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Semiclassical simulation of finite nuclei
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Semiclassical simulation of finite nuclei, readily available for nuclear collisions, is presented by

employing the classical equation of motion approach in conjunction with a nuclear structure model,

the isomorphic shell model, previously and independently published. Emphasis is put on good ap-

proximation of the main nuclear properties and their preservation during the evolution of the simu-

lation for times much longer than a typical reaction time.

I. INTRODUCTION

The simulation of nuclear systems is of great impor-
tance, since it can be used for the theoretical description
of nuclear dynamics at different excitations, such as those
obtained through nuclear reactions. It has particularly
proven useful in high-energy heavy-ion collisions which is
a subject of growing interest in nuclear physics, since
pion condensation, density isomers, quark-gluon plasma
nuclear shock waves, and other exotic phenomena may
appear in the course of these reactions. Since a complete
relativistic quantum-mechanical handling of such reac-
tions is not practically possible, one resorts to classical or
semiclassical models based on the microscopic dynamics
of interacting classical particles which was first intro-
duced' by Bodmer and Panos in 1977 through their
classical equation of motion (CEOM) approach. Such
models contain the entire many-body matrix and thus au-
tomatically incorporate details of the interactions such as
dynamical fiuctuations and fragment formations. The es-
tablishment of a computer simulation which accounts
reasonably well for the general thermostatic nuclear
properties is a prerequisite before addressing more com-
plex dynamical problems.

The most recent efforts ' to study nuclear dynamics by
using the CEOM approach will be discussed in some de-
tail at the end of the paper. There, previous relevant
works ' are reported that were unable to reasonably
simulate a nuclear system even for selected cases. Here,
the nuclear system is modeled as a semiclassical system of
A interacting particles (nucleons) by employing an exist-
ing nuclear structure model, the isomorphic shell model
(ISM). While the approach used is again the CEOM ap-
proach, ' its conjunction with the ISM would be referred
to as CEOM model. For an implementation of the
CEOM model a suitable choice of a two-body potential,
of initial configurations of nucleon positions, and of ini-
tial configurations of nucleon velocities is made as de-

scribed below. The main purpose of the present paper is
to present the time evolution (which is a dynamical test)
of the nuclear simulation obtained via CEOM model.

II. TWO-BODY POTENTIALS

The choice of the potential is made by examining its
high- and low-energy properties where the Coulomb in-
teraction is not taken into account (despite the fact that it
was possible).

Our static central potential consists of a repulsive (R)
and an attractive (3) Yukawa-type component as fol-
lows, and thus short-range correlations are taken into ac-
count automatically:

The potential constants have been determined for two
different regions of energies, i.e., below and beyond 50
MeV/nucleon. These constants are given in Table I. It
has been found that this distinction between energies was
necessary as discussed in detail in Ref. 8. As one can see,
for the simulation of the ground-state behavior of a nu-
clear system (which corresponds to an isolated nucleus)
use of the low-energy potential is required as is done here
for the rest of the paper.

The scattering and saturation properties of our poten-
tials have been successfully tested in Refs. 8 and 9. The
main difference of these potentials from all other poten-
tials used in nuclear collisions is that they are the best po-
tentials which simultaneously reproduce the first two mo-
ments [o'"(E), longitudinal momentum loss cross sec-
tion, and o'"(E), transverse momentutn transfer cross
section] of the c.m. differential scattering cross section for
free nucleons and at the same time possess very good sat-
uration properties. Thus, it is expected that our poten-
tials are more reliable in describing nuclear collisions,
where both longitudinal and transverse momentum
transfers are important.
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TABLE I. Constants of two- Yukawa central potentials.

Energies (E)

E & 50 MeV/nucleon
E ) 50 MeV/nucleon

(MeV fm)

2.4(10' )

1.7(10")

(fm ')

29.8017
31.8538

(MeV fm)

258.85
187.0

Pw
(fm ')

1.5017
1.3538

For a comparison of potentials that appeared until
1984 one may refer to Ref. 10, while for a short reference
to potentials that appeared afterwards one may contact
Ref. 11, Sec. II A and Ref. 12.

