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Continuum spectra for the inclusive reaction Zr(p, p') have been measured for scattering angles
between 24' and 145' at incident energies of 80 and 120 MeV. The spectra and angular distributions
at various ejectile energies above 20 MeV are compared with published experimental data for

Zrx, p, n) at the same incident energies. Results of statistical multistep direct emission calculations
are in excellent agreement with the experimental angular distributions. The extracted strength of
the effective nucleon-nucleon interaction is shown to be reasonable with respect to absolute magni-
tude and energy dependence. A phenomenological parametrization of the angular distributions also
describes the experimental quantities well.

I. INTRODUCTION

Recently, the statistical multistep model of Feshbach,
Kerman, and Koonin, ' and Bonetti et al. has been suc-
cessfully applied to preequilibrium neutrons from (p, n)
reactions at incident energies of 80 MeV, and 120 and
160 MeV. These studies indicate a systematic decrease of
the effective nucleon-nucleon interaction with increasing
incident energy, which is a trend consistent with neutron
pickup results and also with theoretical expectation.
The work of Scobel et aI. is the only investigation above
100 MeV of the reaction mechanism in terms of a statisti-
cal multistep direct model, and it is therefore useful to
consider also the (p,p ) inclusive reaction, which should
yield complementary information.

The purpose of the present experiment is to investigate
the inclusive reaction Zr(p, p') at incident energies of 80
and 120 MeV, and at the same scattering angles as those
of Refs. 3 and 4. A theoretical analysis of the (p,p') re-
sults in terms of the statistical multistep model in a way
designed to be consistent with that applied to the (p, n)
reaction, may provide confirmation of existing ideas, and
should stimulate further insight. A further justification
for exploring the inclusive (p,p ) reaction in this incident
energy range, where available data are sparse, is that
there is an indication that phenomenological parametriz-
ations of continuum angular distributions need to be im-
proved between 100 and 150 MeV. Consequently, there
is a need to augment the data which are available to con-

strain the parametrization.
A previous comparison between (p, n) and (p,p') con-

tinuum reactions on a variety of target nuclei at an in-
cident energy of 90 MeV indicated that single nucleon-
nucleon scattering is an important component of the re-
action mechanism. Thus yet another motivation for the
present work is to perform a similar comparison for con-
sistency of interpretation at a slightly lower incident en-
ergy, as well as at a somewhat higher value.

In Sec. II experimental details are given. In Sec. III a
brief summary of the statistical multistep direct emission
(SMDE) theory is provided and the calculations are de-
scribed. The comparison of these experimental data with
SMDE theory is discussed and the predictions of a pa-
rametrization are given in Sec. IV. Conclusions are
presented in Sec. V.

II. EXPERIMENTAL PROCEDURE

The experiment was performed at the cyclotron facility
of the National Accelerator Centre, and the equipment,
layout, and experimental procedures closely resemble
those described in Ref. 10 (and references therein). Con-
tinuum energy spectra for the inclusive reaction

Zr(p, p') were measured at incident laboratory energies
of 80 and 120 MeV with an uncertainty of less than 0.5
MeV in absolute beam energy. Energy spectra were
recorded for 12 laboratory angles in the range 11 —145,
with angles being chosen to correspond exactly with an-
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gles for which (p, n) data ' exist.
The target consisted of a highly uniform Zr foil of

thickness 10.1+0.2 mg/cm, enriched to 97.7% in Zr
(isotopic impurities include 0.96% 'Zr and 0.71% Zr).
The detector telescope consisted of two Si (b.E) detectors
of 150 and 1000 pm, respectively, followed by a 75 mm
diameter X 125 mm thick NaI(T1) detector. An active
collimator (6-mm-thick plastic scintillator) defined a solid
angle of 0.578 msr and an angular acceptance of 1.5'. En-
ergy calibration of the Si detectors was based on alpha
particles emitted from a Th source, while a nonlinear
energy calibration for the NaI detector was obtained
from the kinematics of elastically scattered protons from
hydrogen and carbon (in a thin polythene target). Gain
drifts in the photomultiplier tubes of the NaI detectors
were monitored by a light-emitting diode pulser system
which allowed corrections to be made during analysis.
Typical gain drifts of 2 MeV were observed. These pulser
peaks could also be used to correct for electronic dead
time, which was typically less than 2%.

