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Elastic scattering of alpha particles from Bi at 24.8, 28.5, 34.7, 38.8, and 69.5 Mev
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Differential cross sections for the elastic scattering of alpha particles from Bi have been mea-
sured over a wide angular range at a number of energies between 24 and 70 MeV. The present data
along with existing data in this energy range have been analyzed using the optical model with both
phenomenological and double-folded potentials. The application of the dispersion relation of
Mahaux, Ngo, and Satchler allows a reproduction of the observed energy dependence of the real
part of the potential. A nearside-farside decomposition of the data clearly reveals large-angle
Fraunhofer oscillations. The inelastic cross sections at 69.5 MeV have also been measured and the
deformation lengths obtained from a distorted-wave Born analysis are consistent with values report-
ed in the literature.

I. INTRODUCTION II. EXPERIMENTAL DETAILS

For a long time, alpha-particle scattering has been
known to be an important and well-established tool for
studies of the general mechanism of reactions between
complex nuclear particles and for exploring interesting
nuclear structure properties. The o. particle, being com-
posite, in principle interacts with nuclei in a more com-
plicated way than nucleons do. However, its attenuation
in nuclear matter restricts the interaction to the low-
density surface region of the nucleus, particularly if the
bombarding energy is not too high. In addition, the fact
that the a particle has high binding energy, zero spin,
and zero isospin may lead to a relatively uncomplicated
interpretation of its interaction with nuclear matter, re-
sulting in information on nucleon densities.

During the past several decades, a vast amount of data
for elastic scattering of a particles has been collected. '
Most of these data have been analyzed in terms of the op-
tical model in which the interaction between the 0. parti-
cle and the nucleus is represented by a complex potential.
In these analyses, both phenomenological potentials (usu-
ally of the Saxon-Woods type) as well as those obtained
from microscopic calculations have been used.

Analyses of low-energy data with Saxon-Woods poten-
tials suffer from discrete and continuous ambiguities in
the determination of the potential parameters. Most ap-
parent are the ambiguities in the depth of the real poten-
tial, and it has been suggested that only its strength at the
strong absorption radius can be determined uniquely.
The ambiguity problems are, however, reduced at higher
energies. Therefore, at lower energies one can start with
parameters consistent with those at higher energies, fol-
lowing the energy dependence established from the sys-
tematics.

In this paper we report on elastic-scattering studies of
a particles from Bi carried out to reduce the ambigui-
ties in the optical-model parameters. In Sec. II the exper-
imental details are given. Section III deals with the
analysis of the data. In Sec. IV our results are summa-
rized.

90 r $ $ f r $ r ~

i
~ r I r r ~ ~ r I

I
r r r r r r r r t 7Q3

300
-68

210
C

0
120

—66 +
X

—64~

—62

30

1500 1600 1700
Channel Number

60
1800

FIG. 1. Typical pulse-height spectrum at 69.5 MeV.

The experiments were performed with the unanalyzed
O.-particle beam at the Variable Energy Cyclotron Centre,
Calcutta. The beam was focused to a spot of -3 mm di-
ameter at the center of the 90-cm-diam scattering
chamber. The beam energy spread was about +250 keV.
The setup used in the present experiment was similar to
that described in Ref. 5. The beam current ranged be-
tween 10 and 300 nA. Targets in the form of self-
supporting foils of natural bismuth metal were prepared
using the vacuum evaporation technique. The target
thicknesses were determined by energy-loss measure-
ments with an 'Am u source. With the stopping power
values tabulated by Northcliffe and Schilling, the mean
thicknesses of the two targets used were determined to be
0.65 and 2.97 mg/cm . Five 2-mm-thick surface-barrier
detectors mounted 10 apart and subtending solid angles
of 0.115, 0.208, 0.602, 0.604, and 0.736 msr were used. A
5-mg/cm -thick aluminum foil was mounted in front of
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the detectors in order to stop fission fragments. The
determination of the beam energy and the angular offset
of the detectors was done using a simple method based on
kinematics. The offsets determined were less than 0.2.
The angles were corrected for the offsets. The angular
distributions were measured in 1 steps for lower energies
and in 2 steps at 69.5 MeV. The thicker target and
higher beam currents were used for the measurements at
backward angles. A typical pulse-height spectrum at
69.5 MeV is shown in Fig. 1. The elastic-scattering data
at 24.8, 28.5, 34.7, 38.8, and 69.5 MeV, normalized by
Rutherford cross sections, are shown in Fig. 2. The an-
gular distributions for the inelastic scattering from the
states at E' =2.60 and 4.22 MeV are shown in Fig. 3.

