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Spin density contribution in heavy-ion interaction potentials using energy density formalism
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The result of adding the spin density term in heavy-ion interaction potentials is studied for the
first time, especially for unclosed shell nuclei. For the energy density functional of Skyrme interac-
tion, the spin density contribution is derived for nuclei with an even number of valence parti les (or
holes). The calculations are made for light nuclei, using both the shell-model and Fermi-type nu-
cleon densities. The interaction potential is calculated in the proximity theorem, using corrected
Thomas-Fermi approximation for the kinetic energy density. Only the repulsive spin density contri-
bution is found to be significant, which cancels a part of attraction in the total interaction potential.

I. INTRODUCTION

Until recently, the contribution of the spin density
term in heavy-ion potentials was neglected by either
studying only the spin-saturated nuclei (i.e., nuclei with
the major shell closed for both protons and neutrons) or
taking its contribution to be small. Kaur and Chatto-
padhyay' have calculated the spin density part of the in-
teraction potential in the energy density functional of
Vautherin and Brink, derived for closed j-shell nuclei
only. However, the authors of Ref. 1 used the shell-
model (harmonic-oscillator) orbitals, on one hand, and
the parametrized Fermi-type density distribution, on the
other hand. Thus, not only a proper evaluation of the
spin density term is essential but also it is required to ex-
tend the formalism of Ref. 2 to nuclei having valence par-
ticles outside the closed shells. ' During the particle
transfer, for example, the spin-saturated (with both
j=I+ ,' shells f—illed) or closed j-shell (either j=l+ —,

' or
I —

—,
' shell filled) nuclei would become nuclei with valence

particle configurations.
The aim of the present paper is, at least, threefold: (i)

The spin density formalism is extended to nuclei with two
and more (even) particles (or holes) outside the closed
even-even core. (ii) The spin density part of the interac-
tion potential is calculated more consistently by using the
same shell-model wave functions also for determining the
nucleon density distributions. A comparison of this cal-
culation with that for the widely used two-parameter Fer-
mi density distribution is then carried out. (iii) The con-
tribution of the spin density term in the total interaction
potential is studied for a number of iV =Z, spherical or
nearly spherical even-even nuclei. We have used here the
energy density functional of Vautherin and Brink for the
Skyrme forces and, following Chattopadhyay and Gup-

ta, made our calculations of the interaction potential in
the spirit of the proximity theorem. The calculations are
carried out in the energy density formalism, using sudden
approximation.

This paper is organized as follows. Section II gives a
brief description of the formalism used to calculate the
heavy-ion interaction potential. Neglecting the Coulomb
potential effects, the spin density part of the potential and
the nuclear proximity potential are discussed. The calcu-
lations are described in Sec. III and a summary of the re-
sults is presented in Sec. IV. The Appendix gives the
derivation of spin density for closed j-shell nuclei and its
extension for nuclei with pairs of valence particles (or
holes) outside the closed core.

II. THE FORMALISM

The energy density formalism has been used quite ex-
tensively for calculating the heavy-ion interaction poten-
tials. In this model, the interaction potential V(R ) is
defined as the difference between the energy expectation
value E of the colliding system at a finite separation dis-
tance R and at infinity,

V(&)=E(&)—E(~) . (I)
The two nuclei are overlapping at R and completely
separated at infinity. The energy expectation value E for
the energy density functional H(r) of Vautherin and
Brink (VB), obtained for the density-dependent Skyrme
interaction and the single-particle orbitals, P, , defining a
Slater determinant, is given by

E= JH(r)dr . (2)

The H(r) for an even-even spherical nucleus has the form
(the subscripts n and p refer to neutron and proton, re-
spectively)

H(p, r, J}= r+ —,'to[(l+ —,'xo)p —(xo+ —,'}(p„+p )]+—,'(t, +t2)pr+ ,'(t2 —t, )(p„r„+p„—r)2'
+ —,', (t, —3t, )pV'p+ —,', (3t, +t, )(p„V'p„+p~V p~)+ ,'t3p„ppp-
—

—, Wo(pV J+p„V J„+p~V J~) .

