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Pion-proton bremsstrahlung calculation and the “experimental” magnetic moment of A *(1232)
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A bremsstrahlung amplitude in the special two-energy-two-angle (TETAS) approximation, which is
relativistic, gauge invariant, and consistent with the soft-photon theorem, is derived for the pion-proton
bremsstrahlung (7 py) process near the A**(1232) resonance. In order to take into account brems-
strahlung emission from an internal A** line with both charge and the anomalous magnetic moment A,,
we have applied a radiation decomposition identity to modify Low’s standard prescription for construct-
ing a soft-photon amplitude. This modified procedure is very general; it can be used to derive the
TETAS amplitude for any bremsstrahlung process with resonance. The derived TETAS amplitude is ap-
plied to calculate all 7% py cross sections which can be compared with the experimental data. Treating
A, as a free parameter in these calculations, we extract the “experimental” magnetic moment of the
AT*, u,, from recent data. The extracted values of u, are (3.7-4.2)e /(2m,) from the University of
California, Los Angeles data and (4.6-4.9)e /(2m,) from the Paul Scherrer Institute data. Here, m,, is
the proton mass. These values are smaller than the value 5.58¢/(2m,), the “bare” magnetic moment
predicted by the SU(6) model or the quark model, but they are close to the value 4.25¢ /(2m,,) predicted
by the modified SU(6) model of Beg and Pais and to the value (4.41-4.89)e/(2m,) predicted by the
corrected bag-model of Brown, Rho, and Vento. Using the extracted u, as an input for calculating
7 py cross sections, we show that the overall agreement between the theoretical predictions calculated
with the extracted u, and the experimental measurements is excellent. This agreement demonstrates
that the TETAS amplitude can be used to describe almost all the available 7" py data. Finally, we also
treat A, as a complex quantity, Ay, =Ag +iA;, in order to estimate the contribution from the imaginary
part A;. The best fit to the data gives A; =0, independent of the choice of Ax. This fact implies that fur-
ther dynamical corrections to the TETAS amplitude from the open pion-proton channel are small.
Therefore, there is a good reason to believe that the “experimental” magnetic moment, which is very
close to the “bare” magnetic moment predicted by the modified SU(6) or the quark model with correc-
tions, should be nearly equal to the “effective’” magnetic moment.
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I. INTRODUCTION

The pion-proton bremsstrahlung (7%py) processes
near the A(1232) resonance have been thoroughly studied
both experimentally [1-5] and theoretically [6-29]. In
addition to the investigation of the off-shell pion-proton
interaction, interest in these processes was mainly
motivated by the hope that these processes could be used
to probe the electromagnetic properties of the A reso-
nance. Moreover, owing to an unexpected large
discrepancy between the experimental measurements and
most of the theoretical calculations [2,25,28], much atten-
tion has also been focused on a search for a fundamental
theory which can be used to describe the experimental
observation.

We will confine our studies to the 7 py process in this
paper. Two experimental groups, the UCLA group [2]
and the SIN group [5], have systematically measured the
7t py cross sections which can be used to determine the
magnetic moment of the A™ ¥ resonance, u,. To extract
us from the 77 py data, one needs a valid bremsstrah-
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lung amplitude which takes into account photon emission
from the internal A** line. Such an amplitude can be
derived, in principle, from a dynamical model or from a
fundamental theorem, known as the soft-photon theorem
or the low energy theorem for photons. The theorem was
first derived by Low [30] and was extended later by Adler
and Dothan [31]. Various soft-photon amplitudes, which
are consistent with the soft-photon theorem, have been
constructed by using Low’s prescription [30]. Low’s
prescription involves the following steps: (a) Obtain the
external amplitude, M LE), from four external emission di-
agrams and expand M LE) in powers of the photon energy
K. (b) Impose the gauge invariant condition,
MIDKr= ——M;‘E)K ", to obtain the leading term (order
K°) of the internal amplitude, M\". (c) Combine M "
and M LI) to obtain the total bremsstrahlung amplitude,
M e The first two terms of the expansion of M w which
are independent of the off-shell effects, define a soft-
photon amplitude, M3T4.

The most important feature of a soft-photon amplitude
is that the amplitude can be calculated exactly in terms of
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the corresponding elastic amplitude and electromagnetic
constants of the participating particles. We emphasize
here that the soft-photon amplitude is an approximate
amplitude which depends only on the complete elastic
amplitude since the exact bremsstrahlung amplitude
without any approximation, which is almost impossible
to obtain, involves other terms which cannot be ex-
pressed in terms of the elastic amplitude. However, this
does not mean that M iPA can be uniquely defined. Since
the soft-phonon theorem states nothing about the energy
and the scattering angle at which the elastic amplitude
should be evaluated, an infinite number of soft-photon
amplitudes can be constructed [25]. Depending upon
how many energies and scattering angles are involved,
these amplitudes can be divided into the following classes
[25]: the one-energy-one-angle (OEOA) amplitudes, the
one-energy-two-angle (OETA) amplitudes, the two-
energy-one-angle (TEOA) amplitudes, the two-energy-
two-angle (TETA) amplitudes, and other amplitudes.

Recent studies [25,28,29,32] show that bremsstrahlung
cross sections near a scattering resonance, such as 75py
cross sections near the A resonance or p'2Cy cross sec-
tions near either the 1.7-MeV resonance or the 0.5-MeV
resonance, can be used to differentiate various soft-
photon amplitudes. Thus, the combined mpy and
p'2Cy data can provide a very sensitive test of the validi-
ty of various soft-photon amplitudes (and other theoreti-
cal approximations and models). In fact, it has been
found that the OEOA and OETA approximations have
failed to adequately describe the combined data in the
resonance region. The data can only be described by spe-
cial two-energy amplitudes (i.e., those amplitudes which
depend upon two special energies, the initial energy V's;
and the final energy Vs r). Moreover, some special two-
energy-two-angle (TETAS) amplitudes are found to give
the best fit to the combined data. Here, the TETAS am-
plitudes are those soft-photon amplitudes which depend
upon two special energies, Vv s; and Vv s¢, and two special
scattering angles determined by ¢, and #,. (Here, ¢ is the
four-momentum transfer squared, and s;, s 5 Lps and t,
will be defined in the next section.) In other words, TE-
TAS amplitudes depend only upon the elastic T matrix,
evaluated at two special energies and two special scatter-
ing angles, but they are free of any derivative of the T
matrix with respect to energy or scattering angle (or with
respect to s or ¢).

The TETAS amplitudes have been investigated by
Fischer and Minkowski [13], by Heller [23], and most re-
cently by our group [28,29]. However, none of the ampli-
tudes obtained by these authors can be used to determine
w, from the 7 py data. As explained in Ref. [29],
bremsstrahlung emissions from the internal A™* line in-
volve two sources: One contribution comes from the
charge of the A™* and another contribution is due to the
magnetic moment of the AT *. Low’s prescription can be
applied to find an expression for the charge contribution,
i.e., the charge contribution can be obtained from the
external amplitude by imposing the gauge invariant con-
dition. (The expressions for the charge contribution ob-
tained by Fischer and Minkowski, Heller, and our group
are all identical even though the expressions are written
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in different forms.) But it is very difficult to obtain an ex-
pression for the magnetic contribution by using Low’s
prescription. This is because, as pointed out in Ref. [29],
the magnetic contribution involves an important term
which depends upon the anomalous magnetic moment of
the A, A,, and this A,-dependent term is separately gauge
invariant. (If M¥ is the A,-dependent term which is sepa-
rately gauge invariant, then we have M4K,=0. In that
case, M4 cannot be derived from the external amplitude
by imposing the gauge invariant condition. Imposing the
gauge invariant condition to determine the leading term
of the internal amplitude is the most important step of
Low’s prescription.) This explains why a soft-photon am-
plitude which takes into account photon emission from
the AT " (including both the charge contribution and the
magnetic contribution) cannot be constructed by using
Low’s standard prescription. Since the amplitudes ob-
tained in Refs. [13,23,28] do not have the A,-dependent
term, these amplitudes cannot be used to extract A, or p,
from the 7+ py data.

The main purposes of this paper are the following.

(i) To present the details of the derivation of the TE-
TAS amplitude for the 7 py process near the A* " reso-
nance: This amplitude, which takes into account the
bremsstrahlung emission from the internal A line with
charge and anomalous magnetic moment A,, has been re-
ported in Ref. [29] without derivation. Since Low’s origi-
nal prescription cannot be used to obtain an internal con-
tribution which is separately gauge invariant, we have ap-
plied a radiation decomposition identity (a generalized
Brodsky-Brown identity) [33] to modify Low’s prescrip-
tion. The first step in this modified procedure is exactly
the same as Low’s original prescription, i.e., to obtain the
external amplitude M f and to expand it in powers of
photon energy K. The second step is to obtain an inter-
nal contribution M l‘}, which represents photon emission
from the internal A** line, and to split M into four
quasiexternal amplitudes by using the generalized
Brodsky-Brown identity. The third step is to obtain an
additional gauge invariant term M g by imposing the
gauge invariant condition, M gK b=—M ,’fAK k. Here,
M 5A=M f+M ﬁ. The last step is to obtain the total
amplitude M, by combining M}* with MF:
M,=M fA +M f The first two terms of the expansion of
M ,, which can be written in terms of the complete elastic
T matrix, define the TETAS amplitude. It is this
modified procedure which has been used to derive the
TETAS amplitude for the 7 py process.

(ii) To extract the “experimental” magnetic moment of
the A*™, u,, by fitting to 85% of the available 7+ py
data: We present the values of p, which have been ex-
tracted from 45 sets of the UCLA data [2] and 3 sets of
the SIN data [5] by using the TETAS amplitude derived
in (i). We show that the extracted values of u,, which are
smaller than the ‘“bare” magnetic moment predicted by
the SU(6) model [34] or by the quark model, are in good
agreement with the “bare” magnetic moment predicted
by a modified SU(6) model with mass corrections [35] or
by a corrected bag-model [36]. We have used the term
“experimental” magnetic moment to describe the result
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obtained in this work for the following reason: The mag-
netic moment of the A** obtained in this work is based
upon the TETAS amplitude. In deriving this amplitude,
we have ignored the emission from the internal pion-
proton loop (or the open pion-proton channel). In a re-
cent study using a nonrelativistic dynamical model, Hell-
er et al. [26] have reported that an ‘effective” (or
dressed) magnetic moment of the AT can be defined if
the contribution from the loop diagrams is involved.
This effective moment, which is different from the “bare”
moment predicted by the SU(6) or the quark model, is a
complex and energy-dependent quantity. Although these
authors have found that the imaginary part of the
effective moment is not negligible, the problem of
defining and calculating the effective moment for an off-
shell unstable A* ™ particle remains unsolved mainly be-
cause they were unable to demonstrate that their model
could be used to describe most of the 7#*py data. (Gen-
erally speaking, the model-dependent approach is more
complicated than the soft-photon approach. The MIT
model, for example, involves a set of internal emission di-
agrams and some of these diagrams are very difficult to
calculate. Since the calculated 7 py cross sections are
found to be very sensitive to the precise form of the inter-
nal amplitude [28], a successful model-dependent calcula-
tion requires not only a good model but also an accurate
method (or approximation) of calculating the whole set of
internal diagrams.) The problem needs further study.
Now, it is obvious that the effective moment cannot be
calculated to arbitrary precision in any model-
independent calculations since it is difficult to take into
account the loop contribution in the soft-photon approxi-
mation. This is why the magnetic moment of the A*™*
extracted from the 7 py data by using the TETAS am-
plitude is an approximation with theoretical errors to the
effective moment. Since it is also difficult to identify our
magnetic moment with the ‘“bare” moment, we have
therefore used the “‘experimental” magnetic moment to
describe the result obtained by us. However, we have
also performed another experimental test by treating A,
as a complex quantity, A, =Ay +iA;, in order to estimate
the contribution from the imaginary part A;. Our best fit
to the data gives A; =0, independent of Az. Since a small
value of A; implies a small contribution from the loop di-
agrams, this perhaps surprising finding does provide a
good reason for us to believe that the ‘“‘experimental”
magnetic moment is very close to the ‘“‘effective” mo-
ment.

