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A method of minimal substitution is used to obtain the electromagnetic two-body interaction
current operator associated with a relativistic separable interaction. The result is shown to satisfy a
general restriction obtained from current conservation using the Ward-Takahashi identity within
the Bethe-Salpeter formalism. It is shown that this two-body relativistic current operator can be re-
duced to an effective one-body form. Applications of this method to nuclear few-body systems, rela-
tivistic quark systems, and hadronic resonance processes are discussed. The numerical size of the
interaction current for the pion charge form factor is estimated.

I. INTRODUCTION

It is well known that interaction (exchange) currents
should be introduced, in addition to the one-body im-
pulse current, to satisfy electromagnetic current conser-
vation. The nature of the interaction currents required
depends on the dynamics governing the system, and re-
cently it has been learned how to construct such currents
for two-body systems described by relativistic wave equa-
tions,' 72 such as the Bethe-Salpeter or its reduced equa-
tions.* A relativistic treatment is essential at the large
momentum transfers available today.

It is shown in Ref. 1 that the proper form of the rela-
tivistic two-body current operator can be derived in a
quite general way using the Ward-Takahashi identities
for the one-body current operators and the relativistic
wave equations for the bound states. Furthermore, it was
found that phenomenological strong and electromagnetic
form factors can be introduced without violating gauge
invariance. In Ref. 5, a schematic method for deriving
the gauge-invariant interaction current for a general non-
local interaction was introduced, and the method was
used to calculate the photopion production amplitude
from a nonlocal 7-nucleon interaction Lagrangian.® The
electromagnetic field was introduced through minimal
substitution in the momentum dependence of the vertex
function, and this provided a solid mathematical scheme
for deriving the gauge-invariant amplitude corresponding
‘to a vertex with an arbitrary functional form. In this pa-
per, a phenomenological vertex function is introduced as
part of a separable interaction, which permits us to treat
the composite structure of hadrons.

The use of a separable Bethe-Salpeter kernel is an in-
teresting and simple approach to the relativistic descrip-
tion of bound states. It is not only a mathematically con-
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venient way to solve the relativistic two-body wave equa-
tion, but it also is a practical way to investigate the rela-
tivistic three-body problem.” Separable interactions also
provide us with a simple description of mesons as an ex-
tended quark-antiquark (gg) system. Here, quarks are
confined by a very complicated many-gluon-exchange
mechanism, which is clearly a nonlocal interaction. In
fact, the instanton-induced nonlocal four-quark interac-
tion can be expressed in a separable form.® Another ex-
ample of the usefulness of a separable model is provided
by the Nambu-Jona-Lasinio model’ of ¢g mesons,'°
which incorporates the physics of a g7 (superconducting)
pair by using the simplest form of separable interaction.

Separable interactions are generally expressed in terms
of products of vertex functions. It is therefore a simple
task to apply the method developed in Ref. 5 to the
derivation of the interaction current associated with the
separable force.

In this paper, we derive the interaction current opera-
tors corresponding to a relativistic separable interaction
by using the minimal substitution method.”> While our
procedure for obtaining the current gives a unique result,
it is important to realize that additional terms could be
added to the current which are separately gauge invari-
ant, so that the interaction current we finally determine is
not unique. It is, however, sufficient to insure that the
original phenomenological separable interaction model
can be applied to a study of electromagnetic interactions
in a covariant, gauge-invariant manner. The results are
shown to satisfy the general constraint! obtained from
the use of the Ward-Takahashi identity and the Bethe-
Salpeter equation. With an eye to applying the results to
both relativistic few-nucleon systems and covariant con-
stituent quark models of hadron structure, different
forms of separable interaction are investigated. The ma-
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trix elements of interaction currents are evaluated with
bound-state solutions of the Bethe-Salpeter equation.
The results are reduced into a simple form, so that the
physical significance of this new current operator be-
comes clear. In general, the gauge invariance of the ma-
trix elements requires both the impulse and interaction
terms. Finally, a numerical evaluation of the matrix ele-
ments is carried out for a simple separable model of the
pion, which we regard as an illustration of the general
method. The size of the interaction current contribution
to the pion charge form factor is compared with the im-
pulse contribution.

This paper is organized into five sections and two ap-
pendices. In Sec. II, we formulate the general constraints
on relativistic two-body current operators through the
principle of current conservation. The details of how the
minimal substitution method yields the interaction
current operator corresponding to a simple form of separ-
able interaction are given. In Sec. III, the bound-state
matrix element is evaluated and a simple interpretation of
the new contribution is given. The illustrative numerical

MaB:S'y(k,’k;p) aBSy(k k’p +lf VaBeA(

where k' (k) and p are the relative and center-of-mass
four-momenta of the system, respectively, and V (k',k ;p)
is the interaction kernel. The fermion propagator with
the mass m is defined by S(p)=i(p—m +ie)”!, and
greek characters are used for the Dirac indices. The
presence of a bound state implies a pole at the mass My
in the M matrix,

T,p(k";p)Ts,(k;p)
p’—Mj

M(ZB:S’}/(k,7k;p): +RaB:51/(k’k’;p) )

(2.2)

where R is regular at p2=M}3. Substituting Eq. (2.2) into
Eq. (2.1) and evaluating the residue,

lim  Eq. (2.1)X(p2—M}),

P —>M
o ¥ — a A om Y
— -
= V + V (a)
— b
B 8 o B e ¢ 5
—4—’_——-<—-
= V + V (b)
—{ P

FIG. 1. The Bethe-Salpeter equation for fermion-antifermion
scattering matrix M (k',k;p), with a interaction kernel
V(k',k;p). The solid lines with arrows are fermions.
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results for the pion charge form factor are given. We ex-
pand the method to more general form of separable in-
teractions in Sec. IV, and summarize our results in Sec.
V. A matrix representation useful for the description of
the fermion-antifermion systems is used in this paper, but
methods and conclusions are general, and apply to other
systems, such as two-fermion or two-boson systems.