43 315 1991 The American Physical Society



316 RAJEEV K. PURI, P. CHATTOPADHYAY, AND RAJ K. GUPTA 43

The Coulomb interaction is not included here. In Eq. (3)
m is the nucleon mass and to, xo, t], t2, t3 and 8'o are
Skyrme interaction parameters, obtained by diA'erent au-
thors ' " in a self-consistent manner by fitting the bind-
ing energies, charge radii, and other single-particle prop-
erties of the spherical nuclei. The other terms are
p=p, +p, the nucleon density, ~=~„+~, the kinetic
energy density, and J=J„+J, the spin density.

Different terms in (3) contribute to different effects in
the interaction potential: whereas the last term is the
spin density contribution, the other terms, involving p
and ~ and their powers, products, and derivatives, are
shown to constitute the nuclear proximity potential for
the sudden approximation of p=p, +p2 and (corrected)
Thomas-Fermi (TF) kinetic energy density. Thus, using
(2) and (3) in (1), we can write

V(R)= f [H(p, &,J)
—[H, (p„r„J,)+H, (p„r„J,)]Idr

01
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with the nuclear proximity potential

V&(R ) = f IH(p, r) —[H& (p&, r& )+H2(p&, r2)] I dr

(4)

(5)

FIG. 1. Schematic two parameter Fermi density distributions
and the relevant geometry of the two colliding nuclei.

and the spin density part of the interaction potential

Vq(R )=f IH(J) —[H, (J, )+H2(J2)]Idr .

Here, J=J,+J2, the spin density of the composite sys-
tem.

For estimating V~(R ), we notice from Blocki et al. '

that according to the proximity theorem, the interaction
potential between two spherical nuclei of radii C& and
C2, whose centers are separated by R =Ro, +Ro2+s (see
Fig. 1), is given by

r, —R0;
p, (r, )=po, 1+exp i =1,2,

These authors obtained an analytical expression for 4,
using TF densities in sudden approximation for both the
nucleon and kinetic energy distributions. Here, in the
following, we have solved the same problem for the two-
parameter Fermi density distribution

Vp(R )=2vrR f e(s)ds,
S

(7)
with

r2=[r, +R —2r, R cosO, ]'~, 0~ r ~ ~ . (10)
where

R =CiC2/(Ci+C2)

with C; =R,. —1/R;, the central radii, and

R; =1.283 —0.76+0.8A;

In Eq. (7) so is the minimum value of separation distance
s. Apparently, so=0 for the crevice formation (touching
configuration), and is positive or negative for separated or
overlapping nuclei, respectively. e(s) is the interaction
energy per unit area between two Aat parallel surfaces
separated by a disance s. Since f e(s )ds in (7) does not
depend on the geometry of the two colliding nuclei, it is a
universal function, C&(s), characteristic of the matter. To
calculate such a universal function, Chattopadhyay and
Gupta defined

&b(s ) = f e(s )ds

=f IH(~. r) —[Hi(ei'i)+H2(p2 r2)]Idz

for two slabs of semi-infinite nuclear matter with surfaces
parallel to the X-Y' plane, moving in the Z direction.

and the densities of the two nuclei become

p, (z, ) =pa, 1+exp
z —R Oi —~ &z~ oo,

(12a)

and

p2(z2) =po2 1+exp
z2 —Ro2 —~ ~z~~ .