(iii) To demonstrate that the TETAS amplitude derived
in (i) can be used to describe almost all the available data
and hence it is valid in the energy region near the
AT %(1232) resonance: Using the TETAS amplitude de-
rived in (i) and the values of u, extracted in (ii) from the
experimental data, we show that the overall agreement
between theory and experiment is excellent. To the best
of our knowledge, such an agreement has not been ob-
tained previously. We also present some theoretical
justification and physical meaning for the TETAS ampli-
tude obtained in Ref. [28] (.e, the amplitude
M, (TETAS) given by Eq. (16) in Ref. [28]). Based on the
theoretical justification and the fact that the amplitude
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obtained in Ref. [28] works so well for the 71 py process
near the A* " resonance, we can argue that the magnetic
moment of the A™™ should be about 4.25¢/(2m,,), the
value predicted by the modified SU(6) model of Beg and
Pais [35]. Using p,=4.25¢/(2m,) as an input for the
TETAS amplitude derived in this work, we show that the
calculated m*py cross sections are very close to those
cross sections calculated using the amplitude obtained in
Ref. [28].

The plan of this paper is as follows: In Sec. II, the
most general TETAS amplitude, M TETAS is derived for
the 77 py process near the AT 1(1232) resonance. In
Sec. III, the “experimental” magnetic moment of the
A*™ is extracted from the UCLA data and the SIN data.
A comparison between the experimental 71py spectra
and the calculated spectra is presented in Sec. IV. Sec-
tion V is devoted to further studies and discussions. Two
important issues are studied and discussed in this section:
(a) We explain why the TETAS amplitude obtained in
Ref. [28] works so well. (b) Treating A, as a complex
quantity, Ay =Ag +iA;, we show that the best fit to the
UCLA data (at 298 MeV for counters G1-G10) gives
A;=0, independent of the choice of Ag. Our conclusion
is given in the last section. There is an Appendix where
the detailed expressions for some off-shell terms are
given.

II. BREMSSTRAHLUNG AMPLITUDE

This section is divided into three subsections. In Sec.
II A, we discuss the 7 p elastic scattering process [Fig.
1(a)]. We define the general form for the 7*p elastic T
matrix, 7, which is an important input for bremsstrah-
lung calculations. In the energy region of the AT
resonance, a tree diagram given by Fig. 1(b),
7t p—AtT >7Tp, becomes the dominant elastic dia-
gram. We derive the explicit expression for the 7" matrix
corresponding to Fig. 1(b), T, which will be used to define
a TETAS amplitude M, """ for the ¥ py process at the
tree level. In Sec. II B, we treat Fig. 1(b) as a source
graph to generate w1p bremsstrahlung diagrams at the
tree level [Figs. 2(a)-2(e)]. By using a generalized
Brodsky-Brown identity [33] for photon emission from
the internal A* ™ line [Fig. 2(e)], we derive the expression
for M®™S in terms of T and the electromagnetic con-
stants of 71, p, and A* . The amplitude M EETAS plays a
vital role in our derivation of a more general TETAS am-
plitude, M ZETAS, for the 7r+py process. In Sec. IIC, we
use the modified Low procedure to derive the amplitude
MTETAS which can be written in terms of the general
form of the elastic T matrix T and the electromagnetic
constants of 77, p, and ATT. In deriving M;EETAS, we
have imposed a condition that M°™S reduces to
M F™S in the energy region of the A * resonance.

A. w7 p elastic scattering T matrix
We consider the 7 py process,
7 (gh)+P(p)—>mT(gH)+P(pH)+y (k) , (1)

where gf(q}) and p{(p}) are the initial (final) four-
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momenta of the pion and proton, respectively, and k* is
the four-momentum of the emitted photon. These four-
momenta satisfy energy-momentum conservation:

f+pl=qf+pf+kt. (2)

In the limit when k approaches zero, the w+py process
reduces to the corresponding 7 p elastic scattering pro-
cess,

7 (g")+P(pf)—>mT(gH+P(p}) , (3)

where

Il

m pk ,
lopf

3

1
k
7= Ilino af -
The energy-momentum conservation becomes
gf+tpl'=gq7+py . )

A diagram which represents the 7 p elastic scattering
process is shown in Fig. 1(a). In this diagram, T
represents the 7 p elastic scattering T matrix. Although
we are interested in the TETAS amplitude which depends
only on the elastic (on-shell) T matrix, the exact brems-
strahlung amplitude without the soft-photon approxima-
tion involves off-shell T matrices. Thus, we have to show
how a TETAS amplitude which is independent of the
off-shell effects can be derived. All T matrices, on-shell
or off-shell, can be written in terms of six Lorentz invari-
ants as

T(s,t,p},4},p}>q}) - (5)

Here, s is the total energy squared and ¢ is the momentum
transfer squared. For the 7*p elastic scattering process,
the elastic T matrix depends only on two independent
variables, s and ¢, since all four external lines (legs) are on
their mass shells; i.e., the on-mass-shell conditions,

pl=pj=m;] ©

and

LACAREY
R G el
{ At
™a) elp) @) el
(a) (b)

FIG. 1. (a) The graphic representation of the elastic 7*p pro-
cess. (b) The one-particle s-channel exchange diagram (the
dominant elastic diagram in the resonance region) for the 7*p
process.
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ai=qj=m?.
are satisfied. Here m, and m, are the masses of proton
and pion, respectively. A half-off-shell T matrix is
defined if one of the external lines is off its mass shell.
For example, if g?#m?2, then we have a half-off-shell T
matrix which can be written as

T(s,t,mpz,q,-z,mlf,m,z,) . vl

We can write the 7 p elastic T matrix in the standard
form

T (s,t)=T (s,t, m, m2 m:,mz)
=A(s,t)+%(4,-+4f)B(s,t) , (8)
where
s=(p;+¢;*=(p;+q;)*

and
t=(ﬁf_Pi)2=(‘7f_‘Ii )

If s and ¢ are given (or if the incident energy and the
scattering angle are known), the amplitudes 4 (s,?) and
B (s,t) can be calculated in terms of 7 p phase shifts and
inelasticities, determined by the 7 p elastic scattering ex-
periments. The experimentally determined T matrix has
been used as an input for all bremsstrahlung calculations
using soft-photon amplitudes.

In the energy region of the A™ 1(1232) resonance, the
Feyman diagram given by Fig. 1(b) is the dominant con-
tribution to the 77 p elastic process and the photon emis-
sion from the intermediate At line becomes significant
in that region. This diagram, which will be treated as a
source graph to generate photon emission diagrams at
the tree level, is important in our derivation of the TE-
TAS amplitude. The elastic T matrix corresponding to
Fig. 1(b) has the form

T=[£7%1G,a(p)(gg/] ©)

where g is the 7t pA™* ™ vertex, p#=pl+qf,
id . (p)
Gpolp)=—5—25—, (10a)
pac? pi—M3 +ie
1
dpa(P)=(p+MA) gpa_—3_’}’p7a
2
W,,pa YaPp) ™ 3M% T2 PpPa

3M2 (P2=MYppoa—Vabp T (B+My)Y 7],

(10b)

and M, 1s the mass of the AT . In terms of s, ¢, p, , q, ,
p '+ and g q £ T can be written as

T= T(s,t,p,- »9q; ’p-f’qf)
1d; +d)B(s,t,p2,07,57,37)
(11)

= A(s,t,p},q},P}q;)+

where
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A(s,t,p?,q}.5737)
=s—_1\ifzz+—ig (%(MA_H"P) -t +q,-2+21‘f2—mli-(s _17f2+‘7f2)(3 _Pi2+qi2)
_ ﬁqu(s —pi+q?)+(s —ph ﬁ(s —ﬁf2+¢7})+£s—;‘—jgl—i(MA+mp) ] ’ (12a)
=s—1‘ilg£+ie %(MA+mP)l—t+qi2+‘7f2_3TIi(s —PF+ai)is —pi+q?)
_ﬁqﬂ(s —p;+3;)+(s —p}) 6A14A (s —p2+gq?)+ B;Tsifi(MA+mp)] ] , (12b)
and
B(s,t,p},q},5/,q})
=% '% — +q,~2+a}—§;4—i<s —p}+aAs —pi+ad) |+ ;%— - 3:;‘\ (p2—p2+a?—72)
+ EB;;TMi g;—2m, ﬁ(s—ﬁ}%—'q‘})%— ZS;AZ”%(MAMP)H (12¢)
=S_1:fg+is [% — +q,-2+t7}——31‘14—i(s—P‘fz+t7f2)(s*p,-2+q,-2) +3 3]%;% —1- ;;';A (p?—p2+32—g?)
+ —2s3—;1;i g?—2m, 6M, (s —p,-2+q,-2)+—-———~233_1;gﬁ(MA+m,,)l ] (12d)
[
In Egs. (12a)-(12d), p?, ¢ P;, and g} satisfy the on- T,=(29,°)G 4(p")(gq;") . (13d)

mass-shell conditions given by Eq. (6). Without imposing
these on-mass-shell conditions explicitly, the expressions
for A and B can be extended to define the half-off-shell T
matrix later.

B. TETAS amplitude for the 7% py process at the tree level

As we have already mentioned, Fig. 1(b) will be used as
a source graph to generate photon emission diagrams at
the tree level. Five diagrams generated by Fig. 1(b) are
shown in Fig. 2. (We shall impose the gauge invariant
condition later to take care of the remaining contribu-
tions.) The first four Feynman diagrams [2(a)-2(d)]
represent the photon emissions from external pion lines
and external proton lines and the last Feynman diagram
[2(e)] represents photon emission from the internal At
line.

From four external emission diagrams [2(a)-2(d)], we
can define the following half-off-shell T matrices for 77 p
interactions (7 p —>A*T T 7 tp):

T,=[g(g;+kV1G,,(p)gg;®) , (13a)
T,,=(gqu)Gpa(p’)[g(q,-—k)"] ) (13b)
T.=(g9;°)G ,0(p)(89;*) , (13¢)

and

Here, p#=(q;+p; ), p'*=(q; +p;—k)}#=(q;+p, ), and
G,.(p) are defined by Eq. (10a). It is easy to show that
u(ps,ve)T,u(p;,v;) and @(ps,v,)T,u (p;,v;) can be writ-
ten in terms of 4 and B [given by Egs. (12a) and (12c), re-

K K
Qc\{ Pt \‘11 Pt N Pt
qeK A YK
A" K A0+ A”
/, &q,' /,
L ai " G
(b) (c)

Qi b

(a) b c
\gf Pt \Sf Pt

N N
o arpiK | 4™
K q+py| A"

b e
6. : Pi IQ| Pi

(d) (e)

FIG. 2. Feynman diagrams for the 7w py process at the tree
level. These diagrams are generated from the source graph, Fig.
1(b).
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spectively] as
uT,u=u{Al[s;t,,p},q%pF A, ]
+1(4; +4;+K)B[s;,t,,p795p58,1}u  (142)
and
ST = A 2 2 2
ul,u _u{A[sf,tp’piyAb)Pfrqf]
+1(4; +4;,—K)Bss,t,,p5 00797 1} u

(14b)
where

Siz(pi+qi)2:(pf+qf+k)2 ’

sfz(pf+Q/)2:(pi+qi_k)2 »

tpz(Pf—Pi)z )

Aa=(qf+k)2=m,2,+2qf-k ,
and

A,=(q;—k)\?=m2—2q;,°k .