III. INITIAL CONFIGURATIONS OF POSITIONS

Here, the initial configurations of positions, instead of
being created ad hoc as in all previous works, ' are tak-
en according to a previously and independently published
nuclear-structure model, the isomorphic shell model.
These configurations have normal densities, include
short-range nucleon correlations, possess correct satura-
tion properties for the potential employed (preceding sec-
tion), and for the nucleus examined here (and for any oth-
er nucleus up to Ca) have already been published in

Refs. 9 and 10. For any other nucleus, these
configurations can be derived from the information given
in Fig. 1 of Ref. 7. Thus, the main advantage of our
configurations of positions is that they come from a
nuclear-structure model and so are objective (not ad hoc)
and available to anyone interested in verifying our results
or performing his or her own calculations. These
configurations for ' 0 are repeated in Table II (second
through fourth columns). For a review of the practice
used by other models so far (following either a random
selection of positions in a sphere or considering crystal-
line structure) one may consult Ref. 11, Sec. II B.

IV. INITIAL CONFIGURATIONS OF VELOCITIES

1-'mu i(unc) 2m R 2
max

due to uncertainty, (2)

and

L;
i(orb) 22m p

due to orbiting,

where R,„ is the confinement radius of the nucleons, '

m the nucleon mass, p the radius of the classical orbit of
the average nucleon position, ' and (L ) =1(l+1) the

The initial configurations of velocities in the present
work come from the same nuclear-structure model as the
configurations of positions. The magnitude and direc-
tion of the velocities are consistent with the
independent-particle model (orbital motion) and include
the uncertainty due to the confinement of nucleons in the
nuclear volume. ' For our nucleus of interest, ' 0, these
initial velocities are included in Table II (fifth through
seventh columns). Details of the way they have been de-
rived by using the ISM are described in Ref. 13 and in
Ref. 11, Sec. II C, where one may also find a short review
of the practice applied by other researchers in specifying
their own (random) initial velocities. Here, we repeat the
relevant formulas for their magnitudes only for reasons of
completeness:

TABLE II. Initial configurations of nucleon positions and velocities.

No.

1

2
3

4
5

6
7
8

9
10
11
12
13
14
15
16

0.689
—0.689
—0.897

0.897
0.000
0.000
2.511

—2.511
0.000
0.000
1.467

—1.467
1.467

—1.467
1.467

—1.467

Initial postions
(fm}

0.689
—0.689

0.897
—0.897

2.511
—2.511

0.000
0.000
0.000
0.000
1.467

—1.467
1.467

—1.467
—1.467

1.467

0.000
0.000
0.897

—0.897
0.000
0.000
0.000
0.000
2.511

—2.511
1.467

—1.467
—1.467

1.467
1.467

—1.467

0.105
—0.105

0.105
—0.105
—0.250

0.250
0.105

—0.105
0.460

—0.460
—0.409

0.409
—0.409

0.199
—0.409

0.409

Initial velocities
10" fm/sec

Vy

0.105
—0.105

0.095
—0.095
—0.105
—0.105
—0.095

0.095
0.105
0.105
0.105

—0.105
0.409

—0.409
—0.105

0.105

0.105
—0.105

0.105
—0.105
—0.105

0.105
—0.250

0.250
0.105

—0.105
—0.199

0.409
—0.105

0.105
—0.199
—0.199
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orbital angular momentum of the specific nucleon i. Be-
sides the magnitude, the complete vector of the orbital
velocity component' for each nucleon is well specified in
the framework of the ISM. For the uncertainty velocity
component, however, the relevant vector could have any
(random) direction. For a specific selection of this com-
ponent, the whole velocity vector (i.e., its three com-
ponents) for each nucleon is that which is given in Table
II.

V. REALIZATION OF SIMULATION

Given the initial configuration of positions (r, ) and ve-

locities (U; ) from Table II and the two-nucleon potential
from Table I (for energies (50 MeV/nucleon), the simu-
lation of the ground state of ' 0 is obtained. The first re-
quirement of such a simulation is to reproduce the main
ground-state nuclear properties, i.e., the point mass root
mean square radius,

( 2)1/2

' 1/2
A p.

i 16
(4)

and the binding energy,

A g2 1 L;BE=+ V;,
—g +

2m g' p2
(5)

These quantities for ' 0 estimated at different times are
shown in Table III (columns 6 and 5, respectively).