II. INTERACTION CURRENTS
OF SEPARABLE INTERACTION

A. Bethe-Salpeter equation and conservation
of electromagnetic current

We start with a general expression for the Bethe-
Salpeter equation for fermion-antifermion scattering am-
plitudes and derive the wave equation for the vertex func-
tion of a bound state. The equation for the scattering
amplitude [Fig. 1(a)] is given by

"pIS g k" +p /DS K —p /)M s (K" K3p) (2.1

[

gives the bound-state equation for the vertex function
(Fig. 2),

,p)—tf

Vager (ks k''5p)S (k" +p /2)

XF,,;(k";p)Sge(k"—p/2). (2.3a)

Applying the same procedure to the integral equation de-
picted by Fig. 1(b), we have the equation for the conju-
gate state,

Fﬁy(k’p f Sge k”_p/2) ek(k ,P)

XSM(k"-f-p/2)V,,§:57(k”,k;p) :

The conjugate vertex T'(k;p) is defined by

(2.3b)

;P »

where y° is the Dirac matrix. The vertex function and
the wave function are related by

Tlk;p)=—y Tk

W5k, p) =58 g (k +p /2)T yg(k;;p)S gk —p/2) .
k+%
= |V O
p
p
k-2

FIG. 2. The Bethe-Salpeter equation for a bound-state vertex
function [I'(k;p)] indicated by the open circle.
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If an external photon field couples to the bound state of
the fermion-(a)—antifermion-(b) system, the impulse am-
plitudes (Fig. 3) can be expressed in terms of the solutions
of Egs. (2.3a) and (2.3b),

(J")——zf Tr[ ¥ (k';p" ) —ie,v*)

XW,;(k;p)S Wk —pr2)] (2.4a)
and
(Jﬁ)‘——zf Tr[ T (k";p")S ~Hk +p/2)

XV, (k;p)—ie,y*)], (2.4b)

where k'=k +q/2 and k''=k —q /2, f and i denote final
and initial bound states (which need not be the same), and
e,(p is the charge of the particle a (b). The impulse form
factor [FE;.(g?)] is given by

FRia(g®)(p +p W=(Jt)+{J) .

In Ref. 1 it is shown that electromagnetic current con-
servation requires the presence of an interaction current
associated with the two-body interaction, and the proper

J

4
q,u<Jz¢)=—iea f d k4

+ie, f

Tr[wf (k+q/2;p")S Wk +p/2)¥,(
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FIG. 3. An example of impulse diagram ((J#)) for the
charge form factor, where a photon (wavy line) with the
momentum g couples to the particle “a.”

form of the current operator is obtained in a very general
way by using the wave equation and the Ward-Takahashi
identity. Here, we briefly review the method and derive
the restriction. With the use of the Ward-Takahashi
identity

—ig=S Uk +p/2+q)—S Wk +p/2), 2.5)

the divergence of one-body current can be expressed as

Tr[S ™'k —p/2)¥ p(k +q/2;p")S ~!k +p/2+q)¥;(k;p)]

k;p)S Uk —p/2)]

4 47,1
=, [ [ (’z‘d)f S KD AV Kk +4/2p + @)= V(K = /2 K30 gy Vi (K3p) (2.62)
where the last equality is derived by using the wave equation, Egs. (2.3a) and (2.3b). Likewise,
47,
g, T =, [ [ LR G  hrp £ V(K +q /2K 5p)~ V(K'k —q /2D +0) s ¥, Jep) (2.6b)

(2m)8 S

The divergence of the one-body current is not generally zero, and we rely on the presence of a two-body current to satis-

fy current conservation,

9, (JE+TE+JTE ) =0 .

(2.7

Thus, we obtain a general restriction to the form of the two-body interaction current, which we can express in terms of
the two-body interaction. If the above relations are to hold for any bound-state wave function, the divergence of the

current must satisfy the following operator equation:

9,40 (k' k5P, g]) =€,

where e; = —e, is the charge of antiparticle b.

B. Separable interactions and interaction currents

We now derive the interaction current by minimal sub-
stitution® of the photon field into a separable interaction.
In coordinate space, separable interactions have the fol-
lowing nonlocal form (Fig. 4):

Vapioy (X 15%5:%1,%2) = Bog(x1,x3)85,(x1,%,) , (2.9

[V(k'—q/2,k;p)—V(k',k +q/2;p +q)]+es[V(k'+q/2,k;p)—V

V(k',k—q/2;p +q)],

(2.8)
X, X, X, X,
—t—{ |-
—] I
Xy P X Xa

FIG. 4. A relativistic separable interaction as a product of
two nonlocal vertices indicated by the open circles.



2486

where we may write the vertex as a Fourier integral,
d*k\d 4k2

=[ I —0

R AR

ik x, ikox

171 272
e

aﬁxl’x2 a/s(kll’klz)e

(2.10)

The vertex function A(k,,k,) [=A(k;p)], with k
=(k,;—k,)/2 and p =k +k,, is generally a 4 X4 matrix
for the relativistic fermion-antifermion system, and can
be expressed in terms of a sum of Dirac matrices. In
momentum space, the most general form of the separable
interaction could be expressed as
N

Veagsy (k' k;p)=3 CpALgk';p)Ag (k;p),  (2.11)
i
where N is the rank of the interaction, and the channel
couplings are C;;. For simplicity, we chose a rank-one
interaction, since the generalization to cases of higher
rank is apparent but tedious. Then,

Vapiy (k'K 3p)=A 5k ';p)Bs, (K;p) (2.12)

where
Aaﬁ(k';p)=f([k'1 —k;lz)ﬂaﬁ s
Kaﬁ(k;p):f([kl _kz]z)ﬁaﬁ

The matrices Q and O are constant matrices, and
f([ki—k51?) and f([k,—k,]?) are scalar functions of
the relative momenta k' and k. (It will be clear after this
simple derivation that the results for higher-rank interac-
tions would give essentially the same conclusions. More
general types of vertices will be explored later.)