C‘[S?trpiz’qg’p}’q}]:

g7 |1
s—M3+ie |2

1
-t +qi2+q}—?1‘—47
A

l 2s —1- mp
2 |3M3% 3M,
2s —3M3
—2m, W(MP+MA)+

2s —3M3%

3IM3

i

The expressions for 4 and B in Eq. (15b) are given by
Egs. (12a) and (12c¢), respectively, but the expressions for
A and B in Eq. (15a) are given by Egs. (12b) and (12d), re-
spectively. Again, p?, ¢, p}, and ¢} in Egs. (14), (15),
and (16) satisfy the on-mass-shell conditions given by Eq.
(6). Since we are interested in the soft-photon approxi-
mation, the extra off-shell amplitude involving C will be
completely ignored later in our derivation of the TETAS
amplitude. (Justification for neglecting the extra off-shell
amplitude will be discussed again in the next section.)
From the expressions for T, (x =a,b,c,d) given by
Egs. (14) and (15), we can see that T, depends on the
square of the invariant mass A, (x =a,b,c,d) of the off-
mass-shell leg on which the photon emission occurs. As
k approaches zero, A, reduces to (mass)? and T, reduces
to on-shell (elastic) T matrix. Since the TETAS ampli-
tude which we wish to derive depends only on the on-
shell T matrix [evaluated at four different sets: (s;,2,),
(sf,tp ), (s,-,tq), and (sf,tq )], we must expand T, in
powers of k. Keeping only terms to order k, we obtain

L (m,+M,)+
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However, the expressions for T,u (p;,v;) and #(p /,vf)Td
involve extra off-shell amplitudes:
T.u={ Z[Si»tq»Piz’ql‘Z’Ac’qj‘zf]
+%(4i+4f)E[Si,tq»Piz»‘Iiz’Ac’sz]
+ 1B+ ¥ —m,)Cls;,1,,p7,97 0,97 1} u (152)
and
al,=u{ Als.t,,84,47,0},47]
+1(d;+4,)B[ss,t,,A4,97.0},9F ]
+1Clsprty,84,9707,97 )8 —K—m,)} , (15b)
where
t,=(q;,—q;)’,
A =(py+kVP=m)+2p, -k,
Ay=(pi—kP=m2—2p,k ,

and the extra off-shell amplitude C has the form

(s —p}+qf)s —pi+g})

2s —3M3

22424 2y
(2s —p{ —pf+q;+q5) 3%

T

1 24 02
—m2+
oy m”)]

1 20,2
6M, (s mp+m,,)] ’ .

s . a7,
aT,u=u|T(s;t,)+2g,k 24, + u, (17a)
P b
uT,u=u |T(sp,t,)—2g;°k 5—&;— + - u, (17b)
T.u=|T(s;,t,)+2p,k EA“C + T, (st)+ - u,
(4
(17¢)
and
| d |, -
uly=u |T(sp,t,)—2p;-k Y T (sp,t,)+ - ] ,
d
(174)
where
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2
D

+1(4; +4,+K)B(s;,t,,m}m2,m2m?2) ,

(18a)

T(s;,t,)=A(s;,t,,m2lm2%,m2,m?2)

T(ss,t,)=A(ss,t,,m,m2,m2m?)

+3(d; +d,—¥)B(sp,t,,m)mE,m)m?2)

(18b)
T(si,tq)=;f(si,tq,mﬁ,mfr,mpz,mf,)
+3(d;+4,)B(s;,t,m2,m2%,m2,m2),  (18¢)
T(sp,t)=A(sp,t,mlm2i,m2m?)
+1(d;+4,)B(ss,t,,mEm2,m2m2), (18d)
T. (s;,t)=3;+K—m,)Cl(s;,t,,m},m2%,m2,m?2)
+(pk B+ K —m) :—AC; (18¢)

Tyo(sp,t)=1C(sp,ty,m2m2,m2,m2) (g, —k —m,)

aC
(p,"k) aA (p, k mp) > (18f)

and T and T, are defined by Egs. (15a) and (15b), respec-
tively, but without those terms involving C.

The external scattering amplitude corresponding to the
four external diagrams [2(a)-2(d)] at the tree level can be
written 111 terms of the half-off-shell T matrices T,, T,,
T.,and T, as
Qa q fu quiy

95k gik
(pr+Rf),
4 QPR T
Pf'k

~ Qd ( Di +R i )“

pik

M =a(p,,v,) T,-T,

u(p;,v;), (19)

where Q,=Q, represents the charge of pion, Q.=Q,
represents the charge of proton, and R;, and R/, have
the form

A'1’
&R, =L[£,K]+

8mp {[trklyyx} » (203)
and
H =1 }”P
€ Rfy_i[tik]-i_ smp {[tyk],pf} . (20b)

In Eqgs. (20a) and (20b), €* is the photon polarization, A,
is the anomalous magnetic moment of proton, and we
have used [X,Y]=XY—YX and {X,Y}=XY+YX.
(Note that R, R fw and R, [Eq. (43)] defined in this pa-
per are slightly different from those defined in Ref. [29].
There is a sign difference between the two definitions
since [#,€]=—[¥,£].) The factors [Q.(ps+Rf),/prk]
and [ —Qu(p; +R;),/p; k] in Eq. (19) are obtained from

the following relations:

which describes photon emission by an outgoing proton
line with charge Q., anomalous magnetic moment Lp,
and momentum p¥ [Fig. 3(a)], and

[i/(;— ¥ —m,)](—iQ,T  )u(p;,v;)

:[_Qd(pi+Ri)/.t/pi'k]u (p;rv;), (22)

which describes photon emission by an incoming proton
line with charge Q;, anomalous magnetic moment A,,
and momentum pf* [Fig. 3(b)]. Here, I',, is the (on-shell)
electromagnetic vertex,

F,=v,—iA,0,,k"/(2m,), (23)
with
O =i[vpv,1/72.

It is easy to show that R iu and R, are separately gauge
invariant, i.e., they satisfy

R;k=R;k=0. (24)

The internal amplitude (at the tree level) M LA) corre-
sponding to Fig. 2(e) has the form

M, =a(ps,v;)[8q81G 0 (p") —i(Q, +Q, T 5PeH]
X Gpg,(p)lggilulp;v;) , (25)

where p#=g}' +pf, p'*=pt—k*=q}+p}, G,,(p’) is the
propagator for the A** given by Eq. (10a), and I'f%* is
the electromagnetic vertex for the A™* (in the Rarita-
Schwinger formalism but neglecting the contribution
from the electric quadrupole and magnetic octupole mo-
ment of the AT ™),

Aa

+
o,

IgPer= £k |g7P— Lgy yP— Ly eP—yPeo) .

(26)

In Eq. (26), A, is the anomalous magnetic moment of the
A**. The amplitude M’ can be decomposed into four
quasiexternal amplitudes by using a generalized
Brodsky-Brown decomposition identity [33]. To do this,

we introduce an operator A°?(p),

proton|Pf )
proton|Pi Kk
proton pgK

proton 4p;

(a) (b) (c) (d)

FIG. 3. Photon emission by an incoming proton (A**) or
outgoing proton (A* 1),
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A%P(p)=(p—mp)g 7P~ Ly pP+vPp?) d,,(p)AP(p)=(p>*—M3)gh , (28)
+Llyo(B+MuvP, 27
sV Y where d,,(p) is defined by Eq. (10b). It is easy to prove
which satisfies the condition the following useful relations:
|
d,,(p’) d,(p')
#’_M rPe dga(p)-—‘—"'—p £l [TgPetd g, (p)+A%B(p' )T, g€ ] — 85T, pot” (29)
dg.(p) (p)
) B - ) dpa(p
d,,(p )Fzﬁe"pz_a—Mi—[dpo(p JToPer+T, et A%F( p)]“iMi—Fy,,,,,sf‘gg , (30)
and
_d_ll"_(ﬂraﬁsﬂd (p)—d (p')I‘”BE”M—Z( k) P‘T(‘D) oBet dﬁa(p) (31)
e S A S 5 p2-Mi " pi-Mi
Combining Egs. (29), (30), and (31), we find
d,.(p') dg,(p) 1 d . (p")
£ oBgn—Pe— — 20 [T2Bekd 5o (p)+ AP(p" )T, g
—ME R pP—MX 2k plz_Mi[ u edpa(p (p")Ty pat”]
dg,(p)
1 raﬁ B4 BATB( )P
- k[d e’ +T, ,,e"A%(p)] Y , (32)
which gives the following decomposition identity:
1 2a0% 0,0
G, (p QAI"UB{;P)GBG =iG,,(p") —ip'—k - 2k iGg,(p) (33)
where
0°,=TPe!d,(p)+A"P(p')T, goe” , (34)
0F=d,,(p"\T3Pe*+T, ,,e*A%(p) , (35)
and
QA=Qb+Qd=Qa+Qc . (36)

It should be pointed out that the factor [Q,07,/(2p’-k)] in Eq. (33) can also be obtained from the following expres-

sion,

QAOOa
2p'-k

idg,
ai,‘“av',M[—iQA<rzBs“>]p2’17=a , - (37)

which describes photon emission by an outgoing A line with charge Q, anomalous magnetic moment A,, and momen-
tum p#=(p’'+k)*. [See Fig. 3(c).] Here the vector-spinors 7'A) satisfy the following conditions:

Z M (p", AP —M,)=0
™ (p , M)(p?r—M3)=0
2 Ay (38)
7™ (p',\p'7=0,
and
Zy (p',MAF(p')=

The proof is very simple. The left-hand side of Eq. (37) can be rewritten in the form
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72 (0, QAP dgulp) + AP, g = AP |
=7 M (p',M)Q,[0 —A‘fﬁ(p')1“#,[,0[5#]p—z_—Mz .39
Sincep2=(p'+k)2=Mi +2p’-k and ﬁt,A)A"BZO, we obtain Eq. (37). Similarly, we can also show that
M[—zQAF”Ba/‘]uB (P A)= szlé’ﬁ uP(p,A) (40)

which describes photon emission by an incoming A line with charge Q,, anomalous magnetic moment A,, and momen-
tum p¥. [See Fig. 3(d).]
If we substitute the expression for F;'Bs“ given by Eq. (26) into Egs. (34) and (35), we find

0°%,=(2p'-e+2R-e)g?,+E°, 41)
and
0F=(2p-e+2R-e)g P+EF , 42)

where the expressions for E?, and E [',B are given in Appendix A and

e=1[£ K]+ ([£,&1.8} . (43)

SMA
In Eq. (43), p#=(p;+¢;* and we have used [X,Y]=XY —YX and {X,Y}=XY + YX. Again, it is easy to verify that
R*" is separately gauge invariant, R -k =0. If we compare Eq. (43) with Egs. (20a) and (20b), we find that R;-g, R /g,
and R -e can be written in the same form. Inserting Eq. (33) [with the expressions for O, and O’B given by Egs. (41)
and (42), respectively] into Eq. (25) and remembering that charge is conserved [Eq. (36)], we obtam

_ e+R-¢ ‘e+R-
8#M(A)__u(pf’vf) Q. L’k— T QBTb L%
p D
., e | _ .e+R- ~
+0, % —0,T, %J—fk——i w(piyv)+a(p v e)eD lu(pvy) » (44)

e-D=0, ‘ p''etR-e

sk |EFG0a(p)eqi)+ 0y (84,)G pa(p gk ) perRe

pk

Gpa(p')Eaa _ E;BGBa(p)
2k 2p-k

(8q;") - (45)

+(Qb+Qd )(ngp)

Since Q, =@, and Q. =y, it is easy to show that the leading term in Eq. (44) (i.e., the amplitude M (4) without those
terms involving &R and e-D) is of order k° and is independent of k* when k —0. Thus M ‘A has no klnematlc singu-
larity at kK =0.

