5(a).

If we average the density over the 12 nuclei and over
the first 100 fm/c, we find a quite smooth density distri-
bution. It is displayed in Fig. 6. Our surface thickness is
slightly too large as compared to that extracted from
electron-scattering experiments; however, the overall
features are quite nicely reproduced. Because of the few
nucleons present, we are not able to avoid fluctuations of
the central density. In order to make the density profile
as accurate as possible, we take care that, between 15 and
40 fm/c when colliding nuclei reach their maximal densi-
ty and the transverse momentum is built up, the central
density of a single nucleus agrees with the values ob-
tained in Hartree-Fock calculations [45]. They yield a
central density of 0.155 nucleon/fm for static nuclei.
These densities are around 10%%uo lower than those ob-
tained in BUU simulations. Probably this explains the
fact that in nucleus-nucleus collisions BUU calculations
yield a higher maximal central density than QMD calcu-
lations.

III. REACTION 84 MeV/NUCLEON ' 0+ ' Au

A. Survey of the reaction

1. Final momenta ofprotons and fragments

To investigate the nuclear fragmentation in the
intermediate-energy regime, we performed 1700 simula-
tions between the impact parameters b=0 and 13 fm.
The impact parameter for each simulation was drawn
randomly from a distribution F(b)=b . Thus the sum
over all simulations can directly be compared with in-
clusive data. As mentioned in Sec. II, we used a static
soft equation of state [35] and an isotropic cross section
of 40 mb [35], which yield about the same result as the
cross section calculated from the G matrix [44]. In Fig. 7
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FIG. 7. Final momenta of the particles in the reaction plane.
We display the final longitudinal momentum p, /3 and trans-
verse momentum p„/A in the reaction plane for all nucleons
and clusters, separated into three impact-parameter bins and
five different classes of nucleons and clusters.

we display the final c.m. momentum per nucleon of all
nucleons and fragments in the reaction plane. (z is the
beam direction and x the direction of the impact parame-
ter. ) We separate the simulations into three impact pa-
rameter bins and five fragment classes. In the lowest
impact-parameter bin, we have a complete overlap of
projectile and target. In the next bin the overlap is only
partial. The last bin shows typical peripheral reactions.
The mean values of the momenta for the di8'erent bins
and the different types of fragments are collected in Table
I.

Initially, the gold and oxygen nuclei have longitudinal
momenta per nucleon of —33 and 364 MeV/c, respec-
tively. Before the nuclear interaction starts, they have
gained transverse momentum and have slowed down a
little as a result of the Coulomb interaction.

For small impact parameters and light particles, we ob-
serve an almost isotropic emission. The velocity of the
emitting source, however, is not that expected for a com-
pound nucleus ((p, ) =0) but larger. Hence there con-
tribute many projectilelike nucleons which emerge from
the combined system before they have been slowed down
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TABLE I. Final c.m. momenta in the reaction plane (p„,p, )

for different impact parameters b and different fragment masses
A.

b
(fm)

4—11

1

2—4
5 —10
11-17
&18

1

2 —4
5 —10
11-17
&18

1

2—4
5 —10
11-17
&18

(MeV/c)

53
63
24

—16
—21

75
122
227
340

—25
35
14
94

360
—30

(p„i»
(Mev/c)

—12
—12
—5

—15
4

—29
—37
—55
—47

6
—5
—6

—15
—13
—1

completely. The momentum transfer is not complete,
even at the most central collisions. Larger fragments in
central collisions come more dominantly from the target
remnant. Their average velocity is smaller than that of
protons, but larger than that of the heavy remnant.
Again, the distribution is almost isotropic with about a
10% enhancement in forward direction. There are very
few fragments in the mass range 11—17, but we observe
in each simulation one heavy remnant, which by the
emission of some tens of nucleons becomes cold and con-
sequently stable. From the average momentum of these
remnants, we see that the momentum transfer is by far
not complete. The projectile does not survive a central
collision as an entity. In QMD calculations the central
collisions are the main source of IMF production, in
agreement with recent experimental findings [24].

