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Calculation of yrast spectra in the doubly even cadmium isotopes
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The observed systematics of the low-lying states in ' " Cd nuclei and the high-spin yrast spectra
with J,„~14+ are examined by carrying out Hartree-Fock-Bogoliubov calculations employing a
pairing-plus-quadrupole-quadrupole effective interaction operating in a reasonably large valence
space outside an inert ' Zr core. Our calculations reveal that the systematics of the low-lying yrast
states in " Cd are intricately linked with the deformation producing tendency of the n-p interac-
tion when operating between spin-orbit-partner (SOP) orbits. Our results indicate that such sys-
tematics depend crucially on the simultaneous increase of relative occupation probabilities of the
(d, /2)-proton and (d3/Q) neutron orbits in the ' ' Cd isotopes.

In this paper we report on the calculations of the yrast
spectra of the doubly even nuclei " Cd. Apart from
the energy spectra we shall also discuss here the results of
the calculations of the reduced transition probabilities for
E2 transitions for the yrast states, as well as the subshell
occupation numbers for the 3s, /z, 2d3/2 2d5/2 1g7/2,
1g9/2 and 1h»/z orbits in the ground states of these nu-
clei.

Recent years have witnessed a rapid increase in the ex-
perimental activity of measuring the properties of the
yrast levels (up to J =14+) in the Cd isotopes. ' " A
striking feature of the observed spectra (see Table I) is
that the E + excitation energy suffers a sharp decrease in

l

its value as one moves from Cd to ' Cd. Whereas the
E + E+ (=6E—) energy gap in Cd is 1.43 MeV, its

in & ooCd is 0 8 5 MeV. It seems that there is some
structural change taking place in the Cd nuclei around

Cd. After ' Cd a very slow decrease in the value of
E + with neutron number is observed until ' Cd is

reached, whereafter its value in ' " Cd remains almost
constant. It would therefore be interesting to understand
the causes that are responsible for producing such E +

energy systematics in the Cd isotopes.
In contrast to the large-scale effort that has been made

on the experimental side, only a few theoretical models
have been proposed to explain the character of yrast
spectra in these nuclei. While, in fact, the features of the
low-lying states of these nuclei are in qualitative agree-
ment with the predictions of a spherical quadrupole vi-
brational model, the occurrence of additional J=0+ and
2+ levels at the energy of the two phonon triplet perturbs
this picture. Some time back Sambataro' attempted a
study of the properties of Cd isotopes in the framework
of the interacting boson approximation. The collective
features of these nuclei were found to be in satisfactory
agreement with the predictions of this model. However,
this calculation can only be viewed as a guideline and not
as the ultimate theoretical calculation. In view of this, a
lack of any microscopic calculation has hindered an un-
derstanding of the observed systematics in terms of the
underlying single-particle states.

In this paper we carry out a microscopic study of the
yrast bands in the nuclei " Cd by employing the vari-
ation after projection (VAP) formalism' in conjunction
with the Hartree-Fock-Bogoliubov (HFB) ansatz for the
axially symmetric intrinsic wave functions. The choice of
the VAP method was dictated by two considerations.
First, it is desirable to use a calculational framework
which allows for the possibility of having different intrin-
sic states for each yrast level, in view of the observed
large deviations of the yrast levels in these isotopes from
the J(J+1) law. Secondly, it is rather easy to compute
the intraband E2 transition probabilities in the VAP
method.

In the present variational calculation of the yrast levels
in the nuclei " Cd we have employed the usual
pairing-plus-quadrupole-quadrupole effective interaction
operating in a valence space spanned by the 3s, /z, 2d3/p,
2d5/2 lg7/p 1g9/p and 1A &i/2 orbits for protons as well

as neutrons. The nucleus Zr has been considered as an
inert core. The spherical single-particle energies (SPE's)
we have employed are (in MeV) (lg9/p)=0. 5,
( 2d»z ) =5.4, ( 3s, /2 ) =6.4, ( 2d»2 ) =7.9, ( 1g 7/z ) =8.4,
and (lh&&/2)=8. 4. This set of input SPE's is exactly the
same as that employed in a number of successful shell-
model calculations in A -90 nuclei by Vergados and
Kuo' as well as by Federman and Pittel' except for a
slight reduction in the (lh&&/z-lg9/p) separation by 1.1
MeV. The strengths for the like particle (n-n) as well as
neutron-proton (n-p) components of the quadrupole-
quadrupole (qq) interaction were taken as

