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Heavy-ion interaction potentials for 360 MeV ' C-' C and 1503 MeV ' 0-" Ca are derived from solu-

tions of the fixed energy, inverse scattering problem. A semiclassical (WKB) approximation is used to
obtain those solutions when various strong-absorption-model parametrized S functions are defined from
fits to the difFerential cross-section data. The extracted potentials vary significantly in their absorption
components within the sensitive radial regions.

I. INTRODUCTION

In most studies of heavy-ion collisions, the central
feature is the optical potential. To define that potential
extensive data from the elastic scattering of two heavy
ions have to be taken and, usually, analyzed by direct
solution of the relevant Schrodinger equation with a
parametrized form of the optical potential [1]. Of partic-
ular interest are those optical potentials at intermediate
energies resulting from folding nuclear density profiles
with appropriate two-nucleon G matrices [2].

The connection between the optical-model potentials
and data (differential cross sections primarily) are the
scattering functions Si(k). In the direct approach, varia-
tions of the optical-potential parameters associated with
an assumed potential shape are made from which predic-
tions of elastic cross sections are calculated to compare
with data. This results in a set of best-fit parameters for
the assumed potential shape. But the connection can be
made in the reverse direction by a solution of the inverse
scattering problem at fixed energy [3]. In this case no as-
sumptions are made concerning the potential shape.
When the S function is known for all I, a solution of the
inverse problem gives a unique scattering potential.
Thus, to use an inversion method necessitates interpola-
tion upon tables of St(k) that "best fit" data; however,
those tables may be generated. For intermediate energies
many partial waves are involved in data analyses and the
associated St(k) follow quite smooth trends. For these
reasons, scattering functions defined by older and quite
widely applied methods of analysis of heavy-ion scatter-
ing, namely, the strong-absorption-model

(SAM�)

ap-
proach [4], are especially useful. From the earliest simple
prescription [5], a number of parametrized forms of such
S functions have been defined. Of the set, those designat-
ed hereafter as the McIntyre [6], Frahn-Venter (FV) [7],
and Ericson [8], are of particular interest. All three
parametrized forms have been used and their results com-
pared by Mermaz [9] in his study of ' C and ' 0 scatter-
ing off a range of targets and at disparate projectile ener-
gies. The ambiguities occurring in optical-model-

II. PARAMETRIZATIONS OF SAM S FUNCTIONS

The scattering function for elastic scattering of heavy
ions is the central feature of both SAM and WKB inver-
sion model calculations and it is expressed in terms of a
phase-shift function as

St(l) =exp(2mt(k)]
= ~St(k) ~ exp[2i Re(5t(k))] .

Strong absorption within a scattering process is charac-
terized by

~S, (k)~ «1 for /&I, , (2)

where I is the "grazing" angular-momentum value

parameter 6ts to the data apparently do not show up in
the SAM-type 6ts.

Solutions of the inverse quantal scattering problem at
fixed energy are most readily obtained using a semiclassi-
cal (WKB) approximation [10,11], when applicable. The
WKB approximation produced good results in the case of
' C —' C scattering at energies ranging from 360 to 2400
MeV, when the McIntyre parametrized form of S func-
tions was used [12] (as proved by testing the reproduction
of the input S functions). The potentials obtained also
agreed well with the best phenomenological optical-
model potentials through the sensitive radial regions.

Herein we consider the effects of using different
parametrized forms of S functions upon the potentials
one can extract by using WKB inversion. Two scattering
cases are considered specifically. They are ' C —' C
scattering at 360 MeV and ' 0— Ca scattering at 1503
MeV. The difFerential cross-section data [13,14] have
been analyzed with McIntyre, FV, and Ericson model S
functions by Mermaz [9] and comparable fits have been
found to the data. The results of our calculations and the
conclusion we have drawn are presented in Secs. IV and
V, respectively, and follow brief reviews of the SAM S
function parametrizations and of the WKB inversion
scheme.
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which, in turn, relates to the "strong-absorption radius, "
RsA. While this radius has been defined by semiclassical
formulas [4] such as

(9)

kg =/+ [7/+(i + &

) ] ~ (3)

where g is the Sommerfeld parameter for reduced mass,
p, i.e., ZiZ2e p/(iri k), it is more common to use a
simpler definition [1],namely,

