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The nucleon-nucleus interaction is considered within the framework of the resonating-group method

(RGM), but with the simplifying assumptions of omitting target-recoil e6'ects and core-exchange contri-
butions. The resulting model, called model K, contains then only direct and knock-on-exchange terms.
Comparisons between RGM and model-K results in n +a, n + ' 0, and n + Ca systems for bound-state

energies, phase shifts, differential scattering cross sections, and polarizations show that model K works

very well when the target nucleus has a nucleon number greater than about ten and when the scattering

energy is higher than about 10 MeV. Because of the adoption of these simplifying assumptions, general

expressions for the nuclear-central, Coulomb, and spin-orbit parts of the nucleon-nucleus nonlocal po-
tential can be analytically derived without much difFiculty. These expressions have simple forms and are
suitable for a systematic and large-scale analysis of existing scattering data even in cases where heavy

target nuclei are involved.

I. INTRODUCTION

The resonating-group method (RGM) has been suc-
cessfully employed to study the properties of many nu-
clear systems [1]. In light nuclei where resonating-group
calculations have been performed with multiple cluster
configurations [2,3], it was especially found that good
agreements with experimental results on bound-state en-
ergies, scattering angular distributions, and reaction cross
sections can be obtained. On the other hand, because of
computational complexities arising from the necessity of
using totally antisymmetric wave functions and correctly
taking into account the motions of the total centers of
mass, systems with nucleon numbers greater than about
20 have not been extensively treated with this method [4].
Until now, there generally exist only single-configuration
calculations for a rather small number of selected heavier
systems [5]. Indeed, it is our viewpoint that, at the
present stage of technical development, the practical
diKculty of analytically deriving the kernel function,
representing the nonlocal interaction between the clusters
involved, has prevented the undertaking of systematic
and large-scale considerations of many medium-weight
and heavy nuclei, thus significantly reducing the useful-
ness of the RGM in achieving the major objective of un-
derstanding the general features of structures and reac-
tions in nuclear systems.

Even for the comparatively simpler problem of nucleon
scattering by a nucleus with nucleon number Nz (the nu-
cleon number of the incident particle, denoted as N~, is
equal to 1 in this particular case), resonating-group stud-

ies have mainly been carried out for selected nuclei with
N„between 2 and 19 [6]. The only calculation that we
know of, where X~ has a larger va1ue outside of this
range, is for the case of N+ Ca scattering (N stands for
nucleon) [7]. In this latter case, it was found that one can
obtain very satisfactory results for both difFerential
scattering cross sections and polarizations when a phe-
nomenological imaginary potential is introduced into the
formulation to take into account the e6'ects of open reac-
tion channels.

It seems clear that, to substantially enhance the utility
of the RGM, one must introduce some simplifications
into the formulation. In this investigation, we sha11 take
the first step by microscopically considering the iV + nu-
cleus problem in the basic RGM approach, but with the
following simplifying assumptions.

(1) Recoil efFects of the target nucleus will be omitted.
Intuitively, one feels that this should be a good approxi-
mation when Xz /Xz is much larger than 1.

(2) Among the one-exchange terms, only the knock-
on-exchange term will be taken into consideration. From
a number of previous investigations [8], it has been deter-
mined that this particular term plays an important role in
determining the essential behavior of the system.

The resultant calculation, incorporating these two
simplifications, will be referred to as the model-E calcula-
tion (E stands for knock-on-exchange kernel), in distinc-
tion from the exact RGM calculation which takes into
account not only recoil eA'ects but also all nucleon-
exchange terms.

The rationale for adopting the above simplifications
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will be carefully discussed in Sec. II. With these
simplifications, the analytical derivation of the N+ nu-
cleus interaction, consisting of direct (i.e., no-exchange)
and knock-on-exchange terms, becomes quite simple. In
the next section, we shall present the general expressions
for these terms in the case where both neutrons and pro-
tons fill up various (nl) harmonic-oscillator subshells,
with n and I denoting the number of oscillator quanta
and the orbital angular momentum quantum number, re-
spectively [9].

To determine the domain of validity for model E re-
garding the center-of-mass scattering energy E and the
nucleon number X~ of the target nucleus, we compare in
Sec. III results obtained by model-K and exact RGM cal-
culations in n+a, n+' 0, and n+ Ca systems. The
physical quantities to be compared are bound-state ener-
gies, phase shifts, differential scattering cross sections,
and polarizations. Since it has already been established
[7,10,11] that the RGM results agree well with experi-
ment, such a comparison will give us information regard-
ing the situations in which model K can well represent
the microscopic features of the system under considera-
tion.