III. ANALYSIS

The data have been analyzed using the optical model.
Both phenomenological and folding model potentials
have been employed in fitting the data with the optical
model.

A. Phenomenological analysis

The elastic-scattering cross sections were analyzed us-
ing the standard phenomenological optical model, which
for a particles takes the form

~(")=~c(r "c) ~zfR(r rz ~R)

'8'rfr(" "I

Here Vz and 8'I are the strengths of the real and imagi-
nary potentials, respectively, and the Saxon-Woods form
factors are given by

f (r, r, a )=1j[1+exp[(r —8 )/a„]I,
where R = r A T, A T being the target mass. The
Coulomb potential Vc(r, rc) was taken as that due to a
uniformly charged sphere of radius R& = r~ 3T with r&
fixed at 1.3 fm.

The data were fitted using the optical-model code
SNOOPY8Q. At these energies the ambiguities in the op-
tical potential are particularly acute and cause difBculties
in obtaining meaningful sets of optical potentials. We
have followed the procedure of extrapolating to lower en-
ergies the "unique" real potential parameters determined
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FIG. 2. Ratio of the elastic-scattering cross sections to the
Rutherford cross sections plotted as a function of the center-of-
mass angle for E =24.8, 28.5, 34.7, 38.8, and 69.5 MeV. The
solid lines are optical-model fits to the data using phenomeno-
logical potentials with the best-fit parameters given in Table II.

FIG. 3. Cross sections for the inelastic scattering to the
states at E*=2.60 and 4.22 MeV plotted as a function of the
center-of-mass angle. The solid lines are calculated using the
DWBA formalism assuming l =2 (4) at E =2.60 (4.22) Me V.
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TABLE I. Optical-model parameters predicted from the systematics.

E
(MeV)

22.0
24.8
28.5
34.7
38.8
42.0
50.5
69.5

104.0

(MeV)

106.90
107.01
107.16
107.24
107.56
107.69
108.00
108.67
109.78

rR

(fm)

1.362
1.360
1.357
1.354
1.351
1.348
1.343
1.329
1.302

ag
(fm)

0.621
0.624
0.627
0.633
0.637
0.641
0.649
0.670
0.710

8'q
(MeV)

12.30
13.27
14.44
16.01
16.91
17.57
18.92
20.96
22.88

rI
(fm)

1.409
1.412
1.415
1.422
1.425
1.426
1.436
1.436
1.437

aI
(fm)

0.642
0.648
0.654
0.665
0.672
0.678
0.724
0.781
0.781

at higher energies with a suitable energy variation. For
doing this effectively, we have made use of the systemat-
ics of the volume integral Jz, the radius R2 4, where the
potential becomes 2.4 MeV, and the slope S of the poten-
tial at R2 4 for the real potential. For the imaginary part
of the potential, we have used the systematics of the
volume integral JI and the ratio of geometry parameters,
RI~ ( =RI /R~ =al /aR) By thi. s prescription the param-
eters for the a+ Bi system at the energies of the mea-
surements were predicted (Table I), and these are con-
sistent with the ones determined at higher energies.
Starting with these parameters, we have optimized the
fits to the data by fine tuning the parameters to get the
minimum g value. The final parameters are listed in
Table II, and the fits to the data are shown in Fig. 2.

We have also reanalyzed the 22-MeV data of Barnett
and Lilley, the 42-MeV data of Alster, ' and the 104-
MeV data of Hauser et al. " In all cases we have fitted
the data to the phenomenological optical model starting
with the parameters predicted by the systematics, and
the resulting parameters are included in Table II. For
the 22- and 104-MeV data, this procedure resulted in pa-
rameter sets completely different from those obtained in

the original analysis '" without any increase in the y'
values. For the 42-MeV data, the original analysis has
been done only in terms of the parametrized phase-shift
model of Austern and Blair. ' The fits to the data at 22,
42, and 104 MeV are shown in Fig. 4.

