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Angular momentum in sub-barrier fusion: Experimental study using the isomer ratio '37ce i"7ceg
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The ratio of the yields for the isomer (J = '~', t», =34.4 h) and ground state (2+, 9.0 h) of ' Ce

populated in the reactions ' 'Te(' C,3n), ' 'Cs( Li,3n), "6Ba('He,2n), "Ba( He, 3n), and
'"Ba('He, 3n) were measured from energies above the Coulomb barrier to energies typically
20-30% below the barrier by observing the delayed x- and y-ray emission. In the first three reac-
tions we observed an approximately constant value for the isomer ratio at energies far below the
barrier. This indicates an approximately constant average angular momentum at low bombarding
energies. We analyze isomer ratios and cross sections using a coupled-channels model for the fusion

and a statistical model for the decay of the compound nucleus. Absolute values of the angular
momentum J in the entrance channel are deduced from the isomer ratio. The values ofJ exhibit the
behavior predicted for low energies and the expected variation with the reduced mass of the en-

trance channel.

I. INTRODUCTION

The enhancement of the measured fusion cross sections
at energies below the Coulomb barrier relative to the pre-
dictions of the one-dimensional barrier penetration model
is a feature of all reactions induced by heavy ions. '

Theoretical studies have shown how the nuclear structure
of the colliding nuclei produces these enhancements.
A recent study of the fusion of ' 0 with ' ' ' Sm
(Refs. 10 and 11), together with earlier measurements on
the other stable samarium isotopes, ' illustrates the im-
portance of the shape degrees of freedom (nuclear defor-
mation in this case) in describing the behavior of the
fusion excitation functions. The influence on fusion of
the coupling of the entrance channel to inelastic and to
transfer channels in systems such as Ni+Ni (Refs. 6 and
7) and ' 0+ Pb (Refs. 8 and 9) has also been studied.

Experimental investigations of the distribution of an-
gular momenta leading to fusion have provided impor-
tant information that is complementary to the study of
cross sections. ' ' These measurements, primarily of
y-ray multiplicity' ' and fission fragment angular dis-
tributions, ' ' have revealed the broadening of the spin
distributions expected from the inclusion of the coupling
of the entrance channel to structural and dynamical de-
grees of freedom. Some of these experiments have shown
a much broader angular momentum distribution or a
higher average angular momentum than predicted
theoretically. This remains an outstanding problem in
sub-barrier fusion. ' '

The relationship of the fusion cross section and angular
momentum in the entrance channel has not been studied
at energies far below the Coulomb barrier where the cross
sections are very small and the techniques mentioned
above become difficult to apply. However, in this low-
energy region a qualitative change in the behavior of the
average angular momentum has been predicted. ' At

and above the barrier the average angular momentum de-
creases as the bombarding energy is lowered. Below a
certain energy, however, the shape of the distribution of
angular momentum leading to fusion should no longer
shift to lower I values, but is predicted to become in-
dependent of energy. ' Furthermore, the value of the
average angular momentum I is predicted to depend on
the shape (i.e., on the curvature) of the barrier and on the
reduced mass of the entrance channel, but should be in-
dependent of the nuclear structure of the projectile and
target. These predictions are for the case of a parabolic
barrier.

We have investigated these predictions —the constancy
of I at low energies and the variation of I with the re-
duced mass —with an experimental technique that is
different from those used previously. ' ' Our method
combines sensitivity to angular momentum with the abili-
ty to measure very small fusion cross sections. The latter
is obtained through off-line counting of radioactivity.
The former is achieved by taking advantage of the sys-
tematic occurrence of high-spin isomers in heavy nuclei.
Thus, by measuring the ratio of the cross section for pop-
ulation of a high-spin isomeric state to that of a low-spin
ground state, we obtain the average angular momentum
in the entrance channel, ' while, at the same time,
through the observation of delayed x and y rays, we are
able to measure the small cross sections at which the sat-
uration of the angular momentum is predicted to occur.