A summary of the findings of this investigation is given
in Sec. IV. Here also, we shall indicate directions in
which model K can be used to study the important prop-
erties of nuclear systems.

II. FORMULATION OF MODEL K

A. Justification of simplifying assumptions

As is mentioned in the Introduction, model K is
achieved by omitting recoil effects of the target nucleus
and by taking into account only no-exchange and knock-
on-exchange terms. In this subsection, we shall discuss
the reasons for adopting these simplifications in the nu-
cleon + nucleus problem.

It is an intuitive feeling that target-recoil effects should
be rather unimportant when the target nucleus is much
heavier than the incident particle. Indeed, this was found
to be true by Philpott [12] in a careful study based on the
continuum shell model. By comparing phase shifts and
differential scattering cross sections at relatively high en-
ergies obtained in the with-recoil and no-recoil calcula-
tions, it was shown in that study that recoil effects are im-
portant in the n +a case [13],but rather insignificant in
the n +' 0 and n + Ca cases. In the lower-energy re-
gion where bound and rather sharp resonance states ex-
ist, Philpott further discovered that the effects of target
recoil seem to become somewhat more important; howev-
er, even here, the omission of these effects was found not
to lead to serious consequences when X~ /X~ is large.

The adoption of the no-recoil approximation greatly

simplifies the analytical derivation of the kernel function
representing the nonlocal part of the X+ nucleus in-
teraction. The reason is that, with this approximation,
the introduction of generator coordinates into the formu-
lation is no longer necessary. One can now simply fix the
center of mass of the target nucleus at the original and
perform the derivation by conveniently using the spatial

coordinates of the incident nucleon and the nucleons in
the target nucleus.

Next, we consider the approximation of omitting all
nucleon-exchange terms except the knock-on-exchange
term. In the N+ nucleus case, the number of nucleons
which can be interchanged between the two nuclei is
equal to one. As has been discussed previously, the resul-
tant one-exchange terms can be classified into three types,
namely, types la, lc, and ld [14]. In addition, it was
found to be advantageous to further divide the exchange
terms into two classes [15]. For terms belonging to class
A, the Born scattering amplitudes are forward peaked
and can be exactly reproduced by equivalent local,
energy-dependent potentials having a Wigner character.
On the other hand, for terms belonging to class B, the
Born scattering amplitudes are backward peaked and can
be exactly reproduced by equivalent local, energy-
dependent potentials having a Majorana character.

The type-1c term is the one commonly referred to as
the knock-on-exchange term. In this term, the nucleon-
nucleon interaction occurs between the two interchanged
nucleons. It is a class-A term and has been found to be
generally important in all scattering systems and over a
wide energy range. In contrast to this, the type-1a and
type-ld terms are class-B terms (hence, they should more
properly be called core-exchange type-a and type-d
terms), which have been shown to be generally important
only when the nucleon-number difference (N„N~) of-
the interacting nuclei is rather small [16]. Indeed, from
explicit studies in a number of nuclear systems [8,15], it
has been determined that the effects of core-exchange
class-8 terms do become quite insignificant when
(N„—N~ ) has a value larger than about 10.

For the X+ nucleus case where Nz =1, one finds that
the conditions for the validity of the two simplifying as-
sumptions are both met when the target nucleus has a nu-
cleon number N~ much larger than one (say, N„~ 10).
In fact, it is seen that, in this special case, these two con-
ditions are entirely correlated; that is, a large value for
the ratio N~/X~ also implies a large value for the
difference (N„Nii), and vice—versa. It should be men-
tioned, however, that such a close correlation no longer
exists in the more general case of nucleus + nucleus
scattering with Xz not equal to one. Here, X~ /Nz hav-
ing a large value does imply that (N„—N~ ) is also large,
but the converse is not generally true. For example, in
the case of a+' 0 scattering, (N„—Nii) has a large
value equal to 12, but the ratio N~ /Xz, being equal to 4,
is comparatively small. Thus, for this latter scattering
problem, one can safely omit the core-exchange terms
(i.e., four-exchange terms) in the calculation [8], but the
recoil effects must be properly taken into consideration.

