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We investigate, within the context of diff'ractive collision theory, the elastic and inelastic scatter-
ing of high-energy particles by permanently deformed, axially symmetric nuclei. The nuclear
matter density and optical potential are expanded into multipole contributions of order
L =0,2,4. . . . We first consider the dominant multipoles L =0 and 2 alone, and determine for this
model the scattering amplitude for excitation of a nuclear rotational state with quantum numbers L
and M. We then discuss a procedure that permits us to account, by series expansion, for the higher
order multipole deformations L =4, 6, . . . . The convergence of the method is discussed in connec-
tion with explicit numerical examples and various differential cross sections are presented.

I. INTRODUCTION

Considerable effort has been devoted to determining
the shapes of nonspherical nuclei. Their electric charge
and current distributions have been probed in electron
scattering, and their matter distributions in alpha parti-
cle and proton scattering. The elastic and inelastic
scattering data for these nuclei have customarily been an-
alyzed by means of coupled-channel optical models, a
procedure that works well for the first few excited states.
The number of angular-momentum-state channels that
must be included in these numerical integrations of the
Schrodinger equation becomes quite large, however, with
increasing transfers of angular momentum. The number
of channels included must, in fact, considerably exceed
the number of final states observed experimentally since
virtual transitions through intermediate states of higher
angular momentum must be properly taken into account.
Since recent observations of ' Sm and ' Yb have mea-
sured excitation of rotational transitions up to L =8, that
is to say including 25 final rotational states, it seems clear
that an alternative approach to the calculation would be
desirable.

Nuclear rotational transitions can be accurately treated
by means of diffractive collision theory, because they
only involve small transfers of energy and have the
scattering of high-energy incident hadrons still concen-
trated near the forward direction. One of the advantages
of diffraction theory is that it is not based on any separa-
tion of the scattering problem into coupled angular
momentum channels. It furnishes closed expressions for
the various scattering amplitudes that sum implicitly the
contributions of virtual transitions between all intermedi-
ate states. The method has already been employed by
Abgrall et al. to investigate the role of multistep or
dispersive contributions to the transition amplitudes. It
has also been used by Ginocchio et al. in conjunction
with the interacting boson model of rotational states.
Our aim in the present work is to begin the systematic de-
velopment of a more general approach to the diffraction

theory of rotational transitions.
The nuclei we shall consider are perfect rotators with

axially symmetric ground-state densities. In the intrinsic,
body-fixed coordinate system, their ground-state density
functions can be expanded as

p(r, Q~)=
L =0,2, 4,

pr (r)Pr (cose),

II. GENERAL FORMULATION

The diffraction approximation assumes that the in-
cident particle can penetrate the nucleus by traveling
along any of a bundle of straight-line trajectories parallel
to the initial motnentum. The phase shift function iy(b)

where 8 is the colatitude angle of r relative to the polar,
or symmetry axis, which has angular coordinates denoted
bye .

The diffraction theory expresses the scattering ampli-
tude FIM for excitation of the rotational state with quan-
tum numbers L and M in an explicit form as a triple in-
tegral. We shall show that two of the required integra-
tions can be carried out, in general, analytically, leaving
the third integration, over impact parameters, to be car-
ried out numerically. The general form of these integrals,
as we shall see, allows a number of qualitative insights
into the shapes of the corresponding differential cross
sections. It also gives a simple picture of the distribu-
tions of impact parameters over which the various rota-
tional transitions are induced.

After presenting a general discussion of our method in
Secs. II and III, we undertake a detailed treatment of the
case of pure quadrupole deformation and the scattering
amplitudes that result in the two sections that follow.
We then turn to the case of higher order multipole defor-
mations and show how they can be treated perturbatively
in the next two sections. In the final section we investi-
gate the accuracy of a peripheral approximation intro-
duced by Ginocchio et al. to treat the case of strongly
absorbing nuclei.
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calculated in this way is closely related to the shadow of
the nucleus, cast upon a plane perpendicular to the in-

cident momentum, that is upon the impact plane, or b
plane. We shall discuss the calculation of the phase shift
function in the next section. All we need in order to
present the general formulation of the scattering ampli-
tude and cross sections is the awareness that the phase
shift function depends on the instantaneous orientation
0 of the symmetry axis of the nucleus as well as on the
impact vector b of the incident nucleon. The nuclear
shadow is then described, in effect, by the complex profile
function

I(b, Q )=1—e
ig(b, A )

(2.1)

The diffractive approximation we are discussing re-
quires that the wavelength of the incident nucleon be
considerably smaller than the nuclear radius. For pro-
tons that means in practice incident energies of some
hundreds of MeV. The energy separations of the rota-
tional states of deformed nuclei, on the other hand, are
usually some tens of keV. These values are small enough
to permit the treatment of nuclear rotation as an
infinitely slow process relative to the instantaneous pas-
sage of the incident nucleons, and to permit the neglect of
any actual energy transfer in the calculation of the vari-
ous rotationally inelastic collision processes. We shall as-
sume then that the deformed nucleus is initially in its ro-
tational ground state, a state in which the symmetry axis
Q has the isotropic wave function Yo(Q )=(4n)
Then, if the phase shift function for the incident proton is
written as y(b, Q ), the amplitude for a scattering pro-
cess of momentum transfer q, in which the axially sym-
metric nucleus goes to a final rotational state with wave
function YL (Q~), is

The integration over d 0 in this expression extends over
the sphere of orientations of 0 . The differential cross
section corresponding to this transition is

d+LM = IFLw(q) I' . (2.3)

As we shall see presently, for an axially symmetric nu-
cleus with a density expansion given by Eq. (1.1), this
cross section will vanish for all odd values of L.

The diffraction theory furnishes us with particularly
simple expressions for the integrated partial cross sec-
tions. To integrate the cross section dcrLM/d A over an-

gles, for example we multiply it by 1/k and integrate
over d q, the two-dimensional element of momentum
transfer, lying in the plane perpendicular to the incident
momentum. By using the delta-function identity

FLM(q)= fd b e'q fYL ('Q ) I (b, Q )YO(Q )dQ2'
(2.2)

d~LM
ELM

— dO

Y 0 I bQ dQ . 25

The cross section for elastic scattering, in particular, is
given by

(2.6)

The summed scattering cross section, that is to say the in-
tegrated cross section for all elastic and rotationally in-
elastic scattering processes, is given by

ou = db I bQ (2.9)

The part of the inelastic cross section due exclusively to
nuclear rotational transitions is evidently

+sum +00 +LM
L 40, .4f

= f ((Ir(b, Q, )l') —I(r(b, Q, ) & ')d'b .

(2.10)
We have used angular brackets in the latter expression to
signify mean values taken over all orientations of 0 .
The quantity integrated over the impact plane is thus the
variance of the profile function. It is the fluctuations of
the profile function due to the uncertainty in the orienta-
tion of the symmetry axis 0, therefore, that are respon-
sible for the inelastic scattering. We shall resolve the
fluctuations into their various angular momentum com-
ponents in the next section.