We measured the ratio of the isomer to ground-state
yields of ' Ce produced in the sub-barrier fusion reac-
tions Te( C,3n ) Ce, Cs( Li,3n ) Ce, and

Be( He, 2n )
' Ce. A partial decay scheme for the

ground (J"=—', ",t, &2=9.0 h) and isomeric ( —", ,34.4 h)

states in ' Ce is shown in Fig. 1. We deduced the pre-
dicted constant behavior of I at low energies and the ex-
pected variation with the reduced mass of the entrance
channel from the observed variation of the isomer ratio
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FIG. 1. Partial level scheme of ' 'Ce showing the decay of
the isomer at 254 keV and the ground state.

with bombarding energy. The predicted angular momen-
tum distributions, the cross sections for the 3n or 2n

channels, and the isomer ratios were related to each other
with the aid of a statistical model and found to be in

agreement for energies at and below the barrier. Addi-
tional checks of this method were made by studying the
reactions ' Ba( He, 3n)' Ce and ' Ba( He, 3n)' Ce. A
brief account of the measurements on the fusion of ' Te
with ' C has been published.

We describe the experimental aspects of these measure-
ments (Sec. II), the analysis of the delayed activity (Sec.
III), and the results of these analyses (Sec. IV). In Sec. V

we discuss the origin of a finite average angular momen-
tum at low energies and the evidence for this from alpha
radioactivity. This is followed in Sec. VI by a compar-
ison of our results to theoretical predictions along with a
discussion of the theoretical tools we employ to make
these comparisons. (The details of the statistical model
are given in the Appendix. ) With these models in hand,
we discuss in Sec. VII our methods for deducing the aver-

age angular momentum from the isomer ratio and, in Sec.
VIII, the various checks we made on this procedure. Fi-
nally, in Sec. IX, we present a summary of our con-
clusions.

The thicknesses of the targets, catcher, and degrader foils
were determined by alpha ranging and by using proton-
induced x-ray emission. The measurements of the telluri-
um and BaFz targets indicated that no detectable amount
of material was lost during the bombardment. Target
thicknesses thus determined had an uncertainty of less
than 5% and were used both for obtaining the absolute
cross sections and for estimating the energy loss of the
beam in the stack of foils. On the other hand, similar
measurements of the cesium nitrate targets showed that
some material was lost because of beam heating. Al-
though this loss of material does not affect the determina-
tion of the isomer ratios, it prevents us from obtaining
absolute cross sections for the Li+' Cs reaction.

A series of target, catcher, and degrader foils was ar-
ranged in a stack to allow data collection at different en-
ergies in a single irradiation. The beam emerged from
the stack and was stopped in a Faraday cup. The beam
intensity during the bombardment was monitored and
recorded by multiscaling in 1-min intervals. Following
bombardments of about 8 h at intensities of ~200 nA,
the target and catcher foils were removed from the
scattering chamber and placed in front of high-purity in-
trinsic germanium detectors. The y and x rays resulting
from the activated foils were counted off-line for several
days; spectra containing 2048 or 4096 channels were col-
lected in 1-h intervals. These spectra were accumulated
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ioo I I I I I I I I I I I I I I I

0 i000 8000 3000
Channel Number

4000

The experiments were carried out with beams of ' C,
Li, He, and He provided by the Lawrence Berkeley

Laboratory's Electron Cyclotron Resonance ion source
and 88-Inch Cyclotron. The beam energy was deter-
mined by a 120 analyzing magnet and is known to a pre-
cision of O. l%%uo. Targets were made by vacuum deposition
of isotopically enriched metallic tellurium (150—200
pg/cm, 98.7% ' Te), barium fluoride (250—300 pg/cm,
93% ' Ba), and natural cesium nitrate (300—400 pg/cm,
100% ' Cs) onto carbon or gold foils. (These foils were
also used to catch the evaporation residues. ) Some of the

