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Soft-photon analysis of pion-proton bremsstrahlung and the "experimental" magnetic
moment of A++(1232)
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We present a special two-energy-two-angle amplitude which can be rigorously derived for the
pion-proton bremsstrahlung (tr+py) process near the 6++(1232) resonance and report the mag-
netic dipole moment of the h, ++, p~, extracted from existing data. The extracted values of p~ are
3.7-4.2 e/2m ufrom one set of data and 4.6-4.9 e/2m ufrom another. Here, mu is the proton
mass. The overall agreement between the theoretical predictions calculated with the extracted p~
and the experimental measurements is excellent.

In this paper, we present a special two-energy-two-
angle (TETAS) amplitude which can be rigorously de-
rived for the pion-proton bremsstrahlung (tr+py) process,

tr+(qp)+p(pu)~ tr+(qfu)+p(pf")+ y(ku)

near the A++(1232) resonance. We discuss briefly how
the amplitude is derived by using a useful radiation
decomposition identity' for bremsstrahlung emission from
the internal h,

++ line with the anomalous magnetic mo-
ment X~ and we discuss some interesting features of the
amplitude. Applying the TETAS amplitude to calculate
n+py cross sections by treating X& as a free parameter, we
have also extracted the value of X& (which determines the
magnetic moment of the 6++, p&) from both the Univer-
sity of California at Los Angeles (UCLA) data2 and the
Schweizerisches Institut fiir Nuklearforschung (SIN)
data. Our work represents the first successful attempt to
extract p& by fitting to 85% of the available z+py data
(45 sets of the UCLA data and 3 sets of the SIN data).
Finally, we demonstrate that the overall agreement be-
tween the experimental data and the theoretical calcula-
tions (based upon the TETAS amplitude with the extract-
ed value of p~ as an input) is excellent. To the best of our
knowledge, such an agreement has never before been ob-
tained.

The n+py process has attracted much attention, mainly
because it can be used to probe the electromagnetic prop-
erties of the 6++ resonance. Two experimental groups '

have systematically measured the x+py cross sections
which can be used to determine p~. To extract p& from
the x+py data, one needs a valid bremsstrahlung ampli-
tude which takes into account photon emission from the
internal h,

++ line. Such an amplitude can be derived, in
principle, from a dynamical model or from a fundamental
theorem known as the soft-photon theorem. ' Various
soft-photon amplitudes, which are consistent with the
soft-photon theorem, have been constructed by using
Low's prescription. " Low's prescription involves the fol-
lowing steps: (i) Obtain the external amplitude M„ from
four external emission diagrams and expand M„ in
powers of photon energy k. (ii) Impose the gauge invari-
ant condition, M„k"= —M„k", to obtain the leading

term (order k ) of the internal amplitude, M„. (iii) Com-
bine M„and M„ to obtain the total bremsstrahlung am-
plitude, M„. The first two terms of the expansion of M„,
which are independent of the off-shell effects, define a
soft-photon amplitude. The most important feature of a
soft-photon amplitude is that it may be calculated exactly
in terms of the corresponding elastic T matrix and the
electromagnetic constants of the participating particles.
Depending upon how many energies and scattering angles
are involved, soft-photon amplitudes have been classified
into one-energy-one-angle (OEOA) amplitudes, one-
energy-two-angle (OETA) amplitudes, two-energy-
one-angle (TEOA) amplitudes, two-energy-two-angle
(TETA) amplitudes, and so forth. Recent studies
show that the combined tr —

py data and p' Cy data can
only be described by special two-energy amplitudes [i.e. ,
those amplitudes which depend upon two special energies,
the initial energy (s;) '/ and the final energy (s/) '/ ].
Moreover, TETAS amplitudes (those amplitudes which
depend upon two special energies and two special scatter-
ing angles) are found to give the best fit to the combined
data.