According to the optical theorem, the total nuclear
cross section, which includes all inelastic collision pro-
cesses, is given by

o „,= ImF00(0)
4m

dQ
=2Ref d b f I (b, Q )

ty(b Q ) dA=2f d b f (1—Re e
' ~ )

4m
(2.11)

The intrinsic inelastic cross section, which is the part as-
sociated with nonrotational transitions is thus, according
to Eqs. (2.9) and (2.11),

+sum +LM
L, M

We can easily evaluate this cross section by using the
completeness relation for the spherical harmonics

g Yl (Q) Yl (Q')=5(Q, Q'), (2.8)
L, M

to find

f d2 e~q ~& —~'~=(2~)2b~2~(b (2.4) tnel tot sum

we then find that the integrated cross section o L M

reduces to the single impact parameter integral
(2.12)
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This expression is, in effect, the absorption cross section
for the nucleus averaged over all orientations of the sym-
metry axis.

III. THE NUCLEAR PHASE SHIFT FUNCTION

t(b, Q~)= f p(b+A, Q )dz . (3.1)

In the diffraction approximation the nuclear phase
shift function y(b, Q~ ) is determined by the optical thick-
ness of the nucleus at each impact vector b. It is useful
therefore to define what we shall call the thickness func-
tion

We have assumed the nuclear density to be inversion
symmetric, p(r)=p( —r), and so its expansion contains
no terms pL(r) for odd L. It follows then that the ttM(b)
vanish for all odd values of L. There is another symme-
try implicit in the expression (3.1) for the thickness func-
tion. Rotating the nucleus by adding m. to P~, or alterna-
tively changing 0 to ~—j9, will not in general leave the
nuclear density unchanged, but it is an invariance trans-
formation of the nuclear shadow. Since the YL (Q~) are
simply multiplied by ( —1) under this transformation,
this symmetry of the expansion (3.6), for example, implies
that the tLM(b) also vanish for all odd values of M. We
thus have

tLM(b)=0 for all odd L,M, (3.7a)
The vector 0 here is a unit vector in the direction of the
incident momentum k and the integration is carried out
over straight-line paths through the instantaneous
configuration of the nucleus.

It is useful to separate the dependences of expressions
like the thickness function on the coordinates of the in-
cident nucleon and on those of the rotating nucleus. We
can make use, for that purpose, of the addition theorem
for spherical harmonics to write

PL(cosa)= g YL (Q) Yt (Q ) .
4m

M
(3.2)

t(b, Q )=f g p [(b'+z')' ']

X Yt ( Q } YL ( Q )dz . (3.3}

It is convenient, at this point, to define a set of spherical
harmonic components tLM(b) of the thickness function
via the relations

tLM(» = e ' f pL [(b'+z'}'"]

In this expression Q = (8„,Pb ) represents the angular
coordinates of the vector r=(b, z) in the laboratory sys-
tem, Q =(8,$ ) represents the coordinates of the sym-

metry axis in the same system, and 8 is the angle be-
tween r and the symmetry axis 0 .

When Eqs. (3.2) and (1.1) are used to express p in the
definition (3.1) of the thickness function we find

and from Eq. (3.4b),

tL„M(b)—=tL,M(b) . (3.7b)

The optical phase shift function g(b, Q ) that we seek
has approximately the same shape as the thickness func-
tion t (b, Q ) that we have been discussing. The propor-
tionality of the two functions is exact in the limit in
which the range of the nucleon-nucleon force is much
smaller than nuclear dimensions. If the finite size of the
force range is to be fully accounted for, however, the
phase shift function g must be regarded as a convolution
of the thickness function with the nucleon-nucleon profile
function. The latter profile function is defined as

I „(b)= f e '"' f(q)d q,1

2n.ik
(3.8)

where f (q) is the nucleon-nucleon scattering amplitude
and the momentum transfer integration is carried out
over a plane perpendicular to k.

The convolution integral that defines the optical phase
shift function is given by

iy(b, Q }=—f I „(~b—s~)t(s, Q )d s, (3.9}

an expression in which the vector s, like b, lies in the im-

pact plane and the integration is extended over that
plane. The zero-range approximation for the nucleon-
nucleon force corresponds to writing

X Yt (8„,$b)dz (3.4a)
I „(b)= .

k f (0)5' '(b),
ik

(3.10)

ttM(b)=( —1) tL —M(b) . (3.4b) in which 5' ' is a two-dimensional delta function. The
phase shift function in this approximation is then

We note that the functions tLM(b), defined in this way,
depend only on the modulus of the vector b, and not on
its azimuthal angle Pi, . It follows then that

J pL[(b +z )'~ ]Yq (Q) dz

iy(b, Q~)= f(0)t(b, Q )

= —
—,
'o.(1—ia)t(b, Q ), (3.11)

t(b, Qp)=&4m g tLM(b)e 'Yt (Q~) .
L, M

(3.6)

and the expansion (3.3) for the thickness function can be
written as

where a is the nucleon-nucleon cross section and
a =Ref (0) /1m f(0).

To evaluate the more accurate expression (3.9), for the
phase shift, it is again essential that we separate, insofar
as possible, the spherical harmonic dependences of
y(b, Q~ ) on the coordinates of the impact vector b and
those of the symmetry axis 0 .
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When we substitute the expansion (3.6) for the thick-
ness function in the convolution integral (3.9) we find

tX(b, Q, )= &—S~ y f r„(~b—s~)t (s)
L„M

Xe ™'dsYt(Q ), (3.12)

X(b, Q )=&4m. g XLM(b)e ™bYt(Qp) .
L, M

(3.14)

The same symmetry arguments we gave before in connec-
tion with the functions tLM (b) now suffice to show that

XtM(b) =0 for all odd L,M,

XL, —M(b) XLM(b)

(3.15a)

(3.15b)

The evaluation of the scattering amplitude (2.2) that
leads to the various nuclear rotational states requires us
to resolve the nucleon profile function into its spherical
harmonic components. We shall define these as

in which tl)„ is the azimuthal angle associated with the
transverse vector s. We shall find it convenient to express
this sum more compactly by defining the functions

XLM(b) =i f I „(~b
—

s~ )e ' ' tLM(s)d s, (3.13)

which are invariant under displacernents of the azimuthal
angle pb, and therefore depend only on the magnitude of
the impact vector b. When the expansion (3.12) for the
phase shift is expressed in terms of these functions we
find

r, (b)=r, (b) . (3.18)

By making use of the components I tM(b) of the profile
function we can simplify appreciably the expressions for
the scattering amplitudes and the various cross sections.
The amplitude (2.2) for scattering to the final rotational
state L, M, for example, becomes

l k I q.b —iMP&
FLM(q) = f e 'I LM(b)d b,2' (3.19)

and by identifying a familiar integral representation of
the Bessel function JM(q), we can reduce this to

FtM(q)=i +'e ' 'k f JM(qb)I LM(b)b db,
0

(3.20)

in which P is the azimuthal angle of the momentum
transfer q. We may note that the angle P~ is essentially
arbitrary. We can choose it to be zero, or perhaps more
conveniently, to be ~/2, in which case the scattering am-
plitude reduces to

FLM(q) =ik f JM(qb)I LM(b)b db . (3.21)
0

It is clear from this expression that the transfer to the nu-
cleus of M units of angular momentum along the k direc-
tion causes the forward scattering amplitude to vanish as

q ™.The arbitrariness of P~ therefore has no effect on
the forward scattering amplitude, which vanishes unless
M =0.