Ba targets with thicknesses of 4-8 mg/cm were
prepared by applying a water solution of BaFz to gold
foils with a micropipet and letting the drops evaporate.
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FIG. 2. Typical spectrum of delayed activity obtained with

high-purity Ge detectors. y rays are labeled with the decay en-

ergy (in keV) and the parent nucleus in (a). The region of the
spectrum containing the x rays is expanded in (b).
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and recorded automatically for off-line analysis by using
IBM PC/AT computers. Figure 2(a) shows a photon
spectrum associated with the decay of the ground and
isomeric states in ' Ce produced in the fusion reaction
' C+' Te at E, =42 MeV. This spectrum was count-
ed for 1 h beginning 28 min after the end of a bombard-
ment of approximately 8 h. A portion of the spectrum
that includes the La and Ce Ea and KP x rays is

displayed in Fig. 2(b}. The absolute photopeak
efficiencies of the germanium detectors were obtained us-

ing a set of calibrated sources mounted in the same
geometry as the target/catcher foils. At selected energies
we verified that all the ' Ce evaporation residues were
stopped at the target/catcher foils and that all the
relevant activity remained there. We also determined ex-
perirnentally the average energy loss and straggling for
the projectiles passing through the stack by detecting the
beam particles with a silicon-surface-barrier detector
placed at 0' with and without the stack. The measured
energy loss agreed well with that calculated from tabulat-
ed stopping powers and measured foil thicknesses.

III. DATA ANALYSIS
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FIG. 3. Representative decay curves of x rays formed in the

bombardment of ' 'Te targets with ' C and of ' Ba targets with
'He at the indicated beam energies. The curves are the results

of fitting the data using the code xRAY (Ref. 25). The isomer ra-

tio R obtained from the decay curves is also shown.

The ratio of the population of the isomeric state to the
ground state can be obtained by measuring either the ac-
tivities of the La 1x ray or the 447-keV y ray. Lantha-
num K x rays are produced mainly by electron capture to
the 447- and 11-keV levels of the daughter nucleus ' La.
In addition, La x rays are produced by internal conver-
sion of the 447-keV transition with much less intensity.
Ce x rays are produced only by internal conversion of the
254-keV transition in ' Ce, which depopulates the
isomeric state directly to the ground state. Thus the Ce x
rays decay with a half-life of 34.4 h. Because ' Ce de-
cays mainly by electron capture and by highly converted
electromagnetic transitions, the yield of x rays per decay
is much larger than the y-ray yield. In the present mea-
surements we summed the contributions from the partial-
ly resolved peaks of the La and Ce x rays. Figure 3
shows the time evolution of the activities for the sum of
La and Ce K x rays for the systems ' C+' Te and
He+' Ba at different bombarding energies. The isomer

ratios and cross sections were deduced from these experi-
mental data in a least-squares fit incorporating the known
half-lives and absolute x-ray intensities. The populations
of the ground and isomeric states at the end of the bom-
bardment were taken as adjustable parameters. These
calculations were performed using the code xRAY. The
full curves in Fig. 3 are representative of the results for
the difterent systems. The associated isomer ratios are
given in the figure along with the bombarding energies.

In order to confirm that the atomic x-ray spectra were
not contaminated by other species, similar analyses of the
time dependence of nuclear y rays (447 keV, for example)
were made. The values of the isomer ratios were con-
sistent with those obtained from the analysis of the K x
rays. Since at low energies the K x rays were the only
detectable radiation, these were used in the majority of
the analyses. The absolute cross sections for the 3n or 2n
channels were then determined from the measured target

thickness, the integrated charge at the Faraday cup, and
the absolute efficiency of the photon detector.

IV. EXPERIMENTAL RESULTS

The experimental results for the isomer ratios of the
systems ' C+ ' Te, Li+ ' Cs, and He+ ' Ba are
shown in Fig. 4 as a function of bombarding energy with
respect to the corresponding Coulomb barrier. The iso-
mer ratio R decreases rapidly as the bombarding energy
is lowered and approaches the barrier. However, for en-
ergies well below the barrier, the change in R with bom-
barding energy is much slower, and the isomer ratio for
each reaction becomes nearly constant. The approximate
constancy of R indicates that the ratio of cross sections
for fusion proceeding through partial waves above and
below some critical value has an approximately constant,
energy-independent value. Assuming (as is predicted by
all fusion models} that the individual partial-wave cross
sections vary smoothly with energy, this result implies a
constant average angular momentum for fusion. This
conclusion is based on general knowledge of the role of
angular momentum in the neutron and y-ray decay of
compound nuclei, and not on the details of a particular
statistical model calculation.

