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Shell-model calculations are described for A=204-212 nuclei.

These calculations use the

Kuo-Herling realistic effective interactions for hole states and particle states relative to 2°®Pb.
These interactions contain a bare part and a core polarization contribution. The contribution
of the core-polarization was varied to find the best fit to the energy spectra of A=204-206 and
210-212 nuclei. This and other modifications to the Kuo-Herling interaction—designed to give
better agreement with experimental energy spectra—are discussed. Aspects of the spectroscopy
of 211-212py, 210p, 212R, 210B;j and 2'2At are presented in order to illustrate the use of the
Kuo-Herling particle interaction. Deficiencies in the Kuo-Herling interaction are described and
the desirability and possibility of an improved calculation of the interaction is emphasized.

I. INTRODUCTION

The shell model has had enormous success in the lead
region since the pioneering study of True and Ford who
used a simple singlet-even neutron-neutron residual inter-
action to study 2°6Pb.! Particularly successful has been
the residual interaction of Kuo and Herling.? This inter-
action was derived by reaction matrix techniques devel-
oped by Kuo and Brown® from a free nucleon-nucleon
potential?* with renormalizations due to the truncated
model space. It is therefore called an effective realistic
interaction. The fact that effective realistic residual inter-
actions give a good description of nuclei near closed shells
throughout the periodic table is a great success for nu-
clear structure. Nevertheless, shell-model calculations—
including the present ones—have revealed significant dis-
crepancies in the Kuo-Herling interaction which can be
laid to approximations made for reasons of computational
simplicity, for instance, the use of harmonic-oscillator ra-
dial wave functions. However, no calculation of residual
interactions via reaction matrix techniques using more
realistic radial wave functions has ever appeared in the
literature. In short, the Kuo-Herling interaction is the
best realistic interaction available for A ~208 nuclei, and
it is very worthwhile to examine its predictive powers in
detail with a view to worthwhile modifications and future
improvements.

In the A <208 lead region, the lead isotopes have been
a fruitful testing ground for the Kuo-Herling interaction.
McGrory and Kuo® performed calculations for 204—206pp
and found a minor modification of the interaction re-
sulted in improved agreement with experiment. More
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recently, Blomqvist et al.® obtained a very successful de-
scription of 204=206Pb by modifying selected two-body
matrix elements (TBME) of the Kuo-Herling interaction.
Such attention has not been given to the Pb isotopes
above 203Pb. One reason is that the shell-model calcu-
lations for 219-212Pb are technically more difficult. The
Kuo-Herling model space is shown in Fig. 1. Note the
hole space below 298Pb is completely separate from the
particle space above 2°8Pb. There are six neutron or-
bits with a total m [= °;(2j + 1)] of 38 in the neutron
hole space and seven orbits with m totaling 58 in the
neutron particle space. The large number of active or-
bits and the presence of orbits with relatively high spin
means untruncated calculations with more than two par-
ticles in the model space are quite demanding. In fact,
there have been no published results of untruncated cal-
culations for 2!1=212Pb performed with the Kuo-Herling
interaction. The difficulty of handling these large scale
calculations was discussed by McGrory and Kuo® who did
study these nuclei in a truncated basis. One motive for
the present study was to test the Kuo-Herling neutron-
particle interaction as fully as the rather meager experi-
mental data’®®° will allow. However, the major motive
was more general, namely, to assess the Kuo-Herling par-
ticle (KHP) interaction for both neutrons and protons as
fully as has been done for the Kuo-Herling hole (KHH) in-
teraction, to see if (and what) minor modifications to the
KHP interaction will give significantly improved agree-
ment with experimental binding energies, both absolute
and relative, and to gain information of value in future
calculations of effective realistic interactions in the lead
region.
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FIG. 1. The Kuo-Herling model spaces for the lead re-
gion. Single-particle energies (in keV) are taken from the ex-

perimental spectra of A=207 and 209 nuclei and are relative
to 2°8Pb.

II. ORIENTATION

For each TBME the Kuo-Herling interaction has a bare
matrix element, a 1p-1h core polarization “bubble” and a
further renormalization due to 2p-2h excitations. We des-
ignate the three constituents of the interaction in an obvi-
ous notation as Gpare, G1pin, and Gapan. We will refer to
the neutron-neutron, proton-neutron, and proton-proton
parts of the interactions as nn, pn, and pp. The construc-
tion and use of the Kuo-Herling interactions is described
by McGrory and Kuo® in more detail than in Ref. 2.
One might ask if current nucleon-nucleon potentials give
significantly different results than those derived by the
Kuo-Brown method from the 1962 Hamada-Johnston po-
tential. We address this question by comparing, in Table
I, calculations for 22 nn TBME applicable to the KHH
(hole) space of Fig. 1. The bare TBME labeled H7B
are the results of a potential due to Hosaka, Kubo, and
Toki.'® The H7B potential is expressed as a superposi-
tion of seven one-boson-exchange potentials, the oscilla-
tor matrix elements of which were fit to the G-matrix
elements derived from the Paris!! nucleon-nucleon po-
tential. The earlier M3Y interaction!?:13 is based on the
Hamada-Johnston? and Reid!? potentials. It is discussed
by Hosaka, Kubo, and Toki. We evaluate both the M3Y
and H7B TBME using harmonic-oscillator (HO) wave
functions with an hw of 7 MeV which was the value used

by Kuo and Herling. The three calculations of Gpare are
in relatively good agreement. The H7B potential gives
TBME which average 16% stronger than the TBME of
KHP Ghare, and, if this scaling is made, the agreement
is very good. We note that the H7B potential was de-
rived for lighter nuclei (A=16, 40, 90) and the scaling to
be used in extrapolation to the lead region is somewhat
uncertain.0

McGrory and Kuo® showed that the interaction Gpare+
G1pin represented the experimental energy spectra of
206pPY better than Gpare + G1pih +Gapon. This is also the
case for Kuo-Brown interactions in other regions of A.
Based on mathematical analogy to a study of multiparti-
cle forces in truncated shell-model spaces, Gambhir!® has
speculated that the contribution of Gapan would largely
cancel that of Gapan. This is only one possible reason
why it is found empirically that Gapop is best neglected.
McGrory and Kuo also found better agreement for 2°6Pb
if G1p1n was weakened somewhat. This finding was the
stimulus for our approach, which is to vary the con-
stants Kpare and Kpp in G = KpareGoare + KpnGipin 80
as to obtain best agreement with experimental binding
energies and level schemes. Possible defects in the Kuo-
Herling interaction were considered briefly by Bergstrom,
Blomqvist, Herrlander, and Linden.!® One defect in both
Guare and Gipin is that they were calculated with HO
wave functions, and it is known that these can give a
rather poor representation of the radial wave functions
of orbitals in the heavier nuclei. Bergstrom et al.l® pre-
sented arguments indicating that the error in Gpare asso-
ciated with the use of HO wave functions could be ~30%.
They also pointed out that Gi,1n was calculated with a
constant 2hw = 14 MeV for the energy separation of the
particle and hole and that the effective energy denomina-
tor in the calculation should probably average more than
this and, of course, vary with the specific orbits. We shall
return to the question of Woods-Saxon (WS) vs HO wave
functions in Sec. V. For the present we note that there
are several sources of such inaccuracies which might lead
to an average G = Gbare + G1pin Which differs by ~10-
30 % from the Kuo-Herling values. This preamble, then,
i1s intended as a justification for our purely pragmatic
approach of the scaling of the interaction.

An orientation towards the relative importance of the
ingredients of the Kuo-Herling interaction can be had
by considering Table II, which lists several possible av-
erages for the TBME. The two pp interactions are not
listed in this table because they include the two-body
Coulomb contribution which averages ~250 keV for di-
agonal TBME and ~ 0 keV for off-diagonal TBME. This
Coulomb contribution masks the relative values of the
nuclear part of the interaction which is quite similar for
pp and nn. Averages for (j172|V|jsja)s are given for J=0
and J >0 separately to better illustrate their different be-
havior. Thus we note the following features deduced from
average values of l(j]j2|V|j3j4)J|, denoted (abs(G)):

(1a) Gipin is quite important;

(2a) Gapon is important for J=0, unimportant for
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TABLE I. Selected neutron-neutron two-body matrix-elements illustrating the degree of agree-
ment between the M3Y interaction of Bertsch et al. (Ref. 12), the H7B interaction of Hosaka,
Kubo, and Toki (Ref. 10) and the Kuo and Herling interaction (Ref. 2) for the bare G-matrix
TBME (labeled Guare). The 1p-1h renormalization of the Kuo-Herling TBME (labeled Gipin) is

also included to illustrate the magnitude of the renormalization due to the finite model space.