(12b)

Using (11) and R =Ra, +R02+s, we can write p2 also in

Ro; and a; are the half-density radii and surface thickness
parameters, respectively, taken (or intrapolated) from
Refs. 13 and 14 (see Fig. 2). Such a density distribution is
more realistic for heavy-ion collisions since, in contrast to
TF distribution, it does not drop sharply to zero. For
motion in a plane (8& =0), in the Z direction,
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FIG. 2. The parameters Ro; (half-density radii) and a; (surface thicknesses) of Fermi densities, as a function of mass number 2 of

the nuclei. The circles and triangles represent, respectively, the data from Refs. 13 and 14, and the lines give the intrapolation used
in the present work.

terms of the coordinate z &,

RO] +S Z]
p2(zl ) p02 1+exp

sal function:

4(s ) = Vp(R )/2'
(12b')

2
3 22y3 3 1

( —,m ) I[5/3]+ 8roI[2]+ —6r3I[3]

3
(

3 2 )2/3 5/3+ g( y )2/p (13)

Here A, is a constant having the values' lying between 36

and —,', . We choose k= —,
' and the Skyrme force SII in

view of the work of Chattopadhyay and Gupta.
Combining (13) with (3), but without the spin density

term, we get from (8) the following expression for univer-

For the kinetic energy density, we use the TF approxi-
mation, corrected for additional surface effects due to von
Weizsacker, '

where the integrals, representing the volume effect in (3),
are

r[„]=J[p"—(pl+pa)]dz (15)

and N, and N, , giving the surface effects due to the p-

and A, -dependent terms in w, respectively, are

4&, =
—,', (9r, —Sr, ), J

2
Bp

'Bz ]

2
~p& ~p2

Bzi Bzi

2

=—(9r ] Sr2 )4 o

2

N„= —,', (3t, +Stz)A@0+ A. , J 1 Bp
2' P Bz i

2 2
1 ~p& 1 ~pe+

p& Bzr pz Bz&
QZ ]

(16)

(17)

Here p=p, +p2 and we have used p„=p for both the
colliding nuclei. Equation (14), solved numerically for
the Fermi densities (12), gives the nuclear proximity po-
tential Vp(R ).

The estimation of the spin density part VJ(R ) of the in-
teraction potential is straightforward. Using the approxi-

I

mation p„=pz( =
—,'p), we get from (3) and (6)

V~(R )=——'Wo j(p,V J2+p2V J, )dr, (18)

where J,=J„+J and J2=J„+J are the spin densi-2 n2 p~

ties for the two colliding nuclei. In terms of the single-
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particle orbitals P; that define a Slater determinant, the
spin density for n or p in the energy density functional of
VB (Ref. 2} is given as

J~(r)=( i—) g p,*. (r, s, q)[VQ;(r, s', q)X (s~o ~s')]
Il, S,S

2I —n+2(P&)l+3/2(21 +2n + 1 )!!R„i(r)=
&m[(21+ 1)!!]n!

Vl'Xe "U„t(2vr )

' 1/2

(25)

where
(19

Here, the summation i runs over all the occupied single-
particle orbitals and s and q ( = n or p ) represent the spin
and isospin indices, respectively. Since any self-
consistent calculation is very time consuming, Eq. (19) is
solved by using the ansatz

R (r)

'"+""
.k. (21+2k+1)!! (26)

1

2b
( infm )

2A

and the scale factor v, related to oscillator parameter b, is

P,.(r, s, q)=

where

yt, (r, s)y (t) (20) with

%co =41 A (27}

y,, (r,s)= g (Pm, m, ~jm ) Y, '(r)y (s)
mIm

(21)

and y (t) is the isospin part of the wave function. The
index a(=q, nl) specifies the radial part of the wave
function, R (r).