The TETAS amplitudes have been investigated by
Fischer and Minkowski, by Heller, ' and most recently
by us. However, none of the amplitudes obtained by
these authors can be used to determine p& from the z+py
data. Let us explain this point more precisely. As we
know, bremsstrahlung emissions from the internal h,

++
line involve two sources: one contribution comes from the
charge of the h,

++ and another contribution is due to the
magnetic moment of the 6++. Low's prescription can be
applied to find the expression for the charge contribution.
(The expressions for the charge contribution obtained in
Refs. 7, 9, and l0 are all identical even though the expres-
sions are written in different forms. ) But it is very difficult
to obtain the expression for the magnetic contribution by
using Low's prescription. This is because the magnetic
contribution involves an important A,~-dependent term
which is separately gauge invariant. (If Mi is the X&-

dependent term which is separately gauge invariant, then
we have Mzk„=0. In that case, Mq cannot be derived
from the external amplitude by imposing the gauge invari-
ant condition. Imposing the gauge invariant condition to
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determine the leading term of the internal amplitude is
the most important step in Low's prescription. ) This ex-
plains why a soft-photon amplitude which takes into ac-
count photon emission from the 6++ (including both the
charge contribution and the magnetic contribution) has
never before been constructed. Since the amplitudes ob-
tained in Refs. 7, 9, and 10 do not have the A,~-dependent
term, these amplitudes cannot be used to extract k& or p~
from the x+py data.

Since Low's original prescription cannot be used to ob-
tain an internal contribution which is separately gauge in-
variant, we have developed a modified procedure to con-
struct a TETAS amplitude which includes the
dependent term. In this modified procedure, we have add-
ed an internal contribution M„, which represents photon
emission from the internal 6++ line, to the external am-
plitude M„before we impose the gauge invariant condi-
tion to obtain the rest of other internal contributions. To
obtain the expression for M„which can be incorporated
into M„ is the most difficult part in this step. Fortunately,
this can be done if we apply a radiation decomposition
identity for photon emission from the internal 5++ (an
extended Brodsky-Brown identity) to split M„~ into four
quasiexternal amplitudes, which can be easily combined
with M„.

The magnetic moment of the 6++ obtained in this work
is based upon the TETAS amplitude [given by Eq. (1)].
In deriving this amplitude, we have ignored the emission
from the internal pion-proton loop (or the open pion-
proton channel). In a recent study using a nonrelativistic
dynamical model, Heller et al. " have reported that an

"effective" (or dressed) magnetic moment of the b, ++ can

be defined if the contribution from the loop diagrams is in-

volved. This effective moment, which is different from the
"bare" moment predicted by the SU(6) or the quark mod-

el, is a complex and energy-dependent quantity and its
imaginary part, according to their calculation, is not
negligible. However, these authors were not able to
demonstrate that their model could be used to describe
most of the tr+py data. Thus the problem of defining and

calculating the effective magnetic moment for an off-shell

unstable particle remains unsolved, . warranting further
careful studies. Now, it is obvious that the effective mo-

ment cannot be rigorously defined in any model indepen-
dent calculation since it is difficult to take into account the

loop contribution in the soft-photon approximation. This
is why the magnetic moment of the d,

++ extracted from
the x+py data by using the TETAS amplitude is not ex-
actly the eff'ective moment, and therefore we do not claim
that we have solved the effective moment problem in this
work. Since it is also difficult to identify our magnetic
moment with the "bare" moment, we have used the "ex-
perimental" magnetic moment to describe the result ob-
tained by us. Fortunately, our best fit to the data implies
that the experimental moment. is very close to the effective
moment (mainly because the imaginary part is found to
be very small, suggesting little contribution from the loop
diagrams) and we have found that the experimental mo-

ment is in good agreement with the bare moment predict-
ed by a modified SU(6) model.