J1 J2 JT (7172|V|j172)s
Gbare Gbare Gba.re Glplh
(M3Y) (H7B) (KUO) (KUO)
ko2 kg /2 ot —0.1346 —0.2280 —0.1906 —0.6859
hoya ot —0.2283 —0.2780 —0.2474 —0.0860
hoy2 4t —0.0971 —0.1279 —0.1119 +0.1104
hosz 6t —0.0396 —0.0634 —0.0501 +0.1772
ko /2 gt +0.0085 —0.0088 +0.0003 +0.1846
o2 i13/2 2+t —0.0820 —0.2082 —0.1636 —0.1961
i13)2 3t +0.0054 —0.0609 —0.0562 —0.0990
i13/2 4% —0.0495 —0.0912 —0.0691 +0.0493
i13/2 5+ —0.0211 —0.0529 —0.0423 +0.0509
t13/2 6t —0.0567 —0.0864 —0.0721 +0.1152
i13)2 7+ —0.0814 —0.0995 —0.0853 +0.1152
113/2 8+t —0.0598 —0.0860 —0.0738 +0.1384
t13/2 9t —0.1970 —0.2054 —0.1736 +0.1469
i13/2 10t —0.0659 —0.0904 —0.0814 +0.1627
i132 1t —0.6525 —0.6559 —0.5486 +0.1383
i13/2 i13)2 ot —0.2127 —0.2996 —0.2926 —0.7232
13/2 2t —0.3296 —0.3830 —0.3495 —0.2090
1132 4t —0.1610 —0.1941 —0.1732 —0.0319
i13/2 6+ —0.0967 —0.1219 —0.1041 +0.0445
i132 g+t —0.0614 —0.0831 —0.0687 +0.0817
i13/2 10t —0.0339 —0.0538 —0.0412 +0.1052
i13/2 12t —0.0012 —0.0177 —0.0067 +0.1250

TABLE II. Various averages for the Kuo-Herling TBME.

Space Average Range GBare Gipin G2p2n No.
Holes
nn (G) J™#£0t —0.032 +0.013 —0.001 332
nn (abs(G)) J™ #0t +0.065 +0.054 +0.003 332
nn (G) J* =0t —0.115 —0.115 —0.042 21
nn (abs(G)) J™ =o0% +0.331 +0.234 +0.067 21
pn (G) JT#£ 0t —0.062 +0.009 —0.002 784
pn (abs(G)) JT # 0t +0.120 +0.052 +0.004 784
pn (G) J*=0" —0.205 +0.082 —0.000 10
pn {abs(G)) JT =0t +0.491 +0.131 +0.001 10
Particles
nn (G) J™ #0t —0.021 +0.000 —0.001 683
nn {abs(Q)) JT #£ 0t +0.047 +0.030 +0.001 683
nn (G) J* =0t —0.112 —0.078 —0.027 28
nn (abs(G)) J* =0t +0.272 +0.113 +0.042 28
pn (G) JT£0t —0.041 +0.003 —~0.001 1746
pn {(abs(G)) JT# 0t +0.082 +0.033 +0.004 1746
pn {G) J* =0t —0.121 +0.018 —0.006 16

pn (abs(G)) JT=0% +0.369 +0.053 +0.025 16
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J >0.

And from the average values of {j1j2|V|jzja)s, denoted
(G):

(1b) {Gpare) and (Gapan) are always attractive;

(2b) (G1p1n) is attractive for J=0;

(3b) {G1p1n) is repulsive for J >0.

A general defect of the Kuo-Herling interaction, Gpare
+ Gipin, is that it overbinds 0% ground states relative
to absolute binding energies and to J > 0 states. This
defect may be due to the difficulty of calculating the
pairing energy which appears to have a strong density
dependence.'” The overbinding of the 0% ground states
is obviously increased when Gapayn is included as follows
from (2a) and (1b). We have also found that the effect of
Gapan can be simulated by increasing Gipin somewhat.
Thus, we drop Gapan from further consideration.

In the lowest order we find, with the exception of 0t
states, that what is needed to increase the agreement
with experimental level schemes is to decrease the im-
portance of Gipih in G = KpareGbare + KphGipin. This
can be done by increasing Kpare or decreasing Ky, or
both. However, for J™ = 0% states, which are gen-
erally too bound, increasing Kpae makes the problem
worse because of the very attractive values of Gpare for
J=0 apparent in Tables I and II. Thus we shall restrict
our discussion to varying Kpn with Kpare=1 although the
variance of both was studied.

III. CALCULATIONS

In our approach the TBME are given by

(41721V |jaja)
= <j1j2|vlj3j4)bare + I<ph (jlj?lvlj3j4)1p-1h .

1)

Our shell-model calculations, performed with the com-
puter code OXBASH,!® reproduced the results of Kuo and
Herling? and of McGrory and Kuo® when using their val-
ues of Kpp, and single-particle energies. The results given
here, however, use the single-particle energies (SPE) of
Fig. 1. These are based on the yrast levels of the appro-
priate spin and parity as reported in the Nuclear Data
Sheets for A=207 (Ref. 19) and A=209.2° The changes
are mainly due to small changes in binding energies since
1971. However, a new 3 level at 3633 keV in 2%9Bi is
identified with the 72p;,, orbital 2 We emphasize that
we, as well as other users of the Kuo-Herling interaction,
determine the SPE from yrast states in the A= 207 and
209 nuclei. Any difference between the yrast state and
the centroid energy of a specific orbital—as determined
by one-nucleon transfer reactions—presumably reflects
the influence of particle-hole excitations which may have
nontrivial consequences and are thus a further source of
possible disagreement with experiment. A specific ex-
ample is the octupole coupling of core-excited states as

discussed, for example, by Poletti et al?!

Harmonic-oscillator (HO) radial wave functions were
used in calculations of the TBME, while Woods-Saxon
(WS) forms were used in the calculations of some
one-body observables. For the Woods-Saxon radial
wave functions the parameters of Streets, Brown, and
Hodgson?? were used. These reproduce the experimen-
tal rms charge radius of 2°8Pb of 5.503(2) fm and give
a neutron rms radius 0.2 fm larger. With normal shell
occupancies, these radii correspond to hw = 6.701 and
7.183 MeV for protons and neutrons, respectively. For
HO wave functions we use the average hw of 6.942 MeV
for integrals involving both neutron and proton wave
functions. Kuo and Herling used hw = 7.0 MeV in their
calculations of TBME in close agreement with this “best”
effective value.

The determination of the Ky of Eq. (1) was made by
comparison to experimental level energies of low-lying
levels. Three parameters are relevant to this determina-
tion. If we define

AEY) = Ep(expt); — Ep(KHz); 2)

where Ep is a binding energy (taken here as relative to
that of 2°8Pb), i extends over n known low-lying exper-
imental (expt) levels and KHz stands for KHH (Kuo-
Herling hole) or KHP (Kuo-Herling particle). Then the
three quantities are defined as follows:

1 )
(AEg) = - ;AEB , (3)

1
2

(ABp)ums = = (i(AEg))z) , (4)
i=1

and
(AEy)ims = [abs((AEp)2ns — (AEB))]* . (5)

All three quantities were followed as K was varied. The
aim was to find a value of K for which the interac-
tion gave the best agreement with the experimental level
spectrum. In general, it was found that (AE;)mms had
a shallow minimum so that the best value of K, was
uncertain by + ~0.05 and that over a range of &+ ~0.3
about this value (AFEp) was essentially constant. This
latter point can be inferred from the fact that (G1p1n) for
all J is quite small as can be seen by combining the J=0
and J > 0 results of Table I1. We first consider the KHH
results for (AE;)rms and (AEB) which are summarized
in Table III.

For the nn hole interaction the three and four particle
systems were considered as well as the two particle sys-
tems. For these the quality of the fit is noticeably more
sensitive to K, so that these nuclei had more weight in
the fixing of Ky than the two neutron system. We see
that the “best fit” for the nn interaction as determined
by (Fz)rms occurs at the small value for Kpp of 0.55 (Mc-
Grory and Kuo® used 0.75). Such a small value results
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(AE:)ims and (AEg) values (in keV) for A=204-206 nuclei. (AEpg) is the amount

by which the nucleus is overbound (relative to 2°*Pb) and (A E;)ims is the mean-square deviation of
the excitation energies, both quantities being determined by comparison to n experimental energy

levels.
Kpn varied Kpn=1

Nucleus ]{ph (AE@)rms (AEB) <AEx>rms (AEB) n
206 g 0.70 42 59 69 120 3
206 0.75 83 24 96 3 18
206 py, 0.55 59 77 86 90 21
205pp, 0.55 94 228 167 271 18
204py, 0.55 95 471 162 677 23

because of the overbinding of the 0% ground states of
204Ph and 296Pb. The small value of Ky, is disturbing
because it changes the wave functions of the 0% ground
states significantly away from the K, >0.75 values and
from experiment.?3:2¢ Blomqvist and collaborators®:2®
have adopted an approach better tuned to the major de-
ficiency in the KHH interaction. They modify individual
TBME so as to better reproduce energy spectra, spec-
troscopic factors, and electromagnetic properties. An ex-
amination of their results for 2°4Pb, 296Pb, and 2°6Hg re-
veals that the most important change was to decrease the
binding of the 07 diagonal TBME relative to the other
diagonal TBME which have observable influence on the
low-lying spectra. We consider this approach more rele-
vant for the KHH interaction and recommend the use of
their TBME or of others similarly derived.