The next impact-parameter bin reveals two sources for
light particles (3 (5) and, even more pronounced, for
1ight fragments. Both the projectile and target source
have slowed down, and we observe negative-angle
(p (0) scattering of the projectile remnant. Initially, the
projectile has p &0 as a result of Coulomb repulsion.
This observation is exactly opposite to the behavior at
larger energies where, because of the compressional ener-

gy, the net transverse momentum transfer of the nuclear
interaction is parallel to that caused by the Coulomb
force. At lower energies than investigated here, these in-
termediate impact parameters lead to deep-inelastic col-
lisions [4,5]. In almost all cases there is a projectile rem-
nant and always a target remnant. The size of the projec-
tile remnant depends strongly on the impact parameter.
Few targetlike IMF's are produced at these impact pa-
rameters.

In the peripheral reactions projectile and target keep
their identity. They exchange little momentum and gain
little excitation energy, which causes the emission of few
nucleons and seldomly of light fragments.

2. Can the impact parameter be measured?

B. Observables

1. Double di+eren-tial proton cross section

The double-differential proton spectra for this reaction
have been measured by Brummund [16]. We compare
our calculation with their results in Fig. 10. The lines are
the data, and the circles are the result of our calculation.
The error bars contain the statistical error only. The
slopes at the different angles are well reproduced. This is
remarkable since, as we have seen, they are generated by
summing over particles of quite different origin. In the
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FIG. 8. Correlation between the proton multiplicity M and

impact parameter b.

The impact parameter of a heavy-ion collision cannot
directly be measured, of course. But we can ask the ques-
tion: Are there observables which allow one to determine
the impact parameter indirectly? At much higher ener-
gies it has been found that there are two observables
which are strongly correlated with the impact parameter:
(i) The total multiplicity of protons and (ii) the mass num-
ber of the heaviest fragment.

Figures 8 and 9 show the total multiplicity and mass
number of the heaviest fragment as a function of the im-

pact parameter for the investigated reaction. For each
proton multiplicity X and target remnant A,„we cal-
culate the average impact parameter and its dispersion.
We see that for b & 4 fm, i.e., for not completely overlap-
ping reactions, both observables allow a very accurate
determination of the impact parameter. Note that in
QMD calculations no fission occurs. Fission events are
expected at large impact parameters and yield two frag-
ments with roughly half of the target mass. Similar to
higher energies, the total multiplicity becomes indepen-
dent of the impact parameter as soon as projectile and
target overlap completely. This is due to a very similar
energy deposit and momentum transfer in these central
events.
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EXP C + Au (84 MeV/nucl. )
/MD 0 + Au (84 MeV/nucl. )
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FIG. 11. Impact-parameter-averaged mass yield of the heavy remnant as compared to the data of Aleklett et al. [21].

medium-mass fragments show the usual power-law distri-
bution cr(Z) Z', -as can be seen from Fig. 12. The ex-
ponent ~ is compatible with the experimental result
r=2. 3 [10,17]. Thus, also, at this low energy we observe
this common form of the charge-yield curve which has
been observed for virtually all nuclear fragmentation pro-
cesses [31]. This is also a strong hint that we are at this
energy at the low-energy side of typical multifragmenta-
tion processes and not at the upper limit of compound
evaporation.

3. Associated proton multiplicity

The average proton multiplicity (M ) of events in
which a fragment of mass A is produced is displayed in
Fig. 13. The upper curve shows the multiplicity in 4~,
and the lower curve corresponds to the experimental cuts
23' & 8&,b & 78 . As expected, from Figs. 8 and 9 we see a
strong dependence of (M„) on the mass number of the
heavy residue. It is interesting to note that at the same

20 —--
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Multiplicity
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10—

84 MeV/nucl. 0 + Au

CHARGE YIELD

I

6
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8 9 10

0
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FIG. 12. Charge yield of targetlike fragments as compared to
experiment. The experimental curve can be 6tted by a power
law cr(Z) =Z

FIG. 13. Proton multiplicity M~ as a function of the frag-
ment size. W'e display the total multiplicity (upper line) and the
multiplicity observed with the experimental setup (lower line).
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impact parameter the associate proton multiplicity is
lower in those events, in which an IMF is produced as
compared to those without an IMF. It costs energy to
produce an IMF, and hence the excitation energy left is
lower if such a fragment is produced. Consequently, the
number of emitted protons is smaller.

