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We have used Lie's method of extended group to obtain explicit forms of the generators and the struc-
ture of the maximal symmetry group of point transformations of the time-dependent Schrodinger equa-
tion for motions of nucleons interacting with two-body harmonic potential. The generators of the sym-
metry group correspond to different states of motion of the system. The maximal symmetry group is
found to be a semidirect product of an infinite parameter Abelian invariant subgroup and a proper sub-
group. For Z protons and X neutrons, this proper subgroup is a Lie group with
—'[9Z(Z —1)+9N(N 1)+40—] generators. Different nuclear modes of excitations have been assigned to
the different generators. In particular the giant resonance mode and other collective modes of motion
are shown to be consequences of the symmetry of the system.

I. INTRODUCTION

Calculations of nuclear structures depend heavily on
the model potential for nucleonic interaction and the har-
monic potential has singular success as a useful model.
Through another approximation all the nucleons are sup-
posed [1] to be moving in an average potential. The sym-
metry group and the characterization of states of motion
in terms of their symmetry properties have been exten-
sively treated [2,3]. Though the average potential model
is mostly followed, the translational invariant Hamiltoni-
an where the particles interact with mutual two-body
harmonic potential has also been extensively investigated
[4,5]. All these analyses utilize the fact that the Hamil-
tonian in its second quantized form has the symmetry of
the unitary unimodular group [6]. Recently, in an in-
teresting work, Vanagas [7] has given a group-theoretical
connection between the time-independent Schrodinger
equation and the clear distinction between collective and
internal degrees of freedom.

Here we have undertaken an investigation of the sym-
metry group of the time-dependent Schrodinger equation
for nucleons with two-body harmonic interaction. The
motivation of such an investigation is the following. The
full symmetry group of the Schrodinger equation of the
system consists of a complete set of generators. These
generators are associated with different states of motion
of the system. Some of these states of motion can of
course be predicted intuitively or from general physical
principles. But only a complete mathematical analysis
will give all the states of motion. We have obtained a
very rich group structure for the system. The linear
homogeneous Schrodinger equation has of course an
infinite-parameter Abelian invariant subgroup corre-
sponding to the fact that any linear combination of
linearly independent wave functions is again a wave func-
tion. The factor group with respect to this invariant sub-
group has —,

' [9Z(Z —1)+9N(N —1)+40] generators,
where Z and 1V are the numbers of protons and neutrons.

Of these generators, time translation, scaling of the wave
function, rigid translation, Galilean transformation, rigid
rotation and rotation of the center-of-mass supply 14 gen-
erators. Our analysis shows that besides these well-
known states of motion there are others also. We have
assigned some of the other generators to difFerent modes
of nuclear excitations, the giant resonance mode, and a
rotational-type collective degree of freedom among oth-
ers. We do not think that the giant resonance mode has
previously been shown to be a consequence of the symme-
try of the system.

The method used in this analysis is Lie s method of ex-
tended group [8,9]. It is to be pointed out that what we
have obtained here is the group of point transformations,
and not the more general group of contact transforma-
tions [10], necessary for studying the linear integrals of
the system.

II. FXTKNDKD GROUP
AND SCHRODINGER EQUATION

The standard procedure [8,9] for obtaining the symme-
try group of a partial differential equation of the rth or-
der A(q, 4;r)=0, where 4 is the dependent variable,
q', i=1, . . . , n are the independent variables, with the
generators

x= g g'(q, e)azaq'+e(q, e)azar',

is through the action of X",the r th extension of X, on A.
We separately equate to zero the coefFicients of each mo-
nomials in the partial derivatives of 4 occurring in
X'"6=0, and obtain a set of partial differential equations
in the velocity vectors 4& and g'. We have earlier [9] con-
sidered the time-dependent Schrodinger equation

b, =i%,+ ga, g4, , —v+=0,

with generators of the form
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X=g'(q, t, +)a/at+ g P (q, t, 'P)a/aq'