The charges e; and e, are assigned to particle 1 and
antiparticle 2, and the electromagnetic field is introduced
through the minimal substitution of

3 >3t +ie; AM(x;)

for the momentum of each charged particle. In this pa-
per we do not treat charge-exchange processes, but the
ideas developed here could be extended to include such
interactions. The photon field induces a modification in
the vertex and a corresponding modification of the two-
body interaction. Because the one-photon absorption or
emission processes depend linearly on the photon field,
the modification can be expressed in the following form:

8V (x|,x5;%,,x,)= 8A(x1,x5)A(x,x,)

+AGx},x})8A(x,,x,) . (2.13)
]
d*kd*k; 5
(n ’ PN —(__\n 1 2 __.§_
I7(x,x5)=(=)r[ [ o « ax|  axl

Likewise,

8RL4(x1,x5:0) =3, C, Q{0181 (x ), x,)al () ,

where

2n
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Here, 8A(x,x5) and 8A(x,,x,) are the modifications in
the vertices A(x,x5) and A(x,,x,) induced by the pho-
ton field, and they are functions of the photon field opera-
tor. The two-body current operator for the one-photon
absorption process can then be obtained by taking the
matrix element of 8 ¥ with the photon field

JU(x1,x5:x,X,:9)= —(27r)4(0|8V|a2:(q))

where al(q) is the creation operator of a photon with the
momentum g and the polarization €,,.

To obtain the detailed results, we start with the
power-series expansion,

f([k1—k2]2)=2 Cn[kl_k2]2n ’

in the Fourier integral of the vertex function,
Agplxy,x5)
d* k.d 4k

=I5

ik x, ik,x
lle 22‘

Flky =k, Qe

(2.14)

Here, C, are the expansion coefficients. (It is not neces-
sary to specify them because the resummation will be tak-
en later.) This allows us to express Eq. (2.14) as

Agg(x1,x,)=3 C, 1" (x,x,)Qpp , (2.15)

n

where
d k d k ik, x, ik, x

I(")(x ,X 2 —k Zne 1 le 2%2

1 2 ff (277 1 2]
_ffarkark2 3 a3 ™
ox; 0Ox,

><eiklxleikzx2 )

Through the minimal substitutions, o} — 0} +ie; A¥(x;),
the matrix element of the vertex correction defined by

8AM(x 1, x5:q)={0[8A(x1,x})la](g))
can be expressed as

8ALAxT,x5:q)=F C,Q,e{018I " (x,x)la](q))

(2.16a)
where
2 ’ ’ g ! ’
_Q___a_ ! eikl"le’kz"z
ox| 9x;
(2.16b)
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2n

81" (xy,x)=(=)[ [ << >>_

Here, the double angular bracket is meant to be the minimal substitution

d*k d“k2 3 3

dx, 0Ox,

) )

ox;  Ox,

2nqt i "
—ik,x, —ik,x
] e 1 le 272

2

2
) ) 0 d
- =||5z—+tie 4 — |z +ie, A , 2.17
<< ax,  ox, >> ox, ie, A(xy) ax, iey A(x,) ( )
for which we introduce the following notations:
3 a8 |
= =0, +iZ+W 2.18
<< dx, 0Ox, >> 17 ’ 2.18)
where
o8 _a7F
2 13x, ax, |’
0A4AM(x ) 0AH(x,) 3 9
Z =e, +e, +2[e; AM(x;)—e, AH(x,)] — ,
ax# oxh ox4{  oxk
and
W=lie; A, (x,)—ie; A,(x,)]*.
It should be understood that the differential operators at the last term of Z operate on P P A P e I
Egs. (2.16a) and (2.16b). The photon field is quantized and has the usual plane-wave expansion,
_r_d%g —igx ooy
4,0=[ S lae Tt al (@]
With this notation, the inside of the square bracket in Eq. (2.16) can be expressed as
2n 2n
9 () 9 )
- S-S =@p+iZz+wW)—(0Oy)"
<< ax, ox, » ax, ox, Btz +W)'=(0p)
=0 +iZ+WNO,+iZ+W) - - (O, +iZ +WwW)—(0Op,)"
=(0p,)" " 12Z2)+H(0,)" "26EZ)N )+ - - +0,6GZ)0,)" 2 4+6GZ)(0O,)" !
n—1
= z (@) Mz O, . (2.19)

Note that the third equality is valid for one-photon absorption or emission processes, where (0|W| (g)) and
(0]Zz"al(g)}(N >2) do not contribute. Then we find a compact expression

4k d4k2 n—1 ik'x’ ikox’
SI'W(x!,xy)=(—)" ffi 3 (O,)" T ITMGZY (O e T e (2.20a)
M=0
dkdkn*l —ikyx, —ikyx
S )=(— ) [ [ S0 S @l Mz e e (2.200)
7)® =o

The matrix elements,
(OISI(")(xl,xz)laI(q))
and
o181 (x1,x3)laf(g))
appearing in Eqgs. (2.16), are easily evaluated by using Eqs. (A4) in Appendix A. By using an identity,

n—1 n__pn
S (ay i MpM =20

M=0 a—b
and making the resummation with f(X)=3, C,X", we finally arrive at the following expressions for the vertex correc-
tions:
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d*k\d*k}
8ALa(x1,x5:q)= ff 2m) 122 Q.53 C,ut(n)
4k d4k2 (2k'1—2k'2—q)" kx| ikhx, igx
— Quple (k' —k)—ql%) (k'—k 2) ¥, 2e‘1|
= 0 | i T g K R R R e
(2k’ —2k'+ )Il- [lxl ilxl “ix'
1 i LR Ryl = £ ([ =iy e e e T
1 —«Kk2T4q)q
(2.21a)
and
_ d*k,d*k, _
BAY,(x1,%:9)= ff znsyzcm“(m
d k d k ___ (2k,—2k +q)“ —ik,x, —ik,x, —igx
=I5 122 o ok Tk g (Ui —ka+alP )= Tk —kaPole Tl e T
1 2