The property (3.18) of the profile functions assures us,
since M must be even, that the scattering amplitude also
depends evenly upon M

FL M(q)=FLM(q) . (3.22)

I tM(b)= —e ' f YL (Q ) r{b,Q~)dQ~,
4m

I (b)= —e 'f Y (Q )(1—e' ' ')dQ
4vr

'

(3.16)
The integrated partial cross sections of Eq. (2.5) can now
be expressed as

OLM= (3.23)

(3.17)

Since the phase shift X(b, Q ) can only depend on the
difference of the azimuthal angles Pb

—
P~, the expres-

sions I LM(b) depend on the magnitude of the impact vec-
tor b alone. Since I LM(b) does not depend on pb, its
value is not changed by reversing the sign of pb (or set-
ting it equal to zero as we shall do later). Furthermore,
the value of the integrals in Eqs. (3.16) and (3.17) is not
altered by reversing the sign of the integration variable

P . The latter change, however, is equivalent (for even L)
to substituting [YL (Q )] for [YL (Q )] . It follows
then that the profile functions I tM(b) are even in the in-
dex M,

These are of course, for L )0, the individual spherical
harmonic contributions to the total variance of the profile
function, which expresses the rotationally inelastic cross
section given by Eq. (2.10).

IV. QUADRUPOLE DEFORMATIONS

i y~( b)
I (b) =6 ey (b—), (4.1)

in which the function ytM(b) is given by

The partial wave profile functions rLM{b) are defined

by Eq. (3.17). When they are expressed in terms of the
expansion (3.14) for its phase shift function X(b, Q ), the
result can be conveniently written in the form

I iMgb —iM $byLM(b)= e ' Yt (Q~) exp i/4~ g' Xt M(b)e 'Yt (Q~) dQ~,
&4~ L', M'

(4.2)

where the sum g' has the L =0 term omitted. Since

yLM(b) is independent of the azimuthal angle pb there is
no loss of generality involved in setting pb =0 and we

shall do that in the work that follows. We note further- rL, M(b)=r«{b) . - (4.3)

more that since, according to Eq. (3.18), I LM(b) depends
evenly on M, the function y LM(b) must do so as well:
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To evaluate the integral (4.2), which is not in general
an elementary one, we shall proceed in two stages. Since
the quadrupole term is typically the dominant one, by
far, in the spherical harmonic expansion (1.1) of the nu-
clear density, we shall begin by assuming that deforma-
tion to be the only one present and show that the integral
can be evaluated for that case both accurately and sim-

ply. We shall show in a later section that the higher or-
der deformations can then be treated by expansion in
series.

When the nuclear density has only a quadrupole defor-
mation,

p(r) =po(r) +p2( r)Pz(cos8), (4.4)

only the partial wave phase shifts y20 and y22=y2 2 con-
tribute to the integral (4.2) for yIM(b) All . angular
momentum transfers are then restricted to steps in which
L and M change by +2 or 0. The attainment of any final
L state then requires at least —,'L such steps, but the num-

ber of virtual steps involved in the transition is, in princi-
pal, unbounded. The number of virtual transitions that
must be actually accounted for depends in practice on the
magnitude of p2(r) If the .nuclear surface is taken, as it is
in many parametrizations, to lie at

r =c[1+P2Yz(cos8)], (4.5)

in which c is the radius of a comparable sphere, then the
magnitudes of p2(r), yzo(b), and yz2(b) will be governed
by the deformation parameter P2. Since ~P2~ is found in
practice to have a magnitude always less than 0.35, we
shall see that the number of virtual steps that must be ac-
counted for in any rotational transition is never very
large, at least not within the range of momentum
transfers accessible to diffraction theory.

To begin the evaluation of yr M(b) for the pure quadru-
pole case we note that it can be expressed in the form

where we have written p, =cos8 and

A (b,p) =i y2O(b)(3p —1),. v'5
(4.7)

B(b,p)=i( —", )' y~~(b)(1 —
ju ) . (4.8)

According to Eq. (4.3), we need only evaluate this in-

tegral for M~0. When we substitute the explicit form
for Yr (Qz ), in that case we can express the integral as

=1
yi M(b) = N

4m

X f d f dyPM( )e
—iMP

Xexp[A (b,p)+B(b,p)cos2$],

(4.9)

in which the constant NLM is given by

1/2

Nr ~ = (2L + 1)
(L —M)!

(4.10)

The integration over the azimuthal variable P can easi-
ly be carried out in closed form. A practical way to carry
out the remaining integration over p is to expand the in-
tegrand first in powers of A and B. The details of this
calculation are presented in Appendix A, together with
an explicit tabulation of the results for L 6, a limit that
is probably adequate for the pure quadrupole case. We
shall confine ourselves here to noting that the expansion
procedure we have used expresses yiM(b) as a sum of
terms proportional to Pz

~ and higher power of Pz. The
individual terms of this sum are homogeneous polynomi-
als of increasing order in the phase shift functions gyp( b)

and y2z(b). The general form of the result can be written
as

yLM(b) NLM( ) g ~LM(Q 122,XQO)

Q =L/2
(4.11)

Xexp[A (b,p)+B(b,p)cos2$&]dQ&,

(4.6)
I

in which the functions Wr sr are the Qth order homogene-
ous polynomials

~I.M( Q ~ 722~ X20)—
i&5

+20

Q [(Q
—M/2)/2]

p=0
~a~(Q p)

' (M/2)+2p
2X22

+20
(4.12)

The coefficients coLM are a set of rational numbers that
are presented for the elastic and inelastic transitions in
Appendix A for Q & 5. For larger values of Q they can be
calculated from Eqs. (A4) and (A9).

V. ILLUSTRATION: APPROXIMATE
APPLICATION TO ' Sm

In order to illustrate several features of the preceding
theory let us consider an explicit application to a model
nucleus. As mode1 parameters we have chosen those of

Sm, as determined by Barlett et al. , who discussed
elastic and inelastic scattering of 800 MeV protons.