4. Momentum transfer of u—se as a signal
for equilibration?

One of the most interesting questions in this intermedi-
ate energy regime is whether in central asymmetric
heavy-ion collisions the system reaches global equilibri-
um. In events where projectile and target overlap only
partially, we do not expect equilibration. In inclusive ex-
periments these peripheral events contribute to the mea-
sured spectra, and hence one has to disentangle the con-
tribution from central and peripheral events. There are
two methods which were applied frequently. Either one
concentrates on phase-space regions (8, =90'), where
just from geometrical considerations the contribution
from peripheral collisions may be small. We will come
back to this procedure later. Or one assumes that the
spectra can be described by a multitude of isotropically
emitting sources with different source velocities. The last
method suffers from the open question whether these
sources can indeed be identified or whether the whole
procedure is nothing but a multiparameter fit of the data
which does not allow to infer on equilibrium.

One of the observables which allow the investigation of
this question in detail is the momentum transfer to the
heavy residue. The velocity of the remnant should be
equivalent to the source velocity of those nucleons which
are emitted from the target-remnant source because the
emission of nucleons does not change this velocity on the
average.

In Fig. 14 we display the final longitudinal and trans-
verse momentum of the residues as a function of the im-
pact parameter. We see, first of all, that even in the most
central collisions the collective momentum transfer
&p=(p;„;„,i —p„„,i)/p;„;„,i is only 40%%uo and decreases
with increasing impact parameter. We observe also a
considerable transverse momentum transfer caused by
the attraction of the nuclear interaction. The transfer
corresponds to negative angle scattering. Projectile and
target form a combined system and rotate around each
other for a short period of time.

Unfortunately, the remnant velocities have not been
measured for the reaction ' 0+Au, but they have been
measured in the very similar reaction C+ Au at the same
energy with radiochemical methods [21]. En Fig. 15 we
compare this experiment with theory. First of all, we ob-
serve that the measured energies are very low (in the re-
gion of some keV/nucleon). Even remnants that have
lost 60 nucleons and hence have to come from central
collisions have an energy of little more than 0.3
MeV/nucleon. This corresponds to a velocity of 0.018c.
The calculation agrees quite nicely with the experimental
data in the trend as well as in the absolute value. The er-
ror bars mark the fluctuations,
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FIG. 14. Final longitudinal momentum p, z„and transverse
momentum p„/A in the reaction plane for the target remnant as
a function of the impact parameter.
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FIG. 15. Final kinetic energy per nucleon. We compare the
experimental results for the reaction 84 MeV/nucleon C+Au
[21] with our calculation for the reaction 84 MeV/nucleon
"0+Au.

in the energy distribution observed for fragments of the
same mass. Here E; is the kinetic energy per nucleon of
fragments with a given mass number A and % is the num-
ber of events in which these fragments have been ob-
served. These very low momenta of the target residues
have to be confronted with the rather high average mo-
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menta of the targetlike IMF's. The experimental momen-
tum distribution of IMF's has been parametrized by a
two-source fit [18]. However, emission of the fragments
of mass 6—16 is dominated by one source, called the "in-
termediate source. " The extracted source velocities
which —in a thermal model —should correspond to the
average velocity of the remnant is in between 0.07c and
0.049c. These values agree with our calculation. Experi-
mentally, it has been observed that the charge of the par-
ticles with Z (15 can only account for at most 50%%uo of
the total charge of the system. Therefore, always one
heavy remnant is left. If the IMF's originate from an
equilibrated system, there must be a class of target rem-
nants which has the same average velocity as the IMF's.
As we have seen, experiment shows that the average ve-
locity of the IMP's is always much larger. Hence, com-
bining all the experimental data, one can rigorously ex-
clude an equilibrated system as the source of the IMF's.

Because of the widespread use of thermal models in
this energy domain, it is certainly worthwhile to discuss
some of the approaches and to compare their assumption
with our calculation.