(2k,—2k,—q)*
©2 2k, —2k,—q)q

><[f<[k1—kz—q]2>—f<[k1—k2]2>1e"”‘l“e“kZ"ze'iq"z] : (2.21b)

where u*(n) and w(n) appearing in the intermediate expressions are defined in Appendix A. The momentum-space
representation of the interaction current operator (Fig. 5) is obtained from the products of the vertex (A) with the ver-
tex correction (8A), so that the kinematical variables satisfy momentum conservation k| +k5 =k, +k, +g:

Tk kysky ky:q) =5k, k5)88E, (ki ky:q)+ ARk, k5:q)As,(ky,ky) (2.22)
where the vertex corrections ALk |,k :q) [Fig. 6(a)] and 8A5y(k1 ,k,:q) [Fig. 6(b)] are given by
I‘L "LL
BAKAK K:q) =0 s el,—“q[ﬂsz)—f(s'z)]+e2K,fq[f(sﬁ)—f(sﬂ)] (2.23a)
- +
and
x o K4 2 2 KE 2 2
SALg Kk, ky:q)=— Qg ey [f(ST)—f(SH)] e, [f(SZ)—f(S8%)] (2.23b)
K.-q K_-q

Here S"'=k{"—kY), SV =k{" —k{'+q, and K’ =2k’ —2k{’+q. The matrix element of the interaction current is
evaluated by using the solution of the Bethe-Salpeter equation [W(k;P)],

<J,m>—ff%wf<k',p + @Mt (K [p, gDV, (Kk3p) (2.24)

where the interaction current operator is expressed in terms of the interaction
" K&

JE (k' k:[p,q])=—e, K. [ (k',k+q/2)— (k’,k)]+e1K —[V(k'—q/2,k)—=V(k',k)]
-9
u K'®
—e, (V(k',k—q/2)—V(k',k)]+e,—; [V(k'+q/2,k)—V(k',k)] . (2.25)
K_-q K’ -q
q Ky
Ky ¢ K
= + q k+k2+q
K, Ky k2
FIG. 5. A two-body interaction current operator expressed @ ()
in terms of the product of a nonlocal vertex and a vertex FIG. 6. The vertex modification (8§A) induced by the substi-

modification (hatched circle). tution of photon field into the vertex (A).
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The divergence of the interaction current is given by
mt k k: [P’q])'"el[ V(k'—q/2 k)
—V(k',k+q/2)]
+e,[ V(k'+q/2,k)

—Vik'k—q/2)] . (2.26)

Here, e; and e, are the charges of the particle and an-
tiparticle. We observe that the interaction current de-
rived here, by the minimal substitution method, satisfies
the general constraint [Eq. (2.8)], obtained from current
conséervation.

Because terms linear in the photon field enter into the
final results only, it is clear that the conclusion given by
Egs. (2.25) and (2.26) is still valid for the case of higher-
rank separable interactions. In Sec. IV, we extend the
present result to separable interactions having momen-
tum dependences in the matrix (), but continue to restrict
ourselves to the rank-one separable interaction.

III. MATRIX ELEMENTS
OF THE INTERACTION CURRENT

A. Theoretical reduction

In this section, we evaluate the matrix elements of the
interaction current operator formulated in the previous
section, by using bound-state solutions of the Bethe-
Salpeter equation. We use the simplest type of separable
interaction employed in the previous section,

Vapsy (k' K)=gf ([k| —k5 ) f ([ky =k 1000,

(3.1)

where () is a constant matrix and g is the coupling con-
stant, and there is no dependence on the total momentum
p- In this case, the Bethe-Salpeter vertex function does
not depend on p, so we use the notation, I'(k)=TI"(k;p).
The solution for the bound-state vertex function, ob-
tained from the wave equation Eq. (2.3a), has the form

T(k)=Nf([k,—k,])Q

£

(k' k:q)=—¢,
4 §q

V(k',k+q/2)—

mt

V(k',k)]—%[V(k’—q/Z,k)—

2489

FIG. 7. Matrix element of the interaction current operator,
where the open circles are bound-state vertex functions.

where N is the normalization constant. Note that
V(k' k)=(g/N*)I'(k")T(k). The eigenvalue conditions
is

1_,_f(2 v (T(k)S(k +p/2)T(k)S(k —p/2)} .
o

(3.2)

(Throughout this section the curly brackets are meant to
be the traces of the Dirac matrices and matrices describ-
ing the other degrees of freedom which enter the prob-
lem. For example, in the quark model the traces of color
and flavor matrices are taken.)

It is possible for the eigenvalue equation (3.2) to have
more than one solution, corresponding to the existence of
excited states. In order to treat the most general case, we
w111 assume at least two solutions to exist with *nasses
p*=up’and p?=p".

The Bethe- Salpeter equation and the interaction
current operators are covariant, and the scalar matrix
elements should not depend on the frame in which they
are evaluated. We chose the Breit frame. The four-
momenta of initial and final states are given by
p=(P—¢q)/2 and p'=(P+q)/2 with their respective
masses 4 and p', and the expression for the current, Eq.
(2.25), becomes

V(k',k)] (3.3)

+(e, term) ,

where § =(4k +q),/(4k +q)-q and §,=(4k’'—q),/(4k’—q)-q. Hereafter we drop the e, term for simplicity. The ma-
trix element of the current operator describing the transition from a bound state of mass u to one of mass u’, both de-

scribed by the same T, is given by

d*k’ r d*k
(g = — ,
lm (277_ )4 ( )4 g mt}

where

(e =[Sk'—p'/2)

(3.4)

T(k")S (k'+p" /2) g e (k' K :@) s [S (k +p /2)T(K)S (k —p /2) 1,5

See Fig. 7. The use of the Bethe-Salpeter equation considerably simplifies the matrix element, giving
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d*k  (k+q/4)"

<Jmt(q)>=,-e1f(2ﬂ TEPyTIw {[T(k +¢/2)—T(k)IS(k +(P —q)/4)T(k)S(k —(P —q)/4)}
d*k (k—q/4" -
—(P — — . .
f oyt k —q/a)q SUe = (PH@/HTUIS Uk +(P+q)/4T(k —g/2)=T (k)] (3.5)