There is another aspect which indicates that the X+
nucleus case is a special situation. In this particular case,
the adoption of the two simplifying assumptions reduces
by a large extent the analytical work required to derive
the kernel functions. On the other hand, in the case of
the nucleus + nucleus scattering, the corresponding
reduction in computational effort will be appreciably
smaller. Let us consider the problem of a+ Zr scatter-
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ing as an example. In this problem, the conditions on
N„ /Ns and (N~ —Nii ) are both well satisfied; hence, it is

appropriate to omit both core™exchange terms and
target-recoil effects in the calculation. However, even
though one can now conveniently fix the center of mass
of Zr at the origin, the composite nature of the a parti-
cle still makes it necessary to introduce a generator coor-
dinate into the formulation. In addition, it is noted that,
although the class-A, type-1c term is the dominant ex-
change term, other exchange terms, such as la, 1b, 1d
terms, and even two-exchange terms, have significant
effects and must also be properly considered. Therefore,
the general case of nucleus + nucleus scattering
represents a more formidable challenge, and additional
simplifying assumptions may have to be sought in order
to substantially alleviate the computational difhculty
which one faces in dealing with a heavy nuclear system.

B. Direct and knock-on-exchange terms

For a general formulation, we use a local nucleon-
nucleon potential that consists of nuclear-central, spin-
orbit, and Coulomb parts. It has the basic form

V, = —Voexp( ~—r; )(w m—P; P +bP;, hP. —)

Viexp( A, r, )(—o.+cr ) (r —
r~. )X(p; —pj)

1

In the no-recoil approximation, the wave function for the
X + nucleus system is written as

J+1/2
O'=A $„5(to,+—,') g g fJI (R—)P' i(R, so)

J=1/2 I.=J—1/2 2
(2)

where A. is an antisymmetrization operator, and the plus and minus signs are for the p + nucleus and n + nucleus
cases, respectively. The variables R, s0, and t0 denote, respectively, the spatial, spin, and isospin coordinates of the in-
cident nucleon. The function P ~ is a normalized spin-angle function belonging to a state of total angular momentum

2

J whose z component is M and which is a combination of a relative orbital angular momentum I. and a spin angular
momentum S=

—,'. The target nucleus is described by the wave function P~, constructed by using single-nucleon spatial
wave functions

g„&~(r)=y„&(r)exp( ar /2—) Y& (r)

in a harmonic-oscillator well of width parameter a. For clarity, we shall consider only target nuclei with filled (nl) sub-
she11s for both protons and neutrons. As has been mentioned already, the adoption of this simplification is to substan-
tially simplify the expressions and the discussion of the direct and knock-on-exchange terms, but will not compromise
the objective of this investigation which is to determine the domain of validity for model E.

With the usual resonating-group projection procedure [1], one finds the following integro-differential equation
satisfied by the radial wave function fJL (R):

d
2p dR2

E+V (R)+—V (R)+ilJL V"(R) fqL(R)

+ f [kL(R,R')+kl (R,R')+i)Jt kL (R,R')]f/L(R' '')dR'=0, (4)
0

where gJL is given by

)L+ I/2, L ~
& /L —1/2, L (~ + 1 )

In Eq. (4), V, V, and V" represent the N+ nucleus
direct nuclear-central, direct Coulomb, and direct spin-
orbit potentials, respectively, while kl, kL, and kL

' are
partial-wave kernel functions representing the various
knock-on-exchange contributions. These latter functions
are related to the corresponding full kernel functions
E+(R,R'), It c(R,R'), and E"(R,R') by the equation

k~~(R, R')=2mRR' I K (R,R')Pl (z)dz, (6)

with z =R.R', and similar equations for kL and kL '. As
has been emphasized in the preceding subsection, the
adoption of the two simplifying assumptions makes it
very easy to analytically derive these kernel functions. In

the following, we shall present their explicit expressions,
together with the expressions for the various direct po-
tentials.

1. Direct nuclear-centra/ potential

The direct nuclear-central potential V (R ) is easily ob-
tained by a folding procedure. For the p+ nucleus or
the n + nucleus case, the expression of this potential is as
follows.

(a) The p + nucleus case:

V (R)= V (R)+ V„(R), (7)

where Vz and V„represent contributions arising from
the interactions of the incident proton with the protons
and the neutrons in the target nucleus, respectively.
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They are given by

V =C V(R),
V„=C„V„(R),

with

(8)

C~(n +nucleus) =2w+b,

C„(n +nucleus) =2w —m +b —2h .

2. Direct Coulomb potential

(20)

(21)

Cz (p +nucleus ) =2w —m +b —2h,

C„(p+nucleus)=2w+b .