VI. TIME EVOLUTION OF SIMULATION

In Table III the time evolution of ' 0 is given, as far as
its main properties are concerned. That is, at the end of

each successive time interval equal to 8 fm/c, the total
energy loss due to the procedure followed, the potential
energy, kinetic energy, and the binding energy for the
whole nucleus are registered (columns 2 —5, respectively)
together with the following radial quantities. That is, the
mass root mean square (rms) nuclear radius, the
minimum and the maximum distance observed between
the members of all pairs formed by the 16 nucleons, and
the maximum distance from the nuclear center observed
for any of the 16 nucleons (columns 6—9, respectively) are
shown. Finally, the number of nucleons beyond 4.50 fm
from the nuclear center during this interval is given
(column 10). In addition, the velocity of the center of
mass, and the total linear and angular momenta, are es-
timated at the same time but not registered in the table,
because of their insignificant variation with time around
their expectation zero values. One could notice that since
the particles interact via a pairwise potential, these physi-
cal quantities should be exactly conserved. The source of
error of the previously and later mentioned (e.g. , in bind-
ing energies) insignificant variations is the imperfections
in the different steps of our simulation (including the
finiteness of the time step employed; see column 1 of
Table III). It is worth mentioning that while in Table III
the aforementioned quantities are registered each 8 fm/c,
the computer code employed here estimates these quanti-
ties each 0.02 fm/c. The following comments on the
values of Table III are of interest.

First, we see from column 10 that while after 56 fm/c a
few nucleons (1 or 2) are beyond 4.5 fm, none of them has
evaporated from the nucleus as the values of column 9
show. Indeed, the maximum radial distance from the ori-
gin of any nucleon at 100 fm/c is 4.41 fm, which is even
shorter than the distance 4.44 fm met at 48 fm/c. Thus,
in conclusion one sees that the nucleon number conserva-

TABLE III. Time evaluation of main nuclear properties.

Time

fm/c

Energy
loss

Potential
energy
MeV

Kinetic
energy
MeV

Binding
energy
MeV

Mass
rms

radius
fm

Min.
pair
dist.
fm

Max.
pair
dist.
fm

Max.
nucl.

radius
fm

Nucleons
beyond

4.5
fm

10

0.0
8.0

16.0
24.0
32.0
40.0
48.0
56.0
64.0
72.0
80.0
88.0
96.0

100.0

0.00
0.00
0.00
0.00
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01

—15.84
—18.15
—15.50
—14.56
—17.78
—17.42
—15.35
—14.57
—14.37
—15.00
—13.38
—12.13
—14.16
—15.76

8.11
10.41
7.76
6.83

10.05
9.69
7.62
6.83
6.63
7.26
5.64
4.39
6.42
8.02

Mean values
Expt. values

% error

7.73
7.74
7.74
7.73
7.73
7.73
7.73
7.74
7.74
7.74
7.74
7.74
7.74
7.74
7.74

(7.98)
3%

2.28
2.29
2.50
2.56
2.44
2.51
2.66
2.84
2.89
2.89
3.04
3 ~ 17
3.25
3.27
2.76

(2.65)
4%

1.83
1.67
1.65
1.65
1.66
1.67
1.66
1.65
1.69
1.65
1.70
1.66
1.70
1.63
1.68

(1.72)
2%%uo

5.08
5.65
6.24
6.79
6.37
6.59
6.94
7.31
6.89
7.30
8.07
9.03
9.72
9.96

2.54
2.95
3.27
3.41
3.64
4.15
4.44
4.67
4.65
4.43
4.20
4.34
4.52
4.41

0
0
0
0
0
0
0
1

1

0
1

1

2
1
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tion in our siinulation lasts beyond 100 fm/c.
Specifically, since a typical reaction time is about 10
fin/c, the survival of ' 0 up to (and beyond) 100 fm/c is
one order of magnitude longer than this characteristic
time. This should be compared with the situation de-
scribed in Ref. 15 where in much shorter time up to 50%
of the nucleons have evaporated from the modeled nu-