V(r)= Vo(r)+ Vz(r)Pz(cos8), (5.1)

as seen in the intrinsic coordinate system. Its spherical

Their analysis was based on a deformed, complex
Woods-Saxon potential with a relatively small real part.
We shall drop the real part to begin with, and take the in-
teraction to be purely absorptive, since that makes the
profile functions I LM(b) real, and enables us to see their
properties more easily. We retain, furthermore, only the
quadrupole deformation of the potential and refer to
Secs. VI and VII for a discussion of the importance of
higher order deformations.

The optical potential we use takes the form
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component is given by

Vo(r)=(VO —i&o) j(1+e'" " '), (5.2)

with VO=O for the moment, 'No=70 MeV, c =5.762 fm,
and a =0.600 fm. The quadrupole term, we assume, is

given by

d
Vz(r) = —Pzc Vo(r),

dE'
(5.3)

g(b, & )= — f V(b+kz, O )dz,
Ac k

(5.4)

where E/c is the effective relativistic mass of the proton
and Ak is its momentum. The partial wave phase shifts
are then given by the expressions

E &4~
gc k 2L+1
X f" V, [(b +z )' ]Y (9,0)dz,

&LM(b) =—

with /3z
=0.301.

Since we are beginning, in this case, by expanding the
optical potential directly, rather than beginning with the
density function, it is worth noting that the phase shift
function can also be written as

ting yoo(b)=1, in effect. The solid curve in Fig. 2(a) is

the one that corresponds to taking full account of the de-
formation by summing the series for yoo(b) . The
difference is not great, and does not require all of the ac-
curacy retained in the series expansion of Appendix A.
The terms up to order Pz are sufficient for 0.5% accuracy.

It is worth noting that taking the deformation, and
thus the possibility of inelastic transitions into account,
has the net effect of increasing the transparency of the
nucleus in the elastic channel. The resulting decrease in

~I oo leads to a decrease of the elastic scattering cross
section ooo. Opening the inelastic channels in this way
leads, in fact, to a decrease in the total cross section as
well. According to Eqs. (2.11) and (3.17) the total cross
section is given by

t.t=2Re rM b 2b . (5.6)

The profile function I oo is real and positive in the present
case and, as shown in Fig. 2(a), is decreased in magnitude
by allowing for the possibility of rotational transitions.

which are analogous to those of Eq. (3.4a) and have been
simplified in appearances, without changing their values,
by setting Pb =0.

The evaluation of the phase shift functions gr~(b) is

straightforward and leads to results shown in the graphs
of Fig. 1. The phase shift igloo(b) —shown in Fig. 1(a) is
a measure of the integrated opacity of the nucleus as seen
at impact parameter b. It takes the form one would ex-
pect for a strongly absorbing sphere with a diffuse edge.
The phase shift —igzz(b) shown in Fig. 1(b) is a measure
of the fluctuating part of the shadow cast by the nucleus
when its angular momentum vector is aligned parallel (or
antiparallel) to the incident wave vector k. The shadow
does not fluctuate at all, in that case, at the central im-
pact parameter b =0. Its fluctuation, and the nonzero
values of —igzz(b), are confined to a ring of impact pa-
rameters or b values near the radius of the nuclear sur-
face. The phase shift —tyzo(b) shown in Fig. 1(c) gives
the weighting of P2 to the opacity fluctuations that occur
as the nuclear symmetry axis spins about an axis perpen-
dicular both to itself and to k. The result is that there is
appreciable fluctuation of the opacity both at b =0 and at
the radius of the nuclear surface.

Equipped with the values of the phase shift functions,
we can use Eqs. (4.1), (4.11), and (4.12) to evaluate the
profile functions I L~(b) These functio. ns are interesting
in their own right since their squared moduli show, ac-
cording to Eq. (3.23), the distribution of impact parame-
ters at which the various inelastic transitions take place.
The calculation of these functions also gives us an oppor-
tunity to test the convergence of the expansion and we
evaluate them in Appendix A. Two approximations to
the function I oo(b) are shown in Fig. 2(a). The dashed
curve is the one that corresponds to taking only the
spherically symmetric potential Vo into account and set-

3

0 12-

0.08—

0.04—

0.12—

0.08

0.04

-0.04—

-0.08
10

FIG. 1. The phase shift functions —
igloo,

—ig2z, and —iy2o
for "Sm, as defined by Eq. (5.5), calculated in the quadrupole
model for a purely imaginary potential.
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FIG. 2. Profile functions I LM for "Sm in the quadrupole model. The dashed curves pertain to the lowest order approximation,
i.e., the terms proportional to /jz~~'. The solid curves include all powers of /3, up to and including /3,

~'+'. In practice, the latter
curves would have been unchanged had we stopped at powers /3z

'

The profile functions I zz(b), I zo(b), and I 44(b) are
shown in Figs. 2(b), 2(c), and 2(d), respectively. The
dashed curves correspond to the lowest order approxima-
tions in powers of /I3z, that is, to retaining only the first

terms, of order /3z, in the expansions of ELM(b) The.
convergence of the further terms of the series expansions
is quite rapid. Taking only the terms of the next two
powers of /3z into account yields curves indistinguishable
from those of the full series.

Because the opacity fluctuations associated with the
transition to the 22 state are confined to a ring-shaped re-

gion in the impact plane, it is only in that region that the
profile function I zz(b), shown in Fig. 2(b), is different

from zero. The fact that the nuclear symmetry axis ro-
tates in the impact plane means that the opacity fluctua-
tions are entirely peripheral in that case. The case of the
20 final state is somewhat different. It does indeed have
opacity fluctuations at b =0, as we have noted, but the
attenuation produced at small impact parameters by the
spherical component of the potential tends to suppress
their effect considerably. The graph of the resulting func-
tion I zo(b) can be seen in Fig. 2(c) to have appreciably
smaller modulus than I zz(b). The result is that the par-
tial cross section for the 22 final state is roughly three
times larger than for the 20 final state. That behavior
seems, in fact, to hold for inelastic transitions to states of
higher L as well. The dominant cross section corre-
sponds to the final states ~M~=L and the partial cross
sections decrease with decreasing ~M~.

It is not difficult, once we have the profile functions
I IM(b), to evaluate the scattering amplitudes, given by
Eq. (3.20). For the case of the purely absorptive interac-
tion we have considered to this point the scattering am-

plitudes FLM(q) will all be purely imaginary and will os-
cillate in sign. Each of the partial cross sections will then
have a succession of zeros. An optical potential that al-
lows for refraction as well as absorption effects, that is
one that has a nonvanishing real part, replaces the un-
realistic zeroes by diffraction minima of the sort that are
actually observed. It seems preferable at this point, be-
fore graphing the differential cross sections, to give the
potential (5.2) a real part different from zero. We have
chosen Vo=21.00 MeV.

