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The Chandler-Gibson (CG) N-body equations are tested by considering the problem of three
nonrelativistic particles moving on a line and interacting through attractive delta-function potentials.
In particular, the input Born and overlap matrix-valued functions are evaluated analytically, and
the CG equations are solved using a B-spline collocation method. The computed scattering matrix
elements are within 0.5% of the known exact solutions, and the corresponding scattering probabilities
are within 0.001% of the exact probabilities, both below and above the 3-body breakup threshold.
These results establish that the CG method is practical, as well as theoretically correct, and may be
a valuable approach for solving certain more complicated N-body scattering problems.

I. INTRODUCTION

Over a period of several years Chandler and Gib-
son (CG) have derived a theory of N-particle scattering
which is very general and has many desirable mathemat-
ical properties [1,2]. The unknowns in the equations of
this theory may be either transition operators [1, 2] or
K matrices [2, 3]. This theory has been derived with
theorem-proof rigor. However, it is still necessary to test
the theory by making calculations which can be com-
pared with known results.

It does not suffice to test the CG theory using a 2-
body problem, because in this case the CG transition
operator equations reduce to the Lippmann-Schwinger
equation [4], the CG K-operator equations reduce to the
well known 2-body K equation, and these equations have
already been thoroughly tested over the years. On the
other hand, the CG equations for a 3-body problem are
different, and have unknowns which differ off-shell, from
all previous 3-body equations, including the Faddeev [5]
and Alt-Grassberger-Sandhas [6] equations. Therefore, a
numerical solution for a 3-body test problem will provide
an important test of the CG theory.

In addition, we are in the process of developing a com-l

[e o) .A . /\’
Kpjai(A €a) = Apjai(A ea) + Z]f d’?%(nn)’cvk,ai(n, €a)
vk

puter program which uses B-splines to solve the CG
equations for N-body scattering problems. In order to
test this program, it is desirable to have a simple 3-body
problem which can be solved and compared with known
results. Such tests are necessary for the further develop-
ment of our N-body computer program.

In this paper we consider a simple 3-body system which
can be solved and compared with known results. The
test problem which we consider is the nonrelativistic one-
dimensional system consisting of three particles moving
on a line and interacting through attractive delta func-
tion potentials. The main reason for using these poten-
tials is that they lead to exactly solvable three-body sys-
tems [7-9], and these exact solutions may be used for
comparison.

In order to illustrate the general N-body solution strat-
egy developed in Refs. [2] and [3], we shall follow the
notation given there. In particular, the on-shell scatter-
ing operator is obtained from either an on-shell K-matrix
K(E) or an on-shell transition matrix M(E). K(E) is the
on-shell value of a half-on-shell K matrix (X, e) whose
matrix elements Kg; oi(A, e4) satisfy the following system
of K equations [2, 3]

(1.1)

and M(E) is the on-shell value of a half-on-shell transition matrix M(A,e) whose matrix elements Mg; ai(}, o)

satisfy the following system of M-equations [2, 3]:

o) A . A, .
Mﬁj,ai(,\,ea)=A,,j,m~(,\,ea)+z[]f dn—%_(——n—"l/\/tmm-(n,ea)-mA,,mk(,\,ey)ka,ai(ev,ea)]. (1.2)
vk v

In Egs. (1.1) and (1.2) «,B8, and v are channel indices
which range over the possible partition and bound states
of the N particles. The subscripts 2, j, and k are indices
which label the basis functions for channels «, 3, and
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[
v, respectively. The threshold energy for channel « is
denoted by €., wheree, < 0. Also, e, = E—¢,, the total
energy minus the a-channel threshold energy, is the on-
shell channel kinetic energy for any open channel . The
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integral with a bar through it denotes a Cauchy principal-
value integral.

The kernel functions Ag; oi(A, 1) in Eqgs. (1.1) and
(1.2) are of the form

Apjai(X, 1) = Bgjai(A 1) = Cpjrai(A, 1)(ea — 1),
(1.3)

where Cg; «i(A, p) are overlap integrals and Bgj qi(A, 1)
are Born-type integrals. The matrix A(A, ) with matrix
elements Ag; oi(A, 1) is a real-valued symmetric matrix
for real-valued potentials. Since

-A,Bj,ai(/\yea) = Bﬂj,ai(/\, ea) s

the nonhomogeneous terms in Eqgs. (1.1) and (1.2) are
half-on-shell Born-type integrals. One of the distinguish-
ing features of the CG equations is the inclusion of the
overlap integrals Cgj oi(A, ). A second is the fact that
the projections onto the channel subspaces are included
in the unknowns of the equations. A third is the explicit
way in which the breakup channels appear.

The general solution procedure consists of three steps
[2,3]: (1) Evaluate the kernel functions Ag; o (A, ). (2)
Solve Eq. (1.1) for the matrix elements Kg3; q:(A, eq) or
Eq. (1.2) for the matrix elements Mgj oi(A,eq). (3) Use
the identities of Ref. [2] or [3] to calculate the scattering
amplitude. Steps (1)-(3) are carried out in Secs. [I-1V
for our 3-body test problem.

In Sec. II we discuss kinematics and introduce our co-
ordinate systems and basis functions. In Sec. III we de-
scribe the numerical solution procedure which we use to
solve Eq. (1.1) or (1.2) and compute the scattering ma-
trix. In Sec. IV we summarize the results of our calcula-
tions and compare them with the known exact solution.
Our conclusions are contained in Sec. V. The paper ends
with an appendix containing the detailed evaluation of
the matrix elements of A(X, p).

(1.4)

II. KINEMATICS AND COORDINATES

Let the masses of the three particles be denoted by m,,
mo, and mg3. The possible partitions A of the particles
are denoted by 0, 1, 2, 3, where 0 denotes the free parti-
tion 1+ 2+ 3, 1 denotes the partition 1+ (23), 2 denotes
2 + (13), and 3 denotes 3 + (12). Here (af) denotes a
bound state of the particles « and . It will be shown
that each partition A = 1,2, 3 has only one bound state
for the bound pair. Therefore, there is a one-to-one cor-
respondence between partitions A and channels o € A,
and we will use the channel indices «, 3,7 to denote the
partitions 0,1, 2, 3.

We shall use clustered Jacobi coordinates which are
defined in terms of the positions r, and momenta 7, as
follows. Let «, 3,7 denote a cyclic permutation of 1, 2, 3.
Then the two-cluster channel « has internal coordinate
z, and external coordinate y, defined by

Ta =Ty=Tp, Yo =ra—(mprg+myry)/(msg+my) .
(2.1)

The center-of-mass coordinate is independent of the par-
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tition « and is given by
Yem. = (Miri+mara+mars)/mo , mo = my+mo+mg .
(2.2)

The corresponding internal momentum p,, external mo-
mentum ¢4, and total momentum ¢. ., are

Pa = (mamy — mymp)/(mp +my)
9o = [(mp + my )T — ma(mp + 74)] /M0 ,

qem. =My + 72+ 73 . (2.3)

The free partition 0 may be described by (z4, Yo, Yem.)
or (Pasqa;qdem.) for any & = 1,2,3. The reduced mass
fo for the pair (87) and the reduced mass fi, for o with
respect to (By) are
— _Mpmy - Ma(mp + my)
fo = ——T—, o= ——F—1°

mg + my mo

Il

, (2.4)

respectively, where «, 3,7 denote a cyclic permutation of
1,2,3.