cleus.
The total energy loss up to the time of 100 fm/c does

not exceed 1% (column 2) and the binding energy
(column 5) in all in-between times remains almost con-
stant (it varies between 7.73 and 7.74 MeV/nucleon) and
compares rather well with the experimental value 7.98
MeV/nucleon. While the binding energy remains practi-
cally constant, however, the magnitude of the average po-
tential and kinetic energies per nucleon vibrate between
the values (in MeV) 12.13—18.15 and 5.64 —10.41, respec-
tively. This is an interesting observation demonstrating
the "living" nature of our simulation. That is, while
there is a real conservation of the total net energy (i.e.,
binding energy), the components of this energy (i.e., the
potential and kinetic energies) vary —50% and —100%,
respectively, between their minimum and maximum
values.

Total linear and angular momenta conservation mani-
fests itself in our simulation, since g, p; =0 and

g, [r,p, ]=0 in all times. Again the components of mo-

menta for the individual nucleons may vary significantly.
These conservations mean that for the ground state of a
nucleus the collisions involved are of elastic nature.

The above conservation of energy and momenta shows
the success of our simulation of an isolated nucleus. This
is further strengthened by the almost zero value of the ve-

locity of the center of mass. That is, while the nucleons
are in constant motion according to their mutual NN in-

teraction, and their orbital motion and the uncertainty
relationship, their center of mass remains practically im-
movable.

The radial values in columns 6—9 in the table are even
more sensitive quantities during the evolution with time
of our nuclear simulation. Specifically, the mass rms ra-
dius (column 6) between the times 0.0 and 48 fm/c vi-

brates between the values 2.28 fm and 2.66 fm, while
afterwards increases continuously up to the value 3.27 fm
at 100 fm/c, which implies an expansion of the nucleus.
The average value of mass radius from 0—100 fm/c is
2.76 fm which compares rather well with the experimen-
tal value 2.65 fm (which is almost our value at time 48
fm/c).

The minimum distance between the members of any
pair of nucleons (column 7) after the first interval shows a
small variation from 1.63 fm to 1.70 fm. Thus, while dur-
ing the first time interval we have a rather significant
reduction from 1.83 fm to 1.67 fm, this quantity does not
show the tendency to reach the radial distance 1.72 fm
(where the potential exhibits its minimum value) very
fast, which means that the nucleons do not clump togeth-
er very fast towards this minimum value. The maximum
distance between the members of any nucleon pair
(column 8) shows a rather large variation following the
same overall pattern as the mass radius with minimum

value 5.08 fm at 0.0 fm/c and maximum value 9.96 fm at
100.0 fm/c. This quantity more or less corresponds to
the maximum diameter of the simulated nucleus and its
increase shows an expansion of the nucleus. This quanti-

ty is a much more sensitive test for the expansion of the
nucleus than the mass rrns radius discussed earlier.

The maximum distance from the origin (column 9), ob-
served for any nucleon at the end of each time interval,
up to the time 80.0 fm/c is always (as it should be) larger
than the half of the maximum pair distance just discussed
(column 8). However, after this time this relationship is
no longer valid, as one may see from the last three rows
of Table III (e.g., 4.41 &9.96/2). This is understood as a
slight relocation of the center of mass from its initial po-
sition at the origin of coordinates from where the max-
imum nucleon distance is always estimated. The time 80
fm/c is rather long and the net velocity of the center of
mass (even of small magnitude due to imperfection of the
simulation) has resulted in its slight displacement. Thus,
this quantity is a more sensitive test than the velocity of
the center of mass itself regarding the collective replace-
ment of the nucleus as a whole.

An overall evaluation of the above evolution is that
while up to the time 100 fm/c the simulation of ' 0
remains rather acceptable, the best results are obtained at
about half of this time, which is sufficient time for nu-

clear reactions involving light or heavy ions. While this
success here is demonstrated by using a specific nucleus
(i.e., ' 0), it is valid for any nucleus up to Pb where the
ISM has been worked out. For example, for Ca we
have a conservation of main nuclear properties similar to
' 0 up to the time 30 fm/c, which is again sufficiently
longer than a typical reaction time of 10 fm/c. From our
experience with ' 0 we know that the conservation time
of 30 fm/c could be substantially improved by slight
changes in the random direction of the uncertainty com-
ponent of the nucleon velocities.