+ sr'(q, t, %')a /a%' . (2)

n(s p

g'=2f (t),
@=&5' '(q, t)+O'Cs"'(q, t),

n)s p

Here o. denotes the Cartesian components of the space
coordinates, s denotes either the particle or other
identifications of the space coordinate, t denotes time, 4
denotes the wave function, and the potential v is a func-
tion of q only. Here and later t and so. as the subscripts
to 4, 4, and g will mean the corresponding partial
derivatives. We have shown in Ref. [9] that

=bo (t)+f(t)'q' + ge „zb', q'"
pA,

+a, g gb„'„q"" a, g—g b,""q"",

Here b's are constants and the prime on a function of t
denotes derivative with respect to t. N' ' will give rise to
an infinite dimensional Abelian invariant subgroup of the
full symmetry group. This subgroup originates because
any linear combination of linearly independent solutions
of the homogeneous equation (1) is again a solution. We
shall consider the factor group with respect to this invari-
ant subgroup, with the other generators and call this fac-
tor group Go as the symmetry group.

III. MUTUAL HARMONIC INTERACTION

We consider two types of particles, the first of mass M1
and N1 in numbers situated at q' and the second of
mass M2 and N2 in numbers situated at q . We assume
that w1 and w2 are the characteristic frequencies of the
intra-type harmonic interaction for the two types and w1z
is that for the inter-type interaction, so that in Eq. (1)

a, =Pi/2M, , a2 =A'/2M2,

where

e'"=c,(t)+ y '
2a

bsa( )i so+ f (t)"(q
t q

(4)

W1
(q1ma q1na)2

m~n a 4a

w+gg(q2m aq2na)2
4a2

and

s ae'", , av 3s—2f (t)'U —g g' + f (t)"=0-,
(jt Qq

so'

iN' '+ ~a N' ' —vN' '=0
t ~ s so so.

2
1ma 2na)2

mn a 4Va1a2

In this case we write the velocity vectors of the genera-
tors as

g'=2f (t),

alma b lma(t)+f (t) q
lma+ y b imp 1mP+ y y b lma 1nP

py n=1 P

Nl

=bo (t)+f(t)'q + ge p b, ~q P+a2 g gb, „pq'"P+a2
n=1 P

Nl Ni

N'"=C, (t)+ g g b,' (t)'q' + f (t)" g g(q' )'

N2

X X 1-"'-q'"'—
1 X X 1-"'-q'"'

n =m+1 P n=1 P

m —1 N2

y b2maq2nP a y y b2nP q2nP

n=1 P n =m+1 P

N2 N2

+ X X bo (t)'q' + f(t)" g g(q' )' .

In Appendix A the details of the calculation along the line stated in Sec. II are given. Here we simply give the result so
that the physical content of the analysis is better elucidated.

If we use the symbols

N=N, +N2, M=N, M, +N2M2, Nflo=w12(N1 2+N2al )/V ala2

NA, =N, w1+N2w, 2V'a, la2, NQ2=N2w2+N, w, 2V a2/a, ,

N~

R = M, gq'"+M2+q"
n=1 n=1

then we get —,
' [9N, (N, —1)+9N2(N2 —1)+40] generators for the symmetry group Go:

x, =(M/e)ea/ae, x'=1a/at,
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aXr= —i g g, XG=tXz+R Xs,
p=1,2n=1 q

pnPXg= i—g ge ttrq ",XfP= ge ttrR Xj,
1 g 1

2

NM Q
'" NM (j1 n=1 q 2 n=1

QN Qo 1 1na 2 2na

Xs

+i+N QXpna
gq pna +(&NM~Q~/M)(q "

q
—)Xz for n =1, . . . , N~

—1, p=1,2,
pN aq"

(9)
Xg" = —i g e ft

(q""~ q» —
)

pN P

Py q

for n =1, . . . , 1V —1, p=1,2,

X~" = i (q~—~—
q '

)
k pNp a

pkP pna pN a
Bq

pN a—(q~" —
q ' ) pkP

a
pN P

for k (n =2, . . . , N —1, p =1,2 and all a, /3 .