The results for the KHP interaction are quite differ-
ent. As seen in Table IV the “best-fit” value of Ky is
close to unity—well within the range of uncertainty which
seems reasonable. Nevertheless, the changes in the en-
ergy spectra from those for Ky, = 1 are significant. We
illustrate this by Table V where the 2'2Rn levels used
in the fits of Egqs. (3)-(5) are compared to the predic-
tions for Kpp=0.92 and 1.0. It is clear that K,,=0.92

TABLE IV.

reproduces the low-lying spectrum (E,; <3.5 MeV) sig-
nificantly better than Kyn = 1.0. The poor agreement
for E; >3.5 MeV will be discussed in Sec. IV A.

Further binding energies used to appraise the success
of the interactions are summarized in Table VI. Note
that these are ground-state binding energies, not the av-
erage binding energies of Table IV. The shell-model cal-
culations for the A=212 isotopes of Bi, Po, and At have
quite large dimensions and are at the limit of our com-
putational resources. Thus not all levels of these three
nuclei could be handled. In Tables IV and VI the quan-
tity A(®) (e = pp,nn,pn) is a constant energy added
to all the diagonal TBME of a particular type a. The
purpose is to improve the predictive power for absolute
binding energies. As shown by a comparison of columns
A and B in Tables IV and VI, the improvement is consid-
erable, especially for the A=212 nuclei. The A(®) were
determined by a least-squares fit to the data in the tables.
The results are A(pp)=+49 keV, A(pn) = —53 keV, and
A(nn)=+15 keV. Note that these changes do not affect
wave functions or energy spectra, only absolute binding
energies. The interaction with A(®) # 0 is the starting
point for the interaction labeled KHP, which will be dis-
cussed in Sec. IV C.

(AE:)ims and (A Ep) values (in keV) for A=210-212 nuclei. (AFEg) is the amount

by which the nucleus is overbound (relative to 2°6 Pb) and (A E, )rms is the mean-square deviation of
the excitation energies, both quantities being determined by comparison to n experimental energy

levels.
Kpn varied Kon=1
Nucleus Kopn (AEz)rms (AEB) (AEz)rms (AEB) n
Aa Bb Aa.

210pp 1.07 23 —15 —30 30 —23 6
21py, 1.07 36 51 -39 44 53 5
212py, 1.07 36 51 -39 44 53 5
210B; 0.90 71 —55 -2 76 —54 28
210p, 0.92 67 49 0 64 55 24
212Rn 0.92 68 282 - 12 94 310 12

aAle)—p,

PAl®) a5 given in text.
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TABLE V. Comparison of the energy spectrum of **?Rn to the KHP predictions for Kpn =
0.92 and 1.00. The first twelve energy levels listed were used to determine the “best-fit” value of
Kpy via Eq. (3). Those marked with an asterisk were not included in this fit. The index & orders
states of a given J" in energy. AFE; is experiment—model and is positive if the model prediction is

too bound.

Expt Kon = 0.92 Kpn = 1.00
E, (keV) JT k E. (keV) AE; (keV) E; (keV) AE, (keV)
0 ot 1 0 0 0 0
1274 2t 1 1333 — 59 1409 — 135
1501 4t 1 1560 — 59 1662 — 161
1640 6+ 1 1646 -6 1744 — 105
1694 8t 1 1667 + 27 1768 — 97
2116 8t 2 2110 + 6 2200 — 84
2304 4t 2 2287 + 17 2304 — 122
2761 11~ 1 2585 + 176 2737 + 44
2655 10* 1 2732 -7 2632 — 271
2881 12+ 1 2959 — 78 2859 — 286
3358 14+ 1 3287 + 71 3335 — 126
3298 12% 2 3305 -7 3275 — 199
4067 17~ 1 *3761 + 306 *3963 + 104
3991 15~ 1 *3767 + 224 *3961 + 30
4135 16~ 1 *3834 + 301 *4034 + 101
4583 17~ 2 *4373 + 210 *4555 + 28
5115 18~ 1 *4416 + 699 *4609 + 506
5427 20% 1 *4918 + 509 *5125 + 302
6167 20t 2 *6125 + 42 *6326 — 159
5772 19~ 1 *6773 —1007 *6973 —1201

IV. SOME CONSIDERATION
OF THE SPECTROSCOPY

A. ***Pb and **?Pb

The predicted spectrum of 2!1Pb is listed in Table VII
and comparison to the experimentally known level spec-
trum is made in Fig. 2. The experimental information
is from the 21°Pb(t, d)?''Pb study of Ellegaard, Barnes,
and Flynn?® with the exception of the two probable lev-
els at 439 and 445 keV which are from 215Po « decay.?
The KHP predictions give a quite satisfactory account

TABLE VI. Ground-state binding energies for A=210 and
212 nuclei.
Nucleus Binding energy AFEp (gs.)
Expt Model* A* BP
210py, --9122 —9106 — 16 — 31
210p; —8403 —8380 - 23 — 30
210pg —8782 —8811 + 29 - 20
212pp —18084 —18124 + 40 — 50
2125 —17873 —17850 — 23 — 86
212p, —19342 —19063 —276 —131
212 7¢° —16581 —16 600 + 19 + 31
212Rn —16 066 —16359 +293 -1
2 Al =g,

PAl®) as given in text.
¢ The J™=9" state at 225 keV.

of the observed stripping strength. First note that for
each of the seven orbitals the centroid of the strength
is in close agreement with experiment. Of the 52 pre-
dicted energy levels for E; < 2.7 MeV (see Table VII)
only thirteen have predicted S values large enough to
be observed. Only these thirteen and four more are in-
cluded in Fig. 2. Considering the predictions to the left
of the figure, several features are of interest. The strip-
ping strength for the 1g9/, and 0j;5/, orbitals is mainly
in the yrast state as expected although there is a dis-
crepancy in the absolute values of S. For 0iy,/,, some
observable strength is predicted in the k=3 level as well

as k=1. An experimental candidate for the ut

55 level at
1377 keV is indicated. The 1g7;5 strength is predicted
to be shared by the £=7,8,10 levels, and this is consis-
tent with experiment. The 2ds;, strength is predicted
to be concentrated in the k=2 state, again this is con-
sistent with experiment. Note that the nonobservation
of the k¥ < 7, %+ and k= 1, %+ states is a success for
the predictions. Now consider the predictions for the
3s1/2 and 2dz;, orbitals shown on the right. For these
the detailed splitting of the strength is not in very good
agreement with experiment. The observed strength is
fragmented more than is predicted. This fragmentation
is also indicated by the observation of more levels than
are predicted to be observable. Finally, we note that the
sharing of strength for the 1g7;,, 3s1/2, and 2d3;, orbitals
is quite sensitive to the wave functions; for instance, it
varied considerably as K, was varied.
The spectrum of 2'2Pb is listed in Table VIII. Quite
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complete listings of this and the 2!!Pb and 2!2Rn KH
spectra are presented because they have not been pub-
lished previously, are difficult to obtain, and, we believe,
should be generally available. Experimentally, only the
0t-8* ground-state “band” and a probable 3~ level at
1.82 MeV have been identified in 212Pb.® We were unable
to diagonalize all the odd-parity spectrum; however, the
37 level is predicted at 2.18 MeV. A sorting of selected
states of 2!2Pb by the dominant configuration is shown
in Fig. 3. There is not much mixing between states with
the exception of the 0t-8+ gg/2 levels. An interesting
prediction is that the predominantly 93/2 107t state is
not yrast. The difference between the wave functions of
the lowest two J™=107 and 127 states is exemplified by

the quadrupole and dipole moments shown in Fig. 3.
It was found by McGrory and Kuo® that the 0t-8*

ground-state “band” was dominated by 93/2 with one
go/2 pair coupled to zero. The wave-function composi-
tion we find for this band is shown in Table IX. It is seen
to have considerable collectivity in the sense that, unlike
the general trend of rather pure single-particle states,
there are significant contributions from multiple config-
urations and the contributions are similar for the five
states. Also shown in this table are the quadrupole mo-
ments and B(E?2) values for this band. These were cal-
culated with the Woods-Saxon parameters of Streets et
al?? and an effective neutron charge of 1.0e.