A while ago it was argued [46,47] that from isotopic
ratios measured in inclusive experiments the "entropy" of
the system can be extracted. To investigate this question
in detail, Hahn and Stocker subsequently advanced a
quantum statistical mode [34]. This model assumes that
the system thermalizes in the course of the reaction and
can then be described completely by the density and tem-
perature. It assumes that the decay of the thermalized
system is determined by phase space only, i.e., that all
final states of nucleons and fragments (including particle
unstable final states) are equally probable. It turns out
that the fragment yield can then be directly related to the
entropy of the system.

This approach is only meaningful if such a thermalized
system can be identified even in inclusive data. It was
conjectured that restricting the analysis to light particles
emitted under 8=90 in the nucleus-nucleus c.m. system,
i.e., to those particles which underwent hard scattering,
one would be sensitive to central collisions, where indeed
the system comes closest to equilibrium.

Our calculation shows that this hope is in vain. In Fig.
16 we display an impact-parameter distribution of pro-
tons observed under 0, =90'(+10 ). We see that all
impact parameters contribute to the spectrum at this an-
gle. For impact parameters up to 6 fm, the contribution
to the spectrum is proportional to b. Thus the emission
probability is constant. At larger impact parameters, the
probability becomes lower. Then the angular distribution
of the protons becomes increasingly anisotropic, showing
peaks around 6, =0'(+10') and 8, = 180 (+10')
(compare Fig. 7). Thus, in inclusive data even at

=90', we see particles from different reaction types
and the assumption that all come from one thermalized
source cannot be substantiated. Hence an entropy in the
thermodynamical sense (as a measure for the number of
accessible states) cannot be derived from such inclusive
data. However, the situation improves if yield ratios of
IMF's rather than protons are studied at 6, =90'. As
we can see in Fig. 7, the IMF's with 11 3 & 17 come
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FIG. 16. Origin of the protons observed under 6=90 in the
c.m. system. We display the number of particles which contrib-
ute to the spectrum at 6, =90 as a function of the impact pa-
rameter b.

predominantly from central collisions. It has been shown
at higher energies, where multiplicity-selected data have
been provided by the plastic ball group, that for inclusive
experiments the numerical value of the entropy (mea-
sured by the simple formula S/A =3.95 —lnRd, where
Rd is the deuteron to proton ratio) has nothing to do
with the true thermodynamical entropy of the system.
This is due to the observation that an impact-parameter-
averaged deuteron-to-proton ratio yields quite different
results for & S/A ) as compared to the averaging of S/A
for different impact parameters. Here it is assumed that
the total multiplicity provides a good measure for the im-
pact parameter. The numerical values for the entropy for
high-multiplicity-selected data are much smaller than
that deduced from inclusive data [48]. However, even at
this higher energy equilibrium is not established, and,
hence the physical meaning of the number-dubbed entro-
py remains unclear.

The different range of impact parameters which con-
tribute to the spectra may be also the reason why the en-
tropy determined from the proton-to-tritium ratio is
larger than that determined from heavy fragments [11]
for the reaction C+Au at 84 MeV/nucleon.

5. Memory of the reaction plane

Another quantity which allows one to investigate the
degree of thermalization is the probability of out-of-plane
emission. Almost all statistical models applied to heavy-
ion reactions assume that the angular momentum of the
combined system can be neglected, and therefore the
emission is isotropic in the azimuthal angle P. In Fig. 17
we show the out-of-plane correlation predicted by the
QMD model. We display

&p') —
& p,')

&p.')+&p,') '
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experimental results.
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of momentum conservation, the target remnant shows
just the opposite feature; i.e., it appears at positive angles,
although the Coulomb force alone would have driven it
to negative angles. Intermediate-mass target fragments
show a fairly isotropic distribution.

9. Fragment fragment co-rrelations

Fragment-fragment correlations have recently received
a lot of interest because it was conjectured that the distri-
bution of relative velocities between two IMF's emitted
back to back allows one to discriminate between a
sequential decay of the target remnant (such as a com-
pound nucleus) or a statistical instantaneous breakup
governed by phase space [29]. In view of our observation

600
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200
CJ
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~ -200
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cog
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+400 +200 0
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FICs. 20. Momentum distribution in the c.m. system for light
fragments 3 ~ A ~ 18 (circles) and coincident protons (points)
for the condition 3' (81 b f g ( 11' and 23' & B...,„.t & 78 .