VII. COMPARISON WITH OTHER SIMULATIONS

At this point it is interesting to compare the present
work with two recent, very interesting publications ' on
the same topic, but using a completely di6'erent method.
The first step in that work was the introduction of a
momentum-dependent repulsion for the purpose of simu-
lating the Pauli exclusion principle, while the second
step was the inclusion of a real two-body interaction for
the purpose of achieving an approximate description of
nuclear systems. Specifically, in Refs. 3 and 4, a 10-
parameter potential is introduced, which gives reasonable
binding energies (actually the nuclei tend to be somewhat
overbound typically by less than 1 MeV per nucleon,
while their mass radii are about 20%%u~ smaller) when ap-
plied (Ref. 4) to initial ("seed") configurations of positions
(obtained by placing the nucleons at random inside a
sphere of a size expected for the specific nucleus con-
sidered) in a frozen initial configuration in phase space
(with the particles having finite momenta despite their
vanishing velocities). Also assumed there for the estima-
tion of binding energy is no zero-point motion (of the nu-
cleons for eleven nuclei between A =4 and A =84) and
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temperature r=0. 5 MeV (since it was there technically
diScult to treat r=0). At the same time their model is
applicable to nuclear matter where the behavior of the
energy with temperature and density (which is around
10% too high) is rather satisfactory.

Since the ultimate goal of the approach introduced in
Refs. 3 and 4 is the theoretical description of nuclear dy-
namics at different excitations, while the performed tests
of the NN interaction involved with respect to binding
energies and momentum distribution of Fermi gas (via
their Pauli exclusion potential term) are very important,
that approach should be supplemented by additional
tests. A test of this interaction with respect to its ability
in reproducing scattering cross sections relevant to the
energy range of interest appears to be necessary, as per-
formed in other approaches. ' ' " After all, simulation
of nuclear dynamics after specifying the "seed"
configurations mainly means simulation of scattering
products.

In addition, besides "seed" configurations for the posi-
tions, a nuclear simulation wants "seed" configurations
for the velocities (as magnitudes and directions) tested
with respect to proper nuclear properties. ' A required
test of a nuclear simulation is also that of "conservation"
of the main nuclear properties for a sufficient time, as is
obtained in the present paper. Finally, the ultimate test
of a simulation is its dynamical checking in a nuclear re-
action, as performed in Ref. 11.

VIII. CONCLUDING REMARKS

The present work presents a computer simulation of
' 0 where the main nuclear properties are well repro-
duced and satisfactorily conserved more than an order of
magnitude in comparison to a typical reaction time (nu-
clear diameter/c). This success, indeed, shows the capa-
bility of the CEOM model to simulate any finite nucleus

up to Pb. Any necessary material for the construction
of "seed" configurations of positions and velocities, and
the appropriate NN potential, have already been pub-
lished. ' ' Here, only technical instruction on how to
collect all this information is given with a specification on
' 0, together with the main task of demonstrating the
time evolution of the relevant simulation. Furthermore,
via Ref. 11, a dynamical test of such a modeling of nuclei
has been successfully performed for the reaction Ne+ Ne
at 800 MeV/nucleon by employing, of course, the high-
energy NN interaction from Table I.

No adjustable parameters are employed by CEOM
model and all values of positions and velocities involved
for each specific nucleus come as direct results of the ISM
by using two numerica/ parameters (the size of the neu-
tron bag 0.974 fm and that of the proton bag 0.860 fm
determined in Ref. 13 which are consistent with our
knowledge from particle physics' that supports their rel-
ative size as well' ) which remain constant for all proper-
ties in all nuclei.

Additional improvement of the CEOM model could be
obtained by incorporating explicity the Coulomb interac-
tion and by its application to nuclear matter binding en-
ergy. The size of nucleons employed by the ISM (men-
tioned above), when considered in a crystalline nuclear
matter, indeed reproduce the correct density.
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