B. 2*°Po and ?*?Rn

Historically 21°Po has provided valuable information
on the effective two-nucleon interaction. Schiffer and

TABLE VII. KHP predictions for the energy spectrum of >*!Pb for Kpn = 1.07. The index k orders states of a given J7
in energy. Levels with £ < 10 are shown for E; < 2.7 MeV while only k=1-2 levels are shown for E, > 2.7 MeV.

E; (keV) JT k E, (keV) Jr k E; (keV) JT k  E: (keV) J" k
0 9/2% 1 1890 13/2% 4 2319 15/2% 6 2574 29/2% 1
499 7/2% 1 1909 1/2% 2 2320 5/2~ 2 2577 21/2~ 1
682 5/2% 1 1910 5/2% 5 2344 13/2% 7 2533 21/2% 4
693 11/2% 1 1923 11/2% 6 2352 9/2~ 2 2601 1/2% 4
774 13/2% 1 1924 15/2% 4 2354 1/2~ 1 2615 27/2~ 1
826 3/2t 1 1950 9/2% 7 2355 1/2% 3 2618 25/2% 2
829 11/2% 2 1960 19/2% 2 2360 7/2% 9 2629 21/2~ 2
923 9/2% 2 1960 7/2% 5 2365 13/2~ 2 2633 9/2~ 3
1043 17/2% 1 1967 11/2% 7 2369 15/2~ 3 2643 15/2~ 5
1057 15/2+ 1 1981 5/2% 6 2378 5/2~ 3 2646 23/2% 3
1151 21/2% 1 1983 9/2% 8 2437 11/2% 9 2652 9/2~ 4
1353 11/2% 3 2004 17/2% 3 2442 13/2° 3 2652 17/2% 7
1376 15/2~ 1 2011 13/2% 5 2444 7/2% 10 2656 3/2% 7
1386 13/2% 2 2013 13/2~ 1 2458 7/2~ 2 2677 23/2~ 2
1414 5/2% 2 2031 19/2% 3 2462 17/2t 5 2702 25/2~ 1
1458 9/2% 3 2036 7/2% 6 2465 17/2~ 2 2766 27/2% 2
1472 15/2% 2 2036 17/2% 4 2469 5/2% 8 2770 27/2~ 2
1531 7/2% 2 2045 15/2% 5 2484 7/2” 3 2831 25/2~ 2
1553 9/2% 4 2046 21/2% 3 2492 17/2~ 3 2832 31/2~ 1
1658 9/2% 5 2065 23/2% 2 2510 3/2% 6 2888 29/2~ 1
1672 7/2% 3 2108 15/2~ 2 2511 13/2% 8 2938 33/27 1
1682 17/2% 2 2139 3/2% 4 2511 11/2% 10 2958 35/2~ 1
1690 11/2% 4 2145 11/2~ 1 2512 7/2” 4 2996 29/2~ 2
1693 19/2% 1 2156 13/2% 6 2520 3/2~ 2 3078 1/2~ 2
1706 27/2% 1 2193 7/2” 1 2530 19/2% 4 3105 31/2” 2
1732 5/2% 3 2196 9/2™ 1 2530 11/2~ 3 3458 33/2~ 2
1744 23/2% 1 2223 3/2% 5 2530 15/2~ 4 3689 35/27 2
1782 21/2% 2 2235 9/2% 9 2531 19/2~ 2 4042 29/2% 2
1784 15/2%* 3 2242 5/2~ 1 2536 23/2~ 1 4081 33/2% 1
1798 7/2% 4 2262 7/2% 7 2537 13/2% 9 4191 31/2% 1
1802 5/2% 4 2268 11/2~ 2 2543 13/2~ 4 4192 39/2% 1
1806 13/2% 3 2271 3/2- 1 2548 5/2% 9 4238 35/2% 1
1822 3/2% 2 2281 19/2~ 1 2550 11/2~ 4 4313 33/2% 2
1823 1/2% 1 2293 11/2% 8 2551 19/2~ 3 4317 35/2% 2
1841 9/2% 6 2300 9/2% 10 2559 15/2% 7 4323 31/2% 2
1846 25/2% 1 2307 5/2% 7 2564 17/2% 6 4364 37/2% 1
1846 11/2* 5 2310 17/2~ 1 2567 17/2° 4 4521 37/2% 2
1862 3/2t 3 2319 7/2% 8 2574 13/2% 10 5550 39/2~ 1
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True,?” for instance, derived TBME for the Ohg/z,
Ohgs1fz/2, and Ohg;20i13/5 configurations from energy
spectra and spectroscopic strengths of 2!°Po. An ex-
tremely comprehensive study of the energy levels of
210Po was recently made by Mann et al.?® using the
209Bj(¢, 2n)?19Po reaction. These results will allow more
reliable and extensive evaluations of empirical TBME in
this two proton system. Mann et al. proposed identifi-
cations of all members of the three configurations men-
tioned above as well as the 1f2,, configuration. These
identifications assume relatively little mixing between
different configurations. This assumption is consistent
with the predictions of the Kuo-Herling interaction. The
KHP energy spectrum is compared to the results of Mann
et al. in Table X. As is seen, there are candidates for all
model states below 3.5 MeV. For each of the 37,47, and
5~ states, one additional state is known experimentally
below 3.5-MeV excitation. These extra states arise from
particle-hole excitations such as u2p‘l‘/121g9/2A An evalua-
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FIG. 2. The 2!°Pb(t,d)*''Pb stripping results of Elle-

gaard, Barnes, and Flynn (Ref. 26) are shown in the center
spectrum and the KHP model predictions are given in the
two-side spectra. Spectroscopic factors are shown to the left
in each spectrum and to the right is shown the orbit trans-
ferred for experiment or J” k—where k orders the level by
energy—for the predictions. For the experiment, the energy
(in keV) of the states is listed in the middle. Five experi-
mental levels—for which no orbit or S values were given—are
omitted. All predicted levels for which S > 0.02 are included.

tion of the unperturbed E; of the Ohg;50t,3/2 37,47,57
states is difficult because of mixing with these low-lying
particle-hole states. In Table X we show a tentative iden-
tification, after Schiffer and True,?” which assumes the
unperturbed Ohg;50i13/2 3~ energy is that of the second
3~ state and the unperturbed 4~ and 5~ energies are the
averages for the first two states of each spin.

The KHP energy spectrum of 2!2Rn is compared to
experiment in Table V and a more complete KHP spec-
trum is listed in Table XI. The experimental information
of Table V is from a recent heavy-ion fusion-evaporation
study by Stuchbery et al.2° which considerably extended
our knowledge of this nucleus, albeit for yrast and yrare
states only. Stuchbery et al. also performed shell-model
calculations in a space consisting of the three lowest pro-
ton orbits of the KHP space. They used an SDI residual
interaction. Zwarts and Glaudemans3® performed shell-
model calculations in the complete KHP model space
with both the Kuo-Herling interaction (Kpn = 1.0) and
an SDI interaction. These two studies provide a quite
complete discussion of the spectroscopy of 212Rn and we
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FIG.3. Some predicted even-parity energy levels of 212Pb.
The levels are labeled by JT—where k orders the levels by
energy—and are sorted by the dominant configuration. Note
only selected levels are shown and they are not necessarily the
lowest in energy. The numbers on thelevels are the percentage
of the indicated configuration. The JT = 20} — 247 levels are
100% g9/2i11/2jf5/2, the composition of the JT = 0} — g g3,2
levels is given in Table IX. The Q(£2) and p(M1) values are
in e fm? and nuclear magnetons, respectively. The Q(E2)
were calculated with HO wave functions and e, = 1.0e while
the p(M1) were calculated with free-nucleon g factors.
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TABLE VIII. KHP predictions for the even-parity energy spectrum of 2*?Pb for Kpn = 1.07. The index k orders states of
a given J™ in energy. Levels with k¥ < 10 are shown for E; < 3.0 MeV while only k=1-2 levels are shown for F; > 3.0 MeV.
E. (keV) Jr k E, (keV) JT k E; (keV) J- k B, (keV) JT k