8. Correlations between protons and proj ectileiike fragments

It has been reported [18] that protons measured in
coincidence with an IMF in forward direction are
predominantly observed under hP=Pt„s —/~=180
This correlation increases with increasing proton energy.
Combining these results with measurements of the y po-
larization [50] in coincidence with protons, one can draw
the conclusion that the protons are preferably emitted
under negative angles, whereas the fragment is observed
under positive angles. We investigate this correlation
also in our approach. Figure 20 displays the final mo-
menta of fragments (circles) and coincident protons
(dots). We have applied here the experimental cuts
3', 8&„&11 and 23'&8 &78'. We do not find the ex-
perimenta correlations, but see exactly the opposite.
With increasing proton energy the relative azimuthal an-
gle between fragment and proton is peaked around zero.
This is due to the fact that the fragments are on the
"wrong side" in the QMD calculations. Most of those
coincidence events come from more peripheral collisions
(b) 8 fm). It seems that the nuclear force used in the
QMD calculations is too attractive close to the surface.

that experiment excludes the validity of the assumption
that fragments come from an equilibrated system, this is
a rather academ. ic question. Nevertheless, we think it is
worthwhile to make a brief comment on it.

It was found by comparing the results of a simplified
compound-decay model with those of a microcanonical
statistical model that both give a quite different distribu-
tion of relative velocities if applied to the decay of a
3 =184, Z =74 system with an excitation energy of 800
MeV and a freeze-out density of 2.2A ' . Assuming that
this residue is a reasonable choice for the reaction 800
MeV/nucleon a+Th, the authors concluded that only an
instantaneous decay is in agreement with experiment.
This conjecture was subsequently doubted by Pochodzal-
la et al. [19], who performed sequential decay calcula-
tions with a standard compound-evaporation code for the
same system and obtained quite diff'erent results, namely,
an almost complete agreement of the relative velocity
spectra with that of an instantaneous decay. This prob-
lem is not settled yet and seems to depend on the sequen-
tial decay code which is used. Probably, the whole issue
is very difficult to settle because the key quantities of
these thermal approaches, the excitation energy and
freeze-out density, cannot be measured and leave usually
enough room to produce quite different results. This situ-
ation worsens further if impact-parameter-dependent ex-
citation energies and source velocities are introduced.

Since thermal models can be ruled out, it is of special
importance to see whether approaches which do not rely
on equilibrium assumptions can reproduce the experi-
mental findings on fragment correlations as well.

Kinematic correlations between fragments have only
been measured in this experiment and present a crucial
test for the validity of any nonthermal model, such as the
QMD approach. But events with two IMF's are rare in
experiment as well as in our simulation. Nevertheless,
the statistics of the QMD simulation is sufficient to inves-
tigate whether the general trend is reproduced. To gain
statistics we have included events in which Z =3,4 frag-
ments are produced, although experimentally the detec-
tion efficiency is low for these fragments. We therefore
do not present theory and experiment in one graph.

In Figs. 21(a) and 21(b) we present the experimental
and theoretical distributions of relative velocities between
two IMF's with 3 )4 emitted at 8& 23 back to back
(b,/=180') and the theoretical results for emission on the
same side (5/=0 ), respectively. We observe for back-
to-back emission an average relative velocity =5 cm/ns.
For emission on the same side, the velocity is much
smaller, around 3 cm/ns. The value we observe is about
the mean value of the experimental distribution (v„„=5
cm/ns). The reason for the difFerence is the Coulomb
repulsion from the heavy remnant, which is always
present in this reaction, and momentum conservation.
Unfortunately, there are no published experimental data
for emission on the same side. Clearly, in both cases the
calculated relative velocities are much larger than that
caused by Coulomb repulsion.