The commutation relations of these generators are
given in Appendix B. These generators have been ob-
tained under the condition that

Q,WQ2,

0, , Q2&QO,

~1 & 1/ 2 ~2 V 2/+I+~122~ / 2~ r' 2

(10)

IV. DISCUSSIQN

We first give a physical interpretation [8] to the genera-
tors obtained in Eq. (9). If X is a generator of Go and + is
a solution of the Schrodinger equation (1), then
(expbX)4, where b is a constant, is also a solution of Eq.
(1). Thus corresponding to the generator Xz we see that
if 4 is a state of motion then (expbM/A')'0 is also a state
of motion. Thus Xz denotes the scaling of the wave func-
tion. In this way X' denotes a change in the origin of
time t, X& denotes a rigid translation of the whole system,
XG denotes the Galilean transformation from one inertial
frame to another, Xz denotes rotation of the center-of-
mass of the system, and X~ denotes the rigid rotation of

the whole system.
The above-mentioned states are those that can be sur-

mised intuitively from physical principles also. But there
are other states of motion that arise in this detailed
analysis, and cannot be arrived at intuitively. The first
term in the first square bracket in the expression for X+
in Eq. (9) generates displacement of the particles of the
first type and the second term denotes displacement of
the particles of the second type in a direction opposite to
the former. The exponential factor exp+ i &N Got
denotes a harmonic time dependence of these displace-
ments with frequency &N Qo. Thus X+ denotes vibra-
tion of the system of particles of the two types with
respect to each other with frequency &N Qo. Similarly
XP+n denotes vibration of the nth particle of type p with
respect to the X th particle of the same type with fre-
quency &N 0 . Again Xg" denotes rotation of the nth
particle of type p about the X th particle of the same
type. The other generators X k& denote rotation-type
modes involving the nth and the kth particle of type p,
but cannot be given any simple physical meaning.

In order to understand the operation of Xpk& in more
detail we give here the actual orthogonal point transfor-
mations corresponding to this class of generators:

pka

pna

pN a
q

1+2 cosN
1

1 —cosN+ &3 sin@
3

1 —cos4 —&3 sin@

1 —cosC& —&3 sin@ 1 —cosN+ V'3 sin4&

1+2 cosN 1 —cos@—&3 sin@

1 —cosN+ &3 sinN 1+2 cos@

q
pka

pna

pN a
q

P

for a=P

for a&P,
[q~ ~—

q ~ ] cos@ —sinC& [q~ ~ q' ]-k pNp pN P

pna & p~] sinN cosN (12)
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where 4 is the parameter of the transformation; all the
other variables remain unchanged. It should be noted
that this class of generator, is present only if the number
of particles of type p is greater than 2. Thus 3Li3 is the
lightest stable nuclide for which this symmetry generator
is present, actually one each for proton and neutron for
each choice of a and P.

For nucleons interacting with a mutual harmonic in-
teraction we can take the protons and the neutrons as the
two types of particles with X, =Z and X2 = 3 —Z, where
Z is the atomic number and 3 is the mass number, the
number of neutrons [not to be confused with N in Eq.
(8)] being A —Z. For a single type of nucleon, A in num-
ber, Vanagas [7] showed that the orthogonal group
0 ( A —1) provides the collective degree of freedom. Our
generators Xg" give rise to these modes. It seems natu-
ral to associate X+ to the giant resonance modes in nuclei
[11] which is the oscillation of the proton and the neu-
tron Auids with respect to each other. This mode was in-
troduced in nuclear physics from a phenomenological
description of the interaction of the charged nuclear Quid
with incident electromagnetic radiation. We now see
that this mode is a natural consequence of the symmetry
of the system. In this connection we mention that we
have also made an investigation of the symmetry group
for Z protons and X neutrons moving in an average har-
monic field. In this case the generators X+ correspond-
ing to the giant resonance modes do not appear. The os-
cillations described by the generators X~+" will be anoth-
er type of collective mode. The three basic frequencies
~„w2, and m, 2 supply all the characteristic frequencies
of the different modes.