The beam spot was less than 3 mm in diameter and
remained centered on the target to better than 0.5 mm.
The angular offset of the beam was measured to an accu-
racy of 0.2 by comparing elastic-scattering yields on ei-
ther side of the incident beam.

Halo, which could distort data taken at forward angles,
was monitored by frequent comparison of the count rate
from an empty frame with that of the rate from the tar-
get. Background was less than 1% at 11', which resulted
in no correction being required at larger angles.

Standard electronics and an on-line data-acquisition
system were used to record data on tape for subsequent
off-line analysis. Corrections" for reaction losses in the
NaI detector were performed on the AE vs E spectra,

III. STATISTICAL MULTISTKP DIRECT THEORY

The multistep direct nuclear reaction code' of Bonetti
and Chiesa, which is based on the statistical multistep
direct emission theory' (SMDE) of Feshbach, Kerman,
and Koonin, was used to calculate double-differential
cross sections. The direct emission cross section from a
chain of states with at least one particle in the continuum
can be expressed as a sum of emission in all the subse-
quent stages:

d 0
dUdQ

0 d 0
dUdQ, „,„, dUdQ

The statistical multistep contribution to the cross section
is given by the expression

with the effect of the particle gate selecting protons being
taken into account. At 11' the contribution of the reac-
tion tail of the elastic peak to the continuum was so large
that, even with the above corrections, results are con-
sidered unreliable and are therefore not presented, while
at 24 the correction in the continuum region was of the
order of 12% for an incident energy of 120 MeV. Conse-
quently, the correction for reaction losses introduces a
relatively small uncertainty in the cross section.

The continuum energy spectra (in the laboratory sys-
tem) obtained in the present analysis for the Zr(p, p') re-
action at incident proton energies of 80 and 120 MeV are
shown in Fig. 1. The data in Fig. 1 have been
compressed to ejectile energy bins of 0.5 MeV, giving a
statistical error of less than 2% at half the maximum en-

ergy. The overall systematic error is estimated at less
than 10%%uo.
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with d (T „./d U, dII, the cross section for the first collision [see Eq. (5) below].
The k, , k„,kf denote the momenta of the initial, nth intermediate, and final-step nucleon, respectively. The exit

mode is labeled by m. The SMDE contribution is calculated to proceed exclusively through stages with one nucleon be-
ing unbound. A particular stage n is characterized by the number of particle-hole pairs excited.

The transition probabilities from the (n —1)th to the nth stage are given by
2

' =2~'p, (k. )p„(U. )& lv. ..-i(k„,k„ t)l'&, (3)

where

v, b(k, , kf )=Iy', '*(r, )(%fl V(r„rb)ltd, )y'b+'(rb)dr, drb .

The density of states of the particle in the continuum is

p, (k„) for momentum k„, and p„( U„) is the level density
of the residual nucleus in the nth stage evaluated at the
energy U, . The distorted waves g are generated from an
optical model potential, ' and the matrix element v. .
connects a nuclear state n —1 to a state n via an effective
N Ninteractio-n V(r). A finite-range Yukawa potential
with a range parameter ro= 1 fm is used for V(r), of
which the strength Vo must be adjusted to reproduce the
data. An appropriate energy-averaging procedure'
brings the matrix element in Eq. (3) to distorted-wave
Born approximation (DWBA) form.

Likewise, the first step contribution to the overall
double-differential cross section reduces to

IV. RESULTS

A. Comparison of (p, p') and (p, n) experimental data

Our experiment was designed to produce data which
could be directly compared with the Zr(p, n) results of
Trabandt et al. at 80 MeV and Scobel et al. at 120
MeV. In general, at both incident energies the (p, n) ener-
gy spectra fall off more rapidly with ejectile energy than
the (p,p') continuum spectra. At the most forward angle
(24') of our experiment, the shape difFerence between
spectra for the two reactions is very noticeable, as can be
seen in the representative examples shown in Fig. 2.
Note that in Fig. 2 the results are given in the center-of-

d2 (DW)
=X(2L + 1)R,(L)p, ( U) ),dUidQi dQ,

(5)