The natural Hilbert space for three particles in one
dimension is £L2(R3). After removing the center of mass
motion, the Hilbert space of interest is Hy = L2(R?),
which may be identified with £2(R) ® £L2(R). The free
Hamiltonian Hy is defined by multiplication by

p: . 4

. 2.5
2na | 204 (2.5)

To(Pa» 4a) =

Hj is a self-adjoint operator on its domain D(Ho) C Hn.

Let V, denote the potential for the two-body interac-
tion of particles # and 4. In order to simplify the cal-
culations and compare with known results [7], we define
these potentials to be multiplication by the distributions

Va(za) = —gab(za) , (2.6)

a = 1,2,3, where g, are strength constants and 6(-) is
the Dirac delta function. The total Hamiltonian Hp,
defined on its domain in Hp, is of the form

HN=H0+VQEH0+(V1+V2+V3). (27)

The operator Hp is well defined and self-adjoint as a sum
of quadratic forms. For each partition a, a = 1, 2,3, the
total Hamiltonian Hx decomposes as

2 2
Hy = Ho+H24V, = Rz . Jo V .
N = Ho+H +V, <2ua+v>+(2ﬁa>+( B+Vy)

(2.8)

The unique solution for & = 1,2, 3 of the eigenvalue prob-
lem

Ha¢a = EaPa (29)
is easily computed to be
1
€o = _§u0g§ , (2.10)

with normalized eigenvector ¢, given in coordinate space
by
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éa(xa) = Vaae_aalxol » (2.11)
and in momentum space by

N 2/71' I/Z(a 3/2

ba(Pa) = (——m'i— (2.12)

where ay = paga-
The transformation from one set of Jacobi momenta
(Pas ga) to those for a second set (pg, gg) is given by [10]

M H
b = _%{";pa + faﬂﬁ?‘]a y 48 = —€afPa — m_i‘Ia ,

(2.13)

where

(2.14)

_ [ +1if B is in cyclic order,
€af = —1if af is not in cyclic order.

In other words, €qp is +1 for (af) equal to (12), (23),
and (31), and —1 for (13), (21), and (32). The Jacobian
of the transformation is equal to one.

For each partition @ = 0,1,2,3 we use kinetic energy
hyperspherical (KEHS) coordinates [2]. Suppose a de-
notes one of the two-cluster partitions 1, ‘2, or 3. Let
ko = qo/\/2jia and decompose ko as ko = kolko|, where
ko = ko/lka| = sgnkes. Letting u = |ko|> denote the
input kinetic energy, we have

da = l}av2ﬁaﬂ .

The Jacobian v2(u) of the transformation from g, to the
(ko, ) coordinates is (Ref. [2], Lemma 3.1)

vi(p) = \/%

In this case, the surface of the unit kinetic energy hy-
persphere is zero-dimensional with I}a = +1. Since kq
assume only the values +1 and —1, we define the “basis
functions”

Xat(ka) = 6(ka — 1), Xa-(ka) = 6(ka +1),

where 6(-) is the Dirac delta function.

Now consider the breakup partition 0. For external
coordinates we may use (pq,qo) for any a = 1,2,3. If p
denotes the input kinetic energy, then

(2.15)

(2.16)

(2.17)

2 2
Po 9a
- Jo 2.18
K 20 2jq (2.18)
Letting
Po = V2Uapsinby , qa = \/20apcos by , (2.19)

with —m < 6, < 7 , we obtain new KEHS coordinates
(0, ) for any o = 1,2,3. In this case the surface of the
unit kinetic energy hypersphere is one-dimensional and
may be parameterized by 6, for any o = 1,2,3. How-
ever, it is undesirable to have three different angles 6,
describing the same three-cluster partition 0. Therefore,
let us fix & and suppose 3 # «. The following well known
lemma shows that 63 — 6, is a constant. We include its
proof for completeness.

Lemma 1.—If «, 3,7 is any permutation of 1, 2, 3, then

the angles 6, and 63 are related by
05 =600 + T8a , (2.20)

where 734 is defined by

o= Memg
cos = - )
Be (me + my)(mg + my)

(2.21)

sin g4 = ¢ Mo
Po="ob (Mma + my)(mp +my)
and ¢,p is defined in Eq. (2.14).

Proof.—Substituting Egs. (2.19) into
Eqgs. (2.13) gives

V2pppsinbg = —::l—'@\/2;4a;4 sin 04
¥
+eo,g—/;;:—\/2ﬂau cosf, .

the first of

(2.22)

Hence,

sinfg = —m;l Tappsinfy + Go(p/la[l.[;l \ //]apgl cos 0,
= COS Tgq SIN By + Sin T, cOS Oy
=sin(fo + 78q) , (2.23)

where the definitions in Egs. (2.4) have been used, and
cos Tgo and sin 73, are defined in Egs. (2.21). Similarly,
the second of Egs. (2.13) yields

cosfg = —eaﬁ\/paﬂgl sin @y — ,uam,;l ﬂaﬁgl cos 0,

= — sin Tgq sin 04 + cos Tgq cos Oy
=cos(fx + T8a) - (2.24)
This proves the lemma.

Corollary 1—The constant angles 75,, with § # a, are
in the interval 7/2 < 75, < 37/2, and they are given

by
m, mo
maMmg ’

The angle 74, is equal to zero.

Ta = tan~! (—Cap (2.25)

In order to be definite, we will use (py,q;) for the ex-
ternal coordinates in the breakup partition 0. Let 8 = 6,,
with —7 < 6 < 7, and let

ko = |kolko = \/Z(sin 8, cos )

P1 q1
= y == | - 2.26
<\/ 2 \/2/11) (2.26)
The next lemma establishes useful formulas for trans-
forming from the (pqo, go) momenta to the (6, 1) KEHS
coordinates.

Lemma 2.—Let 6 = 60,, and let 7, be defined as in Corol-
lary 1, for @« = 1,2,3. The following identities are then
valid for @ = 1,2, 3:

Do = \V/28apsin by = \/2uaqpusin(f + 741)
= /2 COS To1 SIN G + \/2pqpusin 741 cos b,

(2.27)
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and

Goa = /200 cos 0y = \/2fanp cos(0 + To1)
= —\/20apsin To; sin 0 + \/2fiqp cOS Top cos O .

(2.28)

Furthermore, the Jacobian of the transformation from
(Pa» Qo) to the KEHS coordinates (6, u) is given by v2(u),
for any o = 1, 2,3, where

v3 (1) = Voo = \/mimamg/mg . (2.29)
Proof—The identities in Egs. (2.27) and (2.28) follow
immediately from Egs. (2.19), (2.20), (2.23), and (2.24).
Eqgs. (2.27) and (2.28) directly yield Eq. (2.29).

As a basis set {xom},m = 0,+1,£2,..., on the one-
dimensional surface of the unit hypersphere (circle) we
choose the orthonormal Fourier series basis functions de-
fined by

1 1
Xoo(0) = E , Xom () = 77?- cosmb ,

1 .
Xo(-m)(0) = —\/—_; sinmé , (2.30)

]

K A ® -’Zﬁj.vk(’\,n) 2 =
Kpj,ai(M ea) = Apjai(X ea) + ) dn == n vy(MKyk,ai(n, €a)
7% Jo Y
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for—-r<f@<m,andm=1,2,....

