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Pion absorption on He: Absorption amplitude in the Faddeev-quasiparticle scheme
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The absorption channel in ~- He collisions is investigated. Amplitudes are derived for the pion-
induced breakup of the target into both two clusters and three free nucleons. We employ elementary ab-
sorption mechanisms of one- and two-body type, which are presently considered to be important for the
description of m-nucleus collisions from the low-energy region up to the region dominated by the 5 reso-
nance. We put the major emphasis on the few-body aspects of the process, such as the three-nucleon dy-
namics in the final state, and the initial-state breakup of the bound nuclear system in presence of the
pion. On the other hand, we neglect pion-nucleus correlations in the initial state, which would entail a
complete four-body treatment of the process. For both one- and two-body elementary absorption, the
full amplitudes are explicitly represented through quasiparticle (Sturmian) expansions. The entire set of
graphs corresponding to the present model is given and discussed.

I. INTRODUCTION

Pionic reactions on nuclei represent a fundamental tool
for understanding low- and intermediate-energy nuclear
physics, because of the privileged role played by pions in-
side the nuclear systems. An important aspect of the
pionic probe is related to the presence of the absorption
channel (i.e., no pions in the final state), and since a large
momentum is transferred to the nuclear system in pion
absorption, short-range correlations in nuclei are probed.

To get reliable information from pion absorption one
has to individuate the various reaction mechanisms un-
derlying the absorption process, and first of all, how
many nucleons are directly involved in the process. It is
generally understood that the dominant pionic absorp-
tion in nuclei involves two nucleons, while the remainder
nucleons act as spectators. One-nucleon absorption is
strongly suppressed in nuclei and completely forbidden
on free nucleons, because of the energy-momentum
mismatch.

A particularly promising system to probe with pions is
the A = 3 nucleus ( He, H). On one hand, this system is
suKciently complicated to undergo absorption on both
isoscalar and isovector pairs, or to support absorption
mechanisms where all the three nucleons are involved.
On the other hand, the same system is simple enough so
that the conventional nuclear aspects can be treated ex-
actly by means of Faddeev-type theories. 13etailed exper-
imental data are now available through exclusive experi-
ments, where two-nucleon coincidence measurements
have been performed for the (sr+, 2p) and (vr, np) reac-
tions on helium targets with energies of the incoming
pions spanning from the region dominated by the 5 reso-
nance to lower-energy regions, dominated by absorption
in s wave [1—8]. From these measurements, the quasifree
two-body absorption peaks are clearly discernible on the
edge of the Dalitz plot [9] whereas the background which
covers the whole phase space can be ascribed to three-

nucleon absorption.
Up to now the two-body quasifree absorption has been

the subject of most of the theoretical investigations. Par-
ticular attention has been devoted to the isospin ratio
8 =ca[ He(~+, pp)]/o [ He(vr, np)] and to the asym-
metry of the differential cross section for ~ absorption
in He. With reference to the isospin ratio R, absorption
via 6 formation only overestimates R because the forma-
tion of an intermediate s-wave X-6 state is inhibited
when pions are absorbed on an isovector pair. Therefore,
to get a better agreement with experimental results, a
careful treatment of other mechanisms must be per-
formed, such as the NN' intermediate propagation [10]
and mechanisms occurring via an s-wave +~XX vertex
[11].

It is generally assumed that the asymmetry in the
(~,np) differential cross section is a consequence of the
odd and even partial-wave interference [4,11—15]. In
spite of the theoretical efforts, a satisfactory agreement
with both the angular distribution and the overall nor-
malization of the integrated cross section has not yet
been achieved. This can be ascribed to an inherent ambi-
guity in the distinction between two- and three-body ab-
sorption modes [11,16]. In the case of vr absorption this
ambiguity can be quite important because the ratio of
peak to background is considerably smaller than in the
~+ case.

Three-body absorption has been theoretically investi-
gated to a lesser extent with respect to the two-body
mechanism. Existing models [17,18] describe three-
nucleon absorption through multistep reactions with
multiple 6 excitation or rescattering. As a first step to-
wards the identification of such three-body mechanisms,
one has to ascertain the relative importance of more con-
ventional reaction modes which lead to the same
kinematical signature. These could be, for instance, con-
ventional three-nucleon correlations in the final state, fol-
lowing an elementary absorption process.

In this paper we describe how three-body correlations
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following a one- or two-body absorption process can be
theoretically treated in an exact way. Our starting point
consists in the general representation of the absorption
amplitude as a matrix element of an absorption operator
between initial and final-state scattering wave functions.
The initial and final states describe the m- He system be-
fore absorption, and the three outgoing nucleons, respec-
tively. Under a theoretical point of view, an exact
description of the pion-nucleon correlations in the initial
state would require the unitary treatment of the
~NNN-NNN system. The relevant formalism has been
provided in Ref. [19], where connected-kernel equations
have been derived through the rigorous Grassberger-
Sandhas method. The numerical solution of these equa-
tions, however, represents a formidable task, even if the
nuclear two-body interactions are reduced to a schematic
separable form. We neglect in our formalism the pion-
nucleon initial-state correlations, and focus our attention
on the final-state interactions among the three outgoing
nucleons. Since these latter effects can be realistically
evaluated through three-body techniques, this seems to us
the natural way of proceeding towards a comprehensive
treatment of the absorption process, which is in itself
very complicated. Obviously, it remains to be ascer-
tained to what extent initial-state interactions (ISI) can be
ignored. With the lack of a unitary mNNN calculation,
this question is still controversial in the literature. On
one hand, several authors assume that ISI are rather
weak for A =3 nuclei, in view of the small size of the tar-
get [1,2,9]. The role of ISI in two-step absorption mecha-
nisms has been carefully investigated for He in exclusive
experiments [6,8,9]. Experimental data show no clear ki-
nematic signature of an ISI mechanism followed by two-
nucleon absorption. On the other hand, for the (inverse)
production reaction (p, n) on deuterons, distortion effects
have been found to be important in determining the nor-
malization of the cross sections [20].