It can be seen from Table II that the best-fit parame-
ters obtained from our analyses at all energies, including
the 22-, 42-, and 104-MeV data from the literature
are fairly close to the parameters predicted from the sys-
ternatics. We have investigated the possible potential
families which are allowed by the data. The y values are
calculated for a range of J~ values with R z 4, S, and the
imaginary potential maintained at the best-fit values. The
procedures for investigating the discrete potential family
ambiguity is discussed in more detail in Ref. 5. A typical
result, at 69.5 MeV, is shown in Fig. 5. In this figure the
zeroth family corresponds to the best-fit parameters of
Table II and the other families are indicated as
+1,+2, . . . . A similar analysis has been made for the
imaginary part of the potential. In Fig. 6 we plot g as a
function of JI maintaining the R24 and S of the irnagi-
nary part and real potential at the values corresponding
to the best fit. In this case there is no family ambiguity.

TABLE II. Best-fit parameters from phenomenological analysis.

(MeV)

22.0
24.8
28.5
34.7
38.8
42.0
50.5
69.5

104.0

(MeV)

107.30
107.42
107.14
107.42
107.51
107.59
108.20
108.35
109.80

(fm)

1.368
1.361
1.358
1.321
1.374
1.350
1.356
1.329
1.278

ag
(fm)

0.621
0.578
0.602
0.634
0.635
0.624
0.641
0.670
0.710

r
(MeV)

12.10
13.50
14.20
16.12
16.88
17.84
16.00
21.20
18.57

r
(fm)

1.409
1.412
1.420
1.350
1.478
1.429
1.454
1.449
1.464

QI

(fm)

0.640
0.299
0.581
0.666
0.600
0.686
0.790
0.749
0.781

1.2
4.2
5.3
3.9
3.4

17.8
2.4
5.0
1.0

J~ /4A
(MeVfm )

304
298
297
276
310
294
300
285
261

J, i4~
(MeVfm )

38
40
44
44
60
57
56
72
66

(mb)

218
452
920

1323
1708
1811
22SO
2583
2849

Ref.
for

data

'Reference 9.
Present measurement.

'Reference 10.
Reference 5.

'Reference 11.
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B. Microscopic analysis

The data were also analyzed using the folding model
potential. ' The double-folding potential for the system
u+ Bi may be written as

UF(r)= I Jdr&dr2pB;(ri)p (r2)U(r12) (3)

where r is the separation of the centers of mass of the two
colliding nuclei, u is the effective nucleon-nucleon interac-
tion, and the p's are the point nucleon densities of the al-
pha particles and Bi. The potentials were computed
using the code DFFOT. The interaction used was of the
M3Y form, ' given by

10

0
10

209 8,

U (r) =7999e "/4r —2134e ' "/2. 5r +J„5(r), (4)
10

p (r)=po(1+wr /c )/I I+expI(r —c)/a]I, (5)

where the third term accounts for knock-on exchange
with J„=—265 MeV fm .

For the densities p and pB;, we used the charge-density
distributions obtained by fitting the electron-scattering
data and parametrized in the Fermi parabolic form' 10 11

r((rn )

I

13

with c =0.964 fm, a =0.322 fm, iLl =0.517, and
(r ) '~ =1.71 fm for a particles, and c =6.75 fm,
a =0.468 fm, w =0, and (r)' =5.51 fm for Bi. The

po values were chosen so as to normalize the distributions
to the charge numbers. The point nucleon densities were
obtained from the charge densities after correcting for
the finite size of the proton in the standard way. ' In Fig.
8 the calculated microscopic potential is compared with
the best-fit phenomenological potential for Bi at
E =28.5 MeV. It can be seen that the two potential
shapes are nearly the same around the strong absorption
radius ( —11 fm). A normalization of the microscopic po-
tential by a factor of —1.7 brings it in closer agreement
with the phenomenological potential. In carrying out the
fits to the elastic-scattering data, the total potential used
was

V(r) = A, UF(r) i Wl—(r)+ Vc(—r) .

In the analyses the folded real potential UF(r) was al-
lowed an overall adjustable normalization coefficient k.
The forms of the imaginary potential WI(r) and the
Coulomb potential Vc(r) were same as that used in the

FIG. 8. Comparison of the real potentials V& ( r) for
E =28.5 Mev obtained using phenomenological and micro-
scopic prescriptions. The strong absorption radius RsA has also
been indicated.

phenomenological analyses of the data. The best fits were
obtained by varying the parameters 1, and Wl(r). The pa-
rameters corresponding to best fits are listed in Table III.

The consistency between the real and imaginary parts
of the optical potential can be tested by comparing with
the predictions of the dispersion relation. ' The disper-
sion relation predicts the real-part values starting with
the imaginary-part values at the radius region of sensi-
tivity as

(7)

where P is the principal value of the integral, Ez is an
adequate reference energy, and

b, Vz (r;E)= V(r;E) —V(r;E&) . (8)

b VF (r;E)=(E Es)——P W(r;E')dE'
S o E' Es E' E— —

TABLE III. Optical-model parameters from microscopic analysis.