The TETAS amplitude which we have derived for the
x+py process has the form

M TETAs —( )
(q;+p; —R)„

(q;+p;) k
T(s;,t, ) T(sI, t, )—

qy k qy+ k

+ pfs +fv

pI k

pI q
r

(qf+PI R)u P u R u (q +P'
T st; tv TrsI, tq

(qI+pI) k " '
p; k (q;+p;) k

u(p;, v ), (1)

where, s; =(q;+p;), sy=(qy+py), tu (pg
—p;), tq

=(qI —q;) ',

e"R.„=—,
' [P,A+ [[k,A,p.], (a =i,f)Xp

8rnp

(2)
"R„=-.' R,e]+, ' [[~,A,g,8M'

m~ is the proton mass, M& = 1232 MeV, p" =q,"
+PP =qg+Pg+ku, Xu is the anomalous magnetic mo-
ment of the proton, and eu is the photon polarization vec-
tor. In Eq. (2), we have used [A,B]=—AB —BA and
[A,B]—=AB+BA. It is easy to show that M„" is gauge
invariant since R;„, Ry„, and R„are separately gauge
invariant, R;„k"=Ry„k"=R„k"=0. The amplitude
M„has many interesting features: (i) It is relativis-
tic, gauge invariant, and consistent with the soft-photon
theorem. (ii) It depends only on the elastic T matrix,
evaluated at four different sets of (s, t): (s;, tu), (s;,tv),
(sy, tu), and (sI, tq), but it is free of any derivative of T
with respect to s or t. (iii) It takes into account brems-
strahlung emissions from (a) the incoming pion and the
outgoing pion (with charge +e), (b) the incoming proton

I

and the outgoing proton (with charge +e and the anoma-
lous magnetic moment Au), and (c) the internal 5++ line
(with charge +2e and the anomalous magnetic moment
Xz). We should point out here that M„ is just an ap-
proximate amplitude since we have neglected all off-shell
contributions and those terms which cannot be expressed
in terms of the complete elastic T matrix in our deriva-
tion.

We have used the amplitude M„A to calculate x+py
cross sections as a function of photon energy k, d cr/

dQQQ+k, at four bombarding energies, 269, 298, 299,
and 324 MeV. A, & has been treated as a free parameter in

these calculations and it is to be determined from the
UCLA data and the SIN data.

To determine A.~ from the UCLA data, we have first
calculated the following average experimental cross sec-
tions from the UCLA data: crP~joA(E;, kz. ), og~c~~q (E;,
kj), and of~5 (E;,kj). Here oP ~P(E;,k~) represents
the average experimental cross section over the first ten
photon counters, G1-610, at the bombarding energy E;
(E~ 269 MeV, E2 298 MeV, and Ei 324 MeV) and
the photon energy ki (k~ 22.5 MeV, k2-40 MeV,
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FIG. 1. Average deviation as a function of X&. The deviation
curves shown in (a)-(c) are obtained from the UCLA data
while the curves shown in (d) are from the SIN data. The
minimum point on each curve determines an extracted value of

, (b)
—55 &e
--55

3.0- - —75

k3=60 MeV, k4 80 MeV, k5 100 MeV, k6=120
MeV, and k7 140 MeV). Similarly, aii i5 (E;,k~) rep-
resents the average experimental cross section over the
next five photon counters, G11-615, and cri" i5 "(E;,kj)
represents the average experimental cross section over all
fifteen photon counters, 61-615. The corresponding
average theoretical cross sections, calculated using the
amplitude M„"s, will be denoted by cri" io(E;, k~ ),
trlh~ ~5(E;,k~), and oi" i5(E;,kj). We then use these
theoretical and experimental average cross sections to
define the following deviation functions:

l~„"'"(E,,k, ) —~„'"(E,,k, ) I

3
J ~X El ekJ

(x =1-10, 11-15,and 1-15)

as a function of A.&. We obtain nine deviation functions
since there are three bombarding energies. Varying the
value of A,&, we find nine deviation curves. As shown in
Figs. 1(a)-1(c), each curve clearly exhibits a minimum
point which determines an extracted value of A.&. The
average (minimum) values for k~ are 1.4 for photon
counters Gl-610 [Calculating the g as a function of k&,
we have also found a minimum point for each g curve.
For photon counters Gl-G10 at 298 MeV, it gives
A,&=1.4, in good agreement with the one obtained by us-
ing Eq. (3).], 1.6 for photon counters Gl-G15, and 1.8
for photon counters G11-615. Using these values for A~,
the values of p& can be calculated. We find, p~
=2(1+k )(e/2M ),

3.7 for 61-610,
2mp

4.7
2Plp

e
p~= 49

2@ip

4.6
2&lp

for 55 &V.&95,

for55 &V.&75,

for 75 &6„&95 .