By resorting to the Faddeev formalism we separate the
plane-wave contribution to the absorption process from
the contribution in which the nucleons undergo a com-
plete three-body final-state interaction (FSI). This latter
contribution is expressed in terms of the Faddeev-Alt-
Grassberger-Sandhas (F-AGS) 3~3 or 3—+2 transition
operators, where the three-body dynamics is taken into
account to all orders. The above transition operators are
related, respectively, to processes with three nucleons or
with one nucleon and the deuteron in the final state.

The basic ingredient for the explicit representation of
the absorption amplitude is given by the Sturmian quasi-
particle method [21—26]. By resorting to this method the
initial total breakup of the target, in presence of the pion,
can be rewritten as a sum over sequential two-body de-
cays into one nucleon plus a correlated pair, which subse-
quently decays into two free (off-shell) particles. The
same method together with the F-AGS equations [27,28]
allows one to express the 3—+3 and 3~2 amplitudes in
terms of rearrangement-type amplitudes, representing
transitions between different quasiparticle configurations
and satisfying F-AGS-Lovelace (F-AGS-L) coupled-
channel equations.

As for the elementary absorption modes, we shall con-

sider a one-body absorption mechanism through the
Galilei-invariant ~NN vertex, together with a two-
nucleon absorption process through a ~NA vertex, inter-
mediate hN propagation, and the subsequent decay of the
isobar via a hN interaction. In addition to the above-
mentioned mechanisms, occurring predominantly in p-
wave, a two-body s-wave absorption through a phenome-
nological ~mNN Lagrangian of the Koltun-Reitan type is
also considered [29]. In the spirit of Refs. [11,30—33], all
these mechanisms concur to form the rescattering model
once they are employed within the plane-wave approxi-
mation. However, care must be exercised in comparing
the rescattering model of Refs. [11,30—33] with the one
discussed here, since, whereas for the s-wave mn-NN con-
tribution and for the p-wave rescattering term with 6 ex-
citation our plane-wave contribution is completely
equivalent to that model, for the one-body mNN term our
plane-wave amplitude represents what is called the im-
pulse approximation, which is a one-body mechanism.
To have in our formalism a two-body absorption mode
via the mNN vertex, one has to consider the first and most
elementary contribution referring to the FSI. Had we
embedded tout court the rescattering model in a three-
body framework, we would have encountered double
counting problems, since the NN interaction, which is re-
sponsible for the three-body dynamics in the final state, is
also taken into account in the NN rescattering graph. If
a more general coupled-channel model were employed,
where the three nucleons in the final state are allowed to
interact also via AN coupling, one would have to modify
in the same way also the p-wave AN rescattering term.
The presence of both one- and two-body elementary ab-
sorption naturally fits in the quasiparticle representation,
since in the former case the elementary process occurs on
one nucleon alone, with the remainder correlated pair
acting as a spectator, whereas in the latter case the pion
is absorbed on the correlated pair with the third nucleon
being the spectator.

The distinctive feature of the present analysis is that
the few-body aspects of the problems are treated correct-
ly, while they are either ignored or treated in a very
schematic way in the existing literature, where the
analysis of the elementary absorption mechanism is em-
phasized. From the general F-AGS expression for the
final-state transition amplitude it is possible to extract the
various reaction mechanisms and to classify them accord-
ing to the number of participating nucleons. For in-
stance, all the connected terms coming from the F-AGS
equations represent mechanisms in which the pion's ener-

gy and momentum are shared among all three nucleons.
Indeed, as a general result of this F-AGS quasiparticle
approach, it is possible to associate a well-defined graphi-
cal representation to all the mechanisms consistent with
three-body dynamics and the assumed elementary ab-
sorption model.

In Sec. II we present the general F-AGS formalism for
the absorption process. The quasiparticle approach is
developed in Sec. III, where the relevant reaction mecha-
nisms are also identified. In Sec. IV we discuss the physi-
cal aspects of the results and we outline possible approxi-
mations for practical purposes.
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II. GENERAL FORMALISM
FOR THE ABSORPTION PROCESS

&g„','I= »m &ql&y„lG(E+i~),
g—+O

(2.6)

A. The transition operators

The transition amplitude for meson absorption is gen-
erally expressible as a matrix element of an absorption
operator A [34,35]. In the case of pion absorption on
He (or H), the transition amplitudes for the complete

disintegration of the target into three nucleons or for the
dissociation into a deuteron plus a nucleon, A3'N and
AdN', respectively, are

~';„"=(@';,'lulls„&IP'."&, (2.1)

(2.2)

Here p and q are the Jacobi momenta of the pair and the
spectator, respectively (these are determined once the
role of spectator has been chosen for one of the three nu-
cleons), and P'„' represents the pion momentum with
respect to the target c.m. We have assumed that the ini-
tial four-body state can be expressed approximately as a
diadic combination of a pion plane wave and the He ( H)
ground state, so that meson-nucleus correlations in the
initial state are ignored (note, however, that nucleon-
nucleon correlations in the initial state are fully taken
into account through the exact bound-state wave func-
tion). As already noticed, the consistent treatment of ISI
would entail the solution of two four-body problem cou-
pled to all orders to the absorption channel.