(MeV)

22.0
24.8
28.5
34.7
38.8
42.0
50.5
69.5

104.0

2.28
1.40
1.67
1.71
2.26
1.90
1.90
1.61
1.25

w
(MeV)

20.62
20.62
20.40
25.13
24.64
21.37
28.38
29.67
21.26

(fm)

1.330
1.360
1.376
1.390
1.471
1.491
1.287
1.297
1.398

a
(fm)

0.570
0.365
0.552
0.471
0.414
0.395
0.967
0.990
0.980

Jq /4A
(Mevfm )

53
56
58
73
84
75
74
79
69

1.0
4.3
6.7
6.9
9.4

11.7
4.4
8.0
1.0

(mb)

215
453
919

1334
1615
1695
2307
2725
3044
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~ ~

209 B. a =0.2 and varied R from 5 to 14 fm, with the pertur-
bation amplitude D =0. 1 for the real and imaginary

heparts separately and calculated the g . In Fig. 10 t e
/y values are plotted as a function of the notch ra-X +min v

~ ~ ~

dius R~ (=R„„,h). It is seen that the potential rs well
determined in the region 8 —11 fm. This region is inside
the strong absorption radius ( —11 fm). The ratio

/y is much larger at higher energies for both the+max +min is m
~ ~ ~ ~

real and imaginary notch perturbation tests. This in i-
cates that the potentials are better determined at higher
energies. The angular distributions predicted by the per-
turbed potentials with notches at r =8.5 and 9.5 fm are
compared with the calculations with the unperturbed po-
tential in Fig. 11. It can be seen from the figure that the
main angular region of sensitivity is for angles greater
than 90'.
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FIG. 9. Real and imaginary potential strengths at r =10 fm
plotted as a function of the bombarding energy. The imaginary
potential has been represented in the form of the two straight-
line segments, and the resulting real potential calculated on the
basis of the dispersion relation is shown as a continuous curve.
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We have represented the imaginary potential values at
e =10 fm by two straight-line segments' and computed
the dispersive contribution to the real part. Figure 9
shows the results obtained taking a reference energy of
104 MeV and a comparison with the A, U+ values of the
microscopic potential. The dispersion relation gives a
fair reproduction of the trend of the energy dependence
of the real potential values obtained from the folding
model analysis.

0,
80—

C 40—~E

~ Ct 100—

50—

34.7 MeV

38 8MeY

0 N

C. Notch perturbation test

A radial notch perturbation test has been carried out
to determine the region of the potential most sensitive in
predicting the elastic-scattering data. The procedure is
to introduce a bipolar (volume integral conserving) radial
perturbation in the potential into a localized radial region
and to observe its effect on the predicted cross sections.
In the present work we used the perturbed potential (for
the real R and imaginary I parts)

V = Vg(rgb(1)I 1 10.4Df (7')[1 f I' ]

X [2f (r) —1]], (9)

where

800-

400—

0

200—

1OO—

50.5 MeV

69.5 MeV

&2 4 8

R notch & fm~

0
't

-40

-20

gp
—&0

—20

) 0
12 Q

f (r) = I/I 1+exp[(r —R~ )/a~ ]] . (10)

The position of the center of this notch is the R parame-
ter, and this can be varied over the whole radial region of
the potential. In the present analysis, we have kept

FIG. 10. Notch perturbation test y /g;„plotted as a func-
tion of the notch radius for the real and imaginary parts of the
potentials. The solid lines are eye guide lines connecting the
y /g values for difFerent values of R„„,h in steps of 0.5 fm forEmit
the real and imaginary parts, respectively.
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209~

EN = 28.5h1eV
--——8.5 fm

and a Fraunhofer pattern at the backward angles. A
decomposition of the data into the farside and nearside
components helps in filtering out the strong (but less sen-
sitive to optical-model parameters) Fresnel part and
enhances the relatively weak Fraunhofer part. This tech-
nique' ' provides a good handle for getting at the reac-
tion process taking place. In Fig. 12 we compare cr /cr„„„
for the optical model and experimental cross sections at
69.5 MeV. It is seen that the oscillations which were less
clearly seen in the o /oz plot stand out rather prom-
inently in the figure. The Fraunhofer oscillations arise
due to the interference of the near and far components.
By presenting the data in this way, the quality of the At to
the data can be judged much better.