The values of the isomer ratios for Li and ' C projec-
tiles below the barrier are quite similar, indicating essen-
tially the same constant average angular momentum.
The reason that the limiting average angular momentum
for Li fusion in this energy region is as large as for ' C is
due to the coupling of the ground-state spins of —', and —',
for Li and ' Cs, respectively. On the other hand, the
limiting value of R and, therefore, the limit of the angular
momentum obtained for He is substantially lower. This
is because of the smaller moment of inertia in the en-
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FIG. 4. Experimental excitation functions of the isomer ratio
for the systems ' Te+' C (open circles), ' Cs+ Li (small

stars), and ' Ba+'He (open squares). The solid curves are the
model predictions. The energy of the entrance channel is ex-

pressed in terms of the difference of the center-of-mass energy
and the Coulomb barrier. Note that all three systems exhibit
the saturation of R, albeit at different values of R. This
difference in saturation value is explained in the text in terms of
moments of inertia and entrance channel spins.

FIG. 6. (a) Measured 2n fusion cross sections for the reaction
'He+' Ba—+" Ce+2n. The solid curve is a calculation of the
total fusion cross section as described in the text. The dashed
curve shows the prediction for the 2n cross section, obtained
with use of the predicted xn distributions. (b) Experimental iso-
mer ratio. The solid curve is a prediction based on the angular
momentum distribution predicted by CCFUs and a statistical-
decay calculation made with the code PAcE. The predicted
average angular momentum is indicated for selected bombard-
ing energies.
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TABLE I. Isomer ratios and 3n cross sections for "C+ '"Te.
The errors include statistical and estimated systematic errors.
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FIG. 5. (a) Measured 3n fusion cross sections for the reac-
tions ' C+' 'Te~' Ce+3n. The solid curve is a calculation of
the total fusion cross section as described in the text. The
dashed curve shows the prediction for the 3n cross section, ob-
tained with use of the predicted xn distributions. (b) Experi-
mental isomer ratio. The solid curve is a prediction based on
the angular momentum distribution predicted by cCFUS and a
statistical-decay calculation made with the code PAcE. The pre-
dicted average angular momentum is indicated for selected
bombarding energies.
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5.8+0.2
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1.5+0. 1

1.5+0. 1

1.7+0. 15
1.4+0. 1

1.5+0.3
1.3+0.4
1.6+0.4

37.9+6.7

16.0+1.2

6.1+0.4
6.2+0.4
3.7+0.2
3.3+0.2

1.9+0.6
2.3+0.15

1.2+0.3
2.3+0.6

196+30
316+45
325+50

325+50
340+50

243+35
236+35
254+40
231+35

157+25
107+15
76+10
61+10
15.8+2.4
7.9+1.2
4.2+0.6
1.22+0. 18
0.26+0.04
0.14+0.02
0.037+0.006
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E,
(MeV) R from x ray R from 447 (keV) (mb)

23.4+0. 1

22.5+0.6
21.1+0.1

20.3+0.9
18.8+0.5

17.9+1.1

17.4+0.5

16.2+0.5

15.6+1.1

14.1+0.8
12.8+0.9
11.5+1.0

2.0+0. 1

1.9+0. 1

1.8+0.09
1.8+0.09
1.7+0.09
1.4+0.07
1.4+0.07
1.1+0.06
1.0+0.05
0.74+0.06
0.61+0.05
0.51+0.04

2.4+0.5

2.2+0.2

1.9+0. 1

1.8+0. 15
1.4+0. 1

1.4+0.08
1.3+0.09

0.74+0. 13

100+15
73+15

110+17
124+25
132+20
75+15
73+15

104+ 16
49+ 12
22.4+4. 5

10.1+2.0
1.78+0.45

TABLE II. Isomer ratios and 2n cross sections for
'He+" Ba. The errors include statistical and estimated sys-

tematic errors.