Once the optical potential is chosen to be complex, the
functions plotted as Figs. 1 and 2 are no longer purely
real, but the approximate conclusions we have drawn
from them remain valid nontheless. The differential cross
section for elastic transitions to the L =0 final state is
shown in Fig. 3 together with the summed cross sections
for inelastic transitions to the L =2 and L =4 states.
The dashed curves in each case correspond to retaining
only the lowest order terms, those of order /3& ~, in the
expansions of ELM(b). The solid curves represent sum-
mation of the full series.

The general shape of the elastic differential cross sec-
tion does not seem to be altered appreciably by taking the
deformation of the optical potential into account. It still
corresponds closely in appearance to the diffraction pat-
tern of an absorbing sphere with a diffuse surface. The
differential cross section for L =2, on the other hand, has
a rather different structure. Its strange-looking behavior
near the forward direction invites explanation.

The graph presented for L =2 in Fig. 3 is the sum of
the three differential cross sections for transitions to the
final states with M=+2 and 0. The cross sections for the
final states M~ = 2 and M =0 have rather different



GORAN FALDT AND ROY GLAUBER 42

shapes, as can be seen in Fig. 4 where they are plotted in-
dividually, along with the appropriate sum. Since the
profile function I 2z(b) is larger in magnitude than I zo(b),
and contributes via two final states, the differential cross
section for the ~M =2 transitions tends to be the dom-
inant contribution to the summed cross section.

Since the contributions of the profile function I z2(b)
are entirely peripheral and localized to an annulus near
b =c, the scattering amplitude F»(q) given by Eq. (3.20)
will be roughly proportional to J~(qc). While the corre-
sponding differential cross section, proportional to

~ Jz(qc)~, tends to dominate the L =2 summed cross sec-
tion at most momentum transfers, it cannot do so near
q =0, where it must clearly vanish as q .

$ 03da
dQ

10

10

10 '

0.5 1.0 1.5
I

2.0 2.5

q (fm')

FIG. 4. The partial contributions, Fzo~' and ~Fzz ~' as well as
the summed cross section IF2O ~2 F22~' in the L =2 case. The
curves plotted are calculated in the quadrupole model, summing
terms up to and including order Pz in the profile functions.
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It is clear from the structure of the integral (3.20) that
the scattering amplitude F2O(q), on the other hand, will
have a maximum modulus at q =0. If the profile func-
tion I 2O(b) is approximately peripheral at radius c, then
the amplitude Fi„(q) is roughly proportional to Jo(qc).
The value of the summed differential cross section for
L =2 is therefore contributed entirely by the M =0 com-
ponent close to the forward direction, but then predom-
inantly by the M =+2 states for larger momentum
transfers. It is that exchange of the dominant roles in the
summed cross section that explains the strange form of
the L =2 curve in Figs. 3 and 4. An analogous shifting
of roles among the five final M states explains the form of
the summed differential cross section for L =4 shown in
Fig. 3.

VI. HIGHER ORDER MULTIPOLE DEFORMATIONS

dG
dQ

10

1 0-1

We turn now to the treatment of axia11y symmetric nu-
clei of more general shape. According to Eq. (1.1), the
expansion of the nuclear density function may contain
spherical harmonics of arbitrarily high order. The phase
shift function y(b, fl ) then becomes a sum involving
spherical harmonics of similarly high order. The profile
function yLM(b} is defined by Eq. (4.2). Since it is in-

dependent of the angle Pb, we can let Pb =0, so that

1 0-2
I

0.5
I

1.0
I

1.5 2.0
I

2.5

q (fm ')

Xexp i&4'+'y~, M, (b)YI ~ (II ) dA

(6.1}

FIG. 3. Differential cross sections, in mb/sr, for ' Sm in the
quadrupole model. For a given final state rotational quantum
number I„ the curves graphed sum the contributions from all
the magnetic substates. The dashed curves take into account
only the lowest order contributions in powers of /3, , whereas the
solid curves incorporate all contributions of powers less than or
equal to P, in the underlying profile functions.

As before, g' stands for a summation over even-ordered
harmonics with L AO.

The angular integration in Eq. (6.1) can be performed,
as we have seen in the case of the quadrupole deforma-
tion, by first expanding the exponential function in series.
When performing the series expansion in the present
case, however, we encounter spherical harmonics of arbi-
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trarily high order, and indeed products of arbitrary num-

bers of them. It is important to observe then that any
product of spherical harmonics can be reduced to a sum
of spheri. cal harmonics, which permits the angular in-

tegration to be carried out immediately. By paying care-
ful attention to the transformation properties of products
of the spherical harmonics under rotations we can easily
find an algorithm for this reduction.

The phase shift function X(b, Q~ ) depends on the an-

gles P& and those of 0 . It is nevertheless invariant under
rotations of the coordinate frame. This property can be
made more evident by introducing the notion of a scalar
product. The spherical harmonics YI (Q~ ) and the phase
shift functions X&M(b)e' ~ both transform as spherical
tensors under rotations of the coordinate frame. We can
thus combine them by means of the Clebsch-Gordan
coefficient

(XI.Yi)= MAXIM(b)e ™bYI(Q~) . (6.4)

Comparison of this expression with the arguments of the
exponential functions in Eqs. (4.2) and (6.1) (and noting
that the latter has P„equal to zero) shows that these ar-
guments are sums of scalar products (Xz .YI ).

When we expand the exponential function in Eq. (6.1)
we encounter products of scalar products. The simplest
of these takes the form (XI Yz )(Xz Yz ). It can be re-

1 1 2 2

duced by rewriting the products of the two spherical har-
monics as a sum of spherical harmonics of order L, where
L obeys the triangular inequality ~L, Lz~ (—L (L, +Lz.
When we do this, we find that the products of the com-
ponents of the tensors gL and yL occur in combinations

1 2

that make it convenient to define an Lth order tensor
product (Xz XX& )I with the property

1

(LML —Mi00) = ( 1)I.—M

&2L +1
(6.2) 1

(XL|'YL|)(XL2'YL2) ~ g [(XLi XXI. )L'YL]

to form a scalar invariant. It is ( —1) (2L +1)' times
this invariant that we define to be the scalar product of
the two tensors

(Xr Yr )=g( —1) Xr M(b)e 'YP(A~), (6.3)
M

Once we have constructed the appropriate definition,
products of several scalar products can be reduced by re-
peated application of Eq. (6.5).