0 ot 1 2272 12% 1 2665 4t 10 2901 10% 6
855 2t 1 2275 3t 3 2671 5% 5 2903 16t 1
1139 4t 1 2287 2t 6 2671 7t 6 2908 127 3
1242 6t 1 2343 8+ 4 2673 8+ 7 2931 5t 10
1287 8t 1 2344 9t 3 2680 6t 9 2944 7+ 10
1448 4t 2 2361 4t 6 2680 2t 9 2946 3t 10
1556 6t 2 2420 7+ 3 2683 5% 6 2949 11+ 3
1564 ot 2 2435 6t 5 2685 6% 10 2967 127F 4
1590 2t 2 2463 2t 7 2688 9+t 5 2978 13* 2
1740 5t 1 2467 5% 3 2697 10t 4 2980 ot 6
1752 7t 1 2472 ot 4 2700 3+ 6 2980 15+ 1
1823 1t 1 2475 4t 7 2730 (&l 7 2991 9t 7
1827 4t 3 2483 6t 6 2742 8+ 8 3113 147 2
1861 3t 1 2488 5% 4 2742 5% 7 3656 18% 1
1873 10t 1 2502 7t 4 2758 3t 7 3669 16% 2
1887 2t 3 2511 1t 2 2768 8+t 9 3821 15+ 2
1891 3t 2 2524 4t 8 2771 7t 8 3855 17t 1
1893 4t 1 2544 8t 5 2785 11+ 2 4759 187 2
1903 2+ 4 2555 2t 8 2786 10% 5 4833 17t 2
1915 ot 3 2565 7+ 5 2803 27t 10 5442 207 1
1934 4t 4 2573 6t 7 2804 3t 8 5453 227 1
1935 6t 3 2575 3t 4 2809 8t 10 5480 19% 1
1937 7t 2 2577 12t 2 2819 1+ 4 5498 207 2
1944 5% 2 2580 4% 9 2820 9t 6 5507 19+ 2
1947 gt 2 2581 11t 1 2822 5% 8 5526 24t 1
1964 6t 4 2595 3t 5 2823 ot 5 5543 23t 1
2007 10t 2 2596 10t 3 2829 14 1 5546 21t 1
2008 8+t 3 2607 6t 8 2840 3t 9 5591 22+ 2
2105 9t 2 2622 8t 6 2853 13t 1 5616 21+ 2
2231 2t 5 2635 9t 4 2891 5% 9 5878 247 2
2251 4% 5 2636 1+ 3 2901 7+ 9 5954 23%+ 2

make only a few comments. Stuchbery et al. list the
configurational composition they found with the SDI for
some of the even-parity levels. Their results for the 0t—
8% even-J levels shows a “collective” structure similar to
the KHP predictions shown in Table XII but with less-
ened mixing; they report ~ 76% Ohg/2 as opposed to the
~62% found with the KHP interaction. Predictions for
quadrupole moments and B(E2) values for the 0*-8*

states are given in Table XII. The effective charge used
was that which gave an average best agreement with the
three experimental values shown. The very low value of
the necessary increment to the proton charge—0.27e—is
an indication that the KHP model space is adequate for
a detailed description of these levels.

An improvement on the KHP interaction could quite
likely be had by modifications designed to better repro-

TABLE IX. KHP predictions for the energies, configurations, B(F2) values (for decay to the next lower state) and
quadrupole moments of the ground-state band of 2*?Pb. B(E2) and Q(E2) were calculated with an effective charge of 1.0e
using WS parameters which give an rms neutron radius of 5.694 fm. The four most prominent configurations are listed.

JT E; (keV) Configuration (%) B(E2) Q(F2)
KHP Expt 9;/2 95/2731 /2 93/2.7?5/2 93/2‘15/2 (62 fm4) (e me)

ot 0 0 43.3 25.4 11.9 0.1

27t 855 805 62.0 17.5 8.6 2.4 231.7 — 0.55

4t 1139 1117 66.8 16.6 8.1 0.9 75.7 — 1.65

6t 1242 1277 68.4 16.4 8.1 0.4 29.4 - 7.8

8t 1287 1335 69.0 16.4 8.0 0.2 8.5 —19.5
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TABLE X. The KHP energy spectrum of 2°Po for
Kon=0.92. AE; is experiment—model and is positive if the
model prediction is too bound. The energy entry for the
ground state is the binding energy relative to 20%Pb. All
model levels are listed for £; < 3.8 MeV while only the first
three of each spin parity are listed for E; >3.8 MeV. Exper-
imental energies preceded by an asterisk are not included in
the averaging.

Model Expt Dominant
FE. Jr No. FE. AFE, conf.
—8810 ot 1 —8782 +28 0h3,
1199 2t 1 1181 -18 0R3
1465 4t 1 1427 —38 0R3 )2
1481 6+ 1 1473 -8 0R3 ),
1532 gt 1 1557 +25 0h3 ),
2124 8t 2 2188 +64 Ohoy21f1/2
2318 1t 1 2394 +76 Oko/21f7/2
2328 67t 2 2326 -2 Ohg/21f7 /2
2355 7t 1 2438 +83 Ohg/21f12
2369 2t 2 2290 —79 0hg;21f7/2
2396 5% 1 2403 + 7 Ohg;21f1/2
2400 3t 1 2414 +14 Ohg/21f7/2
2431 4t 2 2383 —48 Ohg/a1fr )2
2644 ot 2 2609 -35 112,
2675 11~ 1 2849 +174 0hg /207132
2923 2t 3 *2868 —55 1f2),
2927 2” 1 3024 497 0hg /2013 /2
2957 9~ 1 3000 +43 0hg /201132
2998 3~ 1 2846 —152 0hg /20813 /2
3024 8~ 1 3138 +114 Ohg /20413 /2
3025 7— 1 3016 -9 0h9/20i13/2
3073 6~ 1 3125 +52 0hg/20%13 /2
3097 57 1 *2968 —129 0h9/2 01’1-3/2
3097 4— l *3093 - 4 0h9/20i13/2
3179 4% 3 3094 —85 1£2,
3248 6+ 3 3219 —29 1f2),
3577 3~ 2
3865 5~ 2
3892 a 2 (AE;)ims= 67 keV
3928 9~ 2
3976 4~ 2 (AEB)= 49 keV
4049 6~ 2
4052 8~ 2
4089 10~ 2
4344 3t 2
4366 7t 2
4370 5t 2
4539 ot 3
4644 3+ 3
4649 5+ 3
4658 8t 3
4674 10% 1
5210 1t 2
5681 9~ 3
5833 7= 3
5880 5~ 3
5897 4~ 3
5911 8~ 3
5948 6~ 3
7468 1t 3

duce the spectra of the two- and four-proton systems.
The predictions for the even-parity states shown in Ta-
bles X, XI, and XII are really quite good. The predic-
tions involving the unique-parity w07;3/2 orbit are not so
good; the odd-parity states are too bound. Use of a less
bound 70%,3/5 orbit would give improved agreement with
experiment. Even better agreement would result from an
adjustment of the 0hg/20713/2 TBME such that the aver-
age value is ~100 keV more positive. This discrepancy is
in qualitative agreement with that expected from the oc-
tupole coupling to core-excited neutron states, which is
discussed by Poletti et al.?! Another possible contribut-
ing factor is discussed in Sec. V.

C. **°Bi

A comprehensive study of 2°Bi via the
209Bi(n, v)?19Bi reaction has recently been made by
Ponting et al3! using the Los Alamos Omega West ther-
mal neutron facility. These authors proposed identifica-
tion of all states of the first six odd-parity configurations,
the first even-parity configuration, and six of ten states of
the second even-parity configuration of 2!9Bi. The order-
ing of the configurations composed of a proton in orbit jm
and a neutron in orbit v is according to the zeroth-order
expression

Eij = €jn + €1y + 7736 keV (6)

where, as can be inferred from Fig. 1, —7736 keV is
the zeroth-order binding energy of the mOhg/2v1g9/2 con-
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FIG. 4. Normalized w0hg/rv1g9/2 TBME (bottom) and

unnormalized Ohg/20j15/2 TBME (top) plotted against the
angle ©12 between j; and jo. (Es) and ©i2 are defined in the
text as are the KHP and KHP. configurations. The TBME
are labeled by J.
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TABLE XI.

KHP predictions for the energy spectrum of **?Rn for Kpn = 0.92. The index k orders states of a given J™ in

energy. Levels with £ < 10 are shown for F; < 3523 keV while only k=1-2 levels are shown for E; > 3523 keV.