(10) The direct Coulomb potential is, of course, equal to
zero in the n + nucleus case. In the p + nucleus case, its
expression can again be simply derived by a folding pro-
cedure. The result is

The function V (R ) in Eq. (8) has the form

V (R)= —Voexp — R P (R),a+K (12)

where Pz(R) is a polynomial function which can be writ-
ten as a summation over filled (nl) subshells of the target
protons, i.e.,

Vc yVc
nl

(22)

c 2~+1
1 2

( )
—as~ 2e

l 4 fXnl (23)

where the summation is over all the filled (nl) subshells of
the target protons, and

P (R)= gP„((R),
nl

(13) For lower subshells, the explicit expressions for V, I are

P„I(R)= fy„I( s+ [el(a+i')]R~ )e ' +" ds .21+1

Voo(R):2e 4(V aR )

1/2

V (R)=2e —&P(/aR )
—211 e 0.'8

(24)

(2&)

(14)

The function V„(R) in Eq. (9) has a similar form, except
that P~in Eq. (12) is replaced by P„which is a polynomial
function written as a summation over filled (nl) subshells
of the target neutrons [see Eq. (13)].

The integral in Eq. (14), involving single-nucleon func-
tions g„&, can be easily performed. For the lower sub-
shells, the explicit expressions for P„I(R ) are [17]

POD(R) =y

1 o.

3 7T

1/2

(1+2aR )e

V22 (R ) =2e —N(~aR )

2 0',

3

1/2

(7+2aR )e

V2O(R):2e 4(&aR )

(26)

(27)

2 2

a+jr (a+jr)2 with d&(x) being an error function given by
16

3 a(a+ 61~) 2a(2a —3x. )x.
P20 R =y

2(a+x ) 3(a+~)

&P(x)= f e ' dt .
rr

(28)

2 42aK 4

3(a+ I~)

2 2 2 2 4
+ , R'+ ', R4

(a+ i') 3(a+v) 3(a+ Ir)

(17)

(18)

3. Direct spin-orbit potential

Because our chosen two-nucleon spin-orbit potential
has no isospin dependence, the direct spin-orbit potentialV"(R ) in the p + nucleus case is the same as that in the
n + nucleus case. Similar to the direct nuclear-central
potential, it can again be divided into two parts, i.e.,

with
V"(R) = V"(R)+ V„"(R), (29)

a
CX+ K

3/2

(19)

(b) The n + nucleus case. The expression for V in the
n + nucleus case is similar to that in the p + nucleus
case, except that the values of C and C„ in Eqs. (10) and
(11)are interchanged; that is,

with V" and V," representing contributions arising
from the interactions of the incident nucleon with the
target protons and neutrons, respectively.

Since the two-. nucleon spin-orbit potential is commonly
considered to be very short ranged [18],we have, for ease
in computation, adopted the simplification of letting the
spin-orbit range parameter A, approaching infinity. In
this limit, the N + nucleus direct spin-orbit potential can
then be simply obtained by using Eq. (38) of Ref. [19],
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and we find that

Vs. o.
( Vs. o.

)
—g Vs. o.

nl

(30)

where the summation is over the filled (nl) subshells of
the target protons (neutrons), and

2t+ ~
Qn2(R~R )= y n&(R)X ni(R')P, (R R') .

4m
(44)

The function K„(R,R') in Eq. (39) has a similar form, ex-
cept that Q~ in Eq. (42) is replaced by Q„which is given
by a summation of Q„& over filled (nl) subshells of the tar-
get neutrons.

For lower subshells, the explicit expressions of
Q„&(R,R') are

which, due to our adoption of the zero-range approxima-
tion, involves only a single parameter J& given by

Qoo(R, R') =P, (45)

J =VX, (32)
Q„(R,R')=P(2aR R'), (46)

For lower subshells, the explicit expressions of V„'l' are
as follows:

Q20(R, R')=P R R' — (R +R' )+
4a

y s.o. J 5/2 —aR
0O &a e

V'; = —J a / (2aR —2)e
2

11 A,

V's. o. J ix5/2( 2 Ct2R 4 10 CtR 2+ 2 )e
—aR

2o

Vs.o. j &5/2( 4 iZ2R 4 S CtR 2)e —aR 2

22

(33)

(34)

(36)

with
' 3/2

CX

2 2

Q22(R, R')=P [3(R R') —R R' ],
(47)

(48)

(49)

4. Knock on exch-ang-e nuclear central k-ernel function

Knock-on-exchange nuclear-central kernel functions
K (R, R') in the p + nucleus and n + nucleus cases are
somewhat di6'erent. Hence, they will be separately con-
sidered in the following.