The final-state interactions are exactly taken into ac-
count through the scattering states (i/r~q'I and (i/zq',
which asymptotically describe three free nucleons, and a
deuteron and a nucleon, respectively, with ingoing
boundary conditions. These states contain the full three-
body dynamics in the final state.

To write the absorption amplitude (2.1) as a plane-
wave matrix element of a suitable transition operator we
first express the scattering state (i/j' 'I in terms of the
corresponding asymptotic state ( p, q:

where If& ) and lq) represent the deuteron bound state
and the spectator plane wave, respectively.

We use in the above equation the relation (2.4) with
a=O and p=p&%0, where pz refers to the fina, l two-
cluster channel. Then, by means of the identity
»m, +i~&ij'r~l&qlGq =&&~I&ql one g«s

(2.7)

In order to separate in the above equation the plane-
wave term from the final-state correlations, as in Eq.
(2.5), we isolate the disconnected part in the 3~2 transi-
tion operator U& 0 namely

d

U& O=Go + Up„o (2.8)

%'e shall see in Sec. III A that the Faddeev theory pro-
vides an explicit representation of U& o. Once inserted

d

into (2.7), Eq. (2.8) yields

(@~,'I =(&~ I &ql+ &i/r~l &qlUii, oGO . (2.9)

In view of further developments, we transform also the
initial-state part of the absorption amplitudes by intro-
ducing the homogeneous integral equation for the three-
nucleon bound state in the total four-body space:

li/„)IP'."&
=G', (E)I'Ii/„&IP'."&, (2.10)

g tot g PW+ g FSI
3N 3N 3N (2.11)

where Go is the free four-body propagator and V
represents the total interaction among the three nucleons.
In the usual three-body notation, one has
V V] + V2 + V3 V] being the pair interaction between
particles 2 and 3. As we shall see in Sec. III A, this trans-
formation allows one to exhibit the vertex function
describing the virtual breakup of the target nucleus.

Inserting the representations (2.5) and (2.9) for the final
scattering states into Eqs. (2.1) and (2.2), we get

&P,', 'I = »m i~& p, qlG(E+i~) . (2.3)
g tot g PW+ g FSI

dN dN dN (2.12)

G =Gp6p +GpUp G (2.4)

Here 6 is the total resolvent operator for the three-
nucleon system evaluated at the total energy E. One can
now rewrite 6 by introducing the AGS transition opera-
tor U&, namely [27,28],

where

= ( p, q IA I i/ )P'."&,

g Pw (y I( l~ I@ ) lp(0) )

(2.13)

(2.14)

with a,p=0, 1,2, 3. In Eq. (2.4) Gii represents the resol-
vent operator referring to channel P; in particular, for
/3=0, Gii is the free three-body Green's function. Using
the above equation with a =p=0 in (2.3), one gets

~,"=
& p, ql U„G,WG,'vip„)IP."'), (2.15)

(2.16)

& l(pq 'I = (P,ql+ ( P, q I Uoo Go(E), (2.5)

once the identity lim +is(p, qlGO(E+ie)=(p, ql has

been employed.
Similarly, to transform the amplitude (2.2) we rewrite

( i/jqq
'

I
in the form

In writing down the last pair of equations use has been
made of the identity (2.10). We have thus separated the
absorption amplitude into a plane-wave part (without ini-
tial and final-state interactions) and a correlated part
which properly takes into account the three-body dynam-
ics in the final state.



44 PION ABSORPTION ON He: ABSORPTION AMPLITUDE IN. . . 1787

B. Graphical representation of the absorption mechanism

We focus our attention on the transition amplitudes
with final-state correlations [Eqs. (2.15) and (2.16)]. Their
physical meaning is quite transparent, since after inser-
tion of complete sets of plane-wave states, the term
(p, ql VI&») describes the virtual decay of the target nu-
cleus into three free particles in presence of the incoming
pion. Therefore, the pair correlations between the three
nucleons in the initial four-body state are fully taken into
account through this form factor. Once the pion has
been absorbed, the final-state interactions are described
by the operators Uoo and U& o for the 3—+3 and 3~2

d

transitions, respectively. The two propagators on the
right and the left of the absorption operator A. describe
the intermediate free propagation of the four and three
particles, respectively.

The absorption mechanism is completely specified once
a particular model for the A. operator is finally assumed.
As is well known, two-nucleon absorption plays a major
role in pion absorption in nuclei, with respect to the one-
body mechanism (the so-called impulse approximation).
A simple model for the A operator embodying the main
dynamical features of 2N absorption is given by the re-
scattering model. We brieAy recall its basic mechanisms,
referring the reader to the relevant literature for details
[11,30—33,36]. Since in the ~ Ndynami-cs a dominant
role is played by the 6 excitation in p wave, a first contri-
bution to be considered is given by the 5-rescattering
graph, along with the corresponding crossed graph. The
former is shown in Fig. 1(a). In addition to b, rescatter-
ing, other two-body absorption contributions to the cross
section have been considered. These include a phenome-
nological s-wave rescattering term which can be con-
structed starting from the Koltun-Reitan mmXX vertex
[see Fig. 1(b)]. Moreover, the direct and crossed p-wave
rescattering graphs with intermediate nucleon propaga-
tion should also be included; however, attention has to be
paid here to possible double counting problems, since the
static nucleon-nucleon interaction, which is responsible
for the direct and crossed rescattering mechanisms, is al-
ready considered to all orders in the final-state interac-
tion Uoo or Up o for the direct term, or in the nuclear

d

form factor of the target in the crossed case. Therefore,
for p-wave rescattering with intermediate nucleon propa-
gation, the A operator must contain the impulse contri-
bution only [Fig. 1(c)], being the rescattering already in-
cluded through initial or final-state correlations between
the nucleons.