y„„(=y ) = —0.0118 MeV b

y„=—0.022 34 MeV b

Here, b ( =&A/mco) is the oscillator parameter. These
values for the strengths of the qq interactions compare
favorably with the ones suggested recently by Arima'
and these values are very near the ones employed in our'
earlier study of deformation systematics in the 2 —100
region. The strength of the pairing interaction was fixed
(through the approximate relation G =0.22 MeV). The
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reduction in the (Ih»/z-ig9/p) separation is intended to
mock up, at least partially, the effects due to the neglect-
ed, higher-lying single-particle orbits.

The calculation of the energies of the yrast levels has
been carried out as follows. We have first generated the
self-consistent, axially symmetric HFB solutions Px. o(/3)
resulting from the Hamiltonian (H —

/3QO ). The op-
timum intrinsic state for each J, P, „(/3J ), has been select-
ed by determining the minimum of the projected energy,

(y(/3) HP'I y(/3) )

( P(/3) I

&'I P(/3) )

as a function of /3. In other words, the intrinsic state for
each J satisfies the following condition:

(y(/3) IHP'Iy(/3) )

(y(P) IP'Iy(/3) )

Here the operator P projects out the eigenstates of J
from the intrinsic states P(/3). Our assumption concern-
ing the axial symmetry of the intrinsic states is consistent
with the microscopic calculation of potential-energy sur-
faces in ' Zr by Kumar et al. ' It is found that the
minimum of potential energy V(/3, y) for the ground-
state band occurs at /3=0. 4, y=10', and therefore, the
effects due to nonaxiality are expected to be small for the
yrast levels for nuclei with 2 —100.

It may be mentioned that variational methods quite
similar to the ones employed here have been used earlier
by Fassler, Lin, and Wittman, ' as well as Nair and An-
sari in connection with the study of backbending effects
in ' Er. The present calculation, however, employs ex-
act angular momentum projection in contrast with the
technique used by Nair and Ansari which used an ap-
proximation suggested by Das Gupta and Van Ginnek-
en."

We first discuss here the systematics of E + in
1" Cd. As said earlier the energy gap AE decreases

suddenly as we go from Cd to ' Cd; thereafter the de-
crease in AE with A is very slow until ' Cd is reached.
For the nuclei ' " Cd the value of AE remains nearly
constant. Phenomenologically it is well known that a nu-
cleus having a smaller energy gap AE should have a
larger quadrupole moment for the 2,+ state. Since Q + of
a nucleus is directly related to its intrinsic quadrupole
moment, one should therefore expect that a smaller ener-

gy gap AE should manifest itself in terms of a larger in-
trinsic quadrupole moment and vice versa. In other
words the observed systematics of E + with 3 should

1

produce a corresponding inverse systematics of the in-
trinsic quadrupole moment of Cd nuclei with increasing
A. Based on the above logic the calculated values of in-
trinsic quadrupole moments should exhibit a sharp in-
crease in going from Cd to ' Cd. For the set of nuclei"Cd the intrinsic quadrupole moment should be
nearly constant and in going from ' Cd to ' Cd they
should increase gradually. In Table I the results of HFB
calculations are presented. Note that the intrinsic quad-
rupole moments sharply increase as we move from Cd
to ' Cd; thereafter the increase in (Qo) becomes slower.

Whereas the (Qo) value for ' Cd is 31.99 units, for
Cd its value is 36.51 units. Besides this the (Qo)

values nearly saturate for the ' " Cd nuclei, reproduc-
ing qualitatively the nearly constant feature of AE values
for these nuclei. The calculated results, however, show a
slightly faster increase in ( Qo ) value in going from '0~Cd

to ' "Cd, which is not consistent with the observed
change in AE.