The interaction current can be reduced further by shifting the integral variable, kK —k +(P —¢q)/4 in the first and
k—k +(P +4q)/4 in the second terms. We get

. d*k (k+P/4)"
u =
(J&.(q)) telf (2 (k +P/2)g

X({[T(k +(P+q)/4)—T(k +(P —q)/4)]S(k +(P —q)/2)T(k +(P —q)/4)S (k)}
—{T(k +(P+q)/4)S(k +(P +q)/2)[T(k +(P —q)/4)—T(k +(P +q)/4)]S (k)}) . (3.6

In the Breit frame, the kinematical variables are given by
pt=1P —qt=(E,—aq),
p*=HP+qgF=(E[1—alq),
q"*=(0,q) ,

Pt=(2E,[1—2a]q) ,

(3.7

where a satisfies
E :(M2+a2q2)1/2=[ﬂ'2+(1—a)2q2]1/2 ,

and it is convenient to introduce the orthogonal four-vectors g* and 7*=P*—(P-q/q*)q*. Using the fact that the d*k
integration will turn k* into a multiple of ¢* and P*, we can project the four-vector (k +P /4)* in Eq. (3.6) onto these
vectors:

7" q*
(k +P/a)=(k +P/4)n-L+(k +P/4)-qL5 . (3.8)
U] q

This separates the matrix element of the interaction current into two terms, one proportional to g# and the other pro-
portional to n*,

<'}'mt) <Jmt) +<Jﬁ1t)1}

Using the eigenvalue condition Eq. (3.2), the second and fourth terms in the g part cancel in Eq. (3.6), and the g*
part can be written

@), =ie [ 25 a’k

lf(z )4

where the identity
S(A)—S(B)=S(B)S UB)—S~1(4)]1S(4)

is used to obtain the last equality. Note that this matrix element, when combined with the impulse process, gives a new
relativistic impulse approximation (RIA) with the photon-fermion vertex y* replaced by y*—dq*/q?,

—Z——z—{I‘(k +(P+q)/4)[S(k +(P—q)/2)—S(k +(P +q)/2)]T'(k +(P —q)/4)S (k)}
ﬂ_
2

Ik +p'/2)S(k +p' ) —ig)S(k +p)T(k +p/2)S(k)} , (3.9

(Jfialg)) = —elf {T(k +p'/2)S(k +p’)y*—dq"/q*)S (k +p)T(k +p/2)S (k)] . (3.10)

Note that this new form of the RIA now explicitly conserves current, even if uu’'. To summarize: the sum of the
original relativistic impulse approximation and g* part of interaction current

[{(Jkia(@)) + T8 (), = (Tkia(@)) 6]

is equivalent to the result which would be obtained using an effective photon-fermion vertex y*—gq*/q* (Fig. 8) in the
impulse diagram. Furthermore, q#(y"—qq“/qz)zo identically, so that this new RIA is gauge invariant.
Return to the p* part of the interaction current. We will write this as

JE(q)) —zf o )4[ @)S (k +p)T(k 4+p /2)S (k)} — {S(K)T(k +p' /2)S (k +p" )Tt (g)}] . (3.11)
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FIG. 8. The matrix element of the effective photon-fermion
vertex, y*—4g"/q?, indicated by a solid circle.

where the effective “vertex currents” [J{(q) and J#(q)],
which can be used in the single-loop diagrams (Fig. 9),
are given by

Feiqy= e, K H 0740

Ui
T(k+p'/2)—T(k+p/2)
L
X7 &k +P/d)q , (3.12a)
and
J,Hq):el(kJr 2/4).
n
T(k+p/2)—T(k+p'/2)
M
X (k +P/4)q (3.12b)

From the form of this expression, the #* part of the in-
teraction current can be considered to be a new contact
interaction which arises because of the structure of the
bound state. Because g,7"=0, this new interaction
current is gauge invariant by itself. Furthermore, if
p=p', n*=P*, and it can be seen that (Ji,(g)),=0
when ¢ =0. Hence, the interaction current does not con-
tribute to the charge form factor F(g?) at ¢g>=0. This al-
lows us to determine the normalization of the wave func-
tion, A2, from the normalization of the RIA process
alone. [To see that (J4,(0)),=0, note that p=p' im-
plies that Egs. (3.12a) and (3.12b) have equal magnitude
but opposite sign, and hence the two terms in Eq. (3.11)
are identical when g =0 or p =p’. Changing the integra-
tion over the time component k to k( — P, /4 shows that
the integrand is odd in k¢, and hence the current is zero.]

B. Example: The pion charge form factor

Here, we apply the formalism developed in the previ-
ous sections to a simple, spin-zero, physical system. (The

(b)

FIG. 9. Matrix element of the 7 part of interaction current.
The solid circle is meant to be the effective ‘“vertex current”
defined by Eqgs. (3.12a) and (3.12b).
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formalism can be extended to higher spin systems, if
desired.) We introduce a simple model of the pion as a
relativistic quark-antiquark system interacting via a se-
parable interaction. We have found that such a separable
model can give a phenomenological soft pion wave func-
tion which successfully describes the pion form factor
and weak decay.!! In this paper, we use another separ-
able model which is, in some respect, simpler.!? In this
section, we calculate the matrix elements of the interac-
tion current contribution to the pion charge form factor,
and compare the results with the RIA.

Our model is motivated by our search to identify an in-
teraction that renders the Bethe-Salpeter equation analyt-
ically solvable. We chose the following interaction:

7’451/3 ng
D(k'*) D(k?)

where D (k?)=k?—A? with A~few hundred MeV, a
typical hadronic mass scale. This separable potential is
taken to be an effective interaction between constituent
quarks forming a meson, and the Bethe-Salpeter equation
is solved for a quark mass in the range m =200-400
MeV. Our model can be regarded as a covariant general-
ization of the Nambu—Jona-Lasinio model; the form fac-
tor 1/D(k?) cuts off all loop integrals in a covariant
fashion. In addition, the pion vertex functions which
emerge from this model are covariant generalizations of
Hulthen-like functions, familiar from nuclear physics ap-
plications. The parameter A is clearly related to the size
of system. The details of the calculation are given in Ref.
12, including the effect of vector meson dominance.
Here, we focus on the evaluation of the interaction
current.
The bound-state solution for the 7gq vertex is simply

Vagsy(k'sk)=g , (3.13)

5
ri=-"_
D (k%)

where N is the normalization determined from the nor-
malization of charge. This simple vertex actually gives a
pion wave function which contains all of the four invari-
ant functions'® necessary to describe the wave function of
a pseudoscalar meson. In addition, the invariant func-
tions now depend on both k% and k -p.