We find in Eq. (9) that time t explicitly occurs only in
the generators Xz,X+,X~+" . A symmetry analysis of the
time-independent Schrodinger equation where t does not
appear as an independent variable will thus fail to give

these generators. Only an analysis of the time-dependent
Schrodinger equation, where time appears explicitly as an
independent variable, could show the existence of these
modes of nuclear excitations.

We now mention the difference of the symmetry group
of point transformations, as has been obtained here, and
the symmetry group of contact transformations. The
generators arising in the symmetry group of contact
transformations will give the invariants of the system,
whereas the generators of the symmetry group of point
transformations give the modes or states of motion of the
system.

We now mention a point about the forms of the gen-
erators obtained in Eq. (9). The velocity vectors @ and
g-s have been obtained by solving the determining partial
difFerential equations of Lie. Actually any linearly in-
dependent combination of a complete set of generators
with constant coefficients will also give another equally
suitable complete set of generators. The choice made in
Eq. (9) is such that the nature of the states of motion has
a well-known physical interpretation.

As a final point we give an interesting subgroup struc-
ture of the symmetry group GQ. The symmetry group GD
can be written as a semidirect product GD=NQsH of the
invariant subgroup N= [Xs,X',XP,X&,X+,X~+" j and
the proper subgroup H = [Xp,Xg,Xg",X~~kg ].

APPENDIX A

In this appendix we show how the different unknown
quantities in Eqs. (3) and (4) are obtained. If we put the
expressions of U, P",g' and N"' in the last part of Eq.
(4), then we get on the left-hand side different monomials
in q~" . We now equate the coefficients of each such mo-
nomial separately to zero. If we use the symbols given in
Eq. (8), then we get the following equations:

C, (t)'+ —',f (t)"=0,
Ni N2

b'~~(t)" +NII b'~~(t) —w y b'"~(t) w2 Qa, /'a y b2—" (t)=0
k=1 k=1

N2 Nl
b2ma(r)ii+NII2b2ma(r) w2 g b2ka(r) w2 Q& y& g b lka(r) ()

k=1 k=1

for all n and rn =1, . . . , X, ,

for all ~ and m =1, . . . , N2,

(A 1)

(A2)

(A3)

N2

f(t)'"+4(NQ, —w))f(t)' —2a, w, g b,'" —g b', k
—2w, 2+a, a2 g b," =0

k&m k&m k=1

for all a and m =1, . . . , N),
Nif (t)"'+4(NQz —w2)f(t)' —2a2w2 g b2" —g beak +2w, 2+a, a2 g b, k" =0

k&m k &m k=1

for all a and m =1, . . . , N2,

(A4)

(A5)

Ã2
w2 y (blka +blkP ) y (blm/3+blma) ' +w2 Q& y& y (b2ka +b2kP ) 0

k&m k(m k=1

for a&P and m =1, . . . , N, , (A6)
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NI

w2 g (b2 p+b2 2 (b2k +b2kp ) w12+ 1/a2 X (b lk +b lkp
k&m k&m k=1

for a&P and m =1, . . . , N2, (A7)

N~

4w2f(t)i+a w2 y blka y blna ' + y blka y b lma ' + 2 Q a y (b2ka+b2ka )
k&n k&n k&m k&m k=1

for a11 a and n & m =2, . . . , N1, (AS)

4w 2f(t)'+ a2w 2

NI

b2na X b2ka + g b2ma g 2ka W12+a1 2 g ( lka+ lka
k&n k&n k&m k&m k=1

for a11 u and n & m =2, . . . , X2, (A9)