To reach the appropriate definition for the tensor prod-
uct (Xz XX& )p we first note that the product of two

1 2

spherical harmonics can be expanded as

Yt '(Q)YI '(0)= (2L, +1)(2L2+1)
4m L, M

Li Lq L3

0 0 0 ( L ]MiLPMP ~LM ) YP(Q) (6.6)

In this expression use has been made of a 3-j symbol as
well as the Clebsch-Gordan coefficients, and the sum over
L is restricted to the values allowed by the triangular in-
equality. It is irnrnediately clear then that the appropri-
ate definition of the tensor product (XI XX& )I is

1 2

Li L2 L
(Xi XXi )P:—[(2L, +1)(2Lq+ I)]'

X g (L,M, L2M2iLM)X, 'X, '.
M1, M2

I

This definition, furthermore, has the simple properties

(X XYI) —(Xg Yt) (6.8)

and

(X, X Yo)i =( —I)'XcM Yo . (6.9)

The reduction of the expanded exponential function
can now be achieved by making repeated use of the iden-
tity (6.5) and the definition (6.7). The result we obtain
takes the form

[(Xl., XXI., )l.„.Yi.„]+1
exp i&47rg(XI Yl ) =1+i&4m g(XI .Yi )

— &4n-
L Ll L1,L2, L12

(6.10)

There are of course other orders of procedure in which the reduction can be accomplished. The exponential function
could, for example, be factorized first and each of the factors reduced before they are all combined. Such procedures
will lead to the occurrence of different tensor products in the intermediate stages, but the final result of all the reduc-
tions must be the same. Once the exponential function is fully reduced in this way, the integrand in Eq. (6.1) involves
only bilinear products of spherical harmonic functions. The angular integrations can then be carried out immediately.
Since the phase shift functions XI M(b) are different from zero only for even values of L and M we find that the profile
functions yLM(b) can be written as

1 .2 M i ~ 3
VI M(b) =yi. (bM) =5 oui XI M+ ~i

i g (Xl. XXI )1. +
~i

i g [(Xl. XXI )l. XXI ll. +
Ll, L2 L1,L2, L3

(6.11)
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This is the series we shall eventually sum in order to evaluate the profile function. It can be expressed by the simple
mnemonic

yiM(b)= exp i y'y, ,(b)
L'

L

(6.12)

whi~h is understood to have the expansion (6.11). We could, of course, have used the expansion in this form to discuss
the case of the quadrupole deformation of Sec. IV. Only two phase shift functions p22 and p2o were required for that
case, however, and it thus seemed simpler to proceed more directly.

An elementary property of the profile functions and tensor products we have discussed greatly simplifies the calcula-
tions when higher order deformations are added to the potential. Let us suppose that the phase shift function is the
sum of two terms,

y(b, Q)=y'"(b, Q) +y' '(b, Q), (6.13)

and that the function yiI'M'(b) and ypM' are the corresponding profile functions, defined by Eqs. (4.2) or (6.1). Then the
profile function tensor y(b) that corresponds to the sum (6.13) is given mnemonically by the product
y(b) =y"'(b)y' '(b); that is to say we have

yrM(b)= & [yz", (b)Xyr.",(b)]r. ,
L),L2

in which the sum is carried out over all angular momenta L, and L2 that can sum to L.
In order to prove the identity (6.14) we first note that Eq. (6.10) can be written more compactly as

exp[i'(b, Q)]=&4m g [yr (b) Yi (Q)] .
L

(6.14)

(6.15)

Then if y(b, Q ) is the sum of two terms, as in Eq. (6.13), we can factorize the exponential and apply the identity to each
of the factors. We then have

exp[i'(b, Q)]=4m. g [y~'(b) Y~ (Q)][y~2'(b) Y (Q)]
L),L2

=&4m g g [[yi"(b)Xyg'(b)]q, Yq, (Q)I
L' Li, L2

(6.16)

This relation again falls into the form of Eq. (6.15), but with the compound profile function given, as we have stated, by
the identity (6.14).

The multiplicative rule (6.14) is quite helpful in taking into account the corrections due to higher order deformations.
Let us assume, for example, that, as in the preceding section, the profile functions for the case of pure quadrupole defor-
mation have already been determined. Then we may treat the hexadecapole (2 -pole) and the hexekontatettarapole (2-
pole) deformations by using the multiplication rule as the basis for a series expansion. Let us write the L =0 part of the
phase shift in terms of the spherical harmonic components as g2+y4+y6. We assume that we already know the profile
tensor for the phase shift y2 and shall call it yr M(b) Then t. he full tensor can be written, according to Eq. (6.14), in the
abbreviated form

yi= g t[1+ix4+iX,——,'(X4XX4)+ ''']t, XyL ]L
L, , L2

L=0
L=2:

Xo=Xo ~

y2 y2+i(y4Xyq)
(6.18a)

(6.18b)

L=4 y4=y4+i[X&X(yo+ y2+y4)+y6Xy2]4

The only terms of the sum on the right that can contrib-
ute, of course, are those that satisfy the triangle inequali-
ty.

Let us assume now, that the phase shift functions yL
are of order c. , where c is a small deformation parame-
ter of some sort. Then the correction terms of any order
in e to the profile functions yIM(b) may be found from
the expansion (6.17). When we include corrections of or-
der s we find, for example, for

(6.17)

I

If we wish to retain powers of c, no higher than —,'L+2, of
course, some of the expressions for yIM(b) in these equa-
tions should be appropriately truncated.

VII. APPLICATION INCLUDING
HIGHER ORDER DEFORMATIONS

We now apply our formalism to a more complete pic-
ture of the nucleus ' Sm. The model parameters are
again chosen from Bartlett et al. The optical potential is
assumed to be given in the body-fixed system by a de-
formed Woods-Saxon function:

—
—,
' (y4 Xy4 )4yo . (6.18c) V(r)=(V ioldo)/(1+expI [r —R(8)]/a I ), (7.1)
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with

R (8)=c 1+
L =2,4,

pL YL(8) (7.2)
103

dQ

We shall limit ourselves, in the present calculations, to
studying the excitation of the L =2 and L =4 final states
by means of the approximation given by Eq. (6.18). The
additional parameters we require are then P4=0. 110and

Ps = —0.016.
The potential V(r) must now be expanded in spherical

harmonics, but we can no longer be satisfied with retain-
ing only the second harmonic term as we were in Eq.
(5.1). The more complete expansion is developed in Ap-
pendix B, where each spherical harmonic term, VLM(r),
is seen to contain several powers of P2 as well as certain
of the higher order PL's.

If we again let Vo=O for the tnoment, and take the po-
tential to be purely absorptive, the profile functions
I IM(b) become real valued, and we can display them
graphically. The results for the dominant profile func-
tions I z2(b) and I «(b) are shown in Figs. 5(a) and 5(b),
respectively. It is clear from both of these graphs that
taking the higher order effects of deformation into ac-
count slows the convergence of the expansions we have
been using. Furthermore, the magnitude and shape of
the profile function I'44(b) has been changed quite drasti-
cally from the form it took for the pure quadrupole defor-

0.16
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FIG. 6. Di6'erential cross sections, summed over magnetic

substates, for L =2 and 4 calculated with inclusion of the P& and

P4 deformations. The dashed curves are derived from profile
functions that are independent of P~ and P6 for L =2 and in-
clude P4 only linearly for L =4. The solid curves are based on
profile functions that sum all terms of order less than or equal to
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mation, in Fig. 2(d).
We present in Fig. 6 the summed differential cross sec-

tions for the final states of angular momentum L =2 and
L =4, calculated with all of the parameters stated, but
with the real part of the potential restored to the value
Ye=21.00 MeV. By comparing these graphs with Fig. 3,
we can see that taking the higher order deformations into
account changes the shape of both differential cross sec-
tions. For the case L =4 the change is a dramatic one in
magnitude as well as shape. We expect analogous results
to hold for all of the higher order rotational transitions.