The normalization NV can be obtained by calculating
the RIA amplitude only, Fgi,(0)=1, because the in-
teraction current does not renormalize the charge. Intro-
ducing the color and flavor wave function, the weak pion
decay constant is given by

s (3.14)

—i4 — d*k
= — N —_—
Sa V2 = f Q2m)*

X m
D(k2)([k—p/2P—m*) [k +p/2)*—m?)

>

(3.15)

where n,=3 is the number of colors. The RIA to the
charge form factor of the 7 is given by
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f d*k Tr[y’ (' + ¥ +m)y* B+ K +m)y (U +m)]
Qm)* D([k+p' 21D ([k +p/2)[k +p'P—m? N[k +p]*—mP)(k*—m?) ~

From the symmetric structure under the interchange of variables p<>p’, the right-hand side of Eq. (3.16) is only propor-
tional to [p +p']¥, reflecting the fact that the pions in the initial and final states are real with equal mass u. Therefore,
the g#-dependent part of the interaction current, which can be obtained by replacing ¥* by 4q*/q* in the impulse dia-
gram, does not contribute. The other, n* part, interaction current contribution is not zero, and we calculate it.

Since the initial and final states are physical pion states, p2=p'?=u?=p'?, it follows that n*=P* and ¢-P =0. The
effective “‘vertex currents” defined by Egs. (3.12a) and (3.12b) become

FRia(g®)p +p' F=iN? (3.16)

_ ([k+P/4)-P) 1 1
Ji(gq)=e,~—2"1="pn -
Fl@=e P? ((k+p/2P—AY)  ([k+p'/2P—A2)
k-P, 1 Phy®
=e, N +— , 3.17
TP T4 [k +p 2= ANk +p /21— A%) (3.172)
and
- k P Py’
Jé(g)=—e N* . (3.17b)
ra . (lk+p /21— A*X[k +p'/2]*—A?)
Inserting into Eq. (3.11), we get the correction to the charge form factor
(qz)_z f 4k -P + P?
Fin P? 277)4 ([k+p/2]2—A2)([k+p’/2]2—-A2)(k2—m2)
2/4—(k +p/2)? m2+u/4—(k +p'/2)*
2 2 2 ' 2 2 112 2 (3'18)
([k +p/2] [k +pP—m?)  ([k+p' 2P =AYk +p'*—m?)

The numerical results for the interaction current
correction [F;,(Q?%)] and the impulse form factor
[Fgria(Q?)] are presented in Figs. 10 and 11. Model pa-
rameters used in the three sets of results are listed in
Table I, along with the results of the pion charge radius
(r$¥»=0.66 fm) and weak decay constant (f5P =93
MeV). The effect of the interaction current on the charge
radius is about a percent, as is seen from the slope of the
results in Fig. 10. In Figs. 12(a) and 12(b), we observe

[
that the interaction current contributes a significant
amount to the charge form factor in the large-

momentum-transfer region. This reduces the total mag-
nitude of the soft form factor [ Fgya(Q2)+Fi, (Q?)].

IV. A GENERALIZATION

In Sec. II, the interaction current was derived for a
very simple form of separable interaction, where the ma-
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FIG. 10. The contribution of the interaction current in the charge form factor of pion. Here,

= —g?>0. The meaning of three

lines is m (quark mass)=300 MeV and A =500 MeV (solid line), m =300 MeV and A=750 MeV (dashed line), and m =200 MeV and

A =500 MeV (dot-dashed line).
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1.0‘1!1!||||]||‘I—IT‘vrtvlvrrv

Fria(Q%)

0 2 4 6 8 10

Momentum transfer Q° [(GeV/c)?]

FIG. 11. The impulse form factor Fg;,(Q?). The meaning of
lines is the same as Fig. 10.

trix in the vertex was assumed to be independent of mo-
menta associated with the charged particles. Here, we
apply the same method to a more general form of separ-
able interaction which has a simple momentum depen-
dence. It will be shown that our result for the interaction
current satisfies the general restriction from current con-
servation, Eq. (2.8).
We use a rank-one separable interaction,

Vapoy (k' k3p) =85k, k5)Bs, (K1, k) 4.1)

which is a product of two vertices conserving the total
momentum of the initial and final states,

p'=ki+tki=p=k,+k, .
We introduce the momentum dependence in the follow-
ing form:
A(k;p)=2fj([k1—kz]z)Qj(kl,kz)
j
= follk; =k, )YO+2f ([ky—k, 1) OK
+f2([k1—k2]2)(9p
+ 3k =k, HOKP —pK)
where kK =(k,—k,)/2 and p =k, +k,, and O is a con-

(4.2)

TABLE 1. Quark mass (m) and cutoff mass (A) used in the
model of pion, and the numerical results of static observables,
r. (pion charge radius) and f, (weak decay constant).

m (MeV) A (MeV) r, (fm) f» (MeV)
300.0 500.0 0.64 108.0
300.0 750.0 0.55 123.0
200.0 500.0 0.84 81.9
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FIG. 12. Each contribution of the impulse [Fg;2(Q?)] and
interaction [F;,(Q?] form factors multiplied by Q2 The
meaning of lines is the same as Fig. 10. The experimental data
are taken from Ref. 14.
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stant matrix to be chosen depending upon the specific
modeling of the interaction. The results obtained with
this model can be immediately applied to any interaction

of this general form. For example,
V(kl’k p):fZ([kl

—ky )2k —k, 1) Op'Op

or
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V' kPY=, £ (1K =k T Ty =k, 1)
J

Xk, k)0, k1, ky)
With the notation introduced in Sec. II, S =k{’ —k}"
SY=k{"—k{'+tq, and KY =2k{’—2ky'+q,

the modification of the vertex, Eq. (4.2), caused by the in-
troduction of photon field is given by

d4k d4k ik, x, ik,x
8Aaﬁ(x1,x2)=2ff—————~(21 5 2L fSDQ, Uy, k) ) = £,(S20 (K k) Je ™ 112
J ™ ’

d*k,d%k,

(27)8 [[«fﬂSz

=§ff

ik x, ik,x
11622.

