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Negative-parity states of Er isotopes in the interacting-boson-plus-a-fermion-pair model
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The energy levels of negative-parity states of even-even isotopes "Er, "Er, and ' Er are studied

in terms of the interacting s , d-, a-nd f-boson-approximation model and allowing one s or d boson to
break and form a fermion pair. In the calculation two single fermion orbits h i&i2 and i&3/2 are con-

sidered. The energy levels of the negative-parity bands of these nuclei can be reproduced satisfacto-

rily.

I. INTRODUCTION

Recent experimental studies of the level energies for
both even- and odd-mass nuclei in the erbium region have
provided an abundance of data. ' ' Among these data,
the anomalous negative-parity bands have been observed
and the phenomenon of backbending occurs as one plots
the moment of inertia versus the square of the angular ve-
locity for yrast band of a nucleus. The backbending of
the moment inertia at high spin is generally believed to be
a result of the complicated interplays between the collec-
tive and the single-particle degrees of freedom induced by
the Coriolis decoupling. ' A generalized calculation
within the framework of the two-quasiparticle plus rotor
bandmixing model' predicted that the high-spin states
are produced by the alignments of the angular momenta
of the decoupled quasiparticles along the collective rota-
tion, and the observed backbends are attributed to the in-
tersection of the zero-quasiparticle band and the decou-
pled two-quasiparticle band.

The interacting-boson-approximation (IBA) model'
and its extension' have been successful in the description
of the collective states in many media to heavy even-even
nuclei. Recently, some high-spin negative-parity bands
of Er isotopes had been identified by in-beam stud-
ies. ' ' ' ' It is hopeful to expect that the properties of
these negative-parity bands can also be interpreted by the
extended IBA model.

In this work, we shall study the structures of the
negative-parity bands of even-even ' Er, ' Er, and ' Er
isotopes. These nuclei are all well known for the struc-
ture change at high spin, and their abundant negative-
parity bands provide a good testing example of the ex-
tended IBA model. The IBA model with one f or one p
boson included in the calculation has been applied to
study the negative states of %=88 isotones. ' It was
found that the states below 1= 17 could be reproduced
quite well. In order to interpret the higher-spin states
which were observed more recently, one can incorporate
the traditional IBA model with one f boson (sdf IBA)
and allow an s or d boson to have the fermion-pair degree
of freedom. To make the calculation feasible, we include
only one f boson and consider only two single-particle
orbits. In the region of well-deformed nuclei the unique

parity intruder orbitals such as h»i2 and i, 3/p are gen-
erally believed to be the most important because both the
Coriolis antipairing effect and the rotation alignment
effect increase with increasing angular momentum.
Therefore, we include only these two single-particle or-
bits in the present calculation. Furthermore, the IBA-1
basis states are used in the boson core in this work. It
was shown that the difference between IBA-1 and IBA-2
was less prominent in the transitional regions far from
the closed shell. '

II. MODEL

In the calculation of the energy levels of Er isotopes,
Z =%=82 is taken as the core, pure IBA assumes a
valence s- and d-boson number XB =9, 10, and 13 plus an

f boson for the three nuclides, ' Er, ' Er, and ' Er, re-
spectively. In addition to the pure boson configuration,
we admix the N~ —I sd boson and one f boson plus one
fermion-pair configuration into the model space:

in, nd vaL, f;Lz Mr )e i [n,'nd v'a 'L ',j (J)jL„f;LrMz ),
where n, +nd=XB, n,'+nd=XB —1, j = —", or —", , andJ)4. The total boson number is X =NB+1. The J=O
and 2 fermion-pair states are excluded to avoid double
counting of the states. The model Hamiltonian consists
of four parts:

HB +~F+ ~BF+ ~N

where HB is the IBA boson Hamiltonian,

Hs=aond+a, P P+a2L L+.a3Q Q

The fermion Hamiltonian HF is

HF= + E,a a, + —,
' g V (anat) .(a a )

where c is the fermion single-particle energy, V 's are
the fermion-fermion interactions, and a, (a ) is the nu-

cleon creation (annihilation) operator. The mixing Ham-
iltonian VBF is assumed:
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V, = aQ' y (a'u )"'
J

+13QB.y [( t t)(4)d d t( ——)(4) j(z)

J

where

Q =(d s+s d)' ' —(&7/2)(d d)' ',
and the Hamiltonian related to the f-boson part is

+yQB (ftf )(2)+$ g(atg )(2) (ftf )(2)