Note that the values of the cross sections for ' C+ ' Te
shown in Fig. 2 of Ref. 24 are too low by a factor of 1.9.
This error arose from incomplete suppression of secon-
dary electrons from the Faraday cup. The conclusions of
Ref. 24 are not affected by this change in absolute nor-
malization of the cross sections.

Isomer ratios and cross sections for some of the reac-
tions reported here were first measured 25 years ago by
Kiefer and Street. While the isomer ratios obtained at
the lowest energies studied by these authors agree reason-
ably well with ours, our values for ' C+ ' Te and
Li+' 'Cs become comparatively larger with increasing

bombarding energy. These discrepancies may arise from
their use of NaI detectors (with their relatively poor ener-

gy resolution) and imprecisely known beam energies.

V. ORIGIN OF A FINITE AVERAGE
ANGULAR MOMENTUM AT LOW ENERGIES

TABLE III. Isomer ratios for Li+ '"Cs. The errors include
statistical and estimated systematic errors.

E,
(MeV)

28.720.09
27.8+0. 10
27.3+0.11
27.2+0. 12
26.6+0.09
25.9+0.13
24.4+0. 15
23.8+0. 15
23.0+0. 12
22.8+0. 10
21.9+0.10
21.7+0. 15
21.2+0. 17
20.5+0. 18
20.0+0. 18
19.5+0. 15
19.0+0.20
18.6+0.20
18.5+0. 15
17.8+0.15

R from x ray

8.3+1.2
9.2+1.4
5.8+0.3
7.0+1.1

5.4+0.6
5.3+0.5
3.8+0.2
3.3+0.3

2.6+0.2
2.5+0. 15
2.5+0. 15
2.1+0.15
2.0+0. 12
1.6+0. 1

1.5+0. 1

1.5+0. 1

1.6+0. 1

1.5+0. 1

1.4+0. 14
1.7+0.17

R from 447 keV

10.3+2. 1

5.9+0.7

6.7+0.6
4.7+0.5

5.1+0.5
3.9+0.4
3.8+0.4
2.4+0.3
2.6+0. 15
2.6+0. 15
2.3+0.3

1.8+0. 15

1.2+0.3

1.5+0.3

trance channel. Indeed, the observed dependence of R on
the bombarding energy, on the ground-state spins, and on
the masses of the projectile and target indicates that the
isomer ratio is a measure of the average angular momen-
tum leading to fusion, and that this angular momentum
approaches a constant at energies well below the barrier.
A quantitative justification of this conclusion will be
given in Secs. VI and VII where model calculations are
discussed.

Isomer ratios and absolute cross sections for the 3n and
2n channels were measured for ' C+ ' Te and
He+' Ba, respectively, and are shown in Figs. 5 and 6.

The results are presented in Tables I and II. Table III
presents the experimental isomer ratios for Li+' Cs.

It is worthwhile to examine the predicted limiting be-
havior of the average angular momentum more generally
and to consider, for the case of a Coulomb potential plus
sharp nuclear surface, the origin of a finite average angu-
lar momentum in the limit of very low bombarding ener-
gies. The capture of neutrons at very low energies has an
s-wave limit; i.e., only thermal neutrons with I=O have
an appreciable cross section. The reason for this is that,
as the energy of the neutron decreases, it becomes pro-
gressively more dificult for the higher partial waves to
penetrate the centrifugal barrier. Indeed, the ratio of the
transmission coefficients for 1= l and 0, T i /To ~kR „,
for kR„(&1, where k is the wave number and R„ is the
nuclear radius. Thus, for neutrons, the average angular
momentuin for fusion 1~0 as &E ~0. Since a centrifu-
gal barrier is also present in the case of fusion with
charged particles, one might expect a similar asymptotic
behavior. In fact, however, the Coulomb barrier causes a
qualitatively different dependence of the transmission
coefficients on angular momentum and energy. It turns
out that 1 ~10, and that 10 can be larger than unity (A')

for many systems, including the systems considered here.
The reason for this given in Ref. 26 is that the Coulomb
contribution to the total barrier varies as llr and is the
same for all partial waves including, in particular, the s
wave. The centrifugal potential, however, varies as 1/r
and becomes relatively less important as the classical for-
bidden region extends to large values of r. If the
Coulomb repulsion is sufficiently strong (i.e., if the barrier
is sufficiently high and thick) and the moment of inertia
of the system at the fusion radius pR„ is suSciently large,
then the contributions of the centrifugal potential to the
total barrier for the lower partial waves can be
sufficiently small such that the ratio T j /Tp remains
finite. This implies a finite average angular momentum
even at bombarding energies far below the barrier. These
considerations are illustrated quantitatively in the follow-
ing for the case of a Coulomb plus centrifugal potential
extending from a sharp nuclear surface at radius R„ to
infinity.