0.03-
VIII. A PERIPHERAL APPROXIMATION

0.02—

0.01—

exact
approx.

10

b (fm)

FIG. 5. Profile functions I » and I 44 calculated in the model
that also includes P4 and P6 deformations. The dashed curves
take into account only the P2 deformation and in the case of I 4~

the P4 deformation, but only in lowest order. The solid curves
are the complete results that sum all terms of orders less than or
equal to c +' in the notation of Eq. (6.18).

In an interesting recent paper Ginocchio, Otsuka,
Arnado, and Sparrow have discussed hadron-nucleus
scattering by means of the interacting boson model.
They have applied the model within the context of
diffraction theory and have proposed an important
simplification of the expressions for the case of strongly
absorbing nuclei. The particles that are in the scattered
wave, they assumed, have all collided with the nucleus
more or less peripherally, that is to say in a region of
small ~z~. Since we have a more complete theory at hand,
it is of value to investigate the accuracy of this approxi-
mation.

We can calculate the phase shifts glar(b) in this ap-
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proximation quite simply from Eq. (5.5). We have only to
substitute the fixed value 0, =~/2 in the argument of
YI (8„,0), which can then be factorized out of the in-

tegrand. The result can be written in the form
F(p)= QFI PI (p),

L

(8.7)

then we can expand F(p) in terms of Legendre polynomi-
als as

XI.M(b)= 2L+1 gt(b. )YP

where

(8 1) where

f F(p)PI (iJ, )dp .
2L +1

2 —]
(8.8)

g (b)= — f V [(b +z )'~ ]dz .
Ac k

(8.2)
To evaluate yi M(b) then we need only consider integrals
of the form

These relations imply, if taken literally, that the phase
shifts yiM(b) for different M values and fixed L differ

only by constant factors. It is evident, for example, from
the form of y2z(b) and y2O(b) in Figs. 1(b) and 1(c), that
these functions differ considerably in their b dependence
for small b values. The approximation is only proposed
for the case of strong absorption, however, and the result
of the absorption will be to attenuate the effect of such
differences for small b.

The total phase shift function y(b, Q ) can now be
found from Eq. (3.14). We write it in the form

y(b, Q~ ) =&4~ g (
—1) yr M(b)e '

Yl (Q )

L, M

4~"
2I. +1

f Yl (II~) Pz (cos9 &)deal . (8.9)

Pi (cos8pq)=, —g Yl ~ (0 )Yl ~ —,0I'b 2L'+i M,
(8.10)

The integral (8.9) is then seen to vanish unless L ' =L and
M'=M. Its value is just

I 2
LL' MM'—,0 b .S

and the function @&M(b) is thus given by

v' 4w{b)= L+, Y, —,O F, (b), (8.12)

We can evaluate these by using the addition theorem
once again to write

2'

L M

(8.3)

1
)(L+MI/2 1

&2L +1
[(L —M)!(L +M)!]'i

2 [—,'(L —M))![—,'(L +M)]!
(8.13)

The profile function I IM(b), according to Eqs. {4.1)
and (4.2), is determined by the function y, M{b), which
takes the form

Xexp i g gr (b)P~(cosO „) dQ
L'

(8.5)

Since ylM(b) is independent of the azimuthal angle P&, as
noted earlier, we have set it equal to zero in this expres-
sion. We next note that the exponential function in the
integrand depends only on cosO b. If we let

F(p) =exp ~ g gl Pl (p)
L

(8.6)

The sum over M may now be carried out by means of the
addition theorem, Eq. (3.2). It is convenient at this point
to denote the angle between the symmetry axis 0, and
the impact vector b by 0 b. We can then write the result
for the phase shift as

y(b, fl )= ggl (b)PI (cosO ~) .

This approximate result shows a property we have noted
for the phase shifts earlier. The functions @AM(b) for
different values of M and fixed L are found to differ by
constant factors. If Eq. (8.13) is to hold for L =2, for ex-
ample, we should expect to find y2o(b) = —

( —', )' yz2(b)
and the same relation between I"zo(b) and I zz(b). A com-
parison with the calculations graphed in Figs. 2(b) and
2(c) and the peripheral approximation is made in Figs.
7(a) and 7(b). The solid curves are identical to those of
Figs. 2(b) and 2(c) and the dashed curves are the predic-
tions of the peripheral approximation summed to the
same order. The effect of the absorption by the central
potential is to give the functions I z (b)oand I z2(b) rough-
ly comparable shapes (apart from a negative factor).
They fail, however, to obey the approximate identity
(8.13) in the peripheral region by about 30—50%. The
approximation works best for I"z2(b) where the size of the
error in the peripheral approximation is comparable to
the size of the higher order P~ corrections to the lowest
order profile function. These features are equally true for
larger L values. The peripheral approximation works
well for ~M~ =L but deteriorates with decreasing M
value.

While the functions I"LM(b) for fixed L are found to
show a common b dependence for all M values, their cor-
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FIG. 8. Differential cross sections for L =2 in the quadru-

pole model. The solid curves show the exact results, i.e., they
include terms up to order Pz in the underlying profile functions,
and the dashed curves show the corresponding cross sections in

the peripheral approximation.
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FIG. 7. The profile functions I » and I"» in the quadrupole
model. The solid curves graph the exact result, i.e., they include
all terms of orders less than or equal to /3z, whereas the dashed
curves are based on the peripheral approximation evaluated to
the same order.
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APPENDIX A

B(b,p)=i( —", )' 'g~~(b)(1 —p') (4.8)

We perform the integrations in Eq. (4.9) by making an ex-
pansion in series in 3 and B. In this expansion we want
to group together terms of the same power of the defor-
mation parameter /3~. Since y2o(b) and y2z(b) are linear
functions of P~ this means that terms with equal sum of
the powers of 2 and 8 should be assembled together. We
therefore write the expansion as

The profile function yL~(b), with M ~0, is, for the
case of quadrupole deformations, given by Eq. (4.9), i.e.,

1
1'zM(b)

y f d f dyPM( )e
—&Mg

Xexpf A(b, p)+B(b,p)cos2$] .