J

To keep the number of interaction parameters to be
minimum, we assumed that the mixing parameters a, P,
y, and 5 do not have microscopic structure (i.e., they do
not depend on j). Furthermore, the a, P, y, and 5 are as-
sumed to be constants for the three isotopes. This is be-
cause in the IBA calculation, the interaction parameters
in general vary with different isotopes, while in the shell-
model calculation the interaction parameters can be
unified for a certain mass region. ' Since the variation
with the boson number of the interaction parameters a,
P, y, and 5 in the mixing Hamiltonian for bosons and fer-
mions can be absorbed by the boson interaction parame-
ters ao, a„a2, and a3, therefore, it is reasonable to as-
sume that the interaction parameters a, P, y, and 5 are
constants for different isotopes.

In the calculation, the radial dependence of the fer-
mion potential is taken as the Yukawa type with a Rosen-
feld mixture. An oscillation constant v =0.96 A
fm with 3=160 is assumed. The strengths of V 's are
determined by requiring (jj ~ Vj~j ) .

z
—(jj ~ V~jj ) O=2

MeV for j = —", . The whole Hamiltonian is then diagonal-
ized in the selected model space. The parameters con-
tained in the Hamiltonian H were chosen to reproduce
the negative-parity energy spectra of ' ' Er isotopes,
respectively. The cf is set to be zero because all the
states considered in our calculation contain one f boson.
The interaction strengths and the single-particle energies
for each isotope are allowed to be mass-number depen-
dent.

III. RESULTS

Table I presents the final searched values of the in-
teraction strengths and single-particle energies. The mix-
ing parameters a, P, y, and 5 are generally very small and
can be unified as (in MeV) a =0.21, /3=0.025,
y= —0.015, and 5=0.15. The smallness of the mixing

parameters manifests the fact that the mixings between
the pure boson configuration and the configuration with
one fermion pair are small. From Table I one can note
that the strength of the d-boson energy ao decreases and
the strength of a3 also decreases as boson number in-
creases. This corresponds to the fact that the isotopes be-
come more collective as the boson number increases.
This is consistent with the tendency of deviating away
from U(5) symmetry to become the SU(3) symmetry. The
single-particle energies E(h»&z) and e(i, 3/z) are obtained
as a result of fitting. In the calculation, we found if we
increase the h»/2 single-particle orbit in energy so that it
becomes effectively irrelevant, then the agreements be-
tween the calculated and the observed levels with
I =19—26 will become worse as the calculated levels with
I =27—31 are still required to agree better with the ob-
served values. This shows the statistical significance of
the single-particle energies. From Table I one can note
that the single-particle energy for i,3/2 orbit increases
linearly while that for h»/2 decreases as boson number
increases. The highest observed angular momentum level
I=24 for the nuclei ' Er is dominated by the
configuration of N —1 boson plus two h»/2 fermions; the
value of the single-particle energy i&3/2 for the nuclei

Er is obtained as a result of smoothly extrapolating.
The magnitudes of pairing term P P and L L term are
somewhat correlative with the magnitudes of quadrupole
term Q Q and d-boson energy ao, respectively.

The calculated and observed negative-parity energy
spectra for ' Er is shown in Fig. 1. From Fig. 1, one can
note that the calculated results for the four negative-
parity odd and even bands agree quite well with the ob-
served data. Evidence for structure change in ' Er is
found in the intense feeding among four negative-parity
bands. Table II lists the relative wave-function intensities
for energy levels of ' Er. From Table II one can note
that the dominant configuration for states with I ~ 19 of
the yrast negative-parity odd spin band are the pure bo-
son configuration while the states with higher angular
momentum are dominated by N —1 boson plus two h»/2
fermions (two-proton states) or N —1 boson plus two
i, 3&z fermions (two-neutron states) excitation
configurations. For the third odd spin band, the N —1

boson plus one fermion-pair configuration is dominated
from the state with I=21 up. The configuration of the
N —1 boson plus one fermion pair in the negative-parity
even band is dominated only in the state with I ~ 22. The
importance of the configuration with N —1 boson plus

TABLE I. The interaction parameters in MeV for IBA-plus-one-fermion-pair model adopted in this
work.