The ratio of the height of the centrifugal barrier for
I= 1, VI, =R /pR „and the Coulomb barrier
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Vc =Z, Zze /R„ is a measure of the relative importance
of the centrifugal barrier, and is given by
VI —I / Vc = 1 /pkR where p =ZI Zpe /AU is the Som-
merfeld parameter and U is the velocity of the projectile.
Then,

vc
28.9

pR„ZiZ~

Finally, the asymptotic values for the average angular
momentum calculated using the approximate expression
in Eq. (1) are listed in the last column of Table IV.

The values in Table IV illustrate how the increasing
strength of the Coulomb barrier relative to the centrifu-
gal barrier introduces a finite average angular momentum
for fusion.

The limiting value of the average angular momentum,
and the manner in which it approaches the limit, depends
on the actual shape of the potential. The potential given
by a Coulomb force which terminates at a sharp nuclear
surface and the inverted parabolic potential used in the
Hill-Wheeler approximation represent two extreme cases.
The former has been used extensively in the treatment of
alpha decay, while the latter is a much more useful ap-
proximation for nuclear reactions in which the energy is
necessarily closer to the maximum of the nuclear plus
Coulomb potential. These two potentials also yield
different results for the average angular momentum.

The penetrability for a given partial wave I incident on
a potential having the shape of an inverted parabola is
given by

where the reduced mass p is in u, and the nuclear radius
R„ is in fm. Thus, if Vi, /Vc is very small compared t6
unity we may expect a sizable average angular momen-
tum at low energies. Values of V, , /Vc for several sys-
tems and R„=1.4(AI +A&~ ) are given in Table IV.
The ratio of the transmission coefficients for 1=1 and 0
for the case of charged particles far below the barrier has
been evaluated with Eq. (22.10) in Ref. 27:

r

2(l+-,')
=exp

To +2rjkR „

and is given by

20

15—
12

10—

As soon as the exponential factor is much larger than
unity, the transmission coefficient is approximated by

Tt =exp[ —
( Vb

—E)/e]exp[ —[1(l +1)A' /2pRb]/eI .

In this limit the energy dependence and the angular
momentum dependence are mutually independent fac-
tars, and the distribution of angular momentum becomes
independent of bombarding energy, i.e., a constant. This
energy dependence for the angular momentum is illus-
trated by the solid line in Fig. 7. The finite value of
T& /To obtained in the Hill-Wheeler approximation
(where the total potential has the same shape for all par-
tial waves) shows that it is not the different radial depen-
dencies of the Coulomb and centrifugal potentials that is
responsible for the finite average angular momentum.
Rather, the finite value is simply the consequence of a
finite barrier for all partial waves, including 1=0.

The values of l obtained for a sharp nuclear surface
and Coulomb plus centrifugal potential, evaluated with
transmission coefficients calculated in the JWKB approxi-
mation, are also shown in Fig. 7 for ' C+ ' Te with
Ra =1.4 fm (dot-dashed line). Note that there is no sharp
transition to a constant average value as in the case of the
parabolic potential. The dashed curve shows the average
angular momentum for a realistic potential consisting of

1
Tl

1+exp[[Vb+I(1+1)6 /2pRb E]/eI— 5

TABLE IV. Barrier ratios, penetrability ratios, and average
angular momenta for different systems, calculated for a sharp
nuclear surface plus Coulomb potential, as the bombarding en-

ergy approaches zero.