We next focus our attention on the factors that are re-
sponsible for making the Cd isotopes exhibit such
features. In this regard it is important to discuss and
highlight some of the well accepted factors responsible
for bringing in sizable collectivity in nuclei in the same
mass region. It is generally felt that the neutron-proton
(n p) e-ffective interactions possess a deformation produc-
ing tendency and the neutron-neutron (n-n) or proton-
proton (p-p) effective interactions are mostly of spherical
nature. These ideas have played a pivotal role in the
development of the strech scheme of Danos and Gillet,
the rotor model of Arima and Gillet, and the interact-
ing boson model of Arima et al. In this regard, the
role of the n pinteractio-n in spin-orbit-partner (SOP) or-
bits in the context of the general development of collec-
tive features was also suggested by Federman and Pit-
tel&s, 22, 28, 29 and by Casten et al. 3o Their calculation pro-
vided evidence suggesting that n-p interaction between
the valence nucleons in the SOP orbits —the orbits
(g9/2 ) and (g7/p ), in the zirconium and molybdenum
nuclei —may be instrumental vis-a-vis the observed onset
of deformation in the Mo isotopes with A ) 100. It may
also be pointed out that the role of the n-p interaction
operating between SOP orbits in producing deformation
depends critically on the relative occupation probability
of the (g9/2) and (g7/p) orbits.

In Tables II and III we present results for the occupa-
tion probabilities of the various proton and neutron sub-
shells. Note that with increasing neutron number the oc-
cupation probabilities of the (g9/2 ) orbit decrease
whereas that of the (d&/z)„orbit increases. The results
indicate that there is a transference of protons from the
(g9/p )~ orbit to the (d5/z )~ orbit taking place with in-
creasing neutron number. Besides this the occupation
probabilities of the (d3/2) (d5/p), and (g7/2) orbits ex-
hibit a systematic increase. Such a transference of pro-
tons from the (g9/2) orbit to the (d5/z)„orbit causes a
simultaneous increase in the occupation probability of
SOP orbits —the orbits (d5/z) and (d3/2) in the present
context —with increasing neutron number. Since the oc-
cupation probability of the (d3/z) orbit in Cd is zero,
the n-p interaction cannot operate between SOP orbits in
this nucleus. Therefore Cd exhibits very little collec-
tively. As we move from Cd to ' Cd there is a marked
increase in the occupation probability of the (d3/2) orbit
allowing the n pinteraction betwe-en the (d, /2) and the
(d3/z) orbits to operate suddenly. As a result of this a
sizable collectivity is brought into the nucleus ' Cd
which eventually results in a sharp decrease in the value
of the excitation energy of E +. Thus the sudden

1

structural change observed in Cd nuclei around Cd is
intricately linked with the n-p interaction operating be-
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TABLE I. The experimental values of excitation energy of the E + state (AE) and the calculated in-
2

trinsic quadrupole moments of the HFB states in some doubly even Cd isotopes. Here (Qo ) i (Qo ), j
gives the contribution of the protons (neutrons) to the total intrinsic quadrupole moment. The quadru-
pole moments have been computed in units of b where b (=&A/me@) is the harmonic-oscillator pa-
rameter.

Nucleus

Cd
100Cd

102Cd

104Cd

106Cd

108Cd

110Cd

{MeV)

1.43
0.85
0.77
0.65
0.63
0.63
0.65

0 HFB

14.85
31.99
36.51
53.13
68.59
71.61
73.80

9.79
14.99
16.05
23.65
33.13
33.53
33.78

5.05
16.99
20.45
29.48
35.45
38.08
40.01

TABLE II. The calculated values of the occupation numbers (for protons) of various orbits in the
ground states of some Cd isotopes.

Nucleus

98Cd
1ooCd

102Cd

104Cd

106Cd

1o8Cd

110Cd

3S1/2

0.00
0.01
0.01
0.27
0.60
0.59
0.59

2d 3/2

0.00
0.00
0.00
0.20
0.59
0.62
0.64

2dg/2

0.13
0.28
0.35
0.83
1.13
1.13
1.14

0.01
0.01
0.02
0.10
0.24
0.26
0.27

189/2

7.83
7.69
7.50
6.50
5.41
5.37
5.34

0.00
0.01
0.14
0.07
0.01
0.00
0.00

TABLE III. The calculated values of the occupation numbers (for neutrons) of various orbits in the
ground states of some Cd isotopes.