(a) The p + nucleus case. Here again, the kernel func-
tion K (R,R') consists of a proton part and a neutron
part, i.e.,

(b) The n + nucleus case. The expression for
K (R,R') in the n + nucleus case is similar to that in the
p + nucleus case, except that the values of D and D„ in
Eqs. (40) and (41) are interchanged; that is,

D„(n +nucleus) =Zm +h,
D„(n +nucleus) = —w +2m 2b +h . —

K (R,R')=K (R,R')+K„(R,R'),
where

K~ (R,R') =D K (R,R' ),

K„(R,R') =D„K„(R.,R'),
with

D~(p +nucleus) = —w+2m 2b +h, —

D„(p +nucleus ) =2m +h

(37)

(38)

(39)

(40)

(41)

5. Knock on exchang-e C-oulornb kernel function

The knock-on-exchange Coulomb kernel function
equals zero in the n + nucleus case. In the p + nucleus
case, it has the form

K (R,R')= gK„((R,R'),
nl

(52)

where the summation is over all filled (nl) subshells of the
target protons, and

K„((R,R')

With the no-recoil approximation, the function K (R, R )

in Eq. (38) can be easily derived and the result is

2= —exp ——(R +R' ) Q (R,R'),
2 R R

I

ni (53)

K~(R, R')= —Voexp — —+~ (R +R' )
with Q„l(R,R') given by Eq. (44).

+2&R.R' Q (R,R'),

with

Q (R,R')= QQ„2(R, R'),

(42)

(43)

6. Knock on exchange s-pin-orbit kernel function-

In the zero-range limit (i.e., A, approaches infinity), it
can be readily seen that the knock-on-exchange spin-orbit
kernel function kL" contains a factor 5(R —R') and the
following relation holds:

nl

where the summation is over filled (nl) subshells of the
target protons, and

f kL"„)(R,R')f~L(R')dR'=(„2V„' (R)fJ~(R),
0

where kL"„l represents the partial-wave kernel function
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arising from the spin-orbit interaction of the incident nu-
cleon with the nucleons in a filled (nl) subshell. The
value of g„l for the subshell with (nl) =(00) or (11) was
found [10,12] to be equal to 0.5. As for the higher sub-
shells, its value has not been explicitly determined; how-
ever, by using information gained from an analogous
study on the structures of P„I(R ) and Q„i(R,R') [see Eqs.
(14) and (44)] in the s ~~ limit of the nuclear-central in-
teraction, one can confidently infer that g„i is, in fact, a
constant, independent of the quantum numbers n and I
which characterize the subshell.

Based on the above discussion, one can now analyze
the experimental data by simply using the expressions for
the direct potential V"(R), given above in Sec. II 8 3.
The resultant, phenomenologically determined value of
J& will also contain, of course, the effects of the exchange
part of the intercluster spin-orbit interaction.

(3) The n + Ca system:

V (R)= —Voy(4w —m +2b —2h)

5 15a 10a K 2

2(a+v) (a+a)
2 4

+ 2a K R4 exp — aK R2
(a+~) a+x (61)

X[—,
' —a(R —R') +2a (R R')~]

Xexp — —+i~ (R +R' )+21~R R'
2

(62)

K (R,R')= —VQP( —w+4m 2b+—2h)

C. Intercluster interactions
in the n +a, ' O, and Ca cases

V"(R)= 2J&a —(2a R 4aR +——', )exp( —aR ) .

(63)

To gain information about the domain of validity of
model K, we shall explicitly consider the nuclear systems
n +a, n +' 0, and n + Ca. For these systems, we shall
assume that protons and neutrons fill the (nl)=(00) sub-
shell for the a particle, the (nl) =(00) and (11) subshells
for ' 0, and the (nl)=(00), (11), (20), and (22) subshells
for Ca. Then, by using the expressions given in the
preceding subsection, the n + nucleus interactions in
these three cases can be easily obtained. The results are
as follows.

(1) The n +a system:

One can now readily understand the advantage of
adopting model K. In comparison with the correspond-
ing RGM kernel functions given in the appendices of
Refs. [7] and [10] for these three systems, the expressions
for K (R, R') in model K are much simpler. Thus, while
the RGM is suitable mainly for the study of a few select-
ed systems, model K can be used, without much compu-
tational difticulty, to systematically investigate many N +
nucleus systems even when the target nucleus involved
contains a large number of nucleons.

V (R)= —Voy(4w —m +2b 2h)exp —— Ra+K

(55)

K (R,R')= —VOP( —w +4m 2b+2h)—

Xexp — —+~ (R +R' )+21~R R'
2

V"(R)=—2J&a exp( —aR ) .

(2) The n +' 0 system:

(56)

(57)

V (R)= —Voy(4w —m +2b —2h)

X
4a+K + 2aK R

aK
expa+i~ (a+~)2 a+K

(58)

E (R, R') = —VQP( —w +4m 2b +2h)(1+2—aR.R')

III. COMPARISON OF RGM AND MODEL-E RESULTS

To examine whether model E is a useful model or not,
we make a comparison between RGM and model-E re-
sults for bound-state energies, phase shifts, differential
scattering cross sections, and polarizations. This com-
parison will be performed, with no imaginary potentials,
in both the n +a case, which involves a light target nu-
cleus, and the n + ' 0 and n + Ca cases, where the tar-
get nucleus contains a much larger number of nucleons.
The results of this comparison should not only provide us
with information concerning the conditions on energy
and target mass number under which the simplifying as-
sumptions adopted in model K are valid, but also give us
guidance in our future attempt to carry out systematic in-
vestigations of X+ nucleus systems using this model.