(4.9)

The numerical factor NLM is defined by Eq. (4.10) and the
functions A and B by Eqs. (4.7) and (4.8),

A (b,p)=i y,o(b)(3.p —1),. v'5
(4.7)

yLM(b)= NLM g g f dp Pl (p)A(bp)~ ~B(bp)v f "dPe ' ~(cos2$)~,
4W g 0 ! 0

9' 0
(A 1)

where Q is the power of f32 The possible va.lues taken by Q and q are restricted by angular momentum coupling rules.
Since A and B are functions of angular momentum 2 we need at least L/2 steps to reach a final state of angular
momentum L starting from an initial one of angular momentum zero. Hence, all terms in Eq. (Al) that do not satisfy
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the inequality Q ~ L /2 must necessarily vanish. Similarly, since A is a function of magnetic quantum number zero and
B a linear combination of functions of magnetic quantum numbers +2, we need at least M/2 steps to reach a final state
of magnetic quantum number M.

The integration over the P variable in Eq. (Al) is easily carried out,

—iMQ

27T 0
d)I) e ' (cos2$)~= —,

( +M/2) (A2}

The integral vanishes unless q ~ M/2 and —,(q +M/2) is an integer. It is therefore convenient to write q =M/2+2p,
where p is a non-negative integer. Since furthermore according to Eq. (Al) we have q Q, it follows that

q= +2p with p=0, 1, . . . , —,'(Q —M/2),M (A3}

where the bracket notation signifies the integer part of —,'(Q —M/2). This number is always positive since

Q ~ L /2 ~ M /2.
We now introduce the functions WLM and c0LM as defined by Eqs. (4.11) and (4.12):

1 LM(b) +LM( ) g ~LM(g 122 X20)
Q =L/2

(4.11)

~LM(Q ~722&720}
i&5

+20

'Q
[(Q —M/2 j/2]

p=0
~LM(Q p')

' (M/2)+ 2p
2X22

+20
(4.12)

Q
'Q p'=" '

g M/2+2p

By combining these definitions with Eqs. (Al) and (A2), we conclude that
T

M/2+ 2p M
M /2+ GLM Q — —2p, + 2p (A4}

where the functions GLM (s, t) are defined by the integral

GLM(s, t) = ,' J de —PL (P)(3'' 1)'(1—)M')—' . (A5)

We have found it most convenient to evaluate the function GLM(s, t) by expressing the associated Legendre polynomi-
als PL (p) as polynomials in sin 8 rather than the usual cos 8. Since in our case both L and M are even, we can write

(L —M)/2
PM(+) g II (k)( 1 +2)L/2 —k

/& =0
(A6)

In particular, we observe that for M =L the sum reduces to a single term. The coefficients hLM(k) are rational num-
bers. We have calculated them by using the algebraic manipulation program SMP. The function GLM(s, t) is nonzero
only if (s + t) L /2. This property follows from a partial integration of Eq. (A5) by using the expression

dL+M
PL (t)=u(co stn)(1 —

II2 ) L M (1—
)I2 ) (A7)

It leads to the restriction Q L/2 for the function coLM(g, p), a condition that has already been noted.
For the evaluation of the integral of Eq. (A5) we need the relation

(2m )!!
(AS)

which, together with an expansion of (3)I2 —1)' as polynomial in (1—p ), leads to the expression

GLM(s, t) =2'
m=0

3 IL —M)/2 (L 2k +2m +2t)II
hLM(k)

(L —2k +2m +2t+ I )!!
(A9)

Below we list the first few profile functions yLM(b). For convenience we write the expansions in terms of the vari-
ables

X =i &5/2y22(b),
v'5

+20(b) .

(A10a)

(A10b)

We limit ourselves to those terms of Eq. (4.11) that satisfy L /2 ~ Q ~ 5:
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y00=X00[1+—', (x +y )+—„',( —3x y+y )+ —,', (x +y ) +,'„', (x +y }(—3x y+y )],
y20=X20[ —', y+~4, (

—x +y )+~4y(x +y )+ „'„(—3x —3x y +5y )+ „'„,(69x y+58x y +53y )],
yzz=X22[ —,'x —

—,",xy+ —,",x(x +y ) —,",,', (3x y+xy )+ „"„(45x+138x y +29xy )],
y40=X40[+(x +6y )+ „'»( —4x y+3y )+ „'„,(27x +89x y +102y )+ „",„(—27x y —23x y +24y )],
y42=X42[ —",xy —

—,",(x +xy )+,",(19x y+ 1lxy ) —,~, (3x +12x y +xy )],
y =X [—x ——",,'x y+ —,"„'(15x +23x y )

—"' (9x y+5x y )],
y60=X60[,~, (x y+ y )—,~, (x +9x y —6y )+ „,'„(4lx y+39x y +54y )],
y62=X62[ —,",, (x +12xy ) —,~ x y+ „",, (3x +23x y +12xy )],
y

—X [ 5760 x 2y 768
(x 4+ 3x 2y 2

)+,",,', ( 29x4y +2 1x 2y 3
) ]

[ 7680 x 3 6144 x 3y + &&36
( 14x 5+ 30x 3y 2 }]

(A 1 1)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)

In these formulas the factor XLM is defined by
1/2

X = (2L+1) '
( —')LM (L +M)! (A21)

APPENDIX B

The deformed Woods-Saxon optical potential is defined in the body-fixed coordinate system by

V(r)=(V0 —i'1V0)/(1+exp{ [r —R(8}]/a I ) (Bl)

with

R(8)=c 1+ g pL YL (8)
L

(B2)

where the sum runs only over even values of L. We have employed the potential determined by Barlett et al. with one
exception: the radial dependences of the real and imaginary parts of the potential V(r) have been taken to be identical.
As a consequence of this simplification it has been necessary to increase the depth of the real part of the potential. The
following parameter values, appropriate for ' Sm, have been used: V0=21.00 MeV, '%0=70.0 MeV, c=5.762 fm,
a =0.600 fm, P2=0. 301, P4=0. 110, and P6= —0.016.

If we expand the optical potential in powers of the deformation parameters it can be written in the form

' 1/2

V(r) = V0(r)+
L =2,4,

4m

2L+1 VL (r)Yt (8) . (B3)

We shall retain in this expansion the contributions V0, Vz, V4, and V6. The functional dependence on pz is accounted
for up to and including powers Pz.

We define

and

E0=1/{1+exp[(r —c)la]I,
E, =E0(1 E0)/a, —

Ez =E, (1—2E0)la,
E3 =E, (1—6E0+6E0)la

' 1/2
2L +1

4m.

(B4a)

(B4b)

(B4c)

(B4d)

(B5)

In terms of these functions the partial wave radial potentials VL of Eq. (B3) become
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Vo ( r ) = ( Vo l % o )(Eo + 10P 2E2 +
+))~ P zE3 )

Vz(r) = ( Vo l &o)(PzE& + 7P zEz + &P4PzE2 + 14P 2E3 )

V4(r) ( Vo t% o)(P4E) +
~~ P 2Ez + 77PzP4Ez +

~~~ P 2E3 )

V6 ( r ) = ( Vo —i%o )(P6E, + ,', PzP—4E2+ ,', P—2E,) .

(B6a)

(B6b)

(B6c)
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