Now let us add the internal amplitude M * p ) given by Eq. (44) to the external amplitude M ) given by Eq. (19). We
find

pir(EA) — _uxr(E) pig(a)
M, e#M " +etM,

=M™ +a(ps,v,)[e* D, Ju(p,v,) (46)
where
_ (pr+qr+R), |~ - i (p;+g;+R)
MZETAza(Pf,Vf) Qa qf,u _ pf qr © a“QbTb qr,u _ Pi T4 ©w
qf'k (Pf+qf)'k qi'k (p,+q,)'k

(pitR;), . (p;+g;tR),
pik (pi+g;)k

T,.—0,T,

u(Pi,'V,') ’ (47)

c

which is defined in terms of four half-off-shell T matrices, T,, T}, T,, and T,. Although M ™™ is gauge invariant,
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S

M FTAkk=0, 48)
the amplitude M LE A) does not satisfy the gauge invariant condition since
D, k"70 .

That M LE A)is not gauge invariant is not surprising because there are other Feynman diagrams for 7 py process which
are not shown in Fig. 2. To obtain the total bremsstrahlung amplitude M, which is completely gauge invariant, we
have to impose the gauge invariant condition:

M,=MF"+Mm2 , 49)
M kt=(MF® +MO)k*=0 . (50)

The additional gauge term i LG’, which is required to make the total amplitude M , gauge invariant, can be determined
from the gauge invariant condition, Eq. (50). Such calculations are very lengthy and the final expression for M, can be
written as

M, ="M ™A + et M~ (51
where
i =(p ;) | 05" (pf+qf)P((s;;ci;:f2)+R-skﬁ T
+0,8%4,°G ., (p;+4;) (kaea—kaf;):{’;:.q;i)a+kaR.E
Oty )gzqf 8 Gw;(’;’ffiq;f)f’g#s# - E#i%fiz;‘ip;-:qi) q;% |u(p;,vi), (52)

and the expressions for C7, and C‘ﬁ;ﬁ are given in Appendix A.
It is clear that the amplitude M,* is gauge invariant but it cannot be written in terms of the mp elastic T matrix.
This amplitude will be ignored in the soft-photon approximation mainly because it cannot be calculated if the 71 p elas-
~ tic T matrix and the electromagnetic constants of p, 7" and A* " are the only input for the 7+ py calculation. In order
to estimate the contribution from M ”", we have used two amplitudes, M " and M EETA, to calculate the 1r+p7/ Cross sec-
tions. The average cross sections over G1-G19 at 298 MeV have been calculated. When two results are compared, the
difference between the two calculations is within 11%. If M .~ is ignored, then the total amplitude M u Treduces to
M ZF‘TA. As we have already mentioned, the amplitude M IF‘TA involves the half-off-shell T matrices. It can be calculat-
ed if we have a dynamical model from which the half-off-shell 7" matrix elements can be determined. However, since we
are interested in the on-shell soft-photon approximation in this work, the possibility of developing a new approximation
based on the off-shell amplitude M ;EETA will not be discussed here.

With the help of the expansions given by Egs. (17a)—(17d), M ZETA can be expanded as follows:

7 TETA _ 57 TETAS iz off
M>"=M, +M;", (53)
where

- _ 9ru _ prrq,tR), | - 4, (pi+gq;+R)
AITETAS _ , b LA F(s,,t)—Q, Tlse,t b ©

u u(pf ‘Vf) Qa qf'k (Pf+qf)k (S, p) Qb (Sf p) | q,k (P,+q,)k

(pr+R;) (ps+qg,+R), |
+0, PrmRely \Pr74y n T(siot,)

(pi+Ri)y _ (Pi+4i+R),¢
pik (p;it+q;)k

_QdT(Sf,tq) u(Pi,Vi) (54)

and
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-~ (pr+qs) aT, aT, (p; +q;)
i - f T4f a b P dilp
Mz —u(pf,vf)KZQa Qf”—(qfk) (Pf+qf)k aAa Qb BA—I,. qiy_(qi'k) (p,+q,)k
(prtas), aT, aT; (p;+4q;)
+2 —(psk +20, | == | |Pi—pi k) —F— =
Qc Pfy, pf )(pf+qf)'k aAC Qd aAd ptp, Pi )(p,"‘q,)‘k
(pr+R;) (pr+qgs+R), |_
) PrTRye)y \PrT4y u Toolsint,)
—QuTu(sprt,) lp,-'k £ (p,-+q,-)-k” + o tulp,v;) . (55)

M ZETAS defined by Eq. (54) is the special (on-shell) TETA amplitude for the 7 py at the tree level. It is gauge invari-
ant,

M FTASkr=0 , (56)

and it depegds only upon the elastic T matrix, evaluated at (si585), (sf,tpl, (s;,2,), and (sf,tq ). Moreover, it is easy to
show that M ;SETAS has no kinematic singularity at k =0. The amplitude M Zﬁ given by Eq. (55), on the other hand, is an
off-shell amplitude. It depends upon the off-shell derivatives and also upon the extra off-shell amplitudes involving C.
Thus, if we ignore those terms which cannot be expressed in terms of the elastic T matrix (i.e., the amplitude A ,*) and

those terms which involve off-shell effects (i.e., the amplitude M zﬁ), then we obtain the TETAS amplitude M };ET ,
o . iy TETAS
M,=M, , (57)

which can be evaluated exactly in terms of the 7 p elastic T matrix and the electromagnetic constants of p, 7 and
ATT,

For the purpose of comparison between the modified procedure and Low’s standard (original) procedure for deriving
a soft-photon amplitude, let us derive a different version of the TETAS amplitude by using the standard procedure. We
first expand M LE "in powers of k. Substituting Egs. (17a)-(17d) into Eq. (19), we obtain

_ _ 9fu =~ ~ q; (Pf+Rf) = o (p; tR;)
ME=up,, —ET(s;,t,)—T(spt E 4+ ET(s;t,)—T(spyt,)0———F
P u(pf 'Vf) Qa qf'k (S, P) (Sf p)Qb qi'k Qc Pf'k (Sl q) (Sf q)Qd pi'k
T, aT, T, aT;
+2Q,45, A, +20,4;, 34, +2Q.ps A, +2Q,p;, A,
+(terms involving C)+ - - - |u(p;,v;) . (58)

Since those terms involving C will be completely ignored later, we shall neglect them in the rest of our derivation. The
second step is to obtain the leading term of the internal amplitude A LI ) by imposing the gauge invariant condition:

ek B1P = — ferig (P

F a b

=—ilps,v,) |TFO420,q,k | == | +20,9;k | =

A 7 84, b dA,
k T +2Q,p;°k T + ( ) (59)

+20.p5k | i s ulpvi)
Qcpf BAC dP aAd
where

TEO=0, T(s;,t,)—Qp T(s7,t,)+ Q. T(s;,t,)— 0y T(s,2,) (60)

and we have Q,=Q, and Q.=Q, for the w*py process. The amplitude T'EX) has been studied by Fischer and Min-
kowski [13] and also by Heller [23]. For example, Heller has used the mean value theorem for derivatives,

oT (sq,t,) AT (so,2,)

T(s;,t,)— T (sp,1,)=(s;—s;)——F——=2(q; +p; )k 3

3s s Sp<so=s;, (61a)

and
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_ 9T (sg,t,) 3T (sq,t,) - <
T(s,-,tq)—T(sf,tq)—(si—sf)——as—-——-—Z(qi+p,-)-k—5;———, sp=s50=s;, (61b)
to obtain
_ aT (sy,t,) 0T (sg,t,)
TEO=20,(q;+p;) k——22—+20,(g,+p;)-k——2—— . (62)
os ds
Inserting Eq. (62) into Eq. (59), we find
_ _ 9T (s¢,2,) aT (s¢,t,)
MLI)=U(Pf:Vf) _ZQa(qi+pi)pTe__2Qc(qi+pi)p.—a—s_q—
T, T, T, T,
20,45, A, —2049i 34, —2Q:P5u 34, —2Q.piu b, + e lulpyvi) . (63)
If we apply Egs. (61a) and (61b) again, we can rewrite M ‘" in the form
_ (prtqs), - _ (p;+q;) (prtar), ~
MP=a(p;v,) | — QLT Ts;,1,)+ Qy Ty, )t — L T(s;,t,)
P Uul\ps,vye Q. (Pf+qf)‘k Sislp o5 S p) (p;+q,)°k ¢ (Pf+qf)'k (s; q
£~ (Pz+ql) aTa aT‘b
+QuT(ssyt, )t —2 —2 | —20,q;, | =
Qd (sf q)(Pi+qi)'k Qaqf/; aAa quty aAb
2 T. 2 o, + ( ) (64)
Qs aA., QaPiy aa, u(p;,vi) .

Here, we have used the fact that (g, +p;)-k =(g,+ps)-k, (g; +p;)-e=(gs+ps)e, Qs =@y, and Q. =Q,. Finally, we
add M LE ) [Eq. (58)] and M LI ) [Eq. (64)] to obtain the total amplitude M E

_, 9fu (Pf'*‘Qf)p = = din (Pi+4i)p
M, = »Vr) - T(s;,t,)—QpT(st —
O e P Pyl e A S ) PR PRy
+ £ T (s;,t)— QT (spt,) | ———H——— [+ -
2 prk (prtas)k Sirlg) = QaT syt pik (pitg;)k ulppvi)
(65)
which is to be compared with the amplitude M ., obtained by using the modified procedure,
o7 . iy TETAS | jyoff
M,~M, +M,", (66)

where M,*T45 and M T are given by Egs. (54) and (55), respectively. [But we neglect those terms involving T, and T,
in Eq. (55) in this comparison.] Two substantial differences can be observed: (i) Equation (65) shows that the first two
terms in the series expansion of the amplitude M ; in powers of k are independent of off-shell derivatives. Equation (66),
on the other hand, shows that the amplitude M . does depend upon off-shell derivatives of order k°. (ii) The amplitude
M p has extra terms involving R ,. These terms represent photon emission from the internal A™ line with spin-2 and
the anomalous magnetic moment A,. The amplitude M ; does not include any R, term which is separately gauge in-
variant, R k#=0. This is because the standard procedure [or the gauge invariant condition, Eq. (59)] cannot be used to
determine an internal term which is separately gauge invariant. [Note that both M, and M ;L include internal terms
which are proportional to either (g;+p;), or (¢;+p,),. These internal terms represent photon emission from the
charge of the interval A* ™ line.]