For a meaningful comparison, it is, of course, neces-
sary to use the same nucleon-nucleon potential and the
same rms radius R for the matter distribution of the tar-
get nucleus in both calculations. In the RGM formula-
tion with a harmonic-oscillator width parameter a~6M
and the model-I( formulation with a corresponding width
parameter a, R is given by

X exp — —+ I~ (R +R ' )+2sR R'
2

(59)

R
1

~ aRcxM
gc„I(n+ —', )
nl

V"'(R)= —27&a i (2aR —1)exp( aR ) . —(60) y c„,(n + —,'),Aa
(64)
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where c„& is the occupation number of an (nl) subshell
and the summation is over all filled (nl) subshells of the
nucleons. With 0.'Rt-M equal to 0.514, 0.32, and 0.25 fm
for the nuclei a, ' 0, and Ca, respectively, which are
chosen to yield the correct empirical values for R [20], we
find that the corresponding values of a should be taken to
be 0.685, 0.334, and 0.253 fm for these three target nu-
clei.

160

120

CD
Q)
D

80

A. n +a system

The nucleon-nucleon potential used in the n +a case is
given by Eq. (1) with V0=72. 98 MeV, v=0.46 fm
m =m =0.4075, and b =h =0.0925. For simplicity, the
spin-orbit interaction is not considered by setting J& in
Eq. (57) equal to zero. In Fig. 1, phase shifts up to a c.m.
energy E of 50 MeV are presented for L =0—3. The
model-K results are shown by solid curves, while the
RGM results are indicated by solid circles. As can be
seen from this figure, there are substantial quantitative
differences between the RGM and model-K results. In
particular, it is noted that the L =1 resonance energies
are appreciably different. Additionally, we should point
out one feature which is especially important. This
feature is that the model-K phase shifts are generally
larger than the RGM phase shifts in even-L states, but
generally smaller in odd-L states. Thus, the odd-even L-
dependent effect [1], which is well known to exist in nu-
clear systems where the nucleon-number difference of the
interacting nuclei is small, turns out to be no longer ex-
istent in model K.

The above findings are, of course, not surprising. In
the n +o, case, the nucleon-number ratio Nz /Xz and the
nucleon-number difference (N„N~ ) are b—oth small.
Thus, the simplifying assumptions of model K are not ex-
pected to be valid. For a case like this where the target
nucleus has a small mass number, it is clear that an exact
RGM calculation must be carried out in order to obtain
reliable results.

That model K is inadequate in the n +o. case can be
seen more clearly from Fig. 2, where RGM and model-K
differential scattering cross sections at 20 and 50 MeV are
compared. Here one finds that, because of the lack of
odd-even L-dependent effects in model K, the rapid RGM
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cross-section rise in the backward angular region can no
longer be reproduced.

B. n + ' O system

The nucleon-nucleon potential used in the n +' 0 case
is different from that given by Eq. (1). It has the form
[11]

FIG. 1. Comparison of RGM (solid circles) and model-K
(solid curves) results for phase shifts in the n + ca system.

1+P;. 1 —P,"
2 ' 2

2 0 P~P~
lJ IJ

2

Vzexp( Ar, )(o;+—o~).(r,. —r. )X(p, —p )+ (I+r;, )(I+~~, ), (65)

where

Vz = Vo~exp( &~r',»—
V, = —

Vo, exp( w, r;J ), —

V, = —Vo, exp( x, r,j ), —

with

(66)

VQR
=200.0 MeV, ~R = 1.487 fm

Vo~
= 178~ 0 MeV K't =0.639 fm

Vos =91.85 MeV, sc, =0.465 fm

This particular nucleon-nucleon potential, commonly re-
ferred to as the Minnesota or MN potential, has been ex-
tensively and successfully employed in many RGM stud-
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ergies from these two calculations differ by about 0.5
MeV. This is, however, not a serious discrepancy, be-
cause the L =3 state is a broad state with a very large
level width.