III. NUMERICAL SOLUTION PROCEDURE

A. Computational form of the X and M equations

The input terms Agj ai(A, ) in Eqgs. (1.1) and (1.2)
contain the Jacobians vg(A) and vo(p). These factors
may be singular, and the computational characteristics of
either of these equations may be improved by removing
these factors [3, 11]. Therefore, we multiply Eqs. (1.1)
and (1.2) on the left by I/ﬂ“l()\) and on the right by
v;1(eq), where e = E — €, is the on-shell value of the
input channel kinetic energy. Letting

Apj,ai(X, ) = v5 (A Agjai( X w)vg ' (1) (3.1)

and analogously defining Eﬁj,ai(/\,/.l.) and Hpj,ai(A,p),

the system of equations in Eq. (1.1) becomes the follow-
ing system of K equations,

(3.2)

and the system of equations in Eq. (1.2) becomes the following system of M equations,

€y

v + *  Agjak(A, — o —
Mpjai(A ea) = Agjai(A, ea) + Z lfo dnﬁk_(—fluﬁ(n)./\d.,k,ai(n,ea) — imAgj vk (A, ey )V2(ey)Myk,ai(ey, €a)
vk

Specific formulas for the input terms .ij,a,'(/\,p) in
Egs. (3.2) and (3.3) are given in Appendix A and in
Sec. III C.

In Egs. (1.1), (1.2), (3.2), and (3.3) A and 7 are the ki-
netic energy variables of channels 8 and v, respectively.
We remark that we could alternatively use the momen-
tum variables k, = /€4, k = VA, and k' = V7. The re-
sulting equations are equivalent and have the same com-
putational features as the corresponding Eq. (3.2) or (3.3)
[3,11]. The choice is a matter of personal preference. We
emphasize, however, that it is the on-shell K(F£) matrix
with matrix elements Kg; «i(€p, €o) that is related to the
scattering matrix S(E) by Cayley transformation (3].

B. Constants

In order to compare our results with a known exact
solution [7], we set the masses m, of all three particles
equal to unity,

(3.4)

m; =myg=mz=1,

and we set the potential strength constants g, equal to
a common constant value g (usually taken to be 3),

g1=g2=93=g. (3.5)

(3.3)
[
It follows that mg = 3, and for all @ = 1,2, 3,
1 2
= = o = — , 3.6
pa=75, Ha=73 (3.6)
2
- _9 -9
€a=—", Ga=73. (3.7)
The Jacobians are
1 1
) =—=, Vi(p)= — 3.8
o (k) 7 (#) VT (3-8)

for @ = 1,2, 3. The first equation in Eq. (2.21) gives
1

COS Tha = =3
for all @ # B, and by Corollary 1 of Lemma 1, the con-
stant angles 7,7 are

(3.9)

4
11 = 0 , To1 = 2—71' , and T31 = ——7£ . (310)
3 3
We will need the constants &,,, defined by
\/5/2 , for m=0
Ema = { cosmTyy , for m>0 (3.11)
sinm7e, , for m< 0
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with 747 defined by Eq. (3.10) for « = 1,2,3. We will
also need the constants b,,, defined for a = 1,2,3, and
m=0,+1,%£2,..., by

bna = Z Emp -

B#a,0

(3.12)

The constants &y and b, are of two types, depend-
ing on whether or not m is an integer multiple of 3.
Let I denote the set of all integers. Let I3 denote
the subset of the integers which are multiples of 3, i.e.,
I3 = {0,£3,+£6,...}, and let I§ = I\ I3 denote the re-
maining integers. Then for m € I3,

bma_{;/i/z , for m=0

=y

, for m>0
0 , for m<0

(3.13)

for all @ = 1,2,3. On the other hand, for m € I,

1 , for- m>0 and a=1
——-;- , for- m>0 and «a=2,3
Ema = —bma =<0 , for m<0 and =1
:i:ﬁ,form<0 and o =2
=F23,form<0 and o = 3.

(3.14)

Ap ot (A, 1) = Ap_ oz (A, 1)

—3g3 1
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When m < 0 and a = 2, the sign of £, in Eq. (3.14) is
plus for m = 1 + 3m and minus for m = 2 + 3m, with
m € I3. The sign of &, for m < 0 and o = 3 is always
the negative of the sign for o = 2.

C. Kernel functions

General formulas for the kernel functions .ij,m-(/\, n)
are derived in Appendix A. When the constants are cho-
sen as in Sec. ITI-B, these general formulas simplify. The
simplified formulas for the matrix elements of A| (A, p) are
the following. Egs. (A1), (A15), and (A25) yield

—3¢° /7

Xa o A; :Avoz~a A, = )
+ax (X, p) o (A1) NG

(3.15)

for all @ # 0. In Eq. (3.15) and the following, all equa-
tions written with a choice of + or — signs are to be
read with either all upper signs or all lower signs. Using
Egs. (A1), (A8), and (A23), we obtain

2
Y [4/\+u:i:4\/)\p+3g2/4+A+u:{:2\//\u+3g2]

993(47")_1(601 - /1)

- , 3.16
A+ 4p =4/ 2Ap +392/4)(4X + p £ 4/ Ap + 392/4) (3.16)
for all o and G satisfying 0 # B8 # a # 0. Egs. (Al), (A13), and (A29) give
i 39°/bma /’r cos mf
Aom,ax (A, p) = ——F/—— dé
om,at (A, 1) 2m?2 0 (2v/A cos§ + VE)? +3g2/4
-3 3/2 mao ! a
V'393/2€ o cos(m cos :l:\/él//\)(e u)‘ for A> p
+ 2rVA = (A = p+g2/4)
0, for A< pu
E';“IOm,a:t(’\’ “)+j8m,a:§:(’\’u) ’ (317)
fora=1,2,3,and m =0,+1,£2, ..., where j{,m,ai(z\,p) is the integral term and X{)’m,ai(/\,p) is the term in braces
in Eq. (3.17). Since ./T(/\,p) is a real-symmetric matrix, we may set
Apsom(A 1) = Aom p(1,2) | (3.18)
and use Eq. (3.17) to evaluate the right-hand side of Eq. (3.18), for # = 1,2,3, and m = 0,+1,+2,.... Finally,
Eqgs. (A37)-(A39) yield
Cmn/"decos(n cos™![{/(p/X) cos 0]) cos m@ Cfor A> p
~ 0 VA = pcos? 8
Aon,om (A, 1) = , (3.19)
™ cos(mcosT![\/(A/p) cos 6]) cos nb
Cmn | dO , for A< p
0 Vit — Acos?
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(3.20)
and m,n =0,%£1,£2,....

D. Symmetrization simplifications

A consequence of setting the masses and potential
strengths of all three particles equal to the common val-
ues 1 and g, respectively, is that the particles become
indistinguishable. In this case the approximate system
of equations in Egs. (1.1), (1.2), (3.2), and (3.3) may
have some symmetries which allow certain simplifica-
tions. In particular, if an approximation does not have
any breakup term, or has only breakup basis functions
with m € I3, then a simplification is possible. In fact,
our numerical results show that only m € I3 give nonzero
contributions, but we do not yet have an analytical proof.
We present the symmetrization simplifications only for
Eq. (38.2), however, the analogous steps may also be ap-
plied to Egs. (1.1), (1.2), and (3.3).