10 I I I

where L is the transferred angular momentum and R2(L)
is the spin distribution function, given generally by
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No.
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and where o. is the spin cutoff parameter, p2( U) the densi-
ty of 1p-1h states in the nucleus after the first collision of
the incident proton, and N =p +h is the number of parti-
cles plus holes. The level densities p were calculated us-
ing the equidistant Fermi-gas model with Pauli correc-
tions and a level-density parameter a = A/8. 5 MeV
In the multistep calculations values must be chosen for
the effective interaction strength Vo and the spin cutoff
parameter o which best reproduce the absolute values as
well as the shapes of the experimental angular distribu-
tions. The bound single-particle single-hole
configurations in the DWBA matrix elements are chosen
to be compatible with angular momentum selection rules
and energy conservation, and are based on the shell mod-
el of the spherical Nilsson potential.
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scattering angles.
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mass system as in Refs. 3 and 4.
The angular distributions for the (p,p') reaction are in

reasonable shape agreement with those of (p, n), as shown
in Fig. 3. The (p, n) angular distributions have been nor-
malized to the (p,p') data at forward angles for display,
and these normalization factors vary with ejectile energy,
which is just a reAection of the shape differences of the
energy spectra as already shown in Fig. 2.

At high emission energies the ratio of (p, n) spectra to
the (p,p ) data, as indicated in Fig. 3, is in reasonable
agreement with the results of Kalend et aI. at an in-
cident energy of 90 MeV. However, there appears to be a
more rapid fallofF in this ratio toward lower ejectile ener-
gies.

B. Results of statistical multistep direct calculations

Calculated double-difFerential cross sections as a func-
tion of angle for the (p,p') reaction on Zr at incident
proton energies of 80 and 120 MeV are compared with
experimental values in Fig. 4. A remarkable reproduc-
tion of the experimental angular distributions has been
obtained at both incident energies for all angles and exci-
tation energies, ranging from 20 to 60 MeV at the lower
incident energy, and from 20 to 100 MeV at the higher
incident energy. For the lowest excitation (highest ejec-
tile) energies, the excellent agreement between theory and
experiments extends over more than four orders of mag-
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nitude. Similar calculations by Trabandt et al. and
Scobel et al. have been done for (p, n) reactions on the
same target and incident energies, and a detailed compar-
ison with these results can be made. Consequently, the
results are also of importance in assessing the effects of
the ejectile on the multistep processes.

The only parameter varied in our calculations was the
two-body effective interaction strength Vo. [The level-
density parameter a was taken as 10.5 MeV ', and the
spin cutoff parameter o. was fixed at 2.3. Furthermore,
for both incident energies five stages, i.e., n „=5,were
used in Eq. (2).] It is of interest to compare our values of
Vo with results of other calculations and to see whether
there is a systematic trend as a function of incident ener-
gy. The optimal values found for the strength Vo of the
effective interaction were 23+1 MeV for E =80 MeV
and 17.5+1 MeV for E =120 MeV. The corresponding
values reported for the (p, n) reaction were 20+1 MeV for
E =80 MeV (Ref. 3) and 16+1 MeV for E = 120 MeV,
which are reasonably close to the (p,p') values obtained
in this work. This comparison between the values of Vo
for (p,p') and (p, n) is meaningful inasmuch as the optical
potentials used for protons and neutrons both originate
from the same parameter set. ' More specifically, the
proton optical potential is for the best-fit parameter set of
Schwandt et al, ' whereas the neutron potential is de-
rived from the same set by changing the sign of the X —Z
term. This latter procedure is only correct to a first ap-
proximation, and because of the repetitive folding of the
(n, n') cross sections in the multistep part of the SMDE
calculation, this might reAect itself in the extracted value
of Vo.

A monotonic decrease in the residual interaction
strength Vo with projectile energy, as suggested in Ref. 3,
is also found in the present calculations (see also Fig. 5).
The observed trend in the values of Vo is consistent with
the similar decrease of the real optical potential, which
also depends on the strength of the two-body interaction.
We can thus estimate the energy variation of Vo by tak-
ing the value V0=27. 9+3.5 MeV obtained by Austin'
from a survey of the analysis of inelastic proton scatter-
ing at around 20—50 MeV to discrete final states, and
then assume that it has the same energy variation as the
real optical potential.