In light of the above considerations, the contribution
to the full absorption process with FSI included [see Eq.
(2.15)] can be associated to the graphs shown in Fig. 2.
In Fig. 2(a) the p-wave 6-rescattering contribution is
represented, to which the corresponding crossed term has
to be added; the s-wave m.~AN vertex contribution as well
as the p-wave nucleon rescattering contribution are ex-
hibited in Figs. 2(b) and 2(c), respectively. We do not
represent in a new figure the diagrams with two frag-
ments, namely, a deuteron plus a free nucleon, in the final
asymptotic state. These can be easily obtained by substi-
tuting U& o for Uoo in the diagrams of Fig. 2.

(b)

(c)

FIG. 1. Elementary absorption mechanisms. (a) The rescat-
tering graph involving an intermediate isobar propagation, and

(b) the rescattering graph generated from the mm. NN vertex of
Koltun-Reitan. (c) The graph represents the one-body absorp-
tion via the mNN vertex.

FIG. 2. Complete absorption processes with three free nu-
cleons in the final state. Full lines are nucleons and the dashed
line is the pion. The vertex functions of the virtual target break-
up are depicted as semicircles, and the 3~3 F-AGS amplitudes
are represented as full circles.
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III. THE ABSORPTION PROCESS
IN THE FADDEEV-AGS QUASIPARTICLE

SCHEME

A. The quasiyarticle representation

The evaluation of the amplitudes (2.15) and (2.16) is a
very dificult task since, as can be seen from the corre-
sponding graphs in Fig. 2, it entails integration over mo-
menta associated with up to three different loops. More-
over, the Faddeev amplitudes for the 3—+3 and 3~2
final-state scattering depend upon one of the integration
momenta, and have to be evaluated therefore half-off the
energy shell.

In this section we shall use the F-AGS theory to ex-
press Uoo and Up 0 in terms of the rearrangement transi-

d

tion operator U& with a,pAO. Furthermore, we shall
introduce the quasiparticle representation for the two-
body T matrices T; this leads to a new explicit represen-
tation for the absorption amplitudes which allows one to
simplify the integration over the intermediate momenta
on the basis of reasonable kinematical assumptions. At
the same time the quasiparticle approach exhibits the
correlated nature of the nuclear pairs which are responsi-
ble for the dominant absorption process.

In order to apply the quasiparticle scheme, it is con-
venient to rewrite the vertex function for the virtual tar-
get breakup. To this end, we use the obvious identity
V = g~z

&
V, and the homogeneous equations

l1t»)IP' ) =G', (E)vrly»)IP' ) (3.1)

for the three-nucleon bound state in the full four-body
space (E being the total four-body energy). Here we have
introduced the interactions external to the partition y,
namely, V~=V +V&. By resorting to (3.1) and to the

well-known identity Vy Gy = Ty Go, one gets

Vly»&IP'."&= y T, (Z)Go, (Z) V~lq») IP'„"). (3.2)

The aim of this transformation is to represent the virtual
breakup of the target into three free nucleons as a sum
over three decays into a two-nucleon pair and a specta-
tor, plus the subsequent breakup of the pair through the
two-body Tmatrix T .

To treat the final-state correlations we start from the
AGS relations among transition operators:

3

Up =5p Go '+ g 5prTrGoUr (3.3)

3

Up =5p Go '+ g Up GoT 5 (3.4)

3

XT + X T GoUsGoTs
y y, 5=1

(3.&)

and

3

Uy o=Go + X Ur sGoTs .
5=1

(3.6)

Insertion of Eqs. (3.5) and (3.2) into (2.15) allows one to
write the absorption amplitude with three free nucleons
in the final state in the form

which hold for a,P=0, 1,2, 3. Here 5& =1 5& . A—s is
well known, the 3—+3 and 3~2 transition operators can
be expressed as a linear combination of the rearrange-
ment transition operators Uzs(y, 5=1,2, 3) by resorting
to Eqs. (3.3) and (3.4). One has

3 3

A3& = g (p, qlT GoAGoT&Gov If») IP' ')+ g (p, qlT GoU &GoTPGoAGoT GoV I1(») IP' '), (3.7)
a,P=1 a, p, y=l

where the former term on the rhs represents the disconnected contribution associated with the 3~3 amplitude, while
the latter one takes into account the complete three-body dynamics in the final state.

Similarly, use of Eqs. (3.6), (3.2), and (2.8) leads to the expression
3

~dN 2 ( Pd I (ql Up GoT.GoA GoTpGov If» & IP'."&

a,P=1
(3.8)

for the FSI absorption amplitude (2.16) for the two-
cluster breakup. The amplitudes (3.7) and (3.8) are finally
amenable to be represented by means of two-nucleon
quasiparticles. We observe that the two-nucleon quasi-
particles have to be introduced in a three-body context
(3N) on the left-hand side of the operator A, and in a
four-body context (3N+m) on the right-hand side. In
order to introduce the quasiparticle representation, we
need to specify the kinematical aspects for the process.
Following the standard three-body notation we call py
the relative momentum of the pair (a,p), and q the rela-

2 2 2

E= + + +m„c, y=l. , 2, 3 .
2py 2vy 2p~

(3.9)

After absorption, the energy of the system in the total
c.m. frame is

tive momentum of the spectator y with respect to the
c.m. of the pair (a,P). By P we denote the relative
momentum of the pion with respect to the three-nucleon
center of mass. Before absorption, the energy of the sys-
tem in the total c.m. frame can be written in the form
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E= +, y=12 3.
2py 2vy

(3.10)

p2 q2 p2
+ + +QP'c'+m c

2py 2vy 6m&
(3.1 1)

m& being the nucleon rest mass. Moreover, in the usual
expressions for the reduced masses, the pion rest mass is

In Eqs. (3.9) and (3.10), pr, v, and p, are the well-known
Jacobi reduced masses of the pair, of the spectator nu-
cleon, and of the pion, respectively, while m represents
the pion rest mass.