Suppose an approximation is made using only breakup
basis functions xom (#) with m € Iz. The symmetrization
procedure of Refs. [12] and [13] may then be applied to
combine the 8=1, 2, and 3 channels. In particular, let a
or b = 0 denote channel 0. Let b = 1 denote the equiva-
lence class {1,2,3}, and let a = 1 denote the particular
choice a = 1 from the equivalence class {1,2,3}. Define

ﬁb,-,a.-()\,ea), for =0

Zg=1ﬁﬁj,ai(A, ea), fOl' b = 1
(3.21)

k\:bj,ai()‘) ea) =

and
Ayj ai(A, 1), for b=0

EZ:l -"Tﬁj,ai(/\,u), for b=1
(3.22)

for a,b = 0 and 1. We note that Egs. (3.13), and (3.17)
imply that .;l'()mni(/\,n) does not depend on v for v =
1,2, 3, and, therefore, the sumover ¥y = 1,2,3 in Eq. (3.2)
may be moved to the right of these terms when 8 = 0. It
follows that the summation of Eq. (3.2) over 8 = 1,2,3
gives

Ebj,ai(’\: €q) = ./Tbj ai(A,eq)

+Zf d Ab] Ck(’\ 7’)

€c— T

Apj ai(A, 1) =

XVE(’?) ck,ai(ny ea) ) (323)

where the channel indices a, b, and ¢ now range over only
the values 0 and 1. We remark that Eq. (3.23) is also
valid if an approximation has no breakup term so that
a =b=c=1is the only channel.

An additional simplification of Eq. (3.23) is possible

if an approximation either has only the m = 0 breakup
term or no breakup term. In these cases, the + and
— basis functions may be decoupled in a manner that
is similar to the decoupling used by Dodd in the 1984
Ref. [7].

E. B-spline solution method

In our numerical solution of Eq. (3.2), Eq. (3.3), or
one of the symmetrized equations in Sec. III D, we have
used the cubic B-spline collocation method described in
Ref. [3]. The B-spline knots and collocation points were
chosen on the interval [—1, 1] and then mapped to [0, 00)
by the mapping

A= A(@) = ea (ii“’)z

z

(3.24)

In particular, 7 knots z;, j = 1,2,...,7, together with
the extended knots z_o,2_;, 20, and za41, Tat2, Ta+3,
were chosen in [—1,1] in the following manner. 7 — 4
interior knots were chosen to be the Chebyshev points

for j = 1,2,...,72 — 4. The four knots z_o,z_1, 20,21

were all chosen at —1, and two extra knots, z2 and z3,
were chosen to be evenly spaced between z; and z4. The

(3.25)

remaining knots were chosen tobe z, ; | =z, ;i _,+
(1 - ,.l+;c_2)_/2_ , for k= 1,2,3, and z4543 = 1. The
n + 2 collocation points Z; were taken to be z; = xj,
j=23...,n+1, %, = -1+ (z2+1)/2, and Zo =

-1+ (2, + 1)/2. Using the mapping of Eq. (3.24), we
then defined A; = A(z;), for j= —-2,-1,0,...,2+3, and
Aj = /\(zj) for j=0,1,...,2+ 1. By choosing an even
number 7 of knots we enforced that A; # e,. In order
to also assure that A; # e, for v # a, we slightly moved
any /\ that equals e, for some v # a.

Lettmg b;(A), 3=10,1,...,72 + 1, denote the resulting
n+ 2 cubic B splines on [0,00), we expanded the un-
known K- or M-matrix elements by a sum of the form
Z;H'Ol ¢p;ib;(A). The collocation method then yielded a
system of algebraic equations which were solved for the
coefficients cg;;.

F. Regularization of singularities

The B-spline collocation method [3] requires the nu-
merical evaluation of the integrals in Eq. (3.2) or (3.3).
We write these integrals as a sum from £ = —2 tol = n+2
of the integrals

o l+1 .A k( )
]n[cl ) = Biy
ﬁJ.wk( i) ’*z ey — 7

v2(m)bi(n) . (3.26)
In addition, if both A; and e, belong to [’\ﬂ”\e+1] then
we further subdivide [)\ ’\e+l] into two subintervals by
choosing a point /\’ halfway between /\- and e,. Each
subinterval then conta,ms at most one smgular point. The
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integrals that do not contain a singular point in the in-
terval of integration were evaluated by Gauss-Legendre
quadrature using 32 quadrature points.

The integrals in Eq. (3.26) containing singular inte-
grands were evaluated using singularity subtraction [14].
In particular, when A; < e, < A;,,, there is a Cauchy
singularity at 7 = ey, and the integral I3F%,(};) was
evaluated using the singularity subtraction Eq. (4.19) of
Ref. [3]. The singularity in Eq. (3.26) at n = 0 arising
from the Jacobian v4(p) in Eq. (3.8), and the singularity
at n = A; arising from the input terms in Egs. (3.17)-
(3.19) were also regularized by singularity subtraction.
J

31k (;\‘)_/X““ dnALi,Om(/_\f,ﬂ)bze(n)
at,0m\?*y/) —

i € — 1N
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The regularized integrals were then approximated by
a Gauss-Legendre quadrature rule using 32 quadrature
points.

As one example of the singularity subtraction method,
consider the integral I25, (X;). When X; € [A;, Az, ]

i+1
(Eut eo = E does not lie in [A;;A;,,]), the term

'A:xi,Om(;\j!n) defined in Eqgs. (3.17) and (3.18) is reg-
ular at n = A;, but the term .Z’o’,i,()m(:\j,n) is singular at
n = A; due to the factor (n— A;)~!/2. Therefore, we have
evaluated the integral using the singularity subtraction
formula

i

+2¢/ gy — NALL om (A, A5) (0 = A7) 105 (R;)

where

ALy om(Agy 1) = /1 = XAl s om (Mg, ) - (3.28)

As a second example, consider the integral I3*  (};),

which requires some special consideration. This integral

has a logarithmic singularity at » = A;. Division by
In |A; — n| would remove this singularity, but may intro-
duce new singularities when |A\; — | = 1. Therefore,

we chose a fixed constant § € (0,1) (we mainly used
§ = 0.75, but our results were insensitive to the partic-
ular choice of §), and let A(n) = (1 — n/8)*(1 + 21/6),
the unique cubic polynomial satisfying A(0) = 1,A'(0) =
0, h(6) = 0, and h’'(6) = 0. We then defined

1—h(n)lnn, 0<n<é
L= {1 pn, o<

N /* a2 om (s m)(e0 = m) "2y (n) = Al om (g, Ai)(e0 = A1) be(3)
X

\/n—;\j

(3.27)

f

and

-'ZOn,Om(/\y /1')

;{/n m ’\7 = ’
omom () = ZE 0N

(3.30)

where Ao om (A, 1) is defined by Eq. (3.19) with ¢pp de-
fined in Eq. (3.20). We then analytically computed the
limit

AE)n,Om(M) /‘) = Ell_% A()n,Om(/j' + ¢, /1‘)

n,
Ad

+-/‘{6n,0m(;\j, ;\;j)bic(;\j)

60-—/\j i

The first integral in Eq. (3.32) was numerically evalu-
ated using a 32-point Gauss-Legendre quadrature, and
the second integral was evaluated analytically.