N2 NI

4w, 2f(t)'+N[Q, Qzj+—a, a2b, " +w2+a, a2 g b, " —w, +a, a2 g b, k

N2
2 y (b lny him )+ 2 Q y (b a+b kP

y k=1

blka y blma + '

y b2ka y b2na '

k&m k&m k&n k&n

for all e and m = I, . . . , N1 & = I ~ ~ ~ N2

W2 y blka y blnP + y blkP y blma
k&n k&n k&m k&m

(A 10)

NI
W2 ge (b ny —b my) —W V a, a, y (b'"p+b'm )

y k=1

for 12@p and n (m =2, . . . , N, , (All)

W2 y b2ka y b2np ' + g b2kp g b2ma '

0
k&n k&n k&m k&m

for a&P and n (m =2, . . . , N2,

w12 g e py(bl"y b 1
y )—+N[01 Qz)V 1 2b1 + zU 1 2 g b 1

y k=1
NI

w1+ala2 y b1k +w12 al 2 b 1 2 b lkp + 2 rf b2 p X 2k
k=1 k&m k&m k&n k &n

=0

for a&P and m =1, . . . , N, , n =1, . . . , N2 . (A13)

These equations are called the determining equations of Lie. The solutions of these equations are

f (t)=fo, C, (t)=C, , (A14)

~e Cr
N 1V1 2 y

(A15)

bo (t)=(A +B t) /( N, a2+N2a) +(A+e '+2 e ')/N, a2+(&+ e ' +&' e ' ), (A16)
i+NQ t —jVNQ t

b02 (t) =( A +B t )/(Nla2+N2a, ) —( 2+e + 2 e

+(g2ma ' 2+g2ma ' 2)i (/N 0 t —i 1/N 0 t

—]+N Qot' )/N2a,

(A17)

with

N

g pm a
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1N)P
lma

2N2p
2na

m —1

b', kp
— g b', " + ge pk=1 k=m+1 1 y

n —1

g b'kp — g b, n~+ pe pr b
k=1 k=n+1 2 y

for I=1, . . . , Nl —1,

Q2

2

bi r+C r+/aiap
N1W1

2

'"r+C'r+Qa a Cr —Crw„ra,
X,w',

(A18)

for n= 1, . . . , N2 —1, (A19)
N) —1 2

bi"r+(N, —2) C'r+Qa, az Cr
n=1 X1W 1

a2

N —1
1 n —1 N —1

ge prbi
' =ai g g b ipk— g bi"„+ge pr

y n=1 k=1 k=n+1 y

N2 —1 n 1 N2 —1

ge prb,
' = —a~ g g b2k — g b2„"p

y n=1 k=1 k=n+1
N2 —1 2

+ ge p y b2nr+(N2 —2) Cir+Qa, az
' Cr Cr

y n=1 N1W1

(A20)

(A21)

Here fo, C„C,C', A, B, A+, A + are constants and Qi&02, Qi, QzAQo,

wi�lla,

la2, wz+azla, &w, 2. Us-
ing Eqs. (2), (7), and (A14) —(A21) we get the generators given in Eq. (9).

We now briefiy indicate how these solutions of the determining equations. (A1)—(A13) of Lie were obtained. From
Eqs. (A2) and (A3) we get

N2

a2 g bo (t)+a, g bo" (t) "=0,
m=1

which leads to

n=1

N, N2

a, g b,' (t)+a, g b'," (t) =A +B t, (A23)
m =1 n=1

V a, a2=(N, w, 2I+a, a2)(A +B t),

where A and B are constants. This relation together with Eq. (A2) will give us the equation

bo (t) "+w,2(N2a, +N, a2) g bo (t) (A24)
m=1

and the solution

m=1

Ni(A +B t) A +expi&N Qot+ A exp i&N Qot-
g bima(t) ' + +

N 1 a 2+%2a 1 a2
(A25)