Dropping the quantum number q, i.e., considering the
spin density to arise from either the occupied neutron or
proton orbitals, for a completely filled j shell, Eq. (19)
simplifies to

(22)

J(r)= g (2j +1)[j (j +1)—1 (1 +1)——']R (r).
4mr4

p(r)= g ~P;(r, s, q)~',
I, S

(28a)

where the summation index i ( =nl) runs over all occu-
pied single-particle states. This means that Eq. (28a)
defines the nucleon density distribution for closed major
shell (both j=1+,' filled} nuc—lei. In order to use this rela-
tion for closed j-shell nuclei or for a nucleus with n,
valence particles (or holes), we make the following ansatz,
respectively, as

For a consistent evaluation of the spin density part of
the interaction potential, Eq. (18), we use the oscillator
wave functions (25) also to calculate the nucleon density
distributions p(r). This is defined as

Notice that in this equation, though the summation is
over all the (fully) occupied levels, the contribution for
pairs of orbitals with j=l+ —,

' and l —
—,
' is zero. In other

words, J„=J =0 for nuclei with major shells completely
filled, called the spin-saturated nuclei.

For even-even nuclei with valence particles (or holes)
outside the closed shells, we divide the contribution to
J (r) in two parts: one due to the core consisting of
closed shells and another due to the valence n„particles
(or holes),

(2j+1}P""+2(21+1) ~"" "q
(for closed j shell)

n„ 2P"+ (21+1) ~"""q
(for n„valence nucleons)

(28b)

(28c)

J(r)=J,(r)+J„(r) . (23)

The + sign is for particles and —sign for holes (see the
Appendix). The first term, J,(r) in (23) is apparently the
same as Eq. (22). Since the ground state of all the even-
even nuclei is observed to have zero angular momentum,
considering that the valence nucleons couple to zero an-
gular momentum, we get for

n, r
J„(r)= [j(j+1)—1(1+1) ']R, (r ) . ——

4~r4 4 1 (24)

Here all the quantities on the right-hand side of (24) refer
to the last occupied (unfilled) shell only. The details of
derivation of Eqs. (22) —(24) are given in the Appendix.

The normalized radial wave functions R„t(r) in Eqs.
(20), (22), and (24) are taken from the shell model, '

«re p„(r) in (28b) is the nucleon density distribution
due to the closed major shell core, given by Eq. (28a), and

p, (r) in (28c) is the nucleon density distribution, respec-
tively, due to the closed major shell core or closed j-shell
core, depending on whether the valence nucleons are out-
side the closed major shell core or closed j-shell core, and
are given by (28a) or (28b), respectively. In (28c), the +
sign is for valence particles and the —sign for valence
holes. The single-particle orbitals P„t~ in (28b) and (28c)
refer to the last filled or unfilled j shell, respectively.

Using in (18), Eqs. (22) and (28b) or (23) and (28c), we
can calculate the spin density contribution VJ(R ) of the
interaction potential. Here, some integrals are solvable
analytically, whereas others involving radial wave func-
tions have to be solved numerically. Alternatively, in-
stead of (28), we can use the Fermi distribution (9) for the
nucleon densities. We shall see in the following that in
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the tail region not only shell-model densities match very
well with the Fermi densities but also the calculated
VJ(R) are very much identical for the two density distri-
butions. This is important, since in heavy-ion collisions
only the tail part of densities overlap.

"c+' 160

III. CALCULATIONS AND DISCUSSION OF RESULTS
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FIG. 3. The shell-model (dashed lines) and Fermi (solid lines)
nucleon density distributions for ' C, ' O, Mg, and Ar nuclei.

In this section we present our calculations first for the
spin density part of the interaction potential, using both
the shell-model and Fermi density distributions. We find
that the two density distributions give very much identi-
cal results. Then, using only the Fermi density distribu-
tion, the total interaction potential is calculated. The
spin density is found to contribute to the reduction of at-
traction of the interaction potential, which could be
significant for many fusion reactions.