Differential cross sections for n +' 0 scattering calcu-
lated with the RGM and model E are compared at 5 and
10 MeV in Fig. 4, and at 20 and 30 MeV in Fig. 5. From
these figures, one readily concludes that model E is gen-
erally quite satisfactory. Except at large backward angles,
the agreement between these two calculations is seen to
be somewhat better at higher energies. This can be un-
derstood as related to the fact that there exist broad reso-
nances with L =1 and 3 in the low-energy region, and
model E tends to work less well at energies where reso-
nance effects are significant. In the present case, the situ-
ation is not too unfavorable, however, because these two
resonances have large widths and, hence, their presence
does not affect the accuracy of model E to a large extent
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FIG. 2. Comparison of RGM and model-K results for
differential scattering cross sections at 20 and 50 MeV in the
n +a system.
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280

ies of light nuclear systems (see, e.g., Ref. [2]).
The MN potential has a somewhat more complicated

central part than the nucleon-nucleon potential of Eq. (1).
However, we should emphasize that this does not cause
any problem. The calculation can still be readily carried
out by making only trivial modifications of the expres-
sions given in Sec. II C for the direct potentials and the
knock-on-exchange kernel functions.

The exchange-mixture parameter u in the MN poten-
tial was determined to be 0.924 in the n + ' 0 system by a
previous RGM calculation [11]. As for the spin-orbit in-
teraction, we shall again omit it here for the sake of sim-
plicity in making comparisons between RGM and
model-E results.

Bound states are found to exist for L =0 and 2 in both
the RGM and the model-E calculations. In the RGM
calculation, the energies of these two states, measured
with respect to the n + ' 0 threshold, are equal to —3.26
and —1.50 MeV, respectively. These are to be compared
with the corresponding model-E results of —2.04 and
—0.31 MeV. For both of these L states, we note that
there is a discrepancy of about 1.2 MeV. This indicates
that model E is not too accurate as far as bound states
are concerned. However, considering the fact that a
great deal of computational effort can be saved by em-
ploying model E, one can still view a discrepancy of this
magnitude as reasonably tolerable.

A comparison between RGM and model-E phase-shift
results is shown in Fig. 3. Here one sees that there is a
good quantitative agreement. The main discrepancy
seems to occur in the L = 3 state where the resonance en-
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TABLE I. Bound-state energies E, in MeV, of 'Ca. 10000

Bound state

~3y2
~& y2

F7
Fsgz

E (RGM)

—6.56
—4.26
—6.98
—1.36

E (model E)
—5.03
—2.85
—6.43
—0.51

1000

L
V)

100E
CD

the MN potential of Eqs. (65)—(67), with the spin-orbit
part taken this time into account. The values of the
exchange-mixture parameter u and the spin-orbit param-
eter J& are equal to 0.856 and 50 MeV fm, respectively,
as determined from a previous ROM investigation [11].

Energies of bound states with L =1 and 3, measured
with respect to the n + Ca threshold, are listed in Table
I. Here it is seen that the model-E values are larger than
the corresponding RGM values by about 1.5 MeV in the
L = 1 states and by a smaller amount in the L =3 states.
As in the n +' 0 case, this shows again that model E is
not too satisfactory for bound-state studies. With the
adoption of this model, one has to tolerate an inaccuracy
in the bound-state energy of around 1 MeV.

Calculated ROM and model-K phase shifts for
n + Ca scattering in the energy region up to 30 MeV are
shown in Fig. 6. From this figure, one easily concludes
that model K works rather well, especially at higher ener-
gies. In the lower-energy region with E & 10 MeV, there
exists a rotational band of broad levels with L =0, 2, and
4, and model K is somewhat less satisfactory. But even
here, one can see from Fig. 6 that the degree of inaccura-
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FIG. 8. Comparison of RGM and model-K results for
differential scattering cross sections at 30 MeV in the n+ Ca
system.
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FIG. 7. Comparison of RGM and model-K results for

differential scattering cross sections at 5 and 10 MeV in the
n + Ca system.

FIG. 9. Comparison of RGM and model-A results for polar-
izations at 10 and 30 MeV in the n + Ca system.
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FIG. 10. Comparison of RGM and model-E results for
differential scattering cross sections at 49.2 MeV in the n + Ca
system.

cy associated with model K is still not large enough to be
really detrimental.

That model K is less satisfactory at lower energies can
be seen from Fig. 7. In this figure, the RGM and model-
K differential cross sections at 5 and 10 MeV are com-
pared. At 5 MeV, it is found that model K reproduces
correctly the oscillatory features of the RGM result, but
not the magnitude at the cross-section peak near 105'.
On the other hand, already at a higher energy of 10 MeV,
the agreement between RGM and model-K results is seen
to be quite reasonable over the whole angular region,
thus confirming that one needs to be somewhat cautious
about the results of model K only at energies where reso-
nance effects are important.