E. Inelastic scattering

5O 90
ec ~ (deg)

FIG. 11. Angular distribution predicted by the perturbed po-
tentials having notches at r =8.5 fm (dashed line) and r =9.5

fm (dot-dashed line) are compared with the calculations using
the unperturbed potential (solid line) at E =28.5 MeV. Experi-
mental data are also shown.

D. Nearside-farside decomposition

The angular distributions shown in Fig. 2 have a
Fresnel diffraction pattern in the forward angular range

The inelastic-scattering cross sections to the states at
excitation energies E*( Bi)=2.60 and 4.22 MeV have
been obtained at the beam energy E =69.5 MeV (Fig. 3).
The cross sections of the 4.22-MeV state for 0, (32'
could not be extracted due to the presence of ' C and ' 0
target contaminants. The yields from the other states
were smaller and have not been included in the analyses.

The cross sections were analyzed in terms of the
distorted-wave Born approximation (DWBA) model us-
ing the computer code DwUCK4. In the calculations,
the distorted waves used were those corresponding to the
best-fit optical-model parameters for elastic scattering,
and deformation parameters /3& were adjusted to fit the
data. The results for the deformation lengths are

P3R (E*=2.60 meV)=0. 70+0.03 fm,

/3 R (E*=4.22 MeV)=0. 46+0.03 fm.

2.5 — NEARStDE-FAR SIDE

DEC 0MPOSI TI ON

2.0—

0.5-
I' 'F

For the E*=2.60 MeV, I =3 group of states, the previ-
ously reported deformation lengths are 0.75+0.04 fm, '

0.71+0.05 fm and 0.81+0.03 fm.
For the states clustered around E'=4.22 MeV, the

cross sections were best reproduced with a single I value
(/ =4). In high-resolution (p,p') studies, ' the combined
deformation lengths of levels ranging in E* from 4.09 to
4.36 MeV are /3zR =0.28 fm, P3R =0.33 fm, and
/34R =0.35 fm. The present data also allow a DWBA fit
to be made with l =2 (with a slightly poorer y ) resulting
in PzR =0.37+0.03 fm; however, the data are not sensi-
tive to the l =3 contribution in this E * region due to the
limited angular range of the measurement.

IV. SUMMARY AND CONCLUSION

0 I

2Q
l

4p

(deg)
60 80

FIG. 12. Ratio of the experimental cross sections to the cal-
culated nearside cross sections for 69.5 MeV plotted as a func-
tion of the center-of-mass angle and compared to the optical
model predictions. The calculated values of 1+2(o.F /o & )' are
drawn as envelopes.

Data have been presented for elastic scattering of o.
particles from Bi at 24.8, 28.5, 34.7, 38.8, and 69.5
MeV. Optical-model analyses of these data were made
and good its were obtained. The starting values of the
potential parameters were those predicted by extrapolat-
ing the parameters at higher energies using the systemat-
ics of J„,R~ 4, and S for the real potential and JI and
Rlz for the imaginary potential. It was found that the
final sets of parameters are not far removed from the
starting ones, indicating that the global alpha-nucleus



SINGH, CHATTERJEE, CxUPTA, AND KEREKATTE

systematics are reasonable in predicting the parameters
for the present system. Reanalysis of the data at 22, 42,
and 104 MeV from the literature was performed starting
with the parameters predicted from the systematics. The
resulting potential parameters were again close to the
starting ones. These parameter sets, although completely
different from those in the original analyses, gave equally
good fits to the data.

It is also reassuring to see that the A, value obtained in
the microscopic analysis is similar to the normalization
factor required to match the folding potential to the
best-fit phenomenological potential around the strong ab-
sorption radius (Fig. 8).

The dispersion relation which links the real part of the
potential to the imaginary part at a given radius was ap-
plied to calculate the dispersive contribution to the real
part at the "sensitivity" radius. It was found that the

general trend of the fitted renormalized potential is repro-
duced.

The notch perturbation test has revealed that the sensi-
tive region of the potential is from 8 to 11 fm for essen-
tially all energies between 25 and 70 MeV. This region is
inside the strong absorption radius ( —11 fm).

The deformation lengths (PR), deduced from a DWBA
analysis of the inelastic data for 69.5 MeV using the pa-
rameters determined from the elastic-scattering analysis,
are broadly consistent with those obtained from other
measurements in the literature.
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las for mgny useful discussions during the analyses.
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