Because the incident particle loses energy as it passes
from stage to stage in the multistep process, it would be
more precise to allow the effective interaction to increase
down the chain. However, it is simpler to use an aver-
aged value, but this effect should be taken into account
when comparing the energy dependence of Vo with that
of the optical potential.

An estimate of the magnitude of the effect can be made
by assuming that the incident particle loses about half its
energy in the first interaction, and that emission from the
first and second stages are equally likely. " This would
reduce the energy-dependent term by about a factor of —,'.
The real optical potential, normalized to the Austin'
value of Vo at 20 MeV, is
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FIG. 5. EA'ective interaction strength Vo as a function of in-
cident energy. Values obtained in this work, together with re-
sults of Scobel et al. (Ref. 4) and Austin (Ref. 15), are given.
Lines indicate expectations obtained from the energy depen-
dence of the optical potential, as discussed in the text.

and allowing for the increase of Vo down the chain thus
gives

V=31—0. 15E, (8)

V =46.4 exp[ —0.31(E EF )!46.4], — (10)

where EI; is the Fermi energy. Introducing the factor of
—' as before and normalizing gives

V= 30.8 exp( —0. 15E/30. 8),

which is also compared with the empirical values in Fig.
5.

The empirical values of the effective interaction strength
obtained in this work and previously published results '
are plotted in Fig. 5, and these have a similar energy
dependence to this function.

More direct evidence of the energy dependence of the
effective interaction is provided by the analysis of the

Zr(p, d) Zr reaction at energies from 20 to 120 MeV by
Kosugi and Kosugi. In order to obtain energy-
independent spectroscopic factors, they found it neces-
sary to allow the effective interaction to vary with energy.
Normalizing their result to that of Austin yields

V= 31.5 —0. 12E,
which is very similar to that given in Eq. (8).

An even better fit to the overall energy dependence can
be obtained using the expression found by Johnson,
Horen, and Mahaux' for neutrons on lead:

V =—34—0.2E, (7) In Fig. 5 of Ref. 3 (E =80.5 MeV), it is apparent that
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whereas the SMDE calculation gives a very good repro-
duction of the angular distribution for the lowest neutron
energy (22 MeV), the data points for higher ejectile ener-
gies are significantly lower in the region of 90, and this
phenomenon is probably related to experimental
difhculties only. This systematic deviation is not ob-
served for the (p,p ) reaction. In addition, in Fig. 5 of
Ref. 4 (E~ =120 MeV), the deviations between experi-
ment and theory appear to be more random, although
there still seems to be a region of slightly lower experi-
mental values around 90. Nothing similar is observed
for the (p,p') case, where there is an excellent correspon-
dence between SMDE calculations and experimental
cross sections at all proton emission energies.

In Fig. 6 the contributions of the various steps to the
double-di6'erential cross section are shown for the two

dift'erent incident energies and various exit energies E ..
The diagrams for exit energies corresponding to the
lowest and highest excitation energies in Fig. 4 of the re-
sidual nucleus are included in each case, and also the case
with E =40 MeV for E =120 MeV to facilitate a com-
parison with the results of Scobel et al. (Ref. 4, Fig. 11).
The relative contributions of the various steps are also
shown in the lower panel of each diagram.

In Fig. 6(a), for E = 80 MeV, the ejectile energy
E .=60 MeV corresponds to an excitation energy of 20
MeV; the angular distribution for angles up to about 60'
can be largely explained in terms of the first step of the
SMDE. For larger angles the second step becomes dom-
inant, and subsequent steps become successively more
prominent at larger emission angles. At the other ex-
treme of large excitation energy (E*=60 MeV, with
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E =20 MeV), the first step is never dominant, so that
the subsequent more complicated steps play a significant
role even at small angles. In Fig. 6(b), for E =120 MeV,
for the lowest ejectile energy of E .=20 MeV, a similar
trend to that at the lower incident energy is observed, but
the first step is comparatively even more suppressed. At
an excitation of 20 MeV, we find that at this higher in-
cident energy the first step ceases to be dominant at an
even smaller angle (40 ). Because the single-scattering an-
gular distribution for a higher-energy ejectile is more for-
ward peaked, scattering at larger angles generally re-
quires the excitation of more complicated configurations