For a # 0, the nonhomogeneous terms .Zgj,ai(/\,ea)
in Eq. (3.2) are nonsingular for all A € R*, and for all
B including 8 = 0 [since the second term in Eq. (3.17)
vanishes at u = e,]. However, the @ = 0 terms given

U A ] A0 om (A5, m)b; 20, om (Mg, A5)b: (3
Jﬁla‘k%m(A]-):/ * dnL(|>; — nl) {AOn,Om( i mbi (1) _ Abn,om (A5, _J) i (A5)

. 1 + (_1)n+m
= Cmn N/ (3.31)
(3.29) Using singularity subtraction, we wrote
J
€o— 1N €g — /\j
’\é+1 _
fA dnL(|A; —nl) . (3.32)

[

in Eqgs. (3.18) and (3.19) have integrable singularities at
A = eg. Consequently, it would not be practical to use
the collocation method to solve Eq. (3.2) with a = 0.
Instead, the Galerkin method [3] should be used in this
case. Since the published analytical solutions in Ref. [7]
do not include any formulas with the input channel «
set equal to the breakup channel, we have nothing to
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compare with in this case anyway, and we have not at-
tempted to compute solutions with « = 0. We do in-
clude the ¥ = 0 terms in the kernels of Egs. (3.2) and
(3.3). We note that since S(E) and K(E) are block di-
agonal, the matrix elements Kop 0m (A, €0), which we did
not compute, do not contribute to Sg;14(£). Since it
is known analytically that our on-shell K matrix K(E)
is symmetric, we have used this symmetry to obtain the
full computed on-shell £ matrix IC(E/)

We remark that the (A — p)~'/? singularities in
Egs. (3.18) and (3.19) arise from the Jacobians v2(u) in
Eq. (3.8) for this problem in a space dimension of n = 1.
If n = 3, the analogous terms will be (A — p)!/2. Conse-
quently, the @ = 0 terms should not be a problem for the
collocation method when the space dimension is n = 3.

G. Computation of the scattering operator

Since our off-shell X and M operators are different
from previous operators, it is possible to compare only
our on-shell values. At total energy E the kernel of the
on-shell approximate scattering matrix S(£) has matrix
elements given by the equation [2, 3]

kernel of Sgo(E) = uﬁ (ep)vs (ea)dsﬁ(Pﬁ)&;(pa)
X § :Xﬁj(kﬁ)sﬁj,ai(E)X;i(ica) .
1€Ea
JEB

(3.33)

The matrix S(E) with matrix elements Sgj «i(£) Is re-
lated to our K matrix K(F) by the Cayley-type transform

(3]
S(E) = [1(E) -

and our approximate on-shell transition matrix M(E) is
related to S(E) by the formula

S(E) = I(E) - 2miM(E) .

itK(E)[Z(E) + irK(E)]™* (3.34)

(3.35)

The exact values of the matrix S(E) follow from the
work of Dodd [7]. In particular, the limit pj—p; in
Eq. (14) of the 1971 Ref. [7] yields

12p?

X(p1,p1) = : — 3.36
(Prop) 9%(p1 — 19)(3p1 — ig) (3-56)
and Dodd shows that
Si+a+(E(P1)) = Si-1-(E(p))
2ig3
=1+ 3 X(p1.p1), (3.37)
P1

and all other matrix elements are zero. Removing the
complex quantities from the denominator in Eq. (3.36),
and expressing Eq. (3.37) as a function of the total energy

— 1 g
EZE(pl):_ll—_Tl— ’ (338)
gives
S14,14(E) = S1-,1-(E)
E? — 0%(E) 2FE0(F) (3.39)

TEryo2E)  'EX+o%(E)’

where

o(E) = 291/3(E +g%/4)

and all other matrix elements of S(E) are zero. Using
the inverse transform to Eq. (3.34), we also learn that
the exact on-shell K-matrix K(F) has matrix elements

o(E)
rE '
with all other matrix elements equal to zero. In our work

we have used Egs. (3.39)~(3.41) to compare our numeri-
cally computed values with the exact quantities.

(3.40)

Kiy1+(E)=K1-1-(E) = — (3.41)

IV. NUMERICAL RESULTS

We have solved Egs. (3.2) and (3.3) using the breakup
basis functions in Eq. (2.30) for several integer values
of m. Although we do not have a complete analytical
proof, our numerical results show that only the values of
m which are nonnegative multiples of 3 have nonzero con-
tributions. In this case, the system in Eq. (3.2) may be
symmetrized as shown in Eq. (3.23). Since computations
using the symmetrized equations are considerably faster,
all of our subsequent K-equation calculations were per-
formed using Eq. (3.23), and our transition operator cal-
culations were performed using the M equations which
are analogous to Eq. (3.23).

The breakup threshold total energy is £ = 0.0, but as
is well known [7], there is no actual physical breakup for
this identical particle problem. Figure 1is a graph of our
computed half-on-shell K-matrix elements ngm 1+(Ayeyr),
using 28 B-spline basis functions and the four breakup
Fourier cosine terms in Eq. (2.30) with m=0, 3, 6, and
9. The above-breakup total energy is £ = 0.75, which
corresponds to the input kinetic energy e; = 3.0. The
on-shell value of A is A = eg = 0.75, and we note that all

(\3), for m = 0,3,6,9.

o~ 0 , 1+
o

LEGEND
e=m=0

© oc=m=3

S ] m=m=6
Cmm=g

~ L

© On-shell value

= /

=

(=3 =

-

S

T

©

< T

Plot of E()m,1+(/\,3) vs A, for m = 0, 3,6,9, com-
The on-shell value

FIG. 1.
puted using 28 B-spline basis functions.
of Ais A = 0.75.
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four of the curves vanish there, explaining why there is
no physical breakup in this problem.

The Faddeev equations [5] have been solved analyti-
cally for this problem by Dodd [7]. Since our half-on-shell
operators are different from those arising in the Faddeev
equations, it is only possible to compare our on-shell so-
lutions with those of Dodd. Fig. 2 contains a graph of the
real and imaginary parts of the exact on-shell matrix ele-
ment Siy 14 (E). The exact matrix element Sy ;_(F) is
identical. All other matrix elements of the exact on-shell
scattering matrix S(E) are equal to zero.

In Fig. 3 we show a logarithmic scale graph of the
absolute value of the difference between our computed
S1+,14(F) matrix element and the exact Sy4 14 (E) ma-
trix element for all energies from the 2-cluster threshold
E = —2.25 to F = 1.75, using Eq. (3.23) and 28 B-spline
basis functions. The top curve is the solution using no
Eq. (2.30) breakup terms, the middle curve is the solu-
tion using only the m = 0 breakup term, and the bottom
curve is the solution using the three breakup terms with
m = 0,3,6. We note that the solutions are converging
for all energies E, both below and above breakup, as the
number of breakup basis functions increases.

Tables I-IIT show the results of our calculations us-
ing Eq. (3.23). In particular, our computed values of
the real and imaginary parts of Si4,14+(E) for the below-
breakup energy £ = —1.25 are shown in Table I and
compared with the known exact values. Table II shows
a corresponding comparison for the above breakup en-
ergy E = 0.75. The columns labeled m in 0 give the
index values m of the included Eq. (2.30) breakup basis
functions. Probi4 14 is the probability of elastic scatter-
ing in the forward direction. Table III shows our com-
puted values of the additional scattering operator matrix
elements Sg; 1+ (FE), and the corresponding probabilities
Probg; 1+(E), at the above breakup energy £ = 0.75 us-
ing m = 0,3,6, and 9. Tables IV and V show the corre-
sponding results of our £ = 0.75 above-breakup calcula-
tions using the transition operator Eq. (3.3) symmetrized
as in Eq. (3.23).

Graph of exact SM(E).

o~
)

E

F1G. 2. Graph of the real and imaginary parts of the exact
elastic S-matrix element S14 14 (£).
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FIG. 3. Absolute error of computed Si4,14(F) using no
breakup term, only the m = 0 breakup term, and the three
breakup terms with m = 0, 3, and 6.

Tables I, II, and IV show the effect on the elastic (1+)
channel of increasing the number of Fourier cosine series
breakup basis functions in Eq. (2.30) from zero to the four
values m=0, 3, 6, and 9. Our computer program also has
good numerical stability with respect to increasing the
number of B-spline basis functions b;(A).