The expectation that model K works well at relatively
high energies is further verified by a comparison at 30
MeV shown in Fig. 8. Here one finds that there is a good
agreement between RGM and model-K results in the
whole angular region. The discrepancy between the
difFerential cross sections of these two calculations at
large backward angles, already rather small in the
n +' 0 case, becomes smaller still in the n + Ca case.
The reason for this is clear; it is a consequence of the fact
that the nucleon-number diFerence (Nz —Nz) is even
larger here than that in the n + ' 0 system.

In Fig. 9, polarizations obtained with RGM and
model-K calculations are compared at 10 and 30 MeV.
Here one finds that, as expected, the agreement is reason-
ably satisfactory at 10 MeV, but becomes quite good at
the higher energy of 30 MeV.

Finally, we have also compared the differential cross

sections calculated with the RGM and model K at a rath-
er high energy of 49.2 MeV. For this comparison, the
nucleon-nucleon potential used is that of Ref. [7] with
the exchange-mixture parameter u =0.808 and the spin-
orbit interaction omitted [21]. The results are shown in
Fig. 10. From this figure, it is seen that, even though the
cross section spans 5 orders of magnitude, the agreement
between these two calculations is clearly satisfactory.

IV. CONCLUSION

Because of analytical complexities in deriving the ker-
nel functions representing the nonlocal part of the inter-
nuclear interaction, the resonating-group method has
been limited in its application only to very light nuclei
and a few selected heavier systems. To enhance its gen-
eral utility in the domain of medium and heavy nuclei, it
seems that one must relax some of the stringent require-
ments inherent in resonating-group calculations. In this
investigation, we take the first step in this direction by in-
troducing a much simpler model, called model K, for nu-
cleon + nucleus interaction, which has the important ad-
vantage that the kernel function can be readily derived in
an analytical manner, yet still represents a good approxi-
mation to the exact RGM treatment.

Model K is a microscopic nonlocal model for the nu-
cleon + nucleus interaction. It is obtained by introducing
two simplifying assumptions into the RGM formulation.
These assumptions are (i) recoil efFects of the target nu-
cleus are not considered, and (ii) core-exchange type-a
and type-d terms are not taken into account [22]. With
these assumptions, the nucleon + nucleus interaction
consists then only of direct and knock-on-exchange
terms, and the general expressions for these terms can be
analytically derived with very little difficulty.

Comparisons between RGM and model-K results in
the n +o., n +' 0, and n + Ca systems for bound-state
energies, phase shifts, differential scattering cross sec-
tions, and polarizations yield information concerning the
conditions under which model K is valid. These condi-
tions are as follows.

(1) The nucleon-number ratio N~ /N~ and the
nucleon-number diff'erence (N„—N~ ), where N„and N~
denote the nucleon numbers of the target and incident
nuclei, respectively (N~ = 1 in the nucleon + nucleus sys-
tem), must be both much larger than 1. Based on our
present investigation, it can be estimated that, for model
K to work well in the nucleon + nucleus case, the value
of X~ should be larger than about 10.

(2) Model X is not very accurate for bound-state calcu-
lations. In the scattering case, it is a very satisfactory
model at energies where resonance effects are not impor-
tant; in other words, it works well in the c.m. energy re-
gion higher than about 10 MeV.

The energy condition (2) above does not seem to be as
strict as the condition (1) on the target mass number. For
bound states, our investigation shows that model K
overestimates the bound-state energy by about 1 MeV.
This is not an insignificant amount, but can be tolerated
in many situations.

At energies higher than about 10 MeV, model K repro-
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duces very well the RGM results. Thus, it can be adopt-
ed to make systematic and large-scale investigations of
many nucleon + nucleus systems. For this purpose,
however, we must first generalize our present formulation
to also cover non-closed-subshell target nuclei. This may
necessitate the introduction of additional simplifying as-
sumptions, but in our opinion is a rather minor problem.

Model K can also be employed to examine the general
properties of the nucleon + nucleus interaction. For ex-
ample, we can use it to construct equivalent local poten-
tials and then investigate the energy dependence of these
potentials. Also, it can be adopted to study the interac-
tion between a nucleon and a nucleus in its excited state.
In short, these are the types of projects which we intend
to look into in the near future. Meanwhile, we are also
examining the o, + nucleus system to see if reasonable as-
sumptions can be introduced to simplify the analytical
consideration of this system. Because of the composite

nature of the a particle, this will undoubtedly be a more
difficult problem; however, in view of the computational
complexities which one faces in using the exact RGM ap-
proach, we are of the opinion that this is certainly a pro-
ject worth pursuing.
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