I I l I I I I I I I I I I I

10 =-
2

10 =0

I

10K

through two or more collisions.
Comparing the (p,p') results in Fig. 6(a) with (p, n) cal-

culations (Ref. 4, Fig. 11) for ejectile energies of 40 and
100 MeV at E =120 MeV, we find that the shapes and
relative magnitudes of the contributions from the various
steps are similar to a very high degree. Although the rel-
ative contributions of the successive steps are very simi-
lar, the absolute cross sections are higher for (p,p') than
for (p, n) at E~ = 100 MeV, but not so for E„=40MeV.
Consequently, we conclude that the difference in the
shapes of the energy spectra for (p,p') and (p, n) cannot
be ascribed to only a specific step being either more or
less prominent.

Figure 7(a) shows examples of theoretical energy spec-
tra for (p,p') at Ez =120 MeV, decomposed in steps as
before, for two scattering angles (10 and 90 ) as well as
angle-integrated spectra. Our calculations for (p, n) with
Vo = 16 MeV are shown in Fig. 7(b). Again, the result for
(p,p') is qualitatively very similar to the (p, n) result.

The success of the statistical multistep calculations in
reproducing angular distributions and angle-integrated
spectra depends on the correct proportions of the first-
and higher-order step contributions as a function of angle
and energy. Our comparison of the (p,p') and (p, n) re-
sults has shown that there is a very close correspondence
between the two cases as far as the contributions of the
various steps to the angular distributions are concerned.
The relative contributions to the angle-integrated spectra
are also very similar. Furthermore, it should be noted
that the present results are in general agreement with the
conclusions of Kalend et al. regarding the reaction
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C. Phenomenological parametrization
of continuum angular distributions

The parametrization of Kalbach is known to describe
continuum angular distributions for various projectiles
and ejectiles over a large range of incident energies. The
cross section for a purely direct reaction, which should be
the dominant component for our data, is given by

0 X/= t7D . exp(g cosO), (12)
dQ dU sjnhg

where 0 is the center-of-mass scattering angle, and 4~ 0 D
is the angle- integrated cross section, which is determined
in our work by normalizing the calculated values to the
experimental data. Below an incident energy of 130
MeV, the slope parameter g is expressed as

rl=aeb+ f3eb+yeb,

where

(13)

eb =Eb+Sb . (14)

The emission energy is Eb, and the separation energy Sb
is calculated with the liquid-drop model after pairing and
shell terms are neglected. The constants a, /3, and y are
listed by Kalbach.

In Fig. 8 our experimental data are compared with the
prediction of Eq. (12), with g calculated from the Kal-
bach parametrization for an incident energy of 80 MeV,

mechanism and the relationship between the one-step and
multistep components.

and at 120 MeV with the ad hoc modification which was
found to be required for ' Au(p, p'). This altered for-
mulation of g also gives better agreement with the data
than the original value at an incident energy of 120 MeV
(Fig. 9).

V. SUMMARY AND CONCLUSIONS

The inclusive (p,p') reaction on Zr has been investi-
gated at incident energies of 80 and 120 MeV, and the
continuum spectra are found to differ slightly from those
of (p, n) at the same incident energies. The features of the
experimental angular distributions are in excellent agree-
ment with calculations based on the quantum-mechanical
theory of Feshbach, Kerman, and Koonin. The values
extracted for the strength of the effective interaction also
agree with those found for earlier (p, n) and (p, p') studies.
A phenomenological parametrization is also found to
have excellent predictive power.

It has been shown that it is possible to reproduce ex-
perimental continuum angular distributions accurately
with a theory which has a sound foundation. This, in
turn, inspires confidence that the theory contains the
essential ingredients of the underlying physics. Conse-
quently, this theory may ultimately prove to be a useful
tool for obtaining reliable continuum backgrounds in the
region of giant resonances, which are conveniently stud-
ied in (p,p ) and (p, n) reactions at projectile energies
above 100 MeV. Extension of these studies to even
higher energies and to more complicated reactions is also
desirable.
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