E; (keV) J™ k E. (keV) Jr k E; (keV) J™ k E, (keV) JT k
0 ot 1 2873 8~ 1 3328 9+ 3 3824 13~ 2
1333 2t 1 2874 3~ 1 3348 6+ 8 3834 16~ 1
1560 4t 1 2936 5~ 1 3374 7+ 5 3839 12~ 2
1646 6t 1 2937 7t 3 3382 3t 5 3915 0~ 1
1667 8t 1 2959 12+ 1 3385 1t 3 3923 14~ 2
2110 8t 2 2959 4~ 1 3386 5% 6 3926 14% 2
2275 6t 2 2965 4t 5 3388 10t 3 3927 1~ 1
2287 4t 2 3041 6t 5 3398 6%t 9 3940 2” 2
2299 7t 1 3050 ot 4 3401 8t 6 3973 15~ 2
2316 1t 1 3063 1t 2 3410 7t 6 4115 1~ 2
2344 5+ 1 3076 6t 6 3415 4t 9 4128 13% 2
2354 2t 2 3085 2t 5 3423 5% 7 4373 17~ 2
2368 3t 1 3104 10t 2 3431 10~ 2 4416 18~ 1
2380 4t 3 3133 5t 3 3433 13* 1 4505 16~ 2
2396 6+ 3 3142 6~ 2 3463 67t 10 4918 20% 1
2431 2t 3 3145 3~ 2 3472 11+ 2 4928 0~ 2
2453 ot 2 3147 5t 4 3484 5% 8 4966 187 1
2545 7+ 2 3154 4t 6 3497 4t 10 4992 167 1
2547 5t 2 3157 9t 2 3497 8t 7 5176 17t 1
2585 11~ 1 3161 3t 3 3501 9t 4 5189 19+ 1
2655 4t 4 3204 6t 7 3512 3t 6 5219 187 2
2679 3t 2 3227 8t 4 3522 2t 8 5223 167+ 2
2716 2t 4 3235 3t 4 3525 9~ 2 5243 157 1
2728 6t 4 3242 2t 6 3544 5~ 2 5257 157 2
2730 ot 3 3257 5t 5 3561 13~ 1 5259 177+ 2
2732 10t 1 3266 4t 7 3571 7 2 6123 197+ 2
2754 gt 3 3278 8+ 5 3616 4~ 2 6126 20t 2
2800 9~ 1 3285 2t 7 3642 12~ 1 6756 21~ 1
2836 9+ 1 3287 14% 1 3645 8~ 2 6773 19~ 1
2847 2= 1 3288 4t 8 3672 11~ 2 6804 18~ 2
2858 10~ 1 3288 7+ 4 3761 17~ 1 6954 20~ 1
2861 7= 1 3305 12+ 2 3767 15~ 1 7237 19~ 2
2871 6~ 1 3321 11+ 1 3777 14~ 1 8697 20~ 2
figuration. The ordering is listed in Table XIII and  very strongly—on shell-model expectations. It is quite

the low-lying spectrum of 2'°Bi, with the experimen-
tal states and proposed configurational assignments of
Ponting et al.,3! is compared to the KHP predictions in
Table XIV. The identifications of Ponting et al. are
based on previous evidence, y-ray branching, and also—

TABLE XII

probable that some of them are wrong. For instance, we
have indicated in Table XIV that possible high-spin even-
parity states—previously proposed at ~1801, ~1812, and
~ 1987 keV’—are not included in the Ponting spec-
trum. Nevertheless, the assignments for the three low-

KHP predictions for the energies, configurations, B(E2) values (for decay to the next lower state) and

quadrupole moments of the ground-state band of 2!2Rn. The B(E2) and Q(£2) are in e fm* and efm?, respectively, and were
calculated with an effective charge of 1.27e using WS parameters which give a rms charge radius of 5.56 fm. The three most

prominent configurations are listed.

A E; (keV) Configuration (%) B(E2) Q(E2)
KHP Expt h3 /s R3 /21332 Y9 P KHP Expt KHP

ot 0 0 41.8 23.2 20.1

2t 1333 1274 59.7 17.3 16.5 256.8 + 6.1

4t 1560 1501 63.8 16.2 15.5 61.4 79(3) + 6.5

6t 1646 1640 62.3 16.9 16.7 34.9 30(4) — 4.5

8t 1667 1694 64.6 16.5 15.2 10.5 9.8(8) —23.3




TABLE XIII. Zeroth-order configurational energies for
KHP states of 2!°Bi.

Orbits Relative energy
T v (MeV)
0h9/2 1_(]9/2 0.00
Ohg/2 02112 0.78
1f7,2 1g9/2 0.90
0hg/2 0j15/2 1.42
0h9/2 2d5/2 1.57
0i13/2 199/2 1.61
1f7/2 0i11/2 1.68

est odd-parity configurations and all Ohg;50715/2 states
other than 9% and 11t states appear quite reliable, and
we have taken on the exercise of varying selected KHP
TBME in order to obtain agreement with the proposed
spectrum of Ponting et al.3! The aim was to reproduce
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all the E; < 2 MeV states and some selected higher-lying
states. All experimental states listed in Table XIV were
reproduced except those for which the associated model
states are marked with an asterisk. The modified TBME,
obtained as described in the next paragraph, are listed
in Table XV.

With the KHP interaction; the yrast 0~ through 9~
states of 219Bi are all >96% whg/ovge/2. The identifi-
cation of these states is certain and the modification of
the KHP TBME to reproduce the experimental energies
straightforward. The next two odd-parity configurations
(see Table XIII) are strongly mixed with each other but
not with others. This is also true for the fourth and
fifth odd-parity configurations. Our method of handling
strongly mixed configurations was to change both diago-
nal TBME for a particular J by the same amount so as to
reproduce the average of the two experimental energies
with which the two states are identified. Then the ener-
gies of the two were matched by varying the off-diagonal

TABLE XIV. The KH energy spectrum of 2'°Bi for Kpp=0.90. AFE, is experiment — model and is positive if the model
prediction is too bound. The energy entry for the ground state is the binding energy relative to 208ph,  All experimental
levels are listed for E; < 2.0 MeV while all model levels are included which belong predominantly to the three odd-parity
configurations and the two even-parity configurations which are lowest in zeroth order. The TBME corresponding to the model

energies preceded by an asterisk were not modified.

Experiment Model Dominant Experiment Model Dominant
E. J” No. E, AFE, conf. E, J* No E, AFE, conf.
—8403 1~ 1 —8380 —23 Oho /21902 1479 9~ 2 1s11 4168 0hg /20811 2
47 0~ 1 —84  +131 0hg/21g0 /2 1523 4% 1 1570 — 47 0hg ;205152
271 9~ 1 291 —20 Ohg /21992 1531 2% 1 1827  —296 0113721992
320 2” 1 272 +48 0ho /21992 1585 2~ 4 1612 — 27 1£7/20811/2
348 3~ 1 347 +1 Ohg 21992 1706 5% 1 1756 ~ 50 0hg /205152
433 7 1 453 —20 Ohg 2190 /2 1753 10* 1 1725 +28 0hg 207152
439 5 1 454 —-15 0hg /21992 1776 6%t 1 1761 + 15 0hg /205152
503 4~ 1 497 + 6 Ohg /21992 1794 gt 1 1790 +4 0hg 205152
550 6~ 1 579 —29 Ohg /21902 1801 possible (9-11)%; Ref. 7
563 1~ 2 653 —90 0hg /201112 1812 possible (8-11)%; Ref. 7
583 8~ 1 615 —-32 Ohg /21992 1837 T+ 1 1911 —74  Ohg20j15/2
670 10~ 1 864  —195 Ohg/20%11 /2 1897 9~ 3 2050  —153 1f7720%11/2
916 8~ 2 986 —170 1f7/2199/2 1897 3t 2 2096  —199 0%13/21g9/2
972 2~ 2 972 — 0  Ohgy20iyiy2 1925 2~ 5 1908 + 17 Ohgy22ds /2
994 3t 1 1094 —100 0hg /207152 1980 7 4 2003 - 23 Ohg/22ds /2
1165 1~ 3 1216 —51 1f7/21g9/2 1985 3~ 4 2023 — 38 1£7/20i11/2
1175 2~ 3 1230 —55 1f772199/2 1987 possible (9-11)%; Ref. 7
1184 8~ 3 1357 —173 0hg /2011 /2 1990 3~ 5 2043 —53 0hg/22ds 2
1208 6~ 2 1345  —137 1f7/2199/2 2006 4% 2 *2149  —143 0113/2190/2
1248 4” 2 1360  —112 Ohg j20t11 /2 2015 6t 2 *2203  —188 0113/21g0/2
1301 7 2 1324 —23 0hg/20%11 /2 2026 1t 1 1929 + 97 0913720911 /2
1316 11+ 1 1652 —336 0413/2199/2 2072 9t 1 *1947 +125 0hg 207152
1336 5~ 2 1281 + 55 Ohgy20i11/2 2100 11+ 2 *2031 +69  Ohg20j15/2
1339 6~ 3 1437 — 98 0hg /202112 2259 7t 2 *2169 + 90 0313721992
1374 3~ 2 1154 +220 0hg /20211 /2 : 9t 2 *2100 0213721992
1383 7 3 1448 —65 1f7/21g99/2 5t 2 *2178 0i13/2199/2
1390 4~ 3 1413 —24 117721992 g+t 2 *2225 041321992
1463 5~ 3 1438 + 25 1f7/2199/2 10% 2 *2237 0i13/2199/2
1469 12% 1 1431 +38 Ohg /2071572 2733 14~ 1 3137  —404  Oi13/20511/2
1476 3~ 3 1399 +77 1f721g9/2
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TBME between them. Some iteration is necessary. The
modified pn interaction was combined with the A(®) #
0 interaction discussed at the end of Sec. III and the
resultant was labeled KHP,.