+ £ (SHILQ; (K, k)N —Q;(ky,ky) 1) e (4.3)

Here, again, the linear dependence on the photon field, which is a characteristic aspect of one-photon processes, is used
in the last equality. In this respect, the evaluation of two-photon interaction currents appearing in two-photon process-
es, such as Compton scattering, would not be trivial at all. Note that the momentum of charged particle 1(2), k(,), is
replaced by (1/i)3/9x () in f;([k, —k,1*) and Q(k,,k,). Using Egs. (B1)-(B4) in Appendix B, we can derive the fol-
lowing expression for the second term in Eq. (4.3):

ff

1 ikyx,

(SO Q) ) —Q (K, k) e ™

d k d k d q lk x, ikyx
ff (217_)12 1 g z[ap(q)Aﬁt(klykz,q)+aL(q)A?‘(kl,kz’—-—-q)] s 4.4)
where
Ag(kl,kz,q)z
Alll'(kl,kzaq) fl R o %, _fl o g,
ABhy Kyg) | 1 [SD)010rre T E 1y g [(ST)eaOrke T2,
Atk kyq)=f3(S% e, Oy iy —kyyle ™' = £1(5% e, Oy, —Kyyte ™
The first term in Eq. (4.3), which we obtained in Sec. II, can be written
d k d*k ) e
[ [0 S LGS = £(S210; Kk ke 116 ™72
QmF 4
d k d k d q ik x, ik,x
= — iz ¢ M1e"M g (q)CH Ky, kpq) +af (9)CH K ky, —q)],  (4.5)
where
- ~igx K‘i 2 2 —igx
Ckpkpg)=—ey S S =£(801Q; (ki kpde T —ey S (83— £,(80]10;ky, ke T
K_-q ; K.q r

The vertex modifications are obtained by taking the matrix elements of Egs. (4.4) and (4.5) for the one-photon absorp-
tion process. The interaction current is then the sum of products of vertex and vertex modification terms which satisfy
momentum conservation (k; +k,+qg =k} +k})

Tk kY ky,kyiq)=8AM K, ky:q) Ak, ky)+ Ak, k5)8Ak ,kyq) , (4.6)
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where the vertex modifications are
K" ,
Ak, k5:q)=te, I E[f, )= f(82)]1Q;(k ", k5) = £1(S2)0y* = f,(S2)OyH — f3(S2) Oy Ky — Koy™)
-q
K'*
tey | — z[fj (SF)—f(SH]Q;(k1,k5)
K -q
+£1(SH)OYF— £1(S'E)OY*+ £5(S 2Oy K, — K y™)
and
_ K* —
88k, kyq)=— X qE[f —[{SHIQ (K, ko) + f1SE IV O+ f(SE PO+ f3(S3 )UKy —vP iy D
+9
H —_—
- 2 fj (s%) fj(SZ)]Qj(kl’kZ)
- J
_fl(S%_ )7/“6+f2(52_ )Vﬂﬁ_f3(sv)(k1'}/“_'}/ﬂkl)@
Note that
Ef] i(ky,ky) f1@4_f2(94_f3@(4k2_kzq)ZijQj(lﬂ_q,kz)
J
and
2 [iQky k) +f104—F,04 + 004K, — K, Efj (ki ky—q) .
J

With the use of these identities we can express the divergence of the current in a very simple form:

9,80k, k}q)= +912 [i(82)0; (k' —q,k})

—fi(8)Q;(k,k3)]

+e22 [f(S)Q;(k, ks —q)— f;(S)Q;(k,k5)]
=+e1[A(k1—q,k’2>—A(k’1,k'2>]+e2[A(k;,k'2—q)—A(k;,k'z)] (4.7a)
and
WOk, kyiq)=—e [A(k,+q,k,)—Alk,,ky)]—ey[Alky,ky+q)—Alky,ky)] . (4.7b)

Finally, we observe the divergence of the interaction current to have the desired form

0, MK sk keyig) = +e Atk —

Ak, k5)A(k, +g,k,)—
=+4e,[V(k'—q/2,k:p)—

V. SUMMARY

The present study uses the minimal substitution
method to obtain the interaction currents associated with
a relativistic separable interaction. We start with the
Bethe-Salpeter equation for a fermion-antifermion system
(for definiteness only) with a general form of the interac-
tion kernel. Using the wave equation of a bound state
and the Ward-Takahashi identity for the divergence of
the one-body current, we demonstrate that bound-state
matrix elements of the total current are conserved, pro-
vided there exists a two-body interaction current. This

g, k5)A(k, ky)+e, Ak, ky—q
e, Ak, k5)A(k ,k,+q)
V(k',k +q/2:p +q)]+e,

Ak, ky)

V(k'+q/2,k:p)—V(k',k—q/2:p t+q)] .

(4.8)

r
interaction current must satisfy the general constraint
Eq. (2.8), which can be expressed in terms of the interac-
tion kernel.

The specific form of the interaction current is then
constructed for a simple separable interaction. Bound-
state matrix elements of this interaction current are eval-
uated, and it is shown that the two-body current operator
can be reduced into an effective one-body operator, which
contains two terms. One term is a photon-fermion vertex
correction, Eq. (3.9) or (3.10), and the other is a new in-
teraction term involving the bound-state vertex, Eq.
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(3.12). It is shown that the interaction current does not
contribute to the charge form factor at ¢ =0 for this sim-
ple form of the interaction, so that the normalization
constant of the wave function is obtained from the charge
normalization of the impulse process alone.