The approach here proposed is suited to describe the
full final-state correlations, in the low-energy domain,
where a nonrelativistic description of the three nucleons
is quite reasonable. On the contrary, much more delicate
is the pion, which one can treat as a nonrelativistic parti-
cle only for very low energy. Minimal relativistic-
kinematic corrections can be introduced along the lines
developed for md scattering by Thomas [37], namely, the
expression QP c +m c —m„c is used for the pion ki-
netic energy; in so doing, the expression (3.9) for the ener-
gy of the four-body system is replaced by

replaced by the pion relativistic energy. For the sake of
simplicity, we do not consider relativistic effects in this
paper, although minimal relativistic corrections can be
accommodated without major modifications of the for-
malism. More demanding relativistic prescriptions, such
as the use of relativistic Jacobi momenta [38,39] and of
covariant dynamical equations [40], are beyond the scope
of the present approach.

The homogeneous Sturmian problem defining the two-
nucleon quasiparticles can be written in the three-body
space as follows:

2

G, (E)V, P„E )iq„—)y y 2&y y

r

qyE—
y.

(3.12)

Here we have exhibited the dependence of the Sturmian
eigenvalues gr, and eigenvectors Igr, .

& upon the energy
E —qr/2vr of the two-body subsystem (a,P). On the
other hand, in the four-body space the Sturmian problem
becomes

Go(E)Vr Py,. E—
y

p2 —m c q P
2p~

q2E—
y

2 2
—m c P, E-

2p~ 2vy

p2
m c qy p~

2p~

where, again we have exhibited the dependence upon the energy of the two-nucleon subsystem.
By means of well-known properties of these Sturmian functions [21—26], the two-body T matrices Tr acting in three-

and four-body space are found to be
r

and

T~(E)= g f dq I z,. E—
y

2 2
qy Qy

qy ~y'
2vy 2vy

(3.14)

oo qyT (E)= g JdqrdP I „,E—
' —

1 2vy
2—mc, q, p

2
qyXw; E-

2v y

p2 2 2P —m„c
2p~

(3.15)

respectively. For convenience, the three- and four-body states

Ir„(x),q, &= v, ly„(x),q, &
= v, ly„(x)&lq, &

and

Ir„(x),q„P.&= v, IW„(x),q„P.& = v, lg„(x)&Iq, &IP &

have been defined, and the quantity

r;(X)= 1

g; (X)[1—g; (X)]

has also been introduced. Here, the Sturmian orthonormality with the normalization

(3.16)

(3.17)

(3.18)
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&y, (x)lv, ly J(x)&=/, (x)5,, (3.19)

has been employed. Note that, when using Sturmians, no complex conjugation is implied in passing from ket to bra
vectors.

Finally, by substitution of Eqs. (3.14) and (3.15) into (3.7) and (3.8), it is possible to exhibit in these amplitudes the full
dependence upon the intermediate momenta. For instance, for the disconnected part of the amplitude (3.7) we obtain

3 00

A3&'d"= g g f dq'dqti'dP &p, ql v IP;(g' ),q' &r;(g' )
a,p= 1 i j =1

(3.20)

g FSI,dis
3 oo

pa pp qp
a,P=1i j =1 1 —g, (g' )

n.;(k.') & q.', p.;(g'. ) l~ 14»(II'), qp, P &gq, (pe�)~q, (kp) & P., qp, pq, ($13') I v~lgBs, P'."&,

where g' and g& are E—q' /2v and E —
q& /2v& —P /2p —m c, respectively. This amplitude, after a few straight-

forward manipulations, .can be written as follows:

»( i')
x&P', q lwIPIi, qp, P &&PIily»(pe)& &qp, y»(g'p)lv~lyBs&,

&» «i')
(3.21)

with q' =q in g'. The corresponding expression for the connected part of this amplitude is somewhat more complicat-
ed, but can be derived in the same way.

In Eq. (3.21), the treatment of the initial target breakup deserves particular attention. On the right of the absorption
operator one recognizes the decay of the target into three particles, as expressed by Eq. (3.2). Indeed, projecting Eq.
(3.2) onto plane-wave states and employing the quasiparticle expansion, one has

3 oo

&p",q"Ivl@ &= & & &pal&»&1
p=1 j =1 Qpj

(3.2')

On the left of Eq. (3.2'), one has the standard vertex func-
tion for the three-body decay of the bound state [41]. On
the right, the vertex function for (2)+1 target decay is
exhibited, as defined in the four-body literature [41,42].
With respect to the standard definition, the two-body
bound state is here replaced by the Sturmian state P»,
describing a correlated pair which propagates through
g»/(I —q»), and decays via the two-body vertex func-
tion &polyp, . &.

For the sake of simplicity, we do not consider here the
partial-wave analysis of the amplitudes; this can be ac-
complished by taking into account the actual structure of
the basic absorption models [36], and by resorting to
standard few-body techniques for the three-nucleon
bound-state and scattering problems [43].