We note that the computed probabilities in Table III
sum to 1.000 000000, reflecting the fact that our use of a
symmetrized (E) matrix automatically yields a unitary
approximate scattering matrix S(£). On the other hand,
the computed probabilities in Table V sum to near 1, but
not exactly 1, showing that the scattering matrix S(FE)
computed using the CG transition operator equations is
approximately, but not exactly, unitary.

The calculations shown in the tables were done on a
SUN 3 workstation. The more time-consuming calcu-
lations required to make Fig. 3 were done on an 1BM
6000-320 workstation.

V. CONCLUSIONS

In order to test the Chandler-Gibson N-body quan-
tum scattering theory [1, 2], and to test our computer
programs under development, we have solved the 3-body
problem consisting of three particles moving on a line and
interacting through attractive delta-function potentials.
This problem has been used previously as a test problem
[7-9], and the analytically known on-shell solution [7] is
available for comparison.

The CG equations differ from previous N-particle
equations in that the projections onto the channel sub-
spaces are included in the unknowns of the equations,
and the equations contain an overlap term which cor-
rectly couples these channel subspaces. These N-body
equations may be written in either a K-matrix [Eq. (1.1)
or (3.2)] or a transition matrix [Eq. (1.2) or (3.3)] form.

Our computed scattering matrix elements using the
CG K equations (see Fig. 3 and Tables I-III) and the

CG M equations (see Tables IV and V) are generally
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TABLE I. Elastic channel solution of the 3-body test problem at the below-breakup total energy

E = —1.25, computed using the K-equations with 20 B-spline basis functions.
m in 0 Re S]+,1+ Im 51+_1+ Prob1+,1+
None —0.82531284 —0.55679530 0.99116229
0 —0.78083425 —0.62456428 0.99978267
0,3 —0.77962675 —0.62602347 0.99972324
0,3,6 —0.76774937 —0.64074621 0.99999480
0,3,6,9 —0.76757214 —0.64095944 0.99999599
Exact —0.76958525 —0.63854408 1.00000000
TABLE II. Elastic channel solution of the 3-body test problem at the above-breakup total
energy £ = 0.75, computed using the K-equations with 28 B-spline basis functions.
m in 0 Re S14+,1+ Im S14,14 Probi4 14
None —0.93636329 0.34060714 0.99278944
0 —0.96568304 0.25959080 0.99993112
0,3 —0.96762656 0.25216256 0.99988712
0,3,6 —0.96999486 0.24311060 0.99999280
0,3,6,9 —0.96999538 0.24310856 0.99999280
Exact —0.96923077 0.24615385 1.00000000

TABLE III. Above breakup solution of the 3-body test problem at the total energy E = 0.75,
computed using the K-equations with 28 B-spline basis functions, and using the m=0, 3, 6, and 9
breakup basis functions.

B3, a1 Re Spj,ai Im Sg;,a: Probg;,a: Exact Probgj,ai
14,1+ —0.96999538 0.24310856 0.9999928026 1.0000000000
1-,1+ —0.00064432 —0.00257113 0.0000070258 0.0000000000
00,1+ 0.00005706 —0.00000697 0.0000000033 0.0000000000
03,1+ 0.00008786 —0.00001096 0.0000000078 0.0000000000
06,1+ 0.00039685 —0.00004844 0.0000001598 0.0000000000
09,1+ —0.00002458 0.00000307 0.0000000006 0.0000000000

TABLE IV. Elastic channel solution of the 3-body test problem at the above breakup total
energy E = 0.75, computed using the M-equations with 28 B-spline basis functions.

m in 0 Re 51+,1+ Im S}+y1+ Prob1+_1+
None —0.93632327 0.34063767 0.99273528

0 —0.96611137 0.25780599 0.99983511

0,3 —0.96800600 0.25043252 0.99975206
0,3,6 —0.97003585 0.24314682 1.00008994
0,3,6,9 —0.96996391 0.24303049 0.99989381
Exact —0.96923077 0.24615385 1.00000000

TABLE V. Above breakup solution of the 3-body test problem at the total energy £ = 0.75,

computed using the Xd\equations with 28 B-spline basis functions, and using the m=0, 3, 6, and 9
breakup basis functions.

ﬁj, at Re ng_a.' Im SBJ,Q,' Probpj,m' Exact Probgj,a.'
14,1+ —0.96996391 0.24303049 0.9998938074 1.0000000000
1—-,1+4 —0.00085556 —0.00253016 0.0000071337 0.0000000000
00,1+ 0.00003203 0.00002322 0.0000000016 0.0000000000
03,1+ —0.00002711 —0.00011306 0.0000000135 0.0000000000
06,1+ 0.00035433 0.00009323 0.0000001342 0.0000000000
09,1+ 0.00007226 —0.00003158 0.0000000062 0.0000000000
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within 0.5% of the exact S-matrix solutions, and the cor-
responding probabilities are within 0.001% of the exact
probabilities, at all tested energies both below and above
the 3-body breakup threshold. These results are particu-
larly impressive in light of the singular delta distribution
potentials and the singular Jacobians which arise from a
space dimension of n = 1.

We conclude that the CG theory works very well for
the 3-body test problem. Either the K-matrix approach
or transition operator approach may be used, the results
being comparable. The K-matrix method has the advan-
tage that the unknowns are real valued for real-valued
potentials. The transition operator method has the ad-
vantage that the calculations need to be performed only
for the input channels of interest.

We believe that our test problem results verify that the
CG equations are attractive from a practical, as well as
theoretical, point of view. The CG equations appear to
provide an attractive alternative to other N-body equa-
tions, especially for scattering problems with (a) nonsep-
arable potentials, (b) energies above the breakup thresh-
old, and/or (c) more than three particles. The major
remaining obstacle for more complicated problems is the
analytical /numerical evaluation of the input Born and
overlap functions. A further study of these integrals is in
progress.
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APPENDIX: EVALUATION OF A(\, p)
The input terms in Egs. (1.1) and (1.2) are of the form

of Eq. (1.3). Multiplying Eq. (1.3) on the left by uEl(A)
J

. p K
(P595|PalPada) = ba (—;l—“-p’g - 5aﬂﬂ_ﬂqlg> 6 (eaap’g -
¥ o

Combining Eqgs. (A3) and (A4) gives the kernel for P3Py,

(P595|Ps PalPaga) = / dpdq(pq5|Ps |pe)(Pe| Palpada)

= ¢s(ps) b5 (Caﬂ [:—iqk + qa]) b <_faﬁ [q;, + ff;an bn(pa)
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and on the right by v;!(p) yields

Apj ai(N 1) = Bpjai(M 1) — Cpjai( A, m)(ea — 1),
(A1)

where Ag; i (), p) is defined in Eq. (3.1), and Bp; a:i (X, 1)
and 5gj,ai(A,p) are similarly defined with A replaced by
B and C, respectively. General formulas for evaluating
Csj,ai(A, 1) and Bgj «i(A, i) are given in Ref. [2]. In this
appendix we use these general formulas to obtain specific
formulas for our three-body test problem. The formulas
derived in this appendix are general enough to permit
the masses m, and the potential strength constants g,
to be different for different values of a, a = 1,2, 3.

1. Evaluation of E(A, n)

In this~subsection we evaluate the entries in the overlap
matrix C(A, u).