Nucleus

"Cd
100Cd

102Cd

104Cd

106Cd

108Cd

110Cd

3S 1/2

0.00
0.56
0.61
0.66
0.74
0.79
0.86

0.00
0.20
0.58
1.23
1.37
1.44
1.53

2d5/2

0.14
1.30
2.40
2.85
2.81
3.09
3.44

0.00
0.04
0.41
1.20
1 ~ 87
2.32
2.83

1g 9/2

9.84
9.83
9.70
9.70
9.62
9.64
9.68

1 A 11/2

0.00
0.04
0.20
0.25
1.56
2.69
3.63

TABLE IV. Comparison of the calculated and the observed B (E2;0+~2+) values in some quasiro-
tational Cd isotopes. The eff'ective charges have been used such that for protons the effective charge is
e =1+e,z and for neutrons it is e„=e,z. The values of the oscillator parameter have been calculated
from the relation b = 1.013 ' frn.

Nucleus

98(

10ocd
102cd
104Cd

106Cd

108Cd

110Cd

e,fI. =0. 1

0.027
0.073
0.083
0.191
0.368
0.386
0.400

B{E20+ 2+)X10 ' e crn
Calculated

e,~=0. 15

0.031
0.086
0.100
0.227
0.434
0.457
0.475

e,~ =0.20

0.035
0.101
0.117
0.267
0.50
0.629
0.557

Expt.

0.410
0.430
0.450
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FIG. 1. Comparison of the observed {Exp) and the calculated (Th) yrast spectra in the nuclei " '' '' ' ' '" Cd.

tween SOP orbits suddenly becoming effective. It may
further be noted that in ' ' Cd nuclei there is a simul-
taneous increase in the relative occupation probabilities
of the above-mentioned SOP orbits bringing in more and
more collectivity in these nuclei, and this increase could
be held responsible for lowering the position of E + suc-

cessively in this set of nuclei. We now discuss the set of
nuclei ' " Cd. Note that the relative occupation prob-
abilities of the SOP orbits remain nearly constant.
Whereas in ' Cd the occupation probabilities of the
(d~&2) and the (d3&z) orbits are 1.13 and 1.37, respec-
tively, their values in " Cd are 1.14 and 1.53. This con-
stant feature exhibited by the calculated results in the nu-
clei ' " Cd on occupation probabilities of SOP orbits,
the (d5&2) and (d3&2) in the present context, could be
interpreted to imply that no change in the collectivity of
the Cd nuclei should be observed with increasing neutron
number. This is what is observed experimentally. Thus
the systematics of E + in " Cd isotopes can be under-

stood in terms of the important role played by n-p in-
teraction operating between SOP orbits.

The validity of the above conclusions, and also of the
calculation of high-spin states in " Cd, depends very
much on the reliability of the HFB wave function. We
have examined the goodness of the HFB wave function
by calculating the low-lying yrast spectra (with J (6+)
as well as the B(E2;0+~2+) values in the isotopes" Cd. In Fig. 1 we have compared the calculated
yrast spectra with the observed ones. The calculation
reproduces the experimental levels with J + 6+ with
reasonably acceptable discrepancy. In view of the fact
that we have not used any parameter to simulate the con-
tribution of the Zr core to the moment of inertia, the
overall agreement can be considered fairly satisfactory.
As pointed out by Faessler ' as well as Prahraj the in-
clusion of KWO bands may provide further quantitative

improvements in the calculated yrast spectra.
We next move on to the calculation of the reduced E2

transition probabilities. It has been shown that if the
expectation value of J is large, the intrinsic electric
quadrupole moment is related to the B (E2;J;~Jf ) for
E2 transitions between the states projected from the in-
trinsic HFB state, by

J; 2 Jf
B (E2;J;+~Jf+ ) = 0 0 0

X(e, (Q,'),e„(Q,'),)'. (3)
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In Table IV we present a comparison of the observed
B (E2,0+ ~2+ ) values with the values calculated by sub-
stituting, in relation (3), the ( Qo ) and ( Qo ), values for" Cd given in Table I ~ It is satisfying to note that the
calculated B(E2) estimates are in good agreement with
the experiments, provided one chooses e,z =0. 15 for
106, 108, 110Cd

Summarizing, the observed structural change around
Cd can be understood in a microscopic framework in

terms of the sudden onset in importance of the n-p in-
teraction between the SOP orbits —the (d5&z) and
(d3&z)„orbits —in the present context. Besides this, the
systematics of the low-lying states in " Cd are intri-
cately linked with the nature of the n-p interaction
operating between SOP orbits vis-a-vis the bringing in of
collectivity in nuclei when the relative occupation proba-
bilities of SOP orbits simultaneously increase.
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