Figure 3 shows a plot of the nucleon density distribu-
tions for a few representative nuclei from Op and Os-1d
shells. The solid and dashed lines represent, respectively,
the Fermi distribution (9) and the shell-model distribu-
tion (28). Interesting enough, the two distributions are
nearly the same, at least in the surface region. This is
true even for the deformed s-d shell nuclei, like Mg and

Si. In heavy-ion collisions only the surface regions of
densities are important. This is demonstrated in Fig. 4
where the spin density part of the interaction potential
VJ(R ) is plotted. For the relevant region of R (beyond

0

X
-2-

-10 i

2 6

R {fm)
10 11

FIG. 4. The spin density part of the interaction potential
VJ(R ) for various reactions, using the shell-model (dashed lines)
and Fermi (solid lines) density distributions. The Skyrme force
SII is used.

the repulsive maximum, as discussed below) the two cal-
culations do not differ much, particularly if one of the re-
action partners (like ' 0, Ca) is a spin-saturated nucleus
(J=O). In these later cases, we notice from Eq. (18) that
only one term contributes and the nucleon density of the
spin-unsaturated partner does not contribute to VJ(R ).
Also, Fig. 3 shows that the differences in the two model
density distributions are somewhat larger in the surface
regions for the spin-unsaturated nuclei. Therefore, in the
following, we have used only the Fermi density distribu-
tion for the calculation of VJ(R ) and the total interaction
V(R ).

Figure S shows the spin density part of the interaction
VJ(R ) for an assortment of target-projectile combina-
tions, having one nucleus spin-saturated ( Ca+ Ni) or
both spin unsaturated with the j shell completely filled
( Ca+ Ni, Ni+ Zr) or with valence particles or
holes outside the closed core (' C+ Ti, Ne+ Fe).
Only light target projectiles are considered where the ap-
proximation of equal proton and neutron densities is
justified. We have also included here in Fig. 5 some of
the cases of Ref. 1, since a numerical error was detected
in the calculations reported in that work. We notice in
Fig. S that the spin density contribution in the interaction
potential can be very large, of the order of S—7 MeV
repulsive. This is studied in the following.

Figure 6 gives the total interaction potential V(R ) and
its contributing terms VJ(R) and Vp(R), for an illustra-
tive example of Ni+ Ni, for the case of X=O. We no-
tice that the signs of the two contributing terms are
different. Also, the important region of the R value in
VJ(R ) is on the right-hand side of the repulsive max-
imum VJ '", which adds to V~(R ) and reduces the attrac-
tion of the resultant V(R) considerably. The same result
is presented in another example of Ar + Ar in Fig. 7,



320 RAJEE+ K. PU CHATTQPADH Y ~ GUPTAAY, AND R 43

0

:-2)

6p gp
N +

20—

15-

10-

r
/

(-5-

I
I
I
I

I

I

I
I
I
I

I
I
I

I

I

I
I

I

I

I

I

I

I
I

i'

36
Ar

(X= p)
Sk rm force

I I

-10—

—15-

-10
3 7 8

R(f m)
10

for re
'

' y part of the interteractjon potenti l

pletely fll d 48
p nsaturated b

' p -saturated

Fermi densit;
core ( C+ 46T' ~o

particles
outsi e the close
si y istribution and Sk

Ne+'~Fe) u
n yrme force

-20-

-30-
I

8
R(fm)

I

10 12 13

FIG. 7. arne as in Fi . 6jg. but for the Ar+r+ Ar system.

15—

10—
fII QX

j

I
I
I

I

I

I
I

I

I

I

I

I

I

I

I

I

I

I I

56
Ni + Ni

(~= o).
Sk ryr me for ce S II

20

15-

10-

56 56

Sk ryrrne force S II

/) I

CLI

-10—X)
—15-

/
/

/

/
/'

/
/

/—5 -/

Of

X
-10

—15-

-25—

-30— —25-

—35—
I

9
R (fm)

10 12 13 14

—30-

-35
5

I

9

R(fm)
10

I

12
I

13 14

FIG. 6. The te t ion potential V(R ) for th
co tib ti t V R

spin density part f

d ermi type.
me II and th

i Ni sys-
e nucleon

FIG. 8. Same as in Fiig. 6 but for bo
'ty potential Vz(R) i

oth A, =O and —'. TThe

ho n exp icitly.
1 u-



43 SPIN DENSITY CONTRIBUTION IN HEAVY-ION. . . 321

but to a lesser extent.
Finally, Fig. 8 shows the result of adding the A, term to

the total interaction potential of Ni+ Ni. We notice
that the X term compensates for a part of the repulsion
due to VJ(R). This is not surprising since both terms
represent the surface effects (with opposite signs) —one of
nucleon density and the other of spin density.