I

Using these relations in Eq. (A2) we get (A16) as the solution. A similar procedure gives Eq. (A17).
From Eq. (A8) we find that f(t)'= constant, i.e, f (t)=fo+f, t. This relation with Eqs. (A4), (A8), and (A9) will

now give f(t)'=0, and thus from Eq. (Al) we get Eq. (A14). We also get
N, Nz

b," =0. (A26)
m=1 n=l

Equations (Al 1) and (A12) together with Eqs. (A8), (A9) give us

wi ge pr(bi +C' )=aiwi g bi n g bikp +w~iz+ ia2 2 b,"
r k&m k(m k=1

Nl
w2 ge (b2nr +C2r) a w2

'

g b2ka g b2nP +w2 Qa a g b2nP

r

with constants C'r and C r for all m, n, a, and p. From these two relations follow

Nl N2

y y b', "P.+ ye.p, Cr=O,
m =1 n =1

(A27)

(A28)

(A29)

C r —C'r= —(Cr/N, N2)[(N2a, N, a2)+w, 2+a, a—z(N, /we N2lw, )], —

where Cr is constant. Equation (A13) will together with Eq. (A30) give

(A30)
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(A31)

and finally Eq. (A15) when A, XQz, and w, Qa, /a2, wz+a2/a, W w, 2. These results together with Eqs. (A6) to (A10)
give Eqs. (A18) and (A19). With these forms for all the other parameters we use Eqs. (A27) and (A28) to obtain Eqs.
(A20) and (A21).

APPENDIX B

In this appendix we give the commutation relations of the generators given in Eq. (9).

[X',X ]=iX,[X',X ]=+&'NQ+, [X',X~" ]=-+v'&Q X~"

[XT,XGP]= i5—pXs, [Xz.,XgP]=i ge p Xg, [ XT, Xg]=i ge p X$,
r

[XG Xtt ]=i ye pyX( [XG Xg]=t ye pyX( [Xtt Xtt ]=t ye pyXtt
y r y

[Xg Xg]=t ye pyXg [Xg Xg]=t ye pyXg, [Xg,X+]=t ye pyX+,
y y y

[ Xg, Xi+" P] =i ge p
X~j"y, [Xg,Xg"P]=i ge p Xg"y,

y r

[Xg,Xp„yP]=i ge piX~„+i ge iX~„P,[X+,XP ]=25 p(i/iV IIo/X)M)N2Mi)Xs

[X~i,X~"P]=25 p(1+5 „)(&X0 M~/M)Xs,

[ X~+, Xg" P]=i(1 +5„)ge pyX~+ y,
y

[X' y, Xt'kp ]=i5, (1+5,)X'"P i5,p(1+—5 „)X'"

[Xg,Xg"P]=2i5 „ge pyXg y+i(1 —5 „) 5 pg(Xf "yy —X~~„yy)+(Xf„—&f "p)
r r

[Xg",X „P]=i5k 2+e AX „+(5pXg —5 X]t ) +i5k„2+e iXJ'„P—(5 Xg"P—5p Xg"")

+i(l —5„)(1—5„„) ge pi(X~~„"y —Xgiy)+ ge yi(X~kj, —Xg"p)

[Xgp, X~„q~]=i5t, 5„„5 gepiyXg"y+5pi ge „Xg"y +i5„5p„X~„i—i5k„5 qX~pu+i5„5 i ge„pyXg"y
r r y

+i5k„5ppyei yXg" +t'5„„5 pyepiyX]'t" +i5k 5pi ye pyX]t"
r r y

+i(1—5„)5 i(X~"p Xt'„pt')+i(1 —5k„)5p„(X~—„"i —Xi'k )

+i(1—5„„)5„(Xg„"p X~„"Pi)+i(1——5k )5pi(X~~/" —Xg"„)

+i(1—5„„)5k 5 „(X~~p —X~„'ip)+i(1 —5t, )5,„5pi(Xf k
"—X~"„) .

If in any X~„&"occurring on the right-hand side of the commutators m (n, then that particular term is absent.
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