As an example, the interaction current contribution to
the pion charge form factor is calculated in a model in
which the pion is a bound state of a quark and antiquark
interacting through a separable interaction,

V(k',k)~F(k')F(k)y>y®

The result shows that the interaction current contribu-
tion is significant, especially in the large-momentum-
transfer region. However, the interaction current does
not contribute significantly to the charge radius.

Many applications of the formalism in this paper come
to mind: For example, Tjon and Rupp’ obtain relativistic
wave functions of two- and three-nucleon systems by us-
ing a separable two-nucleon interaction in the Bethe-
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Salpeter equation. The calculation of the charge form
factors, including the effect of the interaction current, is
quite possible and interesting. Baryon resonance produc-
tion, such as yN —A—mN, can be studied with a separ-
able interaction model, which incorporates nonlocal as-
pects!® associated with the propagation of a resonance
particle and its extended structure. Lastly, employing the
separable interaction technique presented in this paper to
study NN physics is quite possible.
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APPENDIX A

By applying the plane-wave expansion of the photon field,

101= [ 5 e

in the expression
04 x,)

(q)e*"""+al(q)ei‘7",

dAM(x,)

Z=e, +e +2{e; AMx)—ey AH(x,)}

2
ox# ox4

we get the following useful formula:

.y bkyxy ikyxy
lZ 1 2 f

(
27 M q)F

where
Fk,ky,x,x,)=e (g +2k,—2k ;e

and
GHk,ky,x,x,)=e (—q +2k,—2k e

Applying a d’Alembertian operator to F* and G*, we get

(Dlz)NF“(klyk?,’x]’xZ): €

te,lg +2k1—2kz)"(—[k1~k2+q]2)Ne e e »

and
(O)VGH(ky,ky,xy,x,)=e
+ey(—q +2k; =2k, M(—[
Therefore, Eq. (1.21a) can be expressed as
d*k,d*k, n-1
(2m)?

=—>"szf

8I"(x,x,)=(—)[ [

d*k,d*k,d*q
27 )12

Xa,(g)O;)" !

5 [~k

(kl,kz,xl,xz)+a‘1(q)G“(k1,kz,x1»x2)] »
iklxleikzxze—iqx

ik x| ikyx, igx
le22

Tte,(—

(q +2k, =2k, (— [k, —k, —q] Ve 1¥1e"2%2,

kl”‘kz—‘I]Z)

7MF“(k1,k2,x1,x2)+a2:(

ik x, ikyx, —igx

"te,(g +2k, —2k,)Me e e T2,

ik x, ik,x, igx
lleZZe 2.

q +2k—2k, Ve

—igx,

ik x, ikyx, —igx,

(A2a)

( q+2k2—2k )H _[kl_k +q] )N lklx]etkzxzequ

ik x, ik,x, igx
NelleZZe 2.

(A2b)

2 (DXZ)H - l—M(iz)(Dn)Meiklxleikle
=0

1‘k2)2]M

gN(O)" T MGH(k kg xy,x5)] . (A3)
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With an algebraic identity,
n—1 n n
—1— a"—b
a” 1-M b M_
2 a—b ’
we arrive at the following compact expressions:

d*k,d*k,d%q

8I"(xy,x))= [ [ [———2—= 2 la,(@ut(n)+a](guwHn)], (Ada)
d*k,d*k,d*
o'y x)= [ [ [ 1 ERE A ol (@uhin+a,gwtin)] (A4b)
)

where

(ki —ky—ql"— [k =k, 1" ikyxy ikyx, —igx,
e e
[kl_kz“Q]z_[kl“kz]z
[kl_k2+q]2"—[kl—k2]2neik]xleik2x2e—iqx2
[kl‘“k2+4]2_[k1_k2]2

utn)=e,(2k,—2k,—q*

+ez(2k2—2kl —q)‘u

and

[ —k +q]2n_[k1—k2]2neik1"ye5k2x2ei‘1"l
[ky—k, +¢I]2 [kl_k2]2

(ki =k =gl —[ki =k 1" ik px, ikyx, ign,
[k —k,—qP—[k =k, - © ¢

wt(n)= e (2k; —2k,+q)*

+ez(2k2_2k1 +q)‘u

APPENDIX B

This appendix presents the useful formulas used in Sec. IV. The external photon field induces corrections in the ma-
trix part of the vertices,

*kyd’k,

ff ooy (€0, k) ) — QK k) ]e  F1e ™22 | (B1)
where the matrices Q;(k,,k,) are defined by
2 (j=1),
Q,(ky,ky)= 18 (j=2),
(Kp—pk) (j=3)

The double angular bracket means the minimal substitution of photon field in the momentum of each charged particle,
and k =(k,;—k,)/2 and p =k, +k,. Then we have

8Q, d*k,d*k,d* zk ik —igx —igx igx, __ ?
{anz) JIT— G e e Maurtee T Fee T tal(@ye e Fepe ™) (B2a)

and

d*k,d*k,d%q i x, ~igx —igs
T g (e [y — Kyt le T — e[yt — e T
(2,”. 12 13

+igx,

+al(q)e, [y ¥, — k" ]e —e, [y, — K 7P le )] . (B2b)

Introduction of a form factor results in the following expressions:
d*k,d*k, d ik x, i
ST e = PO — 1) — [l =k De 11 ™

dkdkdq’kxleik X

—fff D P2g (@QyPle f(S2)e Tl—e,f (5% )e T +al(@yHg——q)) (BI)
w

and
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dkdkdq

J[[————rux
dkarkdq,”,zx2
—fff fre™

2,”.)12

VR UK K, — k1

X(a,(@){e f (S y*ky—kyytle T e, f(S% vk,

where S, =k, —k,*

— [k,

ik x, ik,x
lle22

—¥K, K, ]e

—kiytle T +al(@g——q), (B4)
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