IU. SUMMARY

tion of the potential due to the spin density term is found
to be repulsive, which reduces the attraction of the total
potential by as much as 5 —7 MeV for light spherical nu-
clei.
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The purpose of this paper has been to estimate the con-
tribution of spin density in heavy-ion interaction poten-
tials. With this aim in mind, the spin density formalism
of Vautherin and Brink for the energy density functional
of Skyrme interactions is first generalized to unclosed
shell nuclei, i.e. , to nuclei with 2n (even integers) valence
particles or holes outside the closed even-even core. The
spin density part of the interaction potential is then cal-
culated consistently for the shell-model densities and
compared with that for the Fermi density distributions.
The similarity between the two calculations, especially
when one of the colliding nuclei is spin saturated, justifies
the use of Fermi density distribution for this purpose.

The total interaction potential is obtained by adding
the spin density contribution to the potential calculated
in the method of proximity theorem. The relevant por-

APPENDIX:

Spin density for nuclei with a closed j shell and pairs
of particles (or holes) outside the closed even-even core

Spin density for nuclei with a closed j shell is calculat-
ed by Vautherin and Brink. In the following, we first
reproduce their steps for completeness and then extend
this formalism to obtain spin density for nuclei with an
even number of particles (or holes) outside the closed
core. Spin density for nuclei with a closed j shell is then
shown to be given as a special case of the spin density for
nuclei with valence particles (or holes).

Using the ansatz (20) in the definition (19), the spin
density due to proton or neutron occupied orbitals is
given by

R'(r)
J(r)=( i ) g —g g g &l ,'m&m, lj—m & &I ,'m&'m, 'Ij—m & Yi~ (II)(VYi (II)x &m, lolm, '&) .

a mm mm'
1 s s

(Al)

In this relation, the product in parentheses gets simplified by noting the following. (i) In an orthonormal basis [e„j,
defined as

1eo= e„e+,= + (e +ie ),X (A2)

the components of the outer product of the two vectors are

(AXB)„=—iv2 g &11p(pqllp&A„B„
P)P2

and (ii)

VYi (A)f(r)= —
Y& (0)+f(r)VYi (0),r Bf

(A3)

(A4)

where for the parentheses in (Al), the first term in (A4) vanishes since it involves radial derivative of the component of
the Pauli spin matrix. (iii) By use of the Wigner-Eckart theorem,

1

&m, lo lm, '&„=&—,'m, lo I —,'m, '&„=(—1) —m,

2

=&6(—1)
m~ p2 m~

Then, the parentheses in (Al) become

[VY(,(Q) X & m, lo lm, '&]= —i&2 P &»p&p,

lip�&V„,

Y,
P lP2

1

= —i2&3( —1) ' g & lip)@~lip&

1

2

V„Y, ,(Q) .
S

(AS)

(A6)
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Substituting (A6) in (Al) and changing all the Clebsch-Gordan coefficients into 3j symbols, we get

R (r)
J„(r)=—6g (2j +1)

r
1

2

1

2
1

2
1

2 1 1 1

X X X XX(-I)
rn]m( m m, PlP2

X I'i* V„Y;,(0) .

mt m, —m —m,
' —m&' m m,

' —m, p2 p~ p2 P

(A7)

Here we have used some simple symmetry relations of 3j symbols.
The gradient formula for the spherical harmonics, to be inserted into (A7), is given by

/

V I', (Q)= g '
(
—1)' ' (2L+1)'

Vl Im( r m

1 L,

M
I'I.M«)

p] —M
(A8)

with

l+1
2l +3

f(t, L ) = —(l+1) l

2/ —1

if L =l+1
1/2

if L=/ —1 (A9)

0, otherwise .