R =r, (A'i +A'i )+5, (4)

was made. This proved to be a too drastic approximation
for nuclear diffraction scattering processes. The nuclear
surface plays an important role and a more realistic
description has a smooth variation of ~S~ ~

values (between
0 and 1) over a range of l values about l . Given that the
underlying scattering potential has an exponential tail,
the WKB approximation [4] estimates that spread to vary
as

with r, =1.1 fm and 6=2.5 MeV.
The earliest and simplest SAM prescription was

defined by Blair [5] as the "sharp cutoff" model since the
choice

0 if l(l
IS& I

=

wherein ~S&' ""'""'~ is as defined in Eq. (7). Finally, we
consider a parametrization given by Ericson [8], namely,

S&' ""'"'(k)=
[ I+exp(ig)exp[(ls —l)/b, ]] ' . (10)

All three SAM parametrizations were used by Mermaz
[9] in his study of 360 and 1016 Mev ' C-' C cross sec-
tions and of 1503 MeV ' 0 ions scattering from ' C,

Ca, Zr and Pb. He found that the McIntyre five-
parameter prescription gave the best fits to all of the data.
The Frahn-Venter and Ericson models worked well when
data are reminiscent of a Fresnel diffraction pattern. The
fits with either of these latter parametrizations to high-
energy data from the light-ion targets were mostly quali-
tative at best.

In the cases of 360 MeV ' C-' C scattering and of 1503
MeV ' 0- Ca scattering, the three parametrizations give
comparable and good fits to the differential cross-section
data. The pertinent values of the parameters as deter-
mined by Mermaz [9] are given in Table I for complete-
ness. Included therein are the y values (per data point)
that, with the possible exception of the FV ' C-' C result,
reflect the similar qualities of fits to data.

SA k k+SA i) / k+SA (6)

where a is the coordinate-space potential diffusivity.
There are three model prescriptions that reAect such a
more realistic variation and which have been widely used,
and we consider each of these here. The first is the
smooth parametrization of S&(k) proposed by McIntyre
et al. [6]. Explicitly, the McIntyre parametrization of
SAM S functions is

""'~'"'(k)
~

= [1+exp[(l —l)/b ] j

and

Re(5~& ' "'""'(k))=p[1+exp[(l —lg)/b, ']]
This five-parameter model suffices to perm. it excellent fits
to differential cross sections from as diverse elastic-
scattering experiments as alpha nucleus through 360
MeV ' C-' C to 1503 MeV ' 0-4 Ca reactions. The
second of the SAM S matrix parametrizations is that
specified by Venter and Frahn [7] which is defined by

III. INVERSE SCATTERING AT FIXED ENERGY
IN THE WKB APPROXIMATION

Since details of the inverse scattering, fixed energy
problem and of the use of the WKB approximation to fa-
cilitate evaluation of inversion potentials have been
presented in the literature [3,10,11], only the salient
features will be given herein. The input data for inver-
sion are the scattering phase shifts (equivalently the
empirical scattering, S functions). In the WKB approxi-
mation, phase shifts relate to a quasipotential, Q(cr ), by

5(&)= — J Q(0), do. ,2E 0' I,

where k=l+ —,
' and E is the center-of-mass energy, and

that quasipotential is defined in terms of the classical
deflection functions

TABLE I. Parameter values of the scattering functions.

McIntyre

40.719
6.228
3.0445

30.344
4.134

5.4

FV

40.94
2.67
3.4358

10.0

Ericson

40.876
3.658
4.4041

133.873
17.519

—1.2641

4.6

McIntyre

183.041
20.271
14.60

4.3

16O 40C

FV

176.08
10.14

6.8

Ericson

175.43
14.43

—1 ~ 3492

6.2
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8(A, ) =2d5(A. )/dA, (12) FS
Vexp Vmod + Vback Vnucl + VCoul (21)

Q( )
2E f~ 8(A, )

wherein the Coulomb potential is taken to be that of a
charged sphere of radius R„namely,

2g/r ifr )R, ,

4E 1 d I 5(A)A,

rr CT

dt's

a Qg2 —g &
(13)

VFs
Coul

(3 —r /R, ) ifr(R,
C

(22)

V(kr) =E [1—exp[ —Q(cr )/E]] (14)

Then, with wave number k, the inverse potential is re-
lated to Q(o ) by

so that the nuclear potential is given by

FS
Vuucl( r) Vmod + Vback VCoul (23)

with

r =(cr/k)exp[Q(o )/2E] . (ls)

For heavy ions, the numerical and computational efforts
required to implement the SAM fitting and WKB inver-
sion are small compared to those of optical-potential
fitting.

exp nuclSCoul (17)

wherein S„„,l are the nuclear S functions and SC ul are
those of point Coulomb scattering, viz. ,

s,.„,(x)= r(x+0.s+i q)/r(x+0. s —iq)

(g is the Coulomb parameter), we seek instead inversion
of the modified S functions of rational form,

Smod —Sexp /Sback (19)

The potential so specified is unique provided that there is
a one-to-one correspondence between r and a.