C. General TETAS amplitude and modified Low procedure

The result obtained in the preceding section will be used as an important guide to develop a modified procedure for
constructing a more general TETA amplitude for the 7 py process. The first step in the modified procedure is exactly
the same as the one used in Low’s standard procedure. We obtain the external amplitude M LE ) from four external emis-
sion diagrams, Figs. 4(a)—4(d), which are generated from the source diagram shown in Fig. 1(a). We find

QaquT -T quiy. + Qc(pf+Rf)yT -T Qd(pi+R[)y
gk T TP gk prk T ik

ME =u(p,v,) u(p;,v;) , (67)

4

where R;, and Ry, are defined by Egs. (20a) and (20b), respectively, and T, (x =a,b,c,d), which are the half-off-shell T’
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matrices, can be written in the form

ﬁTau EET[si’tp’px;:mpz)in:qur’ j%=mp27Aa=(qf+k)2]u

=ua{A(s;,t,,m),m%,m2A)+1(d;+d,+K)B(s;,t

ir*ps
ETbu EET[sf»tp’pz;:mpz’Ab=(qi_k)2,Pf2=mp2’qj2"=mzr]u

=u{Ad (sf,tp,mpz,Ab,mpz,mf,)-i-%(qi+4f—k‘)B(sf,tp,

T.u ET[s,-,tq,pi2=m3’q,-2=m3nAc=(Pf+k)2, f2=m3r]u

={A(s;t,my,mi A ,m2)+ 14, +4,)B(s;,t5,m7,m%, A, m2)+ L+ K —m,)C(s;,t

and

l_‘TdEET[Sf’tqud=(pi_k)z’qizszr:pjz"=m:’qf2=m121]

1831
mpz,mfr,mpz,Aa)}u , (68a)
mPZ,Ab,mpz,mf,)}u , (68b)

2 2 2
my,mo, A, ,m:)}u ,

(68c)

ir°g>

=u{A(ss,t,85,m%,m2,m2)+ 14, +47)B (sp,t,8,m%,m2m2)+1C (sp,t, Ay, m2,mEm2) (g, —K—m,)} .

P’ 2

In Egs. (69¢c) and (69d), the expressions for T, and T,
have extra off-shell terms involving amplitude C or C'.
These extra off-shell terms vanish on the mass-shell. The
expressions for off-shell amplitudes 4, B, C, and C' are
much more complicated than those for off-shell ampli-
tudes A4, B, and C at the tree level. [See Egs. (12) and
(16).] However, since the Feynman diagrams given by
Figs. 2(a)-2(e) are the dominant contribution to the 7 py
process in the energy region of the A* *(1232) resonance,
we expect that A reduces to A, B reduces to B, and C
and C’ reduce to C when Figs. 4(a)-4(e) reduced to Figs.
2(a)-2(e), respectively. The on-shell values of the ampli-
tudes A4, B, C, and C' are defined by

A (s, t5)=A(sytgmlm2,m2m?2) , (69a)
B(s,,tg)=B (s, tg,ml,m2,m2m?2), (69b)
C(s,-,tq)EC(si,tq,mg,mf,,mpz,mf,) , (69c)

(d) (e)

FIG. 4. Feynman diagrams for bremsstrahlung: (a)-(d) the
external scattering diagrams; (e) the internal scattering diagram.

(68d)

f
and

C'(ss,1, )EC'(sf,tq,m:,m,zT,mpz,mf,) ,

(69d)
with a=i or f and B=p or q. The on-shell amplitudes
A(sy,tg) and B(s,,tg), which determine the on-shell
(elastic) m*p T matrix T(s,,tg), can be calculated in
terms of 7r+p phase shifts and inelasticities, determined
by the 77 p elastic scattering experiments. Since the ex-
pressions for C(s;,?,) and C'(s f,tq) are not known, all ex-
tra terms involving C and C’ have been completely ig-
nored in the on-shell soft-photon approximation.

The second step is to find an internal amplitude M LA)
which represents photon emission from the intermediate
AT T line. The idea is to write M LA) as a linear combina-
tion of T, (x =a,b,c,d) and D:

M D =u(p;, v (Y, T, +T,Y,+Y,T,
+Tde+8'D)u (p,',vi) Py (70)

where Y, (x =a,b,c,d) are the coefficients to be deter-
mined and €-D represents the remainder of other terms
which cannot be written in terms of T,,. To determine Y,
(x =a,b,c,d), we demand that MLA) reduce to ﬂff) given
by Eq. (44) when Fig. 4(e) reduces to Fig. 2(e). Since T,
(x =a,b,c,d) reduce to Tx and D reduces to D, we find

e(prtqp)teR

Y,=— ,
“ (pf+qf)k
e(p;+g;)+eR
Y, =0~ ,
P T gk 7y
e(pr+qr)+eR
YL‘:_QC f f ’

(Pf+Qf)'k
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and Combining MF' with M (&), we obtain
Ym0 e-(p;+g;)+eR e"MLEA)=s"M,TLETA+17(pf,vf)(s“DM)u (Pisv:) (71a)
d d (p;+q;)k where
|
(p;+qr+R) . +a.+R
M P =1(prv;) | Q, dre_ Pr s ET,— 0T, G _ piTaTR),
qrk  (pptqp)k gk (pitg)k
(pr+R;) (pr+qgr+R) (p; +R;) (p;+q;,+R)
+o | Ll AL o1, |-t | Ly (pv) . (T1D)
prk (pptqp)k Di-k (pit+aq;)k

Since D,, cannot be expressed in terms of T, it has been
ignored in the soft-photon approximation.
The third step is to impose the gauge invariant condi-

tion,
kHMES +MP)=0, (72a)

in order to obtain an additional gauge term M'%’ so that
the total amplitude, M, =M F* +M%, will be com-
pletely gauge invariant. Since

k*META =0,

the condition (72a) gives

f

ignored in the soft-photon approximation, M” will
also be ignored in our derivation. Thus, the total ampli-
tude has the form

— g TETA
M,=M] (73)

if D, and M LG) are neglected. Equation (73) shows that
the off-shell TETA amplitude M ZETA is an approximate
amplitude which can be rigorously derived for the 7+ py
process.

Finally, to obtain a special on-shell TETAS amplitude
M [FTAS, we have to expand T, (x =a,b,c,d). We obtain

k"MLG’=—k“D# , (72b)
. MTETA — 5 TETAS off
which shows that M LG) can be determined if the detailed # My ML 7
expression for Dy, is known. However, since D, has been ~ where
J
~ 45, (py+as+R) 9 _ (Pitg;itR)
MTETAS —7(p, o ) B BT (s;,t,)—Q,T(ss,t,) £ £
,4 Prsvy) | Qa PRy (pf'H]f)'k irtp 103 f'p g;°k (p;+q;)k
(pr+R,) (prt+gr+R)
+0, Py flu _ \Prtdy B (5:,1,)
psk (prtas)k
(p;+R;), (p;+q;+R)
j— T ’t — £ i»Vi/ »
Qd (Sf q) pi'k (pl+q')'k u(P; ‘V,) (75)

and M Z‘f represents the rest of the other terms which in-
clude off-shell derivatives of the amplitudes 4 and B and
extra off-shell terms involving amplitudes C and C’. The
amplitude M ET4S, Eq. (75), is identical to the one given
by Eq. (1) in Ref. [29]. Because of different definitions for
Riu, R fw and R, used in this work, there is a sign
difference for those terms involving R,-”, Ry, and R, in
the expression for M.ETAS. In Eq. (75), T(s;t,),
T(sf,tp), T(si,tq), and T(sf,tq) are the elastic 7r+p T
matrices, evaluated at (s;,2,), (sf,2,), (5;,2,), and (sptg),
respectively. (See Ref. [28] for a discussion on the calcu-
lation of these T matrices.) We have shown that if we
neglect those terms which cannot be expressed in terms

of the T matrix (i.e., £-D) and ignore all off-shell terms
(i.e., e-M°F), then we obtain the amplitude M EETAS which
can be calculated exactly in terms of the 7 ' p elastic T

matrix and the electromagnetic constants of p, 7+, and
ATT.

1I1. THE “EXPERIMENTAL” MAGNETIC
MOMENT OF A**(1232) EXTRACTED
FROM EXPERIMENTAL DATA

We have used the special two-energy-two-angle ampli-
tude, M 1ETAS given by Eq. (75), to calculate 7 py cross
sections as a function of photon energy k,



I

d’o _
dQ.dQ.dk (27

where

J=e’m}/[(p;*q;)*—mim}]'%,

d*F =[q3dq, /(2E,)][d’p /2, |[K2/(2K)] ,
E, =(m2+q})'"?,

and

E,=(m}+pp)'"?.

In these calculations, the anomalous magnetic moment of
the A™*, A,, has been treated as a free parameter and it
is to be determined from the UCLA data [2] at three
bombarding energies, 269, 298, and 324 MeV, and the
SIN data [5] at 299 MeV.

The UCLA group has used 19 photon counters, G;
(i=1-19), to measure w1 py differential cross sections.
As a result, 18 sets of cross sections have been obtained
for each bombarding energy. (Cross sections for the pho-
ton counter G16 have not been determined.) In each set,
the UCLA data are given at the following photon ener-
gies: k,=22.5 MeV, k, =40 MeV, k;=60 MeV, k,=80
MeV, ks=100 MeV, k;=120 MeV, and k, =140 MeV.
We shall use the “spectrum G;” to label the set of cross
sections obtained from the photon counter G;. Thus, if
we define E; =269 MeV, E,=298 MeV, and E;=324
MeV, then the UCLA data can be denoted by
oUCLA(Ei,Gj,k, ), which represents cross section at the
bombarding energy E; (i =1,2,3) and the photon energy
k, (I=1,...,7) for the spectrum G; (j=1 ,19).
The correspondmg theoretical cross sectlon, calculated
using Eq. (76), will be denoted by o'™(E;,G

Using the experimental cross sections U{ICLA(E G,,k;)
and the theoretical cross sections 0™(E;,G o kp), we ﬁrst
calculated the following average cross sections:

o VM E; k)= 2 oULAE,, G,k /10, (77a)
j=1
0'1 10 Enkl 2 0' E,, j’kl)/lo 5 (77b)
j=1
15
o VLM E k)= S oYME,, G, k) /5 (77¢)
j=11
15
ot _(E k)= 3 o™E;,G,,k)/5 (77d)
i=1
o VEAME, k)= 2 oVLAME,;, G, k) /15, (77e)

ji=1

and
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(MTETAS i) MTETAS %) |G 4F (76)
[

ot J(E; k)= z o™E,;,G;,k;)/15, (779

j=1

for all photon energies k; (I =1,...,7) at three bom-
barding energies, E; (i=1,2,3). The values of
o VM E, k), oUCKME, k), and o YEAM(E;, k;), without
including the experimental errors, are shown in Table I.
We then use these cross sections to define the following
average deviations:

D (E;hp)=3, lo YA E,; k) =o't (o(E;, Kp)]
1-10{E;5Ap 1 VLA G )

b

(78a)

o oV EL k) — o _is(E Ky
Dy _15(Ej,Ap0)= 3,
1 o VNS (E ky)

’

(78b)

and

D (E;,l) =3 |0¥515A(Ef’k1)_Utlh—ls(Ei;kl)l
1-15{Ej Ap 1 UL k)
(78¢c)