System

4He+4He
'He+" Ba
12C+ 128T

0.81
9.5 X 10
8.2X 10

Tl /TO

0.06
0.73
0.91

0.15
1.8
3.9

where Rb is the radius corresponding to the top of the
barrier Vb, and e is related to the curvature of the barrier
and is given by p

20 30 40 50

E, MeV

FIG. 7. Theoretical predictions for the average angular
momentum for fusion. The solid line is the prediction for a par-
abolic barrier and coupled channels (CcFUs). Using a parabolic
barrier and no coupling in the entrance channel results in the
dotted curve. The predictions for a nuclear plus Coulomb bar-
rier and coupled channels are shown by the dashed curve (Ref.
32). Finally, the results using a sharp nuclear surface and
Coulomb potential are shown by the dot-dashed curve.
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nuclear, Coulomb, and centrifugal contributions. Also
note that this is similar to the dependence obtained with

the inverted parabola in the bombarding energy range ac-
cessible to experiment.

For the relatively light nuclei (i.e., ' C, He, etc. ) con-
sidered here, radioactive decay and fusion are processes
that di6er, not in the shape of the barrier to be penetrat-
ed, but only in the direction of penetration. Thus the
penetrability or transmission coeScients are the same for
both processes as, indeed, we have already assumed in the
foregoing discussion. We can turn to experimental re-
sults obtained in the study of alpha decay in order to un-

derstand the angular momentum dependence of fusion
below the barrier. In the case of radioactive decay, it is
possible to make observations at decay energies much far-
ther below the barrier than in the case of heavy-ion reac-
tions simply because experiments can be made on macro-
scopic quantities of atoms. While one cannot vary the
decay energy arbitrarily, as in the case of a beam from an
accelerator, it is possible to find nuclei having similar
structure, but varying alpha-decay energies. In contrast
to a nuclear reaction, however, it is possible to specify ex-
actly the value of the angular momentum in the decay.

It has been known from the earlier measurements of al-

pha decay that the ratio of the intensity of the d-wave de-

cay to the s-wave decay varies slowly with the decay ener-

gy. One example of this is found in the decay of the
neutron-deficient thorium isotopes. Figure 8 shows the
ratio of the d- and s-wave intensities for the decay of

Th. The trans1tion rates for the ground-state de-
cay kp are also shown as a function of decay energy. The
corresponding theoretical quantities To and Tz/To, cal-
culated for a radius parameter Rp=1.55 fm, are also
shown. Note the close correspondence of X2/Ao with the
theoretical ratio Tz/To over a span of half-lives varying
by 17 orders of magnitude. (The ratio k2/A, o is affected
by nuclear structure —deformation in this case—as well
as by barrier penetration. Although the deformations of
parent and daughter nuclei change gradually with iso-
tope, these effects on the absolute value of A2/A, o and on
its variation with isotope can be neglected for the present
discussion. Similarly, the relative agreement shown in
Fig. 8, where Tp is normalized at E =8 MeV, would
have been just as satisfactory with Ra = 1.4 fm. ) If nature
had also provided experimental values for the relative p-,
f , and g-wave tran-sition rates, we would be able to deter-
mine an average angular momentum for alpha decay in
direct analogy to that for fusion. It seems clear that such
quantities would also vary slowly, as do the d-wave rela-
tive rates (Fig. 8), and that this situation corresponds to a
finite, approximately constant average angular momen-
tum, just as we have observed in heavy-ion fusion.

UI. QUANTITATIUK COMPARISON
GF PREDICTIONS %'ITH EXPERIMENTS

In order to compare theory and experiment, it is neces-
sary to relate a total cross section and a distribution of

bQ
0

—15—

ac I I I I I I I I \ I I I I I I I I I I I I I I I I o c
3 4 5 6 7 B 9

E MeV

FIG. 8. Ratio of the d- and s-wave intensities (right ordinate)
for the decay of Th (Ref. 28). The transition rates for the
ground-state decay A,p are also shown (left ordinate) as a func-
tion of decay energy. The corresponding theoretical quantities

Tp and T2/Tp calculated for a radius parameter Rp=1.55 fm

(Ref. 28), are also shown (dashed lines). The solid lines are to
guide the eye.