If, on the other hand, all the SIN data sets were analyzed
together to yield a single value of p&, we would find

p~ 4.6e/2m'.
It is clear that the values of p~ extracted from either the

UCLA data or the SIN data are smaller than the value
p& 5.58e/(2m~) predicted by the SU(6) model and the
quark model. However, as pointed out by the UCLA
group, a modified SU(6) model (with mass corrections)
suggested by Beg and Pais ' predicts p~ = (m~/M~)
x 5.58e/(2m~) 4.25e/(2m~). Moreover, Meyer et al.
have also pointed out that bag-model corrections to the
quark model' give p~=4.41-4.89e/(2m~). Thus the
values of p~ extracted from the data (the average value of
p& determined from both the UCLA data and the SIN
data is 4.2e/2m~) are in much better agreement with the
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Beg - Pais, Modified SU(6)

SU(6)

FIG. 2. Compilation of p jp„results obtained by diFerent
groups using various approximations and methods. p~

2.79e/(2m~ ).

Note that if all the UCLA data sets were analyzed togeth-
er to yield a single value of p&, then the extracted value
would be 3.8e/2m~.

We have also extracted the value of p~ from the SIN
data. Meyer et ol. have measured the ir+py cross sections
at 299 MeV. Depending upon the angular regions for the
outgoing pions, three sets of cross sections have been ob-
tained by the group. We shall name the set for
55 &6 &95 as the first set, the set for 55 &D„&75
as the second set, and the set for 75 &6 &95 as the
third set. Using the similar method used to obtain the de-
viation curves for the UCLA data, we have also obtained
three deviation curves for the SIN data. As shown in Fig.
1(d), each curve has a minimum point. The values of X&

at these minimum points are 2. 1 for the first set
(55' & 0 & 95'), 2.2 for the second set (55' & 6 & 75'),
and 2.0 for the third set (75' & 8, & 95'). These values
of A,g give
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FIG. 3. The z+py cross sections as a function of photon ener-

gy k. The dashed, solid, and dot-dashed curves are calculated
with p&=4.2, 4.0, and 3.7e/(2m~), respectively. The UCLA
data are from Ref. 2.

value predicted by the modified SU(6) model or the quark
model with corrections. The values of p& previously ob-
tained by other authors were 3.6+ 2.0 by Musakhanov, '

5.6+ 2. 1 by Pascual and Tarrach, ' 7.0-9.8 by Heller et
ai. '', and 5.58-7.53 by Wittman' in the unit of e/(2m~).
These results are summarized in Fig. 2.

Using the values of p~ extracted from the experimental
data as input, we have applied the amplitude MTETAs to
calculate all x+py cross sections which can be compared
with the UCLA data and the SIN data. Some of these
calculations, compared with the experimental data, are
shown in Figs. 3 and 4. From the results shown in Figs. 3
and 4 and other results which are not shown here in this
paper, we have found that the agreement between the
theoretical predictions and the experimental measure-
ments is excellent in general. This fact can also be seen
from the following g values. We have calculated the g
values for those UCLA cross sections shown in Fig. 3 by
using three different values of p~=(3.8,4.0,4.2)e/2m~ as
input for theoretical predictions. The g values [corre-
sponding to p&=(3.8,4.0,4.2)e/2m~] are (0.4,0.4,0.4),
(0.4,0.6, 0.7), (1.7, 1.6, 1.5), and (0.7,0.7,0.7) for G2 [Fig.
3(a)], G6 [Fig. 3(b)], G13 [Fig. 3(c)], and G14 [Fig.
3(d)], respectively. Similarly, for the SIN data, we have
also calculated the g values for those cross sections shown
in Fig. 4 by using p&=(4.2, 4.6,4.9)e/2m~ as input for
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FIG. 4. The z+py cross sections as a function of k. The

dashed, solid, and dot-dashed curves are calculated with

p& 4.9, 4.7, and 4.6e/(2m~), respectively. The SIN data are
from Ref. 3.