Since there are three bombarding energies, we obtain nine
deviation functions, which are all functions of A,. Vary-
ing the value of A,, we find nine deviation curves. As
shown in Figs. 5(a)-5(c), each of these nine deviation
curves clearly exhibits a minimum point. The values of
A, at these minimum points are as follows:
ANIUE)=1.53, Ay'%E,)=1.47, Ay'%E;)=1.20,
AL-B(E =190, x“ 15(E )=2.00, k“ P(E;)=1.44,
xg 5(E,)=1.86, AL ‘5(E2)=1.58, and A‘A‘15(E3)=1.36.
Taking an average, we have

3
=3 A UE)/3=1.4

(79a)
i=1
for spectra G1-G10,
3
A= 3 AN(E ) /3=1.8 (79b)
i=1
for spectra G11-G15, and
2 ALCB(E)/3=1.6 (79¢)

i=1

for spectra G1-G15. Using these results for A,, the value
of the ‘experimental” magnetic moment of the
AT %(1232), uy, can be calculated. We find
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A
=2(1+kA)—— 2:1
My 14
3.7—5— for spectra G1-G10 ,
2m,J
= 14.0—°— for spectra G1-G15, (80)
2mp
4.2—°— for spectra G11-G15 .
2mp

This gives us a range of the value of u, which can be ex-

---324MeV,A,=1.20

| —- 269MeV/A,:1.53
6O —298Mev,au-1.47 /7 [BOF

--324MeV,A,=1.36
-—269MeV, 1,=1.86 ./
< 298MeV, 17158

3 /"n pr
\
4.0t of - 7 G-
L ‘o N e
= 20p 3 2.0t
g } P G!I-10 : =
é o (0)‘ e 0 (b) P
8 ~-324MeV,Aa-1.44 55095 A2 ]
[ -—-269MeV, ki- 1.90 /./ — 550<e“(75é§ﬁ= 22
g —298MeV, A, 200/ T amer > o
S e.0r a” 3.0F -+~ 75°%¢0¢95°h=2.0
3 | \.\ a
4.0+ R 2.0f
! Tpr
i L GI-I5 -
20 . ' Lo} 299MeV Tl:
| W‘ 1
o (c) |' T oL@ i
G 05 10 15 20 2530 6 05 10 1520 25 30
}"A A'A

(&) sog MeV, A, =1.4
30 G1-10

N
o
1

1 1 El 1 L
0.0 05 1.0 1.5 20 25 3.0
Aa

FIG. 5. Average deviation as a function of A,. The deviation
curves shown in (a), (b), and (c) are obtained from the UCLA
data while the curves shown in (d) are from the SIN data. The
minimum point on each curve determines an extracted value of
Aa. () The x? as a function of A,. The UCLA data at 298 MeV
are used to calculate the y? curve, which shows a clear
minimum point at A, =1.4.
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tracted from the UCLA data.

Of course, the UCLA data sets can be analyzed togeth-
er to yield a single value of u,. This has been done and
the value is 3.8¢/(2m,). It should be pointed out that if
the x? as a function of A, were used to determine the
value of A,, then we would also obtain about the same re-
sult as that obtained by using the deviation function
defined by Eq. (78). For spectra G1-G 10 at 298 MeV, for
example, the x? fit gives A, =1.4 while the method based
on Eq. (78) glves A=ALE, =1.47. In Fig. 5(e), we
show the y? curve with a clear minimum point at
Ap=1.4. This curve is to be compared with the solid
curve exhibited in Fig. 5(a).

We have also extracted the value of u, from the SIN
data. The SIN group has measured the 7% py cross sec-
tions at 299 MeV. Depending upon the angular regions
for the outgoing pions, the group has obtained three sets
of cross sections. We shall call the set for 55°<6,_<95°
as the first set, the set for 55°< 6, <75° as the second set,
and the set for 75° <6, <95° as the third set. In each set,
the SIN data are given at the following photon energies:
k1=27.5 MeV, k,=42.5 MeV, k;=57.5 MeV,
ky;=72.5 MeV, ks=87.5 MeV, k;=102.5 MeV, and
k7=117.5 MeV. Thus, the SIN data will be denoted by

o?™(k;) and the corresponding theoretical cross section
by o(k;). Here, kj(j=1,...,7) are photon energies
and the subscrlpt i 1ndicates the set number (i =1,2,3).
The values of o?™N(k ), without including the experimen-
tal errors, are shown in Table I. Using aSIN(k ) and
th(k ), we define three deviation functions:

DO lo$™N(k))— oK) 81a)
= N a
1 A ? 0‘§IN(kj')
loS™N(k ) —otP(k!)|
D,(A,)= J L (81b)
2(As) ? o3™N(k})
and
lo3™N (k) —oP(k))]
D,(Ay)= , (81c)
3(ha) ? o™k}

which are all functions of A,. Varying the value of A,,
we obtain three deviation curves. As shown in Fig. 5(d),
each curve has a minimum point. The values of A, at
these minimum points are

Ay=2.1

for the first set, 55° <6, <95°,
Ap=2.2

for the second set, 55°< 6, <75°, and
Ap=2.0

for the third set, 75°< 8, <95°. The values of u, calculat-
ed from A, are as follows
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TABLE L. The UCLA data and the SIN data: the values of oY E;, k), oV S (E; k), oVSEAE L&), and o$™N(K)).
Photon
energy (MeV) 22.5 40.0 60.0 80.0 100.0 120.0 140.0
269 average 2.53 1.65 1.25 0.79 0.28
(UCLA) G1-10 +0.41 +0.27 +0.21 +0.15 +0.08
average 31.8 15.1 8.8 5.8 2.5 1.2
Gl11-15
average 12.3 6.11 3.77 2.44 1.03 0.55
G1-15
298 average 1.78 1.03 1.03 0.74 0.44 0.44
(UCLA) G1-10 +0.28 +0.17 +0.15 +0.13 +0.09 +0.12
average 25.0 14.1 7.62 5.68 3.38 1.14
Gl11-15
average 9.50 5.41 3.21 2.39 1.44 0.61
G1-15
324 average 1.05 1.04 0.66 0.77 0.30 0.10
(UCLA) G1-10 +0.31 +0.22 +0.17 +0.18 +0.11 +0.06
average 22.6 8.30 4.80 2.22 1.64 0.58 0.38
Gl11-15
average 8.24 3.45 2.05 1.25 0.74 0.43
G1-15
Photon
energy (MeV) 27.5 42.5 57.5 72.5 87.5 102.5 117.5
299 average 1.57 1.24 1.40 1.21 1.12 0.85 0.71
(SIN) 55°-95° +0.23 +0.18 +0.16 +0.14 +0.13 +0.10 +0.09
average 1.23 1.31 1.40 1.20 1.27 0.83 0.82
55°-75° +0.28 +0.21 +0.18 +0.16 +0.17 +0.13 +0.11
average 1.91 1.17 1.40 1.22 0.90 0.90
75°-95° +0.30 +0.24 +0.20 +0.18 +0.16 +0.13

o =214+ Ay 2 | =€
a ATM, | 2m,
e
4.7 for 55°<6,<95°,
2mp or -
=14.9-°— for 55°<6,<75, (82)
2mp
e o o
4.62mp for 75°<60,<95° .

The range of p, determined by the SIN data is there-
fore 4.6e/(2m,)=<p,=<4.9¢/(2m,). If, on the other
hand, all the SIN data sets are analyzed together to yield
a single value of u,, we find u,=4.6e /(2m,,).

It is clear that the values of u, extracted from either
the UCLA data or the SIN data are smaller than the
“bare” magnetic moment, u,=5.58¢/(2m,), predicted
by the SU(6) model [34] and the quark model. However,
as pointed out by the UCLA group, a modified SU(6)
model (with mass corrections) suggested by Beg and Pais
[35] predicts p =(m,/M,)X5.58¢/(2m,)=4.25¢/
(2m,). Moreover, Meyer et al. have also pointed out
that bag-model corrections to the quark model [36] give
up=(4.41-4.89)e/(2m,). Thus the values of 11, extract-
ed from the data [the average value of u, determined
from both the UCLA and the SIN data is 4.35¢ /(2m, )]

are in much better agreement with the value predicted by
the modified SU(6) model or the quark model with
corrections. The values of u, previously obtained by oth-
er authors were 3.6+2.0 by Musakhanov [15], 5.6%2.1

TABLE II. Compilation of u,/p, results obtained by
different groups using various approximations and methods.
up,=2.79%/(2m,).

Present
(UCLA data)

Present
(SIN data)

Bosshard et al. ------------------ ——

Wittman {

Heller - Kumano -
Martinez - Moniz

Pascual - Tarrach b {

Musakhanov t

Brown - Rho - Vento
Beg - Pais, Modified SU(6)
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by Pascual and Tarrach [24], 7.0-9.8 by Heller et al.
[26], and 5.58-7.53 by Wittman [27] in units of e /(2m,,).
All of these results were extracted from the UCLA data
using quite different approximations and methods. Most
recently, by fitting the asymmetry data to predictions cal-
culated in the MIT model, Bosshard et al. have found
pp=4.58+0.33¢/(2m,) [37]. A comparison of these re-
sults is shown in Table II. For other theoretical predic-
tions, we refer to an article published recently by
Krivoruchenko et al. [38].

IV. THEORETICAL 7*py CROSS SECTIONS
AND COMPARISON TO EXPERIMENTAL DATA

Using the values of u, extracted from the experimental
data [Egs. (80) and (82)] as input, we have applied the am-
plitude M ;{ETAS to calculate all 7' py cross sections
which can be compared with the experimental data at the
five bombarding energies, 165, 269, 298, 299, and 324
MeV. Some of these calculations are shown in Figs.
6-12. In these figures, the calculated cross sections at
269, 298, and 324 MeV are compared with the UCLA
data of Nefkens et al. and the calculated cross sections at
165 and 299 MeV are compared with the UCLA data of
Smith et al. [3] and the SIN data, respectively.

For G11-G17, the calculated cross sections are insensi-
tive to the variation of u, between 3.7¢/(2m,) and
4.2¢/(2m,). As shown in Figs. 8, 9, and 10, the calcula-
tions using u,=3.7, 4.0, and 4.2¢/(2m,) give almost
identical spectra. Although different values of pu,
[3.7e/(2m,)<up=4.2e /(2m,)] predict spectra which
are slightly different at k > 70 MeV for G1-G10, Figs. 6,
7, and 8 show that the difference is smaller than the ex-
perimental errors. The overall agreement between theory
and the UCLA data is excellent. This fact can also be
seen from the following Y2 values. We have calculated
the x? values for those UCLA cross sections shown in
Figs. 6-9 using p,=4.0e/(2m,) as an input for all
theoretical predictions. The y* values are 1.6(0.9), 0.4,
4.1, 5.3(2.1), 0.8(0.3), 0.5, 0.6(0.5), 0.5, 1.0, 0.6, 2.8,
8.1(1.8), 3.6(1.6), 0.7, and 1.0 for G1 at 298 MeV [Fig.

¢°0/d0»d0), dK (nb/sr*MeV)

L L O
o] 30 60 20 120 150 O
K(MeV)

FIG. 6. The w1py cross sections as a function of photon en-
ergy k for G1, G2, G3, and G4. The dashed, solid, and dot-
dashed curves are calculated with p,=(4.2,4.0,3.7)e/(2m,),
respectively. The UCLA data are from Ref. [2].
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¢°0/d0»d0, dK (nb/sr*MeV)

FIG. 7. Same as Fig. 6, but for G5, G6, G7, and G8.