Inserting (A8) into (A7) and summing over indices m, m„m, ' and mi', pi, p2, respectively, by using the standard 3j sym-

bol formulas and then recoupling the product of the two spherical harmonics by carrying out the summation over m&

and M, we obtained

R (r)
1/2

J„(r)=2&3g, (2j +1)g (
—I)'+' '(2L+1)f(t,L ) 4a

/ 1 I / 1 / L 1j111000
2 2

(A 10)

Then, using the explicit expressions for 3j and 6j sym-

bols, the following sum over L can be obtained: J(r)=, g(2j +1)
4nr4

X[j (j +1) I (I +1)——,
'—]R (r) .

L l1 /I
g (2L+1)f(l,L) '

L

—(
—1)'[I(I+ 1)]'~1

v'6

Also, for the basis Ie„I

(A 1 1)

—=v'4~/3 I',
r lp

with

r = ~ Z for p=0
P

1

v'2
—(x —iy) for p= —1

Substituting (Al 1), (A12), and the explicit expression for
the remaining 6j symbol into (A10), we get the final result

(A13)

Notice that here the summation over a refers to over all

the fully occupied orbitals. Then, two diA'erent cases
arise for the last occupied orbital: it is either completely
filled (closed j shell) or partially filled (valence nucleons
outside the closed core). For a completely filled major
shell (i.e., j=t+—,

' both), J(r)=0. The coupling of angu-

lar momentum quantum numbers (j,m ) of the individual
nucleons in each case now has to be carried out. In the
following, we begin with the case of a nucleus with a par-
tially filled last orbital, since the other case of a complete-

ly filled orbital then follows simply as a corollary of the
firsi one.

We limit ourselves to even-even nuclei, with n,, parti-
cles (or holes) in the last unfilled shell. Thus, for the
valence nucleons to be the particles, the closed core con-
sists of the already filled orbitals, whereas for the holes
the last, originally unfilled, orbit is considered to be filled
and belonging to the core. We can thus write
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J(r) =J,(r)+J„(r), (A14)

where J,(r) and J„(r)are, respectively, the contributions

of closed core and valence particles (or holes). The +
sign is for particles and the —sign is for holes. In the
following, we first obtain J„(r), say, for n, =4 particles

and then generalize it to any even number of valence par-
ticles (or holes).

Since even-even nuclei have the experimental ground-
state angular momentum J =0+, the valence particles
must couple to zero angular momentum. This means

that each pair of particles must couple to zero angular
momentum and their magnetic quantum numbers m
must have the values, say, (r„—r, ), (r2, r—2),—etc. , so
that the total magnetic quantum number M=0 also.
This means that for, say, four particles in the last unfilled
shell (n, =4), the magnetic quantum m has only four
values (r i, —r i, rz, —r2 ), instead of all the allowed
(2j+1) values. Introducing this restricted summation
(denoted by primes) over m (and so also over mi, m„etc.
since m =m&+ m, =m/+m, ') in (Al) or directly in (A7),
since there are no changes in steps from (Al) to (A7), we
get for n, particles

R (r)
J„(r)= —6, (2j+1)

n values

X g' g' g' g( —1)
m&m&' m, m, ™

1

2
1

2

1

2

X I I I
ml ms m, —m, mt m, —m, pz

Y; V„Y, (II) .
P~ P2 P

(A15)

otice that here we have dropped the summation over a, since we are now estimating the spin density due to valence

particles alone. Equation (A15) is true for any even number of valence particles in the last orbital (j m )" If this or-

bital was completely filled, then n, =2j+ 1 and Eq. (A15) reduces back to (A7).
Now, to evaluate (A15) further, for a one-body operator 0 like the spin density, we notice the following result

~~ ~~ ~~ ~~ ~~ ~~

n„X»,»,», '», )i=1

= &y,„,lo ly,„&+&y,„ lo ly, „&+& y,„ lo ly, „,&+ . + &y,„ lo ly, „& . (A16)

Using (A16) in (A15) and noting that the variable r in (A16) is equivalently the dummy summation index m in (A15), we

get

R (r)
J„(r)= 6n„— (2j+ 1)

U r

X g' g' g( —1)
I I

m( m( m m P1P2

1

2
1

2
1

2
1

2

m m

X Y(* V„Y, ,(Q) .