t

40

theoretical predictions. The g~ values are (5.4,4.3,3.4),
(2.7, 2.6,2.8), and (2.7,2.2,2. 1) for Figs. 4(a)-4(c), re-
spectively. Since the calculated x+py cross sections are
very sensitive to the precise form of the internal ampli-
tude, 7 the overall excellent agreement between theory and
experiment shows not only that the extracted values of p&
give the best fit to the experimental data but also that the
amplitude M„" is valid for the n+py process near the
6++ (1232) resonance.

As we have already mentioned, the effective moment
which is a complex quantity has been studied by Heller et
aI. " We cannot rigorously define this moment in this
work since it is di%cult to take into account the loop con-
tribution in the soft-photon approximation. Nevertheless,
we have done a numerical study by treating A,& in Eq. (1)
as a complex number, X& =A,g+iXt, in order to get some
idea about the importance of the imaginary part kl. We
have chosen X& to be 1.47+iAt, 1.6+iXt, and 2 4+iXt. By.
varying Xl from —1.0 to 1.0 in each case, we have used
the UCLA data to calculate average deviations as a func-
tion of Xt at 298 MeV for photon counters G 1-G10. As a
result, we have obtained three deviation curves which have
the same interesting feature. The value of the average de-
viation decreases rapidly as X,~ increases from —1.0 to 0
and then it increases rapidly as kl increases from 0 to 1.0.
Thus the minimum points for all three average deviation
curves are around A.l =0, indicating that the best fit to the
UCLA data at 298 MeV for counters G1-610 can be ob-
tained by choosing X& to be a real number as we have done
in this work.

To understand why the best fit to the UCLA data can
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be obtained only if k& is chosen to be a real number, we
have performed another study. Our numerical investiga-
tion of the amplitude M„reveals that the best agree-
ment between theory and experiment is obtained when the
contribution from the R„-dependent terms cancels the to-
tal contribution from those terms involving R;„and Rf„ in
Eq. (1). This cancellation occurs when p& is around
4e/(2m~). However, no cancellation is possible if X& is
chosen to be a complex number with a large imaginary
part since the anomalous magnetic moment of proton k~ is
a real number (k~ = 1.79). This explains why the
minimum point is always found around Xt =0, indepen-
dent of the choice of XR, if the average deviation is plotted
as a function of kl. In our numerical study, we have also
found that the spectra calculated by using Eq. (1) agree
very well with those spectra predicted by using Eq. (16) of
Ref. 7 if p~ used in Eq. (1) is about 4e/(2m~). Both re-
sults are in excellent agreement with the experimental
data.

Now let us discuss what would happen if those terms in-
volving R;„, Rf„, and R„are canceled out precisely We.

would obtain an amplitude M„with R;„=Rf„
=R„=O. Such amplitude was first proposed by Heller'
and it was discussed in great details in Ref. 7 [Heller's
amplitude is identical to Eq. (3) of Ref. 7]. It is a well-

known fact that Heller's amplitude can be successfully ap-
plied to describe both the x —py data and the p ' Cy data.
This fact may have two possible implications that are con-
sistent with our findings. (i) The cancellation between the
contribution from the magnetic moment of the 6++ (in-
cluding all possible loop corrections) and the contribution
from the magnetic moment of proton exists. (ii) The
imaginary part of the effective magnetic moment of the
6++ is small and the real part is 3.7-4.9e/(2m~). In
short, the data seem to suggest that dynamical corrections
from the loop diagrams are small. In other words, our
best fit implies that the experimental magnetic moment of
the 5++ extracted from the tr+py data is a good approxi-
mation to the effective moment and it is very close to the
bare moment given by the modified SU(6) model or the
quark model with corrections.
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