6(a)], G2 at 298 MeV [Fig. 6(b)], G3 at 269 MeV [Fig.
6(c)], G4 at 269 MeV [Fig. 6(d)], G5 at 324 MeV [Fig.
7(a)], G6 at 298 MeV [Fig. 7(b)], G7 at 324 MeV [Fig.
7(c)], G8 at 298 MeV [Fig. 7(d)], G9 at 298 MeV [Fig.
8(a)], G10 at 269 MeV [Fig. 8(b)], G11 at 298 MeV [Fig.
8(c)], G12 at 269 MeV [Fig. 8(d)], G13 at 269 MeV [Fig.
9(a)], G14 at 269 MeV [Fig. 9(b)], and G15 at 269 MeV
[Fig. 9(c)], respectively. The x? values in parentheses are
obtained from the calculation which does not include the
last datum with zero cross section. Thus, the TETAS
amplitude with values of u, in the range from
3.7e/(2m,) to 4.2e/(2m,) can be used to describe all
7+ py data obtained by the UCLA group except for the
measurements obtained for G18. Here, we must point
out that our predicted cross sections for G18 at 269, 298,
and 324 MeV are quite different from the UCLA data.
[These three spectra for G18 are the only exceptions.
The rest of other spectra at 165, 269, 298, and 324 MeV
for G; (i=1,...,19 but i#18) are in excellent agree-
ment with the UCLA data.] However, the agreement is
much better for G18 at 165 MeV. This comparison is
shown in Fig. 10(b).

In Fig. 11, we present the results of our calculation us-
ing ,u.A=4.6e/(2mp), 4.7e/(2mp), and 4.9e/(2mp) at
299 MeV. These results are compared with the SIN data.
Using p1,=(4.6,4.9)e /(2m,) as input for theoretical pre-
dictions, we have calculated the y? values for the three
sets of cross sections shown in Fig. 11. The x? values
[corresponding to p,=(4.6,4.9)e/(2m,)] are (4.3,3.4),

d*0/d0»d0,dK (nb/sr*MeV)

" L L L o] " L 3
o] 30 60 90 120 150 O 30 60 90 120 150

K(MeV)

FIG. 8. Same as Fig. 6, but for G9, G10, G11, and G12.
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(2.6,2.8), and (2.2,2.1) for the second set [Fig. 11(a)], the
third set [Fig. 11(b)], and the first set [Fig. 11(c)], respec-
tively. We therefore conclude that the SIN data can be
described by the TETAS amplitude with the value of u,
between 4.6e /(2m,,) and 4.9¢ /(2m,, ).

Finally, we have also used p,=5.58e /(2m,), the value
predicted by SU(6), SU(3), and the naive quark model, to
calculate 7 py spectra at 298 MeV for G7, G14, G15,
and G1-G10 (the average cross section over the ten pho-
ton counters G1 to G10). As shown in Fig. 12, these re-
sults are compared with the calculations using
#a=(3.7,4.0,4.2)e /(2m,,) and also with the calculations
using an approximate TETAS amplitude [M, (TETAS)]
obtained in Ref. [28]. [The expression for M (TETAS) is
given by Eq. (83) in the next section.] This comparison
reveals three important facts: (i) For G14 and G15, all
calculations give similar results which are in excellent
agreement with the UCLA data. This confirms our state-
ment that the calculated cross sections for G11-G19 are
insensitive to the variation of u,. (ii) The data for G7
and G1-G10 can be used to differentiate between the cal-
culation using p,=5.58¢/(2m,) and the calculation us-
ing pp=(3.7-4.2)e /(2m,). The latter is in better agree-
ment with the data. For k >70 MeV, all calculations
with p,=5.58¢/(2m,) are in complete disagreement

(a)

(b)
60

40t

¢*/d0-d0, dK (nb/sr*MeV)

0 30 e0 90 120 150
K (MeV)

FIG. 9. Same as Fig. 6, but for G13, G14, and G15.
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d*5/d0»d0, dK (nb/sr*MeV)

150}

100} GI9

0 20 40 60 80 100
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FIG. 10. Same as Fig. 6, but for G17, G18, and G19.

2.4} T'py (a)
i 299Me\45
2¢O ( 75°
__ lef S5%¢En
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S 24t
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b 55°(8y<95°
"o -6
o.8f
(o] N 1 " n " L "
0 40 80 120

K (MeV)

FIG. 11. The w*py cross sections as a function of k. The
dashed, solid, and dot-dashed curves are calculated with
1a=(4.9,4.7,4.6)e /(2m,), respectively. The SIN data are from
Ref. [5].
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GI1-GIO Average
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1
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FIG. 12. The w1 py cross sections as a function of k for G7 (a), G14 (b), G15 (c), and G1-G10 average (d). The dot-dashed, solid,
dotted, and dash-double-dotted curves are calculated with py=(3.7,4.0,4.2,5.58)e /(2m, ), respectively. The dashed curve is calcu-
lated using an approximate TETAS amplitude given by Eq. (83) (which is identical to the amplitude M,(TETAS) given by Eq. (16) in

Ref. [28]).

with the data. (iii) The spectra calculated using an ap-
proximate TETAS amplitude obtained in Ref. [28] are
very close to those calculated using the amplitude
M FTAS given by Eq. (75) with the value of p, between
3.7¢/(2m,) and 4.2¢ /(2m,,).

V. DISCUSSION

It has been reported in Ref. [28] that almost all of the
7Epy cross sections obtained by the UCLA group can be
described by a TETAS amplitude of the form

_ dfu (gr+ps+Ry), 9ip (qi+Pi+Ri)p,
M (TETAS)= ) - T(s;,t,))—Q,T (s, -
ul )=u(ps,vy) |Q, 2k (a4, +p, )k (5;58p)=Qp T (sy,1,) ok (@ 1P )k
+R (gs+ps+R,)
+0, PruTRyp  pTPr TRy T(s,t,)
Py tR g;tp;+R;),
- T N - i» Vil >
Q4 (Sf q) Pk (g, +p)k u(p;,v;) (83)

where R;, and R, are defined by Egs. (20a) and (20b), re-
spectively This amplitude, which cannot be rigorously
derived, is slightly different from the amplitude M FTAS
given by Eq. (75). In Sec. IV, as shown in Fig. 12 we
have found that the 7 py cross sections calculated with

—

the amplitude M, (TETAS) are very close to the cross
sections predlcted by the amplitude M, "™S if the value
of pa used in M,ETAS is about 4e /(2m,,). To understand
why the amplitude M ,(TETAS) works so well and why
the two amplitudes, M (TETAS) and M TETAS, can give



44 PION-PROTON BREMSSTRAHLUNG CALCULATION AND THE. ..

similar results, let us compare these two amplitudes care-
fully. From Egs. (75) and (83), we can see that both am-
plitudes have the same form for the external contribution
but they differ from one another in the expression for the
internal contribution. They can predict about the same
cross sections only under the following condition:

Riqu#zRf# : (84)

To study this condition without any approximation is
very difficult. Fortunately, a good approximation can be
found. If we replace §;, §y, and § in the expressions for
R;,, Ry, and R“ [Egs. (20a), (20b), and (43)] by my,, m
and M ,, respectively, then we find

RmzRfquu (85)

P’

provided that
Ay=A, . (86)

This implies that the two amplitudes can produce about
the same result if the magnetic moment of the A'T+
(treated as a parameter in the amplitude M EETAS )is

.u'A=2(1+}\'A)e/(2MA)

m e
=2(1+A,)—2&
P M, 2m,

_ 938 e
=201+1.79) > T,

=4.25¢/(2m,) ,

which is exactly the value predicted by the modified
SU(6) model of Beg and Pais [35]. This value also agrees
very well with the average value of u,, 4.35¢/ (2m,), ex-
tracted from both the UCLA data and the SIN data.
Thus, the fact that the UCLA data can be described by
the amplitude M ,(TETAS) suggests that the value of u,
is about 4e /(2m,, ).

It is obvious that the modified Low procedure can be
applied to obtain TETAS amplitudes for other brems-
strahlung processes near a scattering resonance. For ex-
ample, the TETAS amplitude for the p!*Cy process has
the same expression as the amplitude M ZETAS given by
Eq. (75) but without those terms involving R iw R fw and
R, [28]. This is because the contribution from R;., Ry,
and R, terms is negligible for the low energy p'2Cy pro-
cess near either the 1.7-MeV resonance [39-41] or the
0.5-MeV resonance [42]. As shown in Ref. [28], those
gauge terms involving (p; +g;), or (py+gq;), represent
photon emissions from the charge of the intermediate
I3N'* resonance.

As we have already mentioned, the effective moment
which is a complex quantity has been studied by Heller
et al. [26]. We cannot calculate this moment to arbitrary
precision in this work since it is difficult to take into ac-
count the loop contribution in the soft-photon approxi-
mation. Nevertheless, we have done a numerical study
by treating A, in Eq. (75) as a complex quantity,
Apa=Ag +iA;, in order to estimate the contribution from
the imaginary part A;. We have chosen A, to be
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1.47+iA;, 1.6+iA;, and 2.4+i);. By varying A; from
—1.0 to 1.0 in each case, we have used the UCLA data
(at 298 MeV for counters G1-G10) to calculate average
deviations as a function of A;. As shown in Fig. 13, we
have obtained three deviation curves which have the
same interesting feature. The value of the average devia-
tion decreases rapidly as A; increases from —1.0 to zero
and then it increases rapidly as A; increases from zero to
1.0. Thus, the minimum points for all three average devi-
ation curves are around A; =0, independent of the choice
of Ag, indicating that the best fit to the UCLA data (at
298 MeV for counters G1-G10) can be obtained by
choosing A, to be a real quantity, as we have done in this
work. This result implies that the dynamical contribu-
tion (photon emission from the 7 p loop) to the imagi-
nary part A; is very small. If there is no dynamical con-
tribution to A, we also expect very little dynamical con-
tribution to the real part A;. We may therefore conclude
that the whole dynamical contribution would be small
and hence the “experimental” magnetic moment should
be very close to the effective moment.

To understand why the best fit to the UCLA data can
be obtained only if A, is chosen to be a real quantity, we
have performed another study. Our numerical investiga-
tion of the amplitude M ZETAS reveals that the best agree-
ment between theory and experiment is obtained when
the contribution from the R u-dependent terms cancels
the total contribution from those terms involving R i and
Ry, in Eq. (75). This cancellation occurs when u, is
around 4e /(2m,). However, no cancellation is possible if
A, is chosen to be a complex quantity with a large imagi-
nary part since the anomalous magnetic moment of pro-
ton A, is a real quantity ( kp =1.79). This explains why
the minimum point is always found around A,=0, in-

298 MeV
G1-10

70
Aa=2.4 + ik

6.0
5.0

Ap=1.6 +ir|

4.0

T

Aa=1.47 + iy
3.0

T

Average Deviation

2.0

T

1.0

L | 1 1
-1.0 -05 00 05 1.0
Aj(imaginary part of A,)

FIG. 13. Average deviation as a function of A; (the imagi-
nary part of A,). Using the amplitude M 1ET4S but treating A,
as a complex quantity, A, =Ap +iA;, the average deviations are
calculated as a function of A; for Az =1.47, 1.6, and 2.4. The
experimental cross sections used in these calculations are the
UCLA data at 298 MeV for the photon counters G1-G10.
Each deviation curve shows a clear minimum point at A; =0.
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dependent of the choice of Ag, if the average deviation is
plotted as a function of A;. As we have already pointed
out, our numerical study also indicates that the spectra
calculated by using Eq. (75) agree very well with those
spectra predicted by Eq. (83) (which is identical to Eq.
(16) of Ref. [28]) if 4 used in Eq. (75) is about 4e /(2m,, ).
Both results are in excellent agreement with the experi-
mental data.