The same relative-velocity distribution for coincidences
between one IMF and the heavy target residue is shown
in Figs. 22(a) and 22(b). Again, we separate back-to-back



MULTIFRAGMENTATION NEAR THE THRESHOLD 2127

s
I

s
l

I20—
(a)

60 I 5 I I

[

I I

84 MeV/nucl. 0 + Au

I I

i

I I I I

~

I I

15—

10—

Ex per irnent

4 =180'
50—

40—

8) 23'
IMF —IMF
IMF —HF

0 s sl
I I I

i
I

(b)

QMD

~ ss s Is I
I I I

84 MeV/nucl. 0+Au
IMF- IMF
8 &23'

s

30—

20—

i0—
180'

0o

0, I

0

I

I

s I I I

i
e

!
1

l. .i

I s s I s s s I s I I I s t I 1 I

2 4 6 8 10
„,( /)

FIG. 21. Experimental and theoretical distribution of rela-
tive velocities between two coincident IMF's.

24 ()
20—

Experiment
4 =180'

V)

s

CO

12—

Ol

os
Z'.

p Il IlA

25
- (b)

QMD
20 .—

5.— . .

p
', l . . l

0

a lllll ll lllln ll A ll

84 MeV/nucl. 0+Au
IMF- HF
8&23

4 =180'
poI

I

I

I

I

I

5 10
y,

~
(cm/ns)

15

FIG. 22. Experimental and theoretical distribution of rela-
tive velocities between IMF in coincidence with a heavy residue.

(6/=180 ) and parallel emissions (bed=0 ). We see a
pronounced peak around U„~ =3.5 cm/ns for both cases.
This velocity is slightly higher than the Coulomb barrier
between both fragments. Again, the agreement with ex-
periment is quite reasonable. The events at large relative
velocities are mainly coincidences with Z=3 clusters,
which have not been seen in the experiment as a result of
thresholds.

The distribution of relative azimuthal angles

0
0 100

4 [degj
150

FIG. 23. Difference between the azimuthal angles of two
coincident fragments.

IV. WHAT CAUSES FRAGMENTATION
NEAR THE THRESHOLD'

If the available phase space is indeed not the reason for
nuclei to fragment —as it is assumed in microcanonical
models [29,19]—the question remains as to what causes
multifragmentation. A first hint of the underlying pro-
cess can be found in Fig. 7. The average longitudinal
momentum of fragments is larger than that of the rem-
nants. Thus more momentum is transferred to these frag-

AP =P ~

—
Pz between two IMF's and between one IMF

and a heavy residue is shown in Fig. 23. The distribution
for two IMF's is rather Aat, increasing only slightly to-
ward 6/=180'. The correlation between an IMF and a
heavy residue is less isotropic, but increases toward large
b.P, as expected from momentum conservation. The
emission at b P= 180' is favored because of the Coulomb
repulsion when the charge of the IMF is increasing. Both
distributions agree quantitatively with experiment for
difFerence angles su%ciently large that the distribution is
not spoiled by the finite granularity of the detector.

As far as coincidence and single-particle data of this
reaction are published, our calculation agrees in the limit
of the low statistics with the experimental findings. Thus,
within one model, we can describe the highly nonthermal
double-difFerential cross sections of protons, the fragment
yields and multiplicities, and kinematic correlations be-
tween fragments. In view of our results, it seems to be
rather artificial to separate protons and fragments, as-
suming that the first show the strong observed nonequili-
brium features, whereas the fragments can be treated in
thermal models such as compound evaporation of micro-
canonical phase-space models. Our model does not
confirm the long evaporation times which are needed in
sequential decay models to obtain the correct relative ve-
locity between fragments [19]. In the QMD calculation
the time between the emission of two IMF's is of the or-
der 30 fm/c. The fragments exhibit —in our
approach —the clear nonequilibrium features which have
been measured.
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ments as compared to remnant nucleons on the average.
This finding can be substantiated by inspecting the com-
position of the IMF s. We display in Fig. 24 the ratio of
target to all nucleons entrained in these IMF's for central
and peripheral collisions. We call those nucleons target-
like (respectively, projectilelike) which initially belong to
target and projectile, respectively. In the figure we have
suppressed those fragments which contain only projectile
nucleons. We see that in central collisions around 50%%uo

of the fragments contain at least one projectile nucleon,
whereas the rest contain target nucleons only. The aver-
age value of the ratio of targetlike to all nucleons con-
tained in the IMF's is 0.88 as compared 0.99 for the tar-
get remnant.