The final form for the amplitudes here discussed can be
obtained once the assumed absorption model specifies the
kinematical dependence for the operator A. Under this
point of view, we shall now distinguish between two-
nucleon absorption, as described by the mechanisms
shown in Figs. 1(a) and 1(b), and the one-body absorption
due to the nNN vertex [Fig. 1(c)].

K is the Jacobi momentum of the pion with respect to
the absorbing pair P, and p&, pIi are the relative momenta
of the pair P before and after the absorption process, re-
spectively. Hence, the two-nucleon absorption mecha-
nism implied by this model allows one to factorize a delta
function 5(q&—QIi) from the matrix elements of A,
where qp is the relative momentum of the spectator nu-
cleon in the final state, while QIi is defined as the Jacobi
momentum of the spectator nucleon with respect to the
mNN c.m. One can write therefore

pp pa&qa ~qp('Pa~qa)l~ lpIi, K (qIi, P' '), Qp(qIi, P'o')
&

(qIi
—Q&)A(p&(p', q );p&, K (qIi, P'~')) . (3.22)

To evaluate the amplitude (3.21) it is now convenient
to distinguish between the terms with aXP and the con-
tributions with a=P. In the former case we integrate
directly with respect to p' in virture of (3.22), which im-
plies that p' has to be evaluated at a value p* given by

B. The two-nucleon rescattering contribution
p'. (q~, q., P'.")=q~+-,'q —

—,'P'."=p.* . (3.23)

If one introduces the rescattering model outlined in
Sec. II, the relevant momenta are K„,pp, and pp, where

Let's call Eg' " the contribution to (3.21) with aAP;
one then gets
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p II' IP; g'')&&&;(g'')~p'&

a, p=l i j=1 1 —ri;(g' )

pj( p')
pp~~p, (~p) &

' „&qp,~p, (
1 —

gp, (gp)
(3.24)

Here, the energies of the two-body subsystems in three-
and four-body spaces have been denoted as

pp(qp, q, P'„")= —
—,'qp —q.+-,'P"'—=pp, (3.27)

3qa
g'(q )=E-

4m~
Ii2 p(0)2

(3.25a)

(3.25b)

where r =0.149 is the pion to nucleon mass ratio.
In the case a=P one exploits Eq. (3.22) to integrate

with respect to q& to get

qp'(qp, P'„')=qp+ —,
'P' '—=

qp . (3.28)

(o) r „6+2r(0)K (qp P )= qp (3.26)

respectively. The momenta K„and p& are related to the
external and loop momenta as follows: One thus obtains the following expression for the direct

(a=P) contribution D3&' " to the disconnected part of
the absorption transition amplitude A 3& ..

Fsg
'

& ~~ Ppl p Ppi kp Ppi Cp Pp

p= 1 ij=I, 1 —gp;(g'p)

p)( p)
XA(Pp, Pp, K )&Ppldp, (4p)&

' „&qp4p&(kp)l ~PlPBs& .
1 np, (kp )— (3.29)

Here the two-body energy in the four-body space gp is
given again by (3.25b), where qp' is now replaced by qp,
and by means of Eqs. (3.26) and (3.28) K can be ex-
pressed exclusively in terms of the external momenta (a)

K.(qp, P'„")= "
q,+P."'.

2+r (3.30)

It is interesting at this point to provide a graphical rep-
resentation of the direct and exchange amplitudes,
D3&' " and Ez&' ", respectively; in so doing one can
more easily identify the reaction mechanism underlying
each contribution. The direct contribution D3&' ", given
by Eq. (3.29), corresponds to the virtual decay of the tar-
get nucleus into a nucleon and a correlated pair, which
successively absorbs the incoming pion and undergoes a
FSI, the third nucleon always acting as a spectator. In
the exchange contribution (3.24), on the contrary, one of
the nucleons of the pair which absorbs the pion ex-
changes energy and momentum with the third nucleon
through a two-body FSI. In Fig. 3(a) we exhibit the dia-
gram corresponding to the direct contribution with p-
wave absorption and b, excitation. In Fig. 3(b) we give
the p-wave absorption graph with b excitation, corre-
sponding to the exchange term E3~ '"". This graph
represents the simplest three-body mechanism, where the
incident-pion energy and momentum are shared among
all three nucleons. On the contrary, the D term has to be

FIG. 3. graphs (a) and (b) are, respectively, the amplitudes
(3.29) and (3.24) in the case of 6 rescattering. The initial-target
breakup and the two-body FSI are represented in the quasiparti-
cle scheme. The quasiparticle representation of the two-body T
matrix is given in Fig. 3(c).
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associated with a genuine two-body absorption mecha-
nism, where the third nucleon has a momentum distribu-
tion according to an unperturbed nucleon in He (quasi-
free absorption). The graphs associated with the ~vrNN
s-wave vertex have the same structure and are not shown
for shortness. For the same reason we do not represent
the relevant crossed diagrams. Of course, for each con-
tribution mentioned above, there is a corresponding term
associated with the absorption through the other nucleon
in the active pair.