Nuclei ao
Parameter (MeV)

a, Q2 03

156Er
158Er
164E

9
10
13

0.1236
0.1136
0.0697

—0.053
—0.053
—0.053

0.0075
0.0065
0.0065

0.0017
—0.0069
—0.0087

1.7681
1.7665
1.4547

1.7789
1.8461
1.8500
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FIG. 1. The calculated and observed negative-parity energy

spectra for "Er. The observed data are taken from Refs. 2 and
12.
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FIG. 2. The calculated and observed negative-parity energy
spectra for '"Er. The observed data are taken from Refs. 3, 4,
and 13.

two i&3/2 fermions is exhibited only in the states with
I ~ 27 in the yrast odd spin band, I ~ 25 in the third odd
spin band, and I 26 in the even spin band. The mixing
between two configurations is in general very small ex-
cept for the states 252 (73% to 27%), 26, (83% to 17%),
27~ (79% to 21%), 272 (25% to 75%), and 28& (20% to
80%). The calculated and observed energy spectra for

Er are shown in Fig. 2. There are abundant experi-
mental data ' ' observed in recent years. The negative-
parity states of ' Er up to 41 were assigned definitely.
It can be seen from Fig. 2 that the energy levels of ' Er

can be reproduced satisfactorily. The analysis of the
wave functions shows that the pure boson configuration
is dominant in the states with I 23 while the state 25&
is dominated by the configuration of N —1 boson plus
two h» &2 fermions. The states 31, and 33

&
are dom-

inated by the configuration of X —1 boson plus two i,3/2
fermions. The mixing of these two configurations is im-

h„/2 13/2States 0I 13/2States

0.001
0.001
0.003
0.003
0.007
0.006
0.010
0.010
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.999
0.999
0.998

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.994
1.000
1.000
1.000
0.999
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

0.992
0.832
0.785
0.199
0.000
0.000
0.000
0.006
0.000
0.000
0.000
0.001
0.999
0.999
0.998
0.999
0.995
0.726
0.254
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.001
0.001
0.002

0.008
0.168
0.215
0.801
1.000
1.000
1.000
0.000
0.000
0.000
0.000
0.000
0.001
0.001
0.002
0.001
0.005
0.274
0.746
1.000

25
26
27
28
29
30
31
112
132
152
172

192
193
212
213
232
233
252
272
292

0.999
0.999
0.997
0.997
0.993
0.993
0.990
0.990
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
0.000
0.000
0.000

3
5

6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

TABLE II. The relative intensities of wave functions for energy levels of nuclei "Er.
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The backbends occurring in the deformed nuclei region
are commonly interpreted as the transition from the
ground-state rotational band to the aligned two-
quasiparticle i/3/z nucleon band. Here we choose the
sensitive expression as to plot the spin angular momen-
tum I vs conventional (fico) curves, with

164l64E „
Odd SPin25—Even spin

20— 20—

—15—
CL

CO

.+15
CL
0)

2
Er EJ-z

[I(I+ 1)]'i —[(I—2)(I —1)]'i(fico} =
10—10—

The plots for spin angular momenta vs (fico) of the
negative-parity bands for ' Er are presented in Fig. 3.
This nuclide is in the strongly deformed region because
its first excitation energy is less than 0.1 MeV. It is quite
close to SU(3) due to its high-lying P and y bands and
low p~y and g —+y B (E2) values. Our calculation
shows that the main feature of the I vs (fico) curve for
the nuclide ' Er can be reproduced reasonably well ex-
cept for some fine variations. In order to explain the de-
tailed variations existing at the higher spins, some addi-
tional mechanism such as more single-particle orbits or
more fermion pairs should be considered.
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IV. CONCLUSION
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In summary, we have investigated the structure of the
negative-parity energy spectra of the isotopes ' Er, ' Er,
and ' Er. We extend the IBA model to include an f bo-
son to substitute for an sd boson and allow an sd boson to
break into a fermion pair which can occupy the h»/z and
i&3/z single fermion orbits. The calculated energy levels
are all in satisfactory agreement with the observed values
for these three isotopes. The effect of the introduction of
the fermion-pair degrees of freedom was manifested in
the improvement of the calculated energy levels when we
compare with the previous results obtained by a pure
IBA calculation. '

FIG. 3. The calculated and observed spin angular momen-
tum I vs (Am) for negative-parity even and odd spin states of
164E

portant only in the two states 27& (79% to 21%) and 29&

(49% to 51%). Several possible negative-parity even and
odd spin bands of ' Er and ' Er were observed' ' ' in
the past few years. We do not present the calculated en-
ergy levels of these two nuclei here. However, the ob-
served energy levels of these two nuclei can also be repro-
duced quite reasonably.
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