Combining the different observations, we arrive at a re-
action scenario which is very similar to the cold mul-
tifragmentation proposed a few years ago [30]. The pro-
jectile enters the target, and collisions between projectile
and target nucleons take place. For the first collision the
Pauli blocking is on the 25%%uo level. The cross section is
symmetric around 8=90 in the nucleon-nucleon c.m.
system. Hence, after the first nucleon-nucleon collision,
the forward-moving scattering partner (with a momen-
tum close to the beam momentum) is equally probable a
targetlike or a projectilelike nucleon. Because of the
transverse momentum transfer, the trajectories of these
fast nucleons are spread over the whole nucleus. When
these nucleons come to the target surface, they can either
leave the target as single nucleons or they can drag along
some neighboring target nucleons, thus forming a cluster.
The cluster then has a momentum in between the average
target remnant momentum and average participant
momentum, as seen in the calculation. That roughly
50% of the IMF's contain at least one projectile nucleon
presents evidence that prior to emission the projectile nu-
cleons in the IMF's suffered about one collision (in a col-
lision 50% of the projectile nucleons change their role as
the fast nucleon with a target nucleon as a result of the
isotropy of the cross section). Whether further fast nu-

cleons are needed to crack the target cannot be concluded
from the calculation yet.

Thus, at this low beam energy, the process which
causes multifragmentation of the target nucleus is quite
different from that at higher beam energies, although the
slope of the mass-yield curve is almost identical. At high
beam energies, Eb„))E„„;,the high-density wave
caused by the projectile while traveling through the tar-
get causes the multifragmentation [35]. At this low ener-

gy there is no considerable increase of the density.

V. CONCLUSIONS

In the present paper we have studied the onset of mul-
tifragmentation in a dynamical N-body theory. For this
purpose we have improved the @MD approach, which
has been successfully applied to heavy-ion reactions at
higher energies. Compared to older versions, we have in-
corporated the Coulomb force in the entrance channel
and have further improved the stability and density
profile of the initialized nuclei.

With this improved version we simulated the reaction
84 MeV/nucleon ' 0+Au, which has been extensively
investigated experimentally. Choosing the impact pa-
rameter for each simulation randomly, we can directly
simulate the experiment, and no averaging procedure,
such as BUU/VUU calculations, is necessary.

We observe a very strong correlation between the im-
pact parameter and mass of the heavy residue, as well as
the multiplicity of protons. Both can therefore be
used —even at this low energy —as an experimental mea-
sure of the impact parameter.

We find that even in central collisions the momentum
transfer is not complete and the spectra cannot be de-
scribed by a single isotropically emitting source, although
for a given angle the spectra have an exponential form.
Rather, we observe a quite different emission pattern for
different impact parameters. At each angle particles
from collisions with quite different impact parameters
contribute to the spectrum. The simulations give no evi-
dence that a global equilibrium is established, neither in
central collisions nor in the late stage of the reaction.

The IMF's are produced predominantly in central col-
lisions. Their mass yield can be well described with a
power law, and the slope parameter agrees well with the
experimental data.

It is known experimentally and we also find [35] that
the slope parameter of the mass yield curue do-es not
change between 80 MeV/nucleon and 1 GeV/nucleon.
But the production mechanism for fragments is quite
different at the diferent energies At low bomb. arding en-
ergies the fragment production is compatible with the
macroscopic cold fragmentation model: Fast nucleons
originating from the overlap region between projectile
and target traverse the cold target matter and drag along
some other nucleons, forming a fragment. At these low
energies nothing like a high-density wave, which causes
fragmentation at higher energies, is observed in the calcu-
lations.
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For the first time we could compare our results with
kinematical fragment-fragment coincidence data. These
angular correlations between the fragments are well
reproduced. This gives additional evidence that the
range of applicability of the QMD approach can be ex-
tended to heavy systems at low energies.
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