Now let us discuss what would happen if those terms
involving R;,, Ry,, and R, are cancelled out precisely.
We would obtain an amplitude M FT™S  with
R;,=R;,=R,=0. Such an amplitude was first proposed
by Heller [23] and it was discussed in great details in Ref.
[28] (Heller’s amplitude is identical to Eq. (3) of Ref.
[28]). It is a well known fact that Heller’s amplitude can
be successfully applied to describe both the w'ip‘y data
and the p '>Cy data. This fact may have two possible im-
plications that are consistent with our findings. (i) The
cancellation between the contribution from the magnetic
moment of the AT (including all possible loop correc-
tions) and the contribution from the magnetic moment of
proton exists. (ii) The imaginary part of the effective
magnetic moment of the A7 is small and the real part is
(3.7-4.9)e /(2m,,). In short, the data seem to suggest that
dynamical corrections from the loop diagrams are small.
In other words, our best fit implies that the effective mag-
netic moment of the AT should be nearly equal to not
only the “experimental” moment obtained in this work
but also the bare moment given by the modified SU(6)
model or the quark model with corrections. The problem
requires further careful studies.

VI. CONCLUSION

We conclude the following.

(i) We have derived a radiation decomposition identity
for bremsstrahlung emission from an internal A™ ™" line
with an anomalous magnetic moment A,. We show how
this identity can be applied to modify Low’s standard
prescription for constructing soft-photon amplitudes for
bremsstrahlung processes.

(if) Using the modified Low procedure, we have derived
a TETAS amplitude, M, *TS given by Eq. (75), for the
7+ py process near the A++( 1232) resonance. This TE-
TAS amplitude has many interesting features: (1) It is
relativistic, gauge invariant, and consistent with the soft-
photon theorem. (2) It depends only on the elastic T ma-
trix, evaluated at four different sets of (s,%): (si,tp ),
(s5i525), (sf,2,), and (sp,2,), but it is free of any derivative
of T with respect to s or ¢. (3) It takes into account
bremsstrahlung emissions from (a) the incoming pion and
the outgoing pion (with charge +e), (b) the incoming
proton and the outgoing proton (with charge +e and the
anomalous magnetic moment A,), (c) the internal ATY
line (with charge +2e and the anomalous magnetic mo-
ment A,), and (d) other sources by imposing the gauge in-
variant condition.

(111) We have used the amplitude M [FT4S to calculate
mtpy cross sections as a function of photon energy K,
d3o /dQ,dQ,dK, at five bombarding energies, 165, 269,
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298, 299, and 324 MeV. Treating A, as a free parameter
in these calculations, the “experimental” magnetic mo-
ment of the A* ™, u,, has been extracted from 45 sets of
the UCLA data and 3 sets of the SIN data. The extract-
ed values of u, are

3.7e /(2mp) for photon counters G1-G10 ,

ua= {4.0e/(2m,) for photon counters G1-G15 ,
4.2¢/(2m,) for photon counters G11-G15,

from the UCLA data and

4.6e/(2mp) for 75°<,<95°,
4.7e/(2m,) for 55°<8¥,<95°,
4.9¢/(2m,) for 55°<8,<75°,

HA=

from the SIN data. These extracted values of u, [the
average is 4.35¢/(2m,)] are smaller than the value
5.58¢/(2m,), the “bare” magnetic moment predicted by
the SU(6) model or the quark model, but they are close to
the value 4.25¢/(2m,) predicted by the modified SU(6)
model of Beg and Paxs and also in accord with the value
(4.41-4.89)e /(2m,,) obtained by Brown, Rho, and Ven-
to.

(iv) Using the amplitude and the values of p,
extracted from the experimental data, we have calculated
all 7¥py cross sections which can be compared with the
UCLA data and the SIN data. In general, the agreement
between the theoretical predictions and the experimental
measurements is excellent. This agreement demonstrates
that the amplitude M EETAS is valid and it can be used to
describe almost all the available 7 py data near the
A(1232) resonance.

(v) We have also treated A, as a complex quantity,
Ap=Ag +iA[, in order to estimate the contribution from
the imaginary part A;. The best fit to the data gives
A; =0, independent of the choice of Az. This finding sug-
gests that further dynamical corrections to the amplitude
M FTAS from the open pion-proton channel are small and
hence the “effective” moment, the “experimental” mo-
ment, and the “bare” moment predicted by the modified
SU(6) model of Beg and Pais should have about the same
value.

(vi) We have shown that the approximate amplitude
given by Eq. (83), an amplitude used in Ref. [28], is
justified. This explains why the amplitude (used in Ref.
[28]) works remarkably well for the 7+ py process. We
have also explained why the amplitude M [*™3 given by
Eq. (75) can be used to describe p 2Cy cross sections near
either the 1.7-MeV resonance or the 0.5-MeV resonance.

M TETAS
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APPENDIX A
The expression for E?,, E ;,B, C Z#, and C";f; are as follows:

E°, =y y | —2¢p'/9—4p'-e/9—2¢K /3+p'-e(p'+¥K)/(OM )
—(p"2+2p"-k)E/(OM ) +2(p"*+2p" -k )(—p'-e+Ep' +¥K)/(IM3)]
ey [ —B —aK/3—2M, /3+(p'?+2p" k) /(BM ) +2(p"*+2p" k)P’ +¥)/(3M3)]
+yoe T8 /9K +2M, /9+2(p 2 +2p k) /(IM ) —4(p"?+2p' -k )P’ +K)/(IM3)]
+e%(p’+k) [2+2p" +¥)/(3My)—2(p"?+2p"-k) /(3M3)]+2e%%, /3
+(p'+k)e [ — B —2(8"+¥)/(3BM)+4(p"?+2p"-k) /(3M3 )] — 4k e, /9
+yo(p'+ k) [ —£/9—4LB +K)/(OM ) +2p"€/(OIM ) +2(p"-ep'+p'-ek +p'é+2p'-k£)/(OM2)]— 57k £/9
H(p'+k)Ty L+ (B +K)/(3M ) —2(p"*+2p"-k) /(BML)]+2k %y £/3
—(p'+k)(p'+k)2¢(p +K+M,)/(3M3)
F AN/ QM) (Y v [ — (£KB +p'2K) /326K (B +M ) (p*—M3%)/(3M3)]
+p' 7y K (2D — M ' —AM3) /(3M3 ) — v p £k (2p"*— M p' —4M 3L ) /(3M3)
+(4kTe,—4ek , + 267y K =27 e K +27 k £ —2ky £ B +M)(2p't—3M3%)/(3M3)
+[2K (%D, —p'7e,)+2€(p"k y—kpL) (28" —3M\ )B'+M,) /(3M3)
—2p"pLEK (P’ +M,)/(3M3)}
EP=[—2p¢/9—4p-e/9—2£k /3+p-e(p —K)/(OM,)—(p>—2p-k)£/(9M )
+2(p>—2p k) —p-e+BE—KE)/(OM) ]y vP
+[—p+ak/3—2M,/3+(p?—2p-k)/(BM ) +2(p>—2p-k)Np—K)/(3BM3 )]y °
+[7P/9—K+2M /9+2(p>—2p k) /(OM)—4(p>—2p-k)(p—K)/(OM3)]e,vP
+(2+26—K)/(3M ) —2(p*>—2p-k)/3M}))(p —k) P —2k e /3
+[— %2 —K)/(3M ) +4(p>—2p-k)/(3M3)]e,(p —kVP+4e,kP /9
+[—£/9—4p—K)E/(OM)+2p-c/(9M,)
+2(p-ef—p-ek +p*¢—2p-kg)/(OM))(p —k),vP+5¢k ,vP/9
FLH(F—K)/(3M ) —2p>—2p-k)/(3MA) ey (p —k)P—2¢y kP /3 —2(p —K+M\)E(p —k) (p —kVP/(3M3)
+Aa /M) [— (EKP+P2K) /3+2(6+M gk (p*— M%) /BM) ]y ,v?
+(2p*—Myp—4M2)EK Y pP/(3ME ) —(2p>— M\ —4M L gkp ,vP /(3M %)
+(2p2—3M% (P +M )4k eP —4e kP+2Ke yP—2Uy P+ 2¢y kP —2¢k ,vP) /(3M})

+ (2 —3M )+ M) [2K(e,pP—p €8 +2£(p kP~ k ,pP)]/(3M)

—2p+My)Ekp,pP/(3M})} ,
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b

Coup' K)=v°y [2(p"? =3M})y K /(OMF)+(p, K —v,p'-k)/(9M )]

+Y 8ok —Kk Ty N —TMZ —M,p' +4p™) /(6M3)

+ (g gk —k oy, 1SMY +4M\p'—6p') /(18M3)

v (puka—p kg, )2AMA+P") /(OM})+p (g, K —k Y, )2M s +P')/(3M3)

+(8,%ko—k%84, (SM +2M,p'—3p"?) /(3M3 )+ (8o K —koy, ' /BMR)+p 7y v K /(3M )

T pol =AMy K +2p K —y 0" k)] /(OMR)—2p"ply K /(3M3)

A/ QMO y o[ — By K+ y KB /3+2(p"* =M} )y KB +M,)/(3M3)]
TPV oV K (2D =My —AMK)/(BM3) ~ v p Ly K (2" — M’ —4M3) /(3M3)
(2 —3M3)[ 4Kk 8o, —8 k) F 27 (80K —Kky,) =27 (8 ok — k¥ ) I(B +M ) /(3M3)
+[2(8, 7K —ky o —2p" (8o ¥ — kv, ) (28" —3M (B +M,) /(3M3)

—2p"pov KB +My)/(3M3)} ,

C.b(p,k)=[2(p>—3M2 )y K /(9M3)—(p, K —p kv ) /OM )y ,yP+(TME + My —4p*)(KgP,—v kP)y ,/(6M3)
F(—15MY —4M P +6p>)UKg,, — 7,k )vP /(18MR) +2(— My —§)(p, k,—p kg, )vP/(OMK)
+(—=2M,—p)KeP, — v, kP)p, /(3MR) +(—5M7 —2M . p +3p*)(k 87, —g,,kP) /(3M3)

—BKg,, — kv, PP /BMY) +y Ky pP/(3M )

+[—aMy K —2p K —y,p-K)p, v /(OMK) =2y Kp ,pP/(3M3)
TAN/CQM O~ By K +7,K8)/3+2(p* =M\ +M )y K /B3MR) ]y 1P
+(2p?—Myp =AML )y Ky pP/(3ME ) —(2p>—Myp—4M3 )y kp,,vP /(3M3)
2_
(2= 3MU P+ M4k ,85, 8, kP )+ 2(Kg =7 k) VP +2(y kP —UgP, )y 1 /(3M3)

+(2P—3M P+ M)[2Ke ,— 7,

—2(f+My)y Kp,pP/(3M3)} .

ko pP+2(y kP —kegP,)p,1/(3M3)
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