The key feature in this prescription is the integral of
Eq. (13) and the rational representation [1]of 5(k), name-
ly,

1
N g —P

5(A, )=—.1n[S(A, )]=—.ln
2l A,

—a„

which makes that integral analytic. Thus, by using
empirical S functions [S(A,)=S&(k)] and mapping them
with the rational representation, evaluation of the quasi-
potential (and thence the inverse scattering potential) is
straightforward. But the experimental S functions in the
presence of Coulomb forces are not readily represented in
this way. Thus, with the identification

IV. RESULTS

The two reactions chosen for study are diverse. The
' C-' C case is one of relatively low incident energy
whereas ' 0- Ca is at relatively high energy. The
' C-' C data defining S-function parameters are dom-
inantly from "far-side" scattering whereas the ' 0- Ca
data so used are dominantly of "near-side" scattering [9].
But both data sets show structure in their distributions
and both have been successfully analyzed with all three
parametrized SAM S functions.

The results for 360 MeV ' C on ' C targets are present-
ed in Figs. 1 and 2. The real parts, the imaginary parts,
and the moduli of the three model parametrizations of
that reaction data are shown on the left, middle, and
right sections of Fig. 1, respectively; the McIntyre, FV,
and Ericson model S functions being displayed by the
continuous, dashed, and dotted curves in turn. Clearly,
the FV and Ericson S functions are very similar with, in
fact, the only noticeable difference being the size of the
imaginary components for angular momenta around the
grazing value. Such a difference is enough, however, to
vary the y of a fit to measured data by a factor of 2 (see
Table I). Mermaz [9] observed that this also implies that
the Ericson parametrization has a larger (semiclassical)
potential diffusivity and smaller Coulomb rainbow angle.

where Sb„k is a "background" scattering function of the
form [11]

0.5—

Sb„k(k) =exp[iran ln(A, +A,, )] (20)
0.5

0.5—

that involves A.„acutoff parameter. The corresponding
inversion potential to Sb„k, Vb„k, is a quasi-Coulomb
potential which asymptotically (large r) behaves as the
Coulomb potential but is not singular at the origin. In
this way we avoid the problems experienced by Kujawski
[10] in using a point Coulomb background potential.
But, of particular importance, besides giving modified S
functions that can be represented very well in rational
form, Sb„„itself can be inverted classically to give Vb„k
to high accuracy.

With the inverted potentials V,d and Vb„k, we con-
struct

50 100
I I

50 300

L ( angular momentum )

FIG. 1. The S functions for 360 MeV ' C-' C scattering.
Displayed are the real parts, imaginary parts, and moduli of
SAM parametrizations and in the left, central, and right sec-
tions, respectively. The (five-parameter) McIntyre function is
shown by the continuous lines while the Frahn-Venter and
Ericson functions are given by the dashed and dotted curves, re-
spectively.
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FIG. 3. The SAM parametrized S functions for 1503 Mev
' 0- Ca scattering. Speci6cations are as given in Fig. 1.
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FIG. 2. The 360 MeV C-' C potentials obtained by WKB in-

version of the three parametrized S functions given in Fig. 1.
The real and imaginary components are displayed on the right
and left, respectively. The large radius variations are shown on
enhanced scale in the bottom segments.

But the McIntyre (five-parameter) data fit gives a much
larger diffusivity and nuclear rainbow angle than either of
the other two parametrizations, and, as a consequence,
gives a smoother, more credible, prediction for larger-
angle measured data.