In Fig. 3(c) we have graphically exhibited the Sturmian
representation of the two-body T matrix T&, with the
corresponding intermediate propagation of the quasipar-
ticles [see Eqs. (3.14) and (3.15)].

pI3(qy', qi3, P' ') =q"+ —,'q& —
—,
'P' '=—p&, (3.31)

implied by the two-body absorption model (3.22), leads to
the expression

The amplitudes for the connected contribution to
the absorption process can be explicitly given fol-
lowing a similar procedure. The new ingredient is now
represented by the F-AGS-L amplitudes I&,.=

& pj3;, qj3! Ui3 ! p J,q' &, which appear once the Faddeev
equations (3.3) and (3.4) are folded between quasiparticle
states. Insertion of the Sturmian representations (3.14)
and (3.15) for the two-body T matrices into the connected
part of the absorption amplitude (3.7), with the condition

3 oo , ( ')
3iv

= g g J de q"d p" & p. l V. ! 4.;(k.')&, X.; j3j (q., qj3) ', & (ti3,'(&Ii) l pp &

pa, y=1 i j,k =l /ai(ka) Y)pj(4p)
P&y

, (y')
XA{p*,p",K )&p"!4 „{4")& &q",0 „(0")!V

Y Y y y Y 1 ~ (g&&) Y Y Y
(3.32a)

for the connected exchange (y%13) contribution. Here, the momentum py depends upon the three momenta qy, qI3, and
P' ' as given by Eq. (3.27). Similarly, the relative momentum K of the pion with respect to the c.m. of the pair y is
given in terms of q" and P' ' by Eq. (3.26). The two-body energies g'(q ), gji(qI3), and g"(q",P' ') are given through
Eqs. (3.25).

As for the direct contribution (y =P) to the connected amplitude one gets in a similar way

3 Qo

, ~., »(q. , qy)
" '

&y j(g,')Ip,'&
a, y = 1 i j,k = 1 Iai ( ka 1 9yj(ky )

y ( )
XA(PY, PY', K )&Py'!Pyk(gy')& „&qy,gyk(gy')! Vy!Ql3s& .17 y y Yl '(gti) 1 Y

(3.32b)

Here, the momenta q* and K„areexpressed in terms of
q', P'„'through equations of the form (3.28) and (3.30),
respectively. The graphical representation for the two
contributions (3.32a) and (3.32b) is given in Fig. 4.

As is well known, the dynamical equations for the F-
AGS-L amplitudes X@ can be derived by folding Eq.
(3.3) for the rearrangement transition operators Ujl be-
tween quasiparticle states, and introducing the represen-
tation (3.14) for the two-body T matrices. In a shorthand
notation one has

C. The one-body m.NN contribution

As already mentioned in Sec. II, for the p-wave absorp-
tion with intermediate nucleon propagation the rescatter-

9yk
Xi3i, aj =Zi3iaj + Q ,g Zi3iyk , +yk, aj

@=i k=& ~yk
(3.33)

where the driving term is de6ned according to (b)

zp;., =q, &y~;I V~G, v. ly., &n.,'s, (3.34)

In practical calculations, the number of coupled equa-

tions to be solved can be reduced once nucleon identity is

taken into account.

FICx. 4. (a) Direct and (b) exchange amplitudes with three-
body FSI (quasiparticle representation). The full circles indi-
cate the rearrangement-type Lovelace amplitudes.
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ing graphs are taken into account, to all orders, by the
exact treatment of initial- and final-state correlations.
Consequently, in this case, the absorption operator has a
genuine one-body nature, and will depend upon the rela-
tive momentum between the incoming pion and the ab-
sorbing nucleon. Therefore, differently from the previous
section, the quasiparticle representation has to be applied
to the spectator pair, which does not participate to the

absorption process.
It is here convenient to describe the four-body kine-

matics before absorption through the Jacobi momenta p&,

Q&, and p&, where p& and p& are the relative momenta
for the pairs ay and Pm, and Q& is the momentum be-
tween the centers of mass of the two pairs.

The kinematical dependence of the operator A in Eq.
(3.21) will be now

& p'(p.',q. ),q'(p.', q. ) l~ Ip",Q .(q",P."'),p .(q",P'„")& =&(p' —p")&(q' —Q .& p~. ,

where Q& and p& are expressed in terms of the momenta q& and P'„',by

Q
—q"+ zP(0)

T r& 3+T p(P)
1+r S 3(1+r)

Inserting (3.35) into the terms with aAP of (3.21) and integrating over q& and p& we have

&p II' I&;( ')&&;(g'')Ip' & „rjp,(gp)EV""= X X Jdp' ', ~(pp. )&pplkpj(kj)&
' „&qp4'pj(kj)II' IPBs&

a,p=l i j =1 la, t a ~pj p
a&P

for the exchange disconnected transition amplitude.
Here, the two momenta pp and q& are related to the external and loop momenta through

1 ~ 3pp(pa~qa) 2pa 4qa=pp ~

fl I (p) I 1 2 (p)—
qp(p~, q~, P~ )=p~ —

—,q~
—

—,P~ =q&,

(3.35)

(3.36a)

(3.36b)

(3.38a)

(3.38b)

whereas p& is obtained once the expression (3.38b) for q& is inserted into Eq. (3.36b). As usual, g'& and g' represent the
energies of the two-body subsystems before and after absorption.

Similarly, for the direct contributions (a =P), integration over p& and q& leads to

f ' ' ' ' ' ' ' ' ~(p,.)&p,'ly„(g,")& " '„&q,',y„(g,")ll j'ly»&, (3.»)
1 —gp;(gp) )pj j3

with

qp(qp, P ) =qp —
—,P =—qp,(p) — 2 (p)— (3.40a)

p(p)
p&

= q&— (3.40b)

The exchange and direct disconnected amplitudes for
the one-body absorption mechanism are graphically
represented in Figs. 5(a) and 5(b).