Let P, denote the orthogonal projection operator of
Hy onto H,, where Hy is the closed subspace of Hy
spanned by vectors of the form qga(pa)¢(qa) with ¥ €
L%(R), and a = 1,2,3. For ¢ € Hy, the vector Pyth €
H, is thus given by

AL / padtada(pl)dr(pe)

x6(¢5 — 90)¥(Pas da) - (A2)
Hence, P, is an integral operator on Hy with kernel
given by the distribution

(Prdt| PalPata) = 6a(Ph)8(dh — 4a)a(pa) - (A3)

In Egs. (A2) and (A3) ¢%(pa) denotes the complex con-
jugate of qga(pa). Since the éa(pa) in Eq. (2.12) is a
real-valued function these quantities are equal, however,
we will include the asterisk in order to illustrate the more
general case [2]. Using Eq. (2.13), the momenta (p/,, ¢4)

in Eq. (A3) may be transformed to those for (pj, g5) to
obtain

Mo o qa) $2(pa) (A4)

My

(A5)

valid for all o and 3 satisfying 0 # 8 # a # 0. In obtaining Eq. (A5) we have made use of the identity pougm;? +

ppiy' =

The next step is to express the kernel in Eq. (A5) in KEHS coordinates. Let g = |ko|?> denote the input kinetic
energy, and let A = |Ic’ﬁ|2 denote the output kinetic energy. Substituting ¢, from Eq. (2.15) and ¢5 = ks /20X into

Eq. (Ab) yields a formula for the kernel
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Cﬁa(plﬁ)klﬁ) /\Qpa,lz'a’/‘) = (pllslélp/\lgﬁapﬂpalpaicaﬂ> ) (A6)

valid for each 0 # 8 # a # 0. In Eq. (A6) dg, = 1 — 83, with 65, the Kronecker delta, which implies that Cpe = 0
for all « = 1,2,3.

Using the basis functions in Eq. (2.17), the expansion given in Eq. (7.10) of Ref. [2] becomes

Coa(Plss ks A Pas ko, 1t) = $(Ps) | D Xon(k5)Con,am (A, 1) Xom (ka) | #5(Pa) , (AT)
i
where
~ ~ 2/7)(azaz)3?
Cot s 1) = Comag (A1) = (2/7)(aaap) (A8)

[(em3 ' /205X £ V2fiap)? + a3)[(\/20p A £ pamy /2fiapn)? + @3]’

foral 0 # B # a #0.

Consider now the breakup partition 0. Since Py = Iy, the identity operator on M, the kernel of Py P, is obtained
from Eq. (A3). In order to express this kernel in KEHS coordinates, we replace g, by the right-hand side of Eq. (2.15),
and, by Lemma 2, let

Py = V2paAsin(0 + 101) , qh = V2o cos(f + Ta1) - (A9)
It follows that

. _ . 600 (2/TYV 203 2 6(\/2TaX cos(0 + Toy ) — /2R . o
COa(Ga/\;paykayﬂ') = (9’\|600P0Pa|pakaﬂ> = ( / ) ( £ ( 1) £ )¢ (p )

A10
2paAsin?(0 4 7a1) + a2] ( )
Thus [2]
Com,at (A, p) = / d0dpodkaXgm(0)Coal8, A; Pas ko 1)a(Pa) Xk (ka)
_ m — 0 —
= Gaa(2/m)2aY? [ o, (o) L2 It To) TV Pher)
— [2aAsin®(0 + Ta1) + a2]
= B 6 V2p0qAcosl F /2
- 500(2/@1/%3/2/ 405 (0 — 1) S 2 COSD T 2hapt) (A11)
-7 (240 A sin? 6+ a2)
for m = 0,4£1,4+2,... . In the second of Eqs. (A1l1) the integration with respect to dkq has been evaluated using

Egs. (2.17), and the integration with respect to dp, is equal to 1. In the third of Egs. (A1l) we have used the
periodicity of the integrand to translate the interval of integration. If m = 0, then the integrand of the last integral
in Eq. (A11) is an even function of §. If m # 0, then trigonometric identities for the cosine and sine of the difference
of two angles may be used to express x§,, (0 — Ta1) as a sum of even (cosmf) and odd (sin m@) terms. It follows that

.
Com ot (A, 1) = 23/27r—1a§/25m/ d6 cos mf (VQ”")‘COSH¥ V2iatt) (A12)
' 0 (2paAsin® 8 + a2)

for « = 1,2,3, where £,,, are the constants defined in Eq. (3.11). If the substitution ¢ = /2fsAcosb, df =
—(2f2aX — ¢?)~'/%dg, is made in the integrand of Eq. (A12), then the resulting integral containing a delta function
can be evaluated to yield

(Tpa)” 1’_1/2 3/2£macos (mcos’lzl:\/,u//\)

~ , for A >
Com,ax(A, p) = VA—p(A—p—eq) H (A13)
0, for A<p
[
for a = 1,2,3, and m = 0,%1,£2,... , where ¢, is de- hand side function given by Eq. (A13). Finally,
fined in Eq. (2.10). Since the operator 40P FPo is the -
adjoint of the operator 8go Po Py, it follows that Coj,ai(A, ) =0, (A15)

5 for « = 0,1, 2,3, and all combinations of 7 and j. This
Ca:‘c om(A, @) = COm ok (1 A) = Com ox (1, A) (Al4) c~ompletes the evaluation of all of the matrix elements of
for « = 1,2,3, and m = 0,%1,%2,..., with the right- C(A ).
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2. Evaluation of g(z\,u)

_In this subsection we evaluate the entries in the matrix
B(A, p1).

Since the potential V, is given in (z4, Yo) coordinates
as multiplication by the distribution —goé(z4), its value
in (pa, go) momentum space is obtained by Fourier trans-
formation F to be

(Vo) (Pr da) = F{—9a6(za)¥(Za, Ya)}
= f{ - ga‘s(za)f_l{T/)(pa»(Ia)}}

= /dpadqc, [-—%5((1:1 - ‘Ioz)] Y (Pa, 9a)

(A16)

It follows that V, is an integral operator on Hy with
kernel given by the distribution

(PodalValPata) = —g-j';é(q; - qa) - (ALT)

(P05 |V Palpate) = / dpda(p'y 45 1Vs 1pa) (pa] Palpaga)

= —%éa (‘faﬁ [q/ﬁ + :1_0;‘]&])
x¢5(Pa) (A18)

for all o and g satisfying 0 # 8 # a # 0. Egs. (2.12),
(A3), and (A18) then give

(P95 |PsVp Palpaga)

_ -W—lgﬁ(aaaﬁ)l/zaa‘i’ﬂ(p;j)(is*a(f)a)
(g5 + pamy'qa)? + a? .