—m,
' —m,

' m m,
' —m, p ~p ~ p2

—p,
(A17)

Note that here m =r (for a single nucleon) and there is no summation over m. In order to restore the summation over
m to all the allowed (2j+1) values, we multiply and divide through (A17) by the (2j+1) factor [see Eqs.
(13.59)—(13.61) in Ref. 17],
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6n„ R (r)
J„(r)= — (2j+ 1)2j+1 r2

XX X XX(—1)
m(mI' m m™plp2

1

2

m1 I Pl

1

2
1

2

s ~1 ~ ~s —
ms P2

1 1 1
X Yt* V„Yt,(Q) .

Pi P2 P
(A18)

The summations over m1, m„and m1', I, are also no
longer restricted since m is now allowed all the 2j+1
values. This relation differs from (A7) only by a multipli-
cative factor n„ /(2j+1). Therefore, substituting in
(A18) the solution (A13) of (A7) (without the summation
over a), we get

J„(r)= (2j+ 1)2j+1 4trr4

X[j(j +1)—l(l+1)—43]Rt (r)— (A19)

n, r
[j (j +1)—l(l+1)—,']Rt (r) .—

4mr4
(A20)

J,(r)= 4 g(2j +1)[j (j +1)—I (I +1)
4~r4

—
—,']R (r) . (A21)

Vautherin and Brink have also used the same argument
of all the allowed (2j+1) values of m, to call Eq. (A13) as
the spin density for a closed j-shell nucleus.

Equation (A20) is derived for n, particles in the last
unfilled j shell. In shell-model theory, ' a hole state
(j,m) is the equivalent of a particle state (j, —m).

For a completely filled shell, n, =2j+1, which means for
a closed core nucleus (including the closed j-shell nu-
cleus), (A19) gives (A13) after the summation over all the
filled shells (a values) is allowed,

Therefore, Eq. (A20) is valid also for n, holes in the last j
shell, since here the magnetic quantum number m is al-
ready summed over. However, for the hole configuration
the last j shell is considered filled and belonging to the
closed core. This means that the contribution of the hole
state is absent and is thus taken with a —sign in Eq.
(A14)

Finally, for two particles (or two holes), Eq. (A20) is
also obtained by simply arguing' that the J =0+
ground state is formed by the coupling of the two parti-
cles in m =+r and m = rstates, su—ch that Eq. (A15)
gets multiplied by the Clebsch-Gordan coefficient
(jjr —r ~00) with a summation over r. Then, the spin
density being a one-body operator [Eq. (A16)], the expec-
tation value of the spin density J2(r) (for n, =2) between
the determinental wave functions will be the sum of con-
tributions corresponding to m =+r and m = —r with a
summation over r and the additional factor

~ (jj r —r ~00)
~

=1/(2j+1). The restriction over the
summation m in (A15) is thus removed' and the summa-
tion is carried out as in (A7) to (A13). Since the contribu-
tions of m = +r and I= —r are the same because of the
summation over r, an overall factor of 2/(2j+1) is ob-
tained, as in (A19) for n, =2. The same argument can be
extended to any number of even particles (or holes).
For each pair of particles (or holes), (A15) gets multiplied
by an additional Clebsch-Gordan coefficient, giving rise
to an additional factor of n, /(2j+1) for n„particles (or
holes), as in Eq. (A19)
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