In addition to the disconnected contributions discussed
above, to have a complete picture of the one-body ab-
sorption process, the connected contributions too have to
be considered. This can be achieved much in the same
way as done in the previous section, provided that the ki-
nematics introduced here is employed. For brevity, we
do not give the explicit results, and we limit ourselves to
observe that one more loop momentum and the half-off-
shell F-ACxS-L amplitudes X@;, given by Eq. (3.33),
would now appear in the relevant absorption amplitudes.

I 'l! ii!,:'!)I
~ '+:'i '.

,

A~i!!.::
(b)

FICy. 5. Quasiparticle representation of the (a) exchange and
(b) direct disconnected amplitudes in the case of one-body ele-
mentary absorption.
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IV. DISCUSSIQN

The evaluation of the connected amplitudes (3.32) is
quite a difficult task, since it requires the integration over
three loop momenta, one of which occurs in the F-AGS-
L amplitudes X&;. These amplitudes, therefore, must
be determined half-off the energy shell over a whole range
of values for the spectator momentum. It can be expect-
ed that significant information on the FSI can already be
obtained with suitable kinematical assumptions which
lead to much simpler calculations. As a first reasonable
approximation, one may assume that absorption takes
place on a correlated pair with zero relative momentum
between the constituent nucleons, and the pion's impulse
is entirely given to the pair c.m. We shall refer to this
basic approximation as the rigid pair mechanism (RPM).
As a consequence, two loop integrations are immediately
removed from the absorption amplitudes (3.32). In par-
ticular, in the direct term (3.32b), only the integration
over the spectator momentum q& survives, so that one
can graphically interpret this term as a typical
triangular-diagram contribution (see Fig. 6). As for the
exchange term (3.32a), on the other hand, the condition
p" =p =0 implies a well-defined relation between q& and

qz, which leads again to one integration only over a spec-
tator momentum.

The RPM leads to a complete factorization of the
disconnected amplitudes (3.24) and (3.29). The remaining
integration in the connected terms, on the other hand,
can be removed introducing the further approximation
that in the virtual breakup of the target, the three nu-
cleons are produced at rest, so that one has both p"=0
and q"=0. Within more phenomenological approaches
to pion absorption on He, approximations of this kind
have been successfully employed in the literature [11].

Up to now we have discussed absorption referring to
the two-nucleon-rescattering diagrams (Sec. III 8), where
the RPM assumption allows one to perform most of the
loop integrals involved in the calculation of the ampli-
tudes. For the case of one-body ~NN contribution, the
nucleon, being treated as elementary, already undergoes a
rigid one-body absorption process. In that case, there-

FIG. 6. Triangular diagram occurring when the RPM is as-
sumed. Representation of the direct amplitude with three-body
FSI.

fore, the assumption that the three nucleons are produced
at rest in the virtual breakup of the target is enough to
eliminate all the integrations over loop momenta appear-
ing in the connected one-body amplitudes. The same as-
sumption (q& =p& =0), when applied to the disconnected
one-body amplitudes (3.37) and (3.39), not only eliminates
the integration over the only loop momentum, but also
selects the phase space for the three outgoing nucleons;
indeed the momentum of the outgoing spectator nucleon

q,„,has to be related to incoming pion momentum by

q,„,=—', P' ', for both the direct and the exchange term.
It is possible, at this stage, to classify the terms which

contribute to the total absorption amplitude according to
the number of nucleons sharing energy and momentum oi
the incoming pion. The reaction mechanisms where one
nucleon only receives the pion momentum are given by
the plane-wave vrNN contribution [see Eqs. (2.13) and
(3.35)] as well as by the direct one-body disconnected
term [see Fig. 5(b)]. On the other hand, the two-body
plane-wave amplitude [see Eqs. (2.13) and (3.22)], togeth-
er with the exchange disconnected one-body term [see
Fig. 5(a)] and the direct two-body one [Fig. 3(a)], yields
contributions in which two nucleons actively participate
to absorption. Finally, in the other mechanisms we have
discussed all the three nucleons are directly involved in
pion absorption. With reference to this point, it is worth
noting that the three-body absorption diagrams con-
sidered in the present model involve pure nucleonic de-
grees of freedom. Other three-body absorption mecha-
nisms, such as those proceeding through multiple 6 exci-
tation or rescattering, are presently not contemplated.
These contributions, however, can be incorporated in this
model through a suitable redefinition of the absorption
operator A.

The general features of the present model do not de-
pend in an essential way from the assumption of a Stur-
rnian representation for the two-body amplitudes. Actu-
ally, once the two-body T matrices have been systemati-
cally exhibited in the absorption amplitudes [see Eqs.
(3.7) and (3.8)], any separable representation would lead
to three-body equations of the Faddeev-Lovelace type.
Under the formal point of view the Weinberg's ideal
choice leads to a particularly simple form for the effective
propagators r, [see Eq. (3.18)], and stresses the two-body
correlations in the absorption process. In particular, it
emphasizes the contributions due to two-body quasiparti-
cles corresponding to Sturmian eigenvalues near to 1

(bound states or resonances). At the same time it allows
one to deal with realistic nucleon-nucleon interactions-
at least if one can afford the required rank —thereby
avoiding the further uncertainties introduced by the use
of ad hoc separable potentials. An efficient numerical al-
gorithm for the momentum-space evaluation of the Wein-
berg states in correspondence to modern nucleon-nucleon
interactions will be given in a forthcoming paper [44].

Finally, the inclusion of pion-nucleon ISI requires a
nontrivial generalization of the coupled-channel
"~NN N¹ unitary mode-ls [45—47] to the four-body
case. Such an extension has been formulated within the
isobar model in Ref. [19] but its detailed discussion is
beyond the scope of the present paper.
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