The relationship between the KHP and modified
(KHP,) pn TBME was examined to look for possible reg-
ularities. We first consider the Ohg;51g9/5 configuration.
The levels of this configuration provide a classic example
of the systematic behavior of the TBME of nonequivalent
particles.3? In Fig. 4 we compare the KHP and KHP,
TBME for this multiplet using the clarifying method of
display introduced by Schiffer.3? Since the states in ques-
tion are dominated so strongly by Ohg;31g9/2, the KHP,
set is essentially equivalent to varying the w0hg;5v1g9/2
TBME and leaving the other KHP TBME unchanged
and is very close to the set resulting from an assump-
tion of a pure 70hg orv1gy/, configuration. The average
energy, (E;), and O1; in Fig. 4 are defined as

(Ej) = abs [ZJ(2J£‘11()2(§1.—7;.2|1‘;U1].2)J] ’ ™
oot JIUAD =1+ 1) = o2 + 1)
O12 = cos { 2[51(1 + D)jz(jz + D]/ } '
(8)

A similar comparison for the known (i.e., all but 9% and
117%) states of the even-parity 0Ohg;20j15/2 configuration
is shown in the upper half of Fig. 4. A striking feature of
Fig. 4 is that not only do the Kuo-Herling TBME exhibit
smoothly varying behavior, but the empirical TBME do
also. All the Kuo-Herling multiplets exhibit this smooth
pattern as do more schematic representations of the inter-
action such as the SDI. If we assume a smoothly varying
behavior for the odd J states of the Ohg;20j15/2 multi-
plet, we infer an extrapolation such as the dashed line
in the upper left panel of Fig. 4. This leads to predic-
tions for the excitation energies of the 97 and 117 states
of 1878 and 1955 keV which are 69 and 76 keV, respec-
tively, below the KHP predictions of Table XIV and not
too far from the E, of the three possible high-spin states
listed as such in Table XIV. However, as is seen from
a perusal of the A column of Table XV, not all the of
the empirical TBME are so smoothly varying. Note, for
example, the stagger of A for the odd J TBME of the
0h9/20i11/2 multiplet.

Because the KHP and KHP, curves of Fig. 4 are not
too dissimilar, a convenient measure of the difference in
magnitude of the two sets of TBME is provided by the
(Ej). For the m0hgjovlgess and w0hg/o0515/2 sets the
empirical KHP, interaction gives values of (E;) larger
than the KHP interaction by 20% and 17%, respectively.
The possible significance of these differences will be dis-
cussed in Sec. V.

D. **2At

The high-spin spectroscopy of ?!?2At was investigated
via the 208Pb(7Li,3n)?!2At reaction by Sjoreen et al33 A

TABLE XV. The modified TBME of the KHP. interac-
tion compared to the original KHP TBME for K,n = 0.90.
The TBME have the form (ij|V|km) with the orbits i, j, k,
m as listed. The TBME are in MeV. In the last column, A is
KHP — KHP. in MeV.

Orbits (15| V |km)
iy km J KHP KHP. A
Ohosalgesz  Ohgjolgesa 0 —0.6595 —0.5480 —0.1115
Ohoj21goj2  Ohgjalge 1 —0.5934 —0.6149 +0.0215
0h9/2199/2 0h9/2199/2 3 —0.2458 —0.2690 +00232
Oho/21gesa  Ohgjalgesz 4 —0.1140 —0.1314 +0.0174
0h9/2199/2 0h9/21g9/2 5 —0.1488 —0.1867 +0.0379
Ohgj2lgosa  Ohgyalgeye 6 —0.0422 —0.0956 40.0534
Ohoalgosz  Ohoslgos, 7 —0.1494 —0.1920 +0.0426
Ohojalgs/z  Ohosolgess 8 —0.0084 —0.0620 +0.0536
Ohojz1goj2  Ohgjalgess 9 —0.3382 —0.3810 +0.0428
Ohe20t11/2 Ohgya0izyz 1 —0.3973 —0.4983 +0.1010
Ohg20i11j2  Ohgjp0izyz 2 —0.2043 —0.2608 +0.0565
Ohoj20i11/2 Ohga0ii1jz 3 —0.1478 —0.0153 —0.1325
Oho/20i11j  Ohgya0inayz 4 +0.0105 —0.0325 -+0.0430
Ohgy20i11y2  Ohgy20i11)2 5 —0.0987 —0.0597 —0.0390
Ohg/20%11/2 Ohgjp0izi/a 6 +0.0332 —0.0878 +0.1210
Oho20ir1ja  Ohgj0iynsz 7 —0.0771 —0.1181 +0.0410
Oho/20i11/2  Ohgyo0iziyz 8 —0.0445 —0.2505 +0.2060
Ohg/20i11j  Ohgyy0iniyz 9 —0.1068 +0.0422 —0.1490
Oho/20i11y2  Ohgyp0iyr; 10 —0.5566 —0.7746 +0.2180
Oho20ir1j2  1frj2lgeyz 1 —0.1939 —0.2179 +0.0240
Oho/20iraja  1frj2lgess 2 +0.0697 -+0.0357 +0.0340
Oho/20i11/2  1frjalgesa 3 —0.0674 +0.0341 —0.1015
1f772199/2 1f7/21g99/2 1 —-0.4019 -0.5029 +0.1010
1f7/2190/2  1frj2lgess 3 —0.1545 —0.0225 —0.1320
1f7/21g9/2 1f7/2199/2 4 —0.0705 —0.2215 +01510
1f7/2199/2 1f7/21992 5 —0.0948 —0.1008 +0.0060
1f7)21g0)2  1frj2lgesa 6 —0.1155 —0.2855 +0.1700
1f172190/2  1frj2lgess 8 —0.5326 —0.6226 +0.0900
Ohg/20j1s/2 Ohgyp0j1sj2 3 —0.9022 —1.0248 +0.1226
0hg/20415/2 Ohgy20j15/2 5 —0.2492 —-0.3274 +40.0782
Oho20515/2 Ohgj0jisja 6 —0.2359 —0.2447 +0.0089
0h9/20j15/2 0h9/20j15/2 7 -——01183 —02233 +01050
Oho/20j15/2 Ohosa0jis/s 8 —0.2088 —0.2278 +0.0190
Oho20515/2 Ohos0j1sjz 10 —0.2533 —0.2483 —0.0050
Ohgy2031572 Ohgy20j15,2 12 —0.5672 —0.5522 —0.0150
Ohojo2dsj;  Ohgp2dsj, 2 —0.4338 —0.4632 +0.0294
Ohg/22dss2  Ohgyr2ds o 3 —0.1543 —0.2313 40.0770
0h9/22d5/2 0h9/22d5/2 7 -—01968 —02438 +00470
Ohojo2dsy  1frj20i11y2 2 +0.1279 +40.1549 —0.0270
Ohgy22dss2  1f7720i112 3 40.0129 —0.0001 +40.0130
Oiraj2lgejz  Ot1zj2lgesz 2 —0.3653 —0.7113 +0.3460
Oi1ajalgesa  Oirzjalges 3 —0.1568 —0.3858 -+0.2290
Oirajalgesa  Oirzjalgesz 11 —0.4589 —0.8679 +0.4090
1f7/20i11/2 1f7/20i11/2 2 —0.5895 —0.6189 +0.0294
1f7/20i1]/2 1f7/20i11/2 3 —02491 —03]81 +00690
0i]3/20i11/2 0i13/20’i11/2 1 —1.1013 —1.0273 —0.0740
Oi1a/20j11/2 Ot1a/20j112 14 —0.6230 —0.9640 +0.3410
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TABLE XVI. Magnetic moments (in nm) for the yrast 117 and 15~ states of 2’?At. The
experimental results are from Sjoreen et al. (Ref. 33). KHP and KHP. predictions are given
utilizing the theoretical effective operators of Arima et al. (Ref. 34) and the semiempirical operators
described in the text.

Expt Arima Semiemp
JT KHP KHP. pure® KHP KHP. pure®
11t 5.95 6.16 7.06 8.06 5.74 6.59 7.57
15~ 9.33 8.79 8.84 6.01 8.62 8.64 5.87

* w(h§/2i13,2)ugg/2 for the 111 state. There are 25 117 states in this configuration and thus p(11%)
is complex, the value listed is for KHP.. For rhgn coupled to 0%, u(11%) = p(mitase) + w(rges2),
which is, e.g., 6.73 nm for the semiempirical operators.