The WKB inverted potentials are shown in Fig. 2
wherein the real and imaginary parts are designated by
V(r) and W(r), respectively. These potentials are
uniquely determined for each SAM parametrization as
long as the %'KB inversion method gives single-valued
results. This is indeed the case here. The large radius
properties of the potentials are enlarged in the bottom
sections of this figure. All three potentials,
V(Mctnt)'re)(&) V(Fv)(&) and V(Ericson)(&) are strongly
sorptive within the strong-absorption radius (6.2 fm); so
strong, in fact, that the extreme variations in their real
and imaginary components within at least 5 fm are of no
physical significance. Notch testing of phenomenological
optical-model-potential analyses confirm that the sensi-
tive radial region in this case is indeed outside of 5 fm.
But within the sensitive radial region the inverted poten-
tials differ with the V' ""'"")(r)varying most from the
other two. Given the preference [9] for the five-
parameter McIntyre fit to data over three-parameter
models and despite the similar y fit values, these radial
variations are significant. Notably, use of V' ""'""' in
calculations gives minimal oscillatory structure in
differential cross-section values at large angles. The
infiection in the real part of V'" )(r) around 2.75 fm is an
indication of an incipient breakdown in the %'KB inver-
sion at smaller radii. However, the elastic differential
cross section is not sensitive to the potential at these ra-
dii.

The results for 1503 MeV ' O ions elastically scattering
off of Ca are displayed in Fig. 3, wherein the various
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FICi. 4. The WKB inverted potentials for 1503 MeV ' 0-" Ca
scattering. Notation is the same as given in Fig. 2.

model S functions are given, and in Fig. 4 wherein the in-
version potentials are displayed. Again, the continuous,
dashed, and dotted curves are the McIntyre (five-

parameter), Frahn-Venter, and Ericson results, respec-
tively. The S-function variations with A, given in Fig. 3
are similar to those from analysis of the ' C-' C scatter-
ing. Notably, the five-parameter McIntyre S function is
softer than the others, having a larger effective grazing
angular momentum and a larger range of effective con-
tributing partial waves. The associated inversion poten-
tials are shown in Fig. 4. Around the strong-absorption
radius (of 7.7 fm), the real parts of these inversion poten-
tials are very similar. The marked difference in
V' ' "'""'(r) from the other two for r (7 fm is of little
significance. But, as with the ' C-' C study [12], it is the
absorption potential that gives major effects. In the sensi-
tive radial region, W' ""'"")(r)is more strongly absorp-
tive and of much larger range then either W'" )(r) or
W' "'"")(r). Larger-angle scattering data, when mea-
sured, should show a preference, we anticipate, for the
McIntyre five-parameter form since, as shown by Pato
and Hussein [15], the rainbow component of far-side
scattering processes dominates above 6' scattering angle
in the reaction.
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V. CONCLUSIONS

Using a WKB approximation to facilitate the evalua-
tion of inversion potentials, we have compared the
' C-' C and ' 0-4 Ca potentials so obtained and from
SAM parametrizations of the 360- and 1503-MeV
elastic-scattering data of those respective collisions. All
three SAM parametrizations considered (McIntyre,
Frahn-Venter, and Ericson) give good fits to both sets of
data chosen for study. The two data sets result from dis-
tinctively different reaction mechanisms as the ' C-' C
data analyses are dominated by far-side scattering pro-
cesses whereas the ' 0- Ca data analyses are dominated
by near-side ones. Nevertheless, the potentials obtained
by inversion have similar structure, and, in particular, in
the respective sensitive radial regions. Therein, the real
parts of the potentials associated with the three separate
parametrizations are very similar as is the case for the
imaginary parts of the FV and Ericson potentials. The
McIntyre parametrization, however, gives a distinctively
more absorptive potential in the radial regions about the

strong-absorption radii. But the details of the shapes of
these potentials are rather different and, given the
equivalent fits to data obtained with the different
parametrized S functions, such a variation is a measure of
ambiguities in defining the nuclear part of the heavy-ion
potentials based upon the currently available data. In-
verse scattering methods highlight the crucial importance
of making more extensive and accurate measurements for
further understanding of heavy-ion collisions. With such
data, the inversion methods will be superior to the direct,
parameter-fitting, procedures of data analyses. Besides
the simplicity of the inversion scheme, no assumptions
are made concerning the potential shape.

Finally, we note the interesting feature, common to all
three S-function inversions, of a short-ranged, repulsive,
real potential. The usual parametrized optical-model po-
tentials do not have such form. Some theoretical model
potentials do, but usually only for low-energy conditions
[16]. However, the current data are not sufficiently sensi-
tive to such short-ranged behavior of the heavy-ion in-
teraction.

*Permanent address: School of Science dk Mathematics
Education, University of Melbourne, Parkville, Victoria
3052, Australia.
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