(A19)

Using Eq. (A18) with 8 and 7y interchanged, and then
using Egs. (2.13) to convert to (pj, g5) momenta results
in

(pb(IZi |V7Pa lpa‘Za)

9y ; [ *
= —Ez—r(ﬁa (“P,IB + €oy [&qlﬁ - &QQ}> do(pa) -

My mg
Combining Eq. (A17) (with a replaced by 3) and (A20)
Eq. (A4) yields Egs. (2.12), (A3), and (A20) imply that
]
(Ppas|Pp Vo Palpada) = / dpdq(pjqp|Pslpa) (PalVy PalpPaga)
B /°° dp —772g,(aaap)*25(p) 5 (Par)
—oo (pz'l”a?a){[p_fa'y(llﬁm«;lq’ﬁ —Ham;?lqa)]2+ai}
_ ”W—lg‘y(aaaﬁ)lﬂ(aa + aﬁ)q;ﬁ(l’fa)quv(Pa) (A21)

(npma'ap — pamz'0a)? + (aa + ap)?

for all nonzero and nonequal a, 8, and 7. The last equation in Egs. (A21) has been obtained by using contour
integration and the residue theorem to evaluate the integral with respect to p and then algebraically simplifying the
result. Adding Eqgs. (A19) and (A21) gives a formula for (pjqj|PsVaPalpaga) valid for all 0 # 8 # o # 0, where V,

is defined in Eq. (2.8). Finally, replacing ¢, by Eq. (2.15) and q5 by g5 = %./2;‘15,\, gives a formula for the kernel
function

Bpa(Ps: k3, A Py kary 1) = (P kAl Pp Vo Pa|pakats) | (A22)
valid for all 0 # 8 # o # 0. i R
The expansion analogous to Eq. (A7) for Bga(pb,k’ﬁ, A; Doy ko, pt) then gives
gﬁ+,ai(’\nﬂ) = gﬂ—,a:}:(/\,ll)
_ VT 500 . 2(a0 + ap)
T (V208X & pamy V2ap)? + 0k (upma’ /26X F pay ' V2hal)? + (a0 + ap)?
(A23)

for all o and 3 satisfying 0 # f # a # 0.
Equation (A23) does not hold when 8 = «. In this case both of the kernel terms will be similar to Eq. (A20). In
particular, Egs. (A18) and (2.13) yield

9 ; *
(Poa |V Palpata) = — 32 e (p; + cap T (dh — qa)) ACNE (A24)
My
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and the corresponding equation with # and « interchanged. A derivation similar to Eqs. (A21)-(A23) then gives the
identities

~ = a2 9p g
Bot .ot p) = Bac ax(A, p) = ——2 — . , A25
+ex (A p) el PP s S oY, Ty eyl R

valid for all o # 0. B

We now consider the breakup cases. First, consider the operator PoVo Py = (Vg + V4)Ps. The kernel in Eq. (A18)
may be transformed to KEHS coordinates by replacing ¢, by the right-hand side of Eq. (2.15) and g by the right-hand
side of the second equation in Eq. (A9) (with « replaced by 8 ). The result is

—(aa/27)* 2gp 15" 6% (Pa)
[VXcos(0 + 7p1) — ko /H cos Tgal? + a2 /(2f5)

Here we have used the identity

(OAVs Palpakap) = (A26)

COS Tgo = —%‘j—;— /I_j—: , (A27)

valid for all 8 # «. Defining the kernel

BOa(ay/\Qpa,éaaN) = Z (0’\|VﬁPaIpai~"a/‘) ) (A28)
B#a,0

and using the same procedure as in Eqs. (A11) and (A12), we obtain

Bom ot (A, 1) = / d0dpadka X (0)Boa(8, X; Pas ks 1) b (Pa) X ak (ko)

3/2 * 0
:—(2—” 373 Z /w XOm( )

s’ VA cos(6 + T31) F /B €0s Tga)? + a2 /(2ap)

9p€mp / 4o cos mf A29
2"2”2ﬂ;0 s Jo T (VXcos 8 F Jicos Tsa)? + a2/ (2fp) ()

for a =1,2,3, and m = 0,£1,+£2,.... These integrals are finite and may be easily evaluated numerically.

The kernel ‘Bvai,gm(/\, p) of the operator P,VyPy may be obtained from the kernel of the adjoint operator PyVp P, =
(Vo + Vs + V4 ) Py. The kernels of the V3P, terms have already been obtained in Eq. (A29). Consider the operator
VaPs. By Eqgs. (A3), (A17), and (2.12),

(Poda|VaPalpata) = /dpdq [———5(% )] $a(P)6(q — 9a) B2 (Pa)
. __&‘_ r T* 7
=~ 22500t - )83 0a) [ dpda(p)
Ao / 7 *
—Ja H gé(qa - q0)¢’a(pﬂ) . (A30)
Using Egs. (2.15) and (A9), this becomes

(GA]VaPa|pakap) = —ga %6 (\/Qﬁa/\ cos(f + To1) — IAca\/Qﬂau) d;;(pa) . (A31)

The term that must be added to Eq. (A29) is thus

~6m,a:{:(’\’#') E/‘Mdpad]:’axam(g)(g’\‘Vachchxi"aliM;a(Pa)Xai(i"a)

— —go‘—(Qa"’Zl/zﬂ ‘/7r d6 cos mos ( /Qpa(\/T\COSG F \/ﬁ)) . (A32)
™ 0

Letting ¢ = v/2fiaAcos 0, and df = —(2fia A — ¢?)~'/2dq, the last integral in Eq. (A32) may be evaluated to obtain
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—9aad *ma cos(mcos™! £1/pu/)) for A> u
6m,ai(A!“) = Wﬁi/2v/\ — MK ’ (A33)
0, for A < u.
Then
Baz,om(A 1) = Bom,at (1, A) + Bom ax (#,A) (A34)

with the right-hand side functions given by Egs. (A29) and (A33), respectively.
The kernel of PoVo Py = V1 + Vo + V3 is the sum of three terms of the form of Eq. (A17). Substituting Eqs. (2.27),

(2.28), and (A9) into Eq. (A17) gives the kernel

(0'A|ValOp) = —% (\/Qﬁa[\/Xcos(G’ + Ta1) — /Hcos(f + Tal)]) , (A35)
in KEHS coordinates for a = 1,2,3. Thus
B = [ a8 [ a0 00N Valomxon (@)
= -—%‘3-/ d&’/ dOx5, (0" — 741)8 (\/Qﬂa(\/Xcos 6" — \/}_LCOSG)) Xom (0 — Ta1)
T J-nx -7
= zgaf—mg—f"—a/ dH’/ df cos nd’ cosmb & (\/Qpa(\/XCOSO — \/pt cos 0)) (A36)

for m,n = 0,+1,42,...
A > p, and let ¢ = \/2fiq A cosé’. Then do’ =
be evaluated to yield

, and a = 1,2,3. The integrand of the last integral is symmetric in A and u. Suppose that
—(2f2a X — ¢*)~Y/2dgq, and the resulting integral with respect to ¢ may

~o 2Y2g.6mabna [T, cos(ncos™[\/u/X cos b)) cos mb
BS"?Om(A1/‘l‘) = - °~1/2 / d0 P ) (A37)
2 ig 0 VA — pcos?f
for A>pu, mn=0,4£1,+£2...,and o« = 1,2,3. Then, for m,n =0,+1,£2,...,
Bon,om (A, 1) ZBS?MM,M, for A > p, (A38)
and
Bon,om(A, 1) = Bom,on (4, A) , for A< p, (A39)

with the right-hand side of Eq. (A39) defined by Eqs. (A37) and (A38).

In summary, we have evaluated, or obtained integral formulas for, all of the matrix elements of C(/\ u) and B(/\ .
In particular, the matrix elements of C(/\ u) are given in Eqgs. (A8), (A13), and (A14). The matrix elements of B(/\ )
are given in Eqs. (A23), (A25), (A29), (A33), (A34), and (A37)-(A39). Substituting these formulas for the matrix
elements of C(A, ) and B(A, 1) into Eq. (A1) yields formulas for all of the matrix elements of A(), ). We note that

A(x\ @) is a real-valued symmetric matrix, as expected, since .A(/\ 1) is the kernel of a symmetric operator.

* Present address: EDV-Zentrum, Universitaet Graz, A-
8010 Graz, Austria.
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