® wh};,vges2 for the 157 state which is unique.
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comparison of these results and diagonalized shell-model
predictions has not been made heretofore. It was pro-
posed by Sjoreen et al. that the high-spin level scheme
they observed was built on the 97 level. We were able
to diagonalize the 212At states with J > 9 only, but this
is sufficient to compare to the experimental results of
Sjoreen et al. Both the KHP and KHP, results are com-
pared to the level scheme proposed by Sjoreen et al33
in Fig. 5. Our predictions certainly support their spin-
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FIG. 5. Comparison of the experimental high-spin results

of Sjoreen et al. (Ref. 33) for **At to the KHP. and KHP
predictions for Kpn = 0.90. Energies are in keV. The numbers
in square brackets are the binding ehergies relative to 2°®Pb.
The experimental spin parities are those proposed by Sjoreen
et al. The speculated identifications for the levels above the
157 level are ours. Only model states that are deemed of
possible interest are shown.

parity assignments. It is noteworthy that the KHP, in-
teraction is in considerably better agreement with their
excitation energies than the KHP interaction, particu-
larly for the 117 state. As seen in Table XV, the KHP,
J=11 0¢33/2199/2 TBME, which has a strong effect on
this energy, differs the most from the KHP interaction.

Sjoreen et al. did not observe a 15~ — 13~ transition
and proposed a transition energy of less than 95 keV to
explain this nonobservation and the 54 ns mean life of the
15~ level. The KHP, and KHP predictions for this tran-
sition energy are 37 and 41 keV, respectively, consistent
with their inference. Sjoreen et al. placed the 570 and
608 v transitions of their Fig. XV above the 15~ level
and speculated that they might feed a 16~ level close
enough to the 157 level so that the 16~ — 157 transition
would be unobserved (note that there is no experimental
evidence for this “missing” transition). The predictions
support this speculation since we find KHP, and KHP
16~ — 15~ transition energies of 23 and 50 keV, respec-
tively. Finally, the assumption of an intermediate 16~
state allows us to propose 171 and 17~ for the states de-
caying by 570 and 608 keV radiations, i.e., both of these
transitions have prompt components33 which would not
be the case if 17t and 17~ states decayed to a 15~ state
with transition energies of ~600 keV. It is clear from Fig.
5 that the 19‘1+ state should be isomeric. Sjoreen et al.
estimated a mean lifetime of ~ 14 usec for a 197 — 16~
E3 transition, but, due to the low angular momentum
brought in by the “Li beam, expected only a weak for-
mation of this high-spin state. They did not observe any
evidence for such an isomer.

Sjoreen et al. measured the magnetic moments of
the 11t and 15~ states. A first step in the calcula-
tion of shell-model predictions for magnetic moments or
M1 transitions is to choose the relevant operators. It is
known that the free-nucleon g factors are inadequate in
the lead region. We have chosen to use the effective oper-
ators derived from fundamental considerations for orbits
in the lead region by Arima et al.3* These may not repro-
duce experiment as well as empirical effective g factors
but we do have the secondary motive of testing funda-
mental predictions for these operators. The operators
we use are obtained by applying the corrections to the
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TABLE XVII. Dominant configurational contributions to
the wave functions of the yrast KHP, and KHP 111 and 15~
states of 212At,.

State Configuration Percentage

KHP. KHP

1t 1h3 ;0413 /21992 70.1 55.4
1h3 31 f7/2051572 5.1 11.2

1h3 /307152 0.9 12.0

1f72/20i13/2199/2 9.4 6.5

08352190 /2 8.9 6.3

15~ 1h3 /51002 83.4 87.0
1h§/21f7/2199/2 11.1 9.0

free-nucleon g factors given in table 7.12 of Ref. 34. For
orbits not included in this table, we use the average val-
ues of the effective operators; in the notation of Arima
et al3* the average correction factors are 6™ = —2.050,
68 = 1.800, 6 = 0.13, and §*)=—0.08.

Results are listed in Table XVI where they are com-
pared to experiment. Sjoreen et al3?® listed empirical
effective g factors for w03/, and vlgg;, of 1.24 and
—0.296. The empirical g factor for w0hg/, from 2°°Bi
is 0.913.2° The predictions calculated with these values
substituted for the appropriate Arima values are listed
as semiempirical in Table XVI.

The major components of the 111 and 15~ wave func-
tions are listed in Table XVII. The rather large difference
between the KHP, and KHP wave functions for the 11+
state are reflected in the magnetic moments. We note
that in either case the wave functions are quite mixed
so that calculation of the moment is complicated. It is
difficult to say whether the moderate disagreements with
experiment evident in Table XVI are due to the wave
functions, the effective operators, or a combination of
both. However, it is clear that the introduction of config-
uration mixing via either the KHP, or KHP interactions
improves the agreement significantly.

V. SUMMARY

The KHH and KHP model spaces for nuclei near dou-
bly magic 2%Pb are quite different. For the KHH inter-
action the orbits nearest the Fermi surface have low spin
and for the KHP interaction they have high spin. The re-
sult is that more orbits are important in the KHH space,
but calculations are more difficult in the KHP space.
We have found a further difference. Namely, the core-
polarization correction of Kuo and Herling appears to be
considerably more successful in the KHP space than in
the KHH space. By this we mean that energy spectra
are best reproduced with values of Ky, close to unity for
the KHP space while significantly smaller values of Kpp
are indicated for the KHH space. To understand this one
would probably need to look in detail at the specific con-

tributions to the core-polarization corrections in the two
model spaces.

For 219Bi we found that the empirical values of (E;)
of Eq. (7) for the 70hg;ov1g9/5 and 70hg;910j15/5 con-
figurations were 20% and 17% larger in magnitude than
the Kuo-Herling values. This is similar to the findings of
20% and 25% for the empirical to Kuo-Herling ratios for
the (mOh7y;yv0iT55)12- and (70hg/2v0i11/2)10- TBME
of 296T1 and 21°Bi reported by Bergstrom et al.'® In Sec.
II we touched on the critique of the Kuo-Herling interac-
tion given by Bergstrom et al. It is worthwhile to review
this critique in more detail as we now do. Bergstrom et
al. had two points to make.

First, as found in previous studies of the KHH inter-
action and demonstrated in Sec. III for both the KHH
and KHP interactions, the core polarization contribution
is generally too repulsive. Bergstrom et al. argued con-
vincingly that this is a consequence of the use in the cal-
culation of a constant energy denominator of hiw=14 MeV
for the intermediate 1p-1h excitation. Since the particle-
hole interaction is generally attractive in isoscaler states
and repulsive in isovector states, the collective particle-
hole excitations that contribute the bulk of the core--
polarization corrections will lie lower (higher) than 2Aw
in isoscaler (isovector) modes with the consequence that
both modes will give less repulsion. This then offers an
explanation for the finding that Ky, is generally less than
unity.

Their second critique is that the magnitude of Gpare
is generally too small. This deficiency they attribute to
the use of HO radial wave functions in the calculation.
An orientation to this deficiency is had by reference to
Table XVIII which shows the ratio of overlap integrals
calculated with WS and HO wave functions for a few se-
lected TBME. This simple overlap is only proportional
to the actual TBME in as far as the effective interaction
is dominated by a delta function in the positions of the
two nuclei, for instance, if the two-nucleon state is largely
3S. This is the case for the stretched w0h;10i; states con-
sidered by Bergstrom et al., but for the (E;) considered
here, the comparison only gives a qualitative indication
of the difference between the KHP, and KHP TBME.

TABLE XVIII. Ratios of WS and HO proton-neutron
overlap integrals with the orbits i, j, k, m as listed. The
HO integral was calculated using hw = 7.0 MeV.

Orbits Orbits  {i(m)j(¥)|6(rr — v )|k(m)m(v))ws

4 km ()3 (¥)|8(rr — 1o )[k(m)m(v))uo
0hg/20j15/2 Ohg/20715/2 +1.33
0t13/21g9/2 0t13/2199/2 +1.04
Ohgy20j15/2 0i13/21g9/2 —0.10
Ohos21g9/2  Ohoy21gs/2 +1.10
Ohg /2011372 Ohg/20%13/2 +1.29
Ohg/21g9/2 Oho 20132 +0.76
0hi11/20%1372 Ohy1/20%13/2 +1.27
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The results of Table XVIII do indeed indicate that the
diagonal Kuo-Herling TBME derived from Gpare are gen-
erally too small in magnitude. They also indicate that
the off-diagonal TBME can vary considerably from the
values derived with HO wave functions.

In conclusion, we note that a repetition of the Kuo-
Herling calculation with realistic radial wave functions
for Gpare and a more accurate representation of the en-
ergy denominator of G111 is feasible. We have demon-
strated that the H7B and M3Y potentials can give an ac-
curate account of the Kuo-Herling Gpare. Thus, one pos-
sible approach is to calculate the TBME with these po-
tentials utilizing Woods-Saxon wave functions and then

to perform the perturbative calculation of the 1p-1h core-
polarization calculation with a more realistic energy de-
nominator than previously used.
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