angular momentum for ' Ce (or ' Ce for one reaction)
in the entrance channel to the 3n (or 2n) cross sections
and isomer ratios for ' Ce. This is done by means of a
statistical model, which for a given excitation energy and
angular momentum in the compound nucleus gives the
probability that three (two) neutrons will be evaporated
and that the subsequent y-ray cascade will populate the
isomer or the ground state. Combined with a model for
fusion, which gives the total cross section and initial dis-
tribution of angular momentum, the statistical model
makes it possible to compare theory and experiment
directly in terms of the measured quantities This is don. e
in Secs. VIA and VIS. An alternative comparison in
terms of the predicted average angular momentum will be
discussed in Sec. VII.

A. Predictions for cross sections
and the average angular momentum

In a recent paper, Dasso and I.andowne ' compared
the predictions of coupled channels calculations to aver-
age angular momenta deduced from y-mu1tiplicity mea-
surernents at bombarding energies near and above the
Coulomb barrier. A brief description of their calculation
is as fo11ows: By using the approximate solution of the
general barrier penetration problem involving coupled
channels i = 1, . . . , N, the fusion cross section for a par-
tial wave I at the bombarding energy E is given by

mA (21+1)
' 1+exp I [ Vb+1(1+1)A /2pRb+A. , F.]/eI— (2)
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Equation (2) employs the Hill-Wheeler approximation for
the penetration of an inverted parabolic barrier and treats
the coupling as a sum of individual barrier penetration
probabilities for each channel i with a barrier given by
V; = Vb+A, , and weighted by the factor P, . The factor
P, corresponds to the fraction of the Aux in that channel
and A, ; to the shift in the barrier height caused by the
coupling. The Hill-Wheeler approximation neglects the
1/r contribution of the Coulomb potential at large dis-
tances and also neglects changes in the shape of the bar-
rier due to the centrifugal portion of the potential energy.
As a result of the latter approximation, e is a constant.
The first moment of the angular momentum distribution
is defined as

40

1.0

At low energies E & Vb
—F, the spin distribution is in-

dependent of the bombarding energy, and the corre-
sponding I becomes a constant and is given by

0;5

128T

The quantity F denotes the strength of the coupling. In
the higher-energy domain, where E & Vb+F, the angular
momentum distribution approaches a triangular shape
and the I is approximately given by

0,0
0 10

L (~j
& [2pR ~(g —y )/g ]~~~

Within the energy range V&
—F & E & V&+F, the shift of

the barrier by A, , results in an enhancement of l over the
uncoupled case, particularly for heavy-ion systems. '

The measurements of average angular momentum' ana-
lyzed by Dasso and Landowne were made at energies too
high to test the prediction of a constant average angular
momentum.

Figure 9 shows partial-wave distributions 0 I at a few
energies for the fusion of ' C with ' Te. Below the bar-
rier, the shape of the angular momentum distribution be-
comes essentially independent of the bombarding energy
and is approximately symmetric about the average value
l; the total cross section decreases exponentially. For
' C+' Te, the value of F is about 2 MeV. Above the
barrier, the familiar triangular distribution for ul results,
with I being two-thirds of the sharp-cutoff value for the
maximum angular momentum l, :

We have used the simplified coupled-channels code
(ccFUs) written by Dasso and Landowne, which is
based on Eq. (2). The ccFUs code can treat coupling to
collective excitations and to transfer channels. To calcu-
late the penetrabilities, the matrix diagonalization
method of Ref. 29 is used with the form of the nuclear
potential determined by Christensen and Winther. Be-
cause parameters for the barrier were not known from
prior experiments, values of Vb for the systems C+Te,
Li+Cs, and He+Ba were scaled from the corresponding
parameters determined from fusion experiments on
' 0+Sm. ' Slight adjustments (less than 1.2%) were

FIG. 9. Predicted angular momenta distributions for the
fusion of ' C+ ' Te obtained from the coupled-channels model
ccFUs. The center-of-mass bombarding energy for each predic-
tion is indicated on the figure. Note that below the Coulomb
barrier the shape of the 0 I distribution no longer changes and
the mean value becomes a constant.

made to the parameters for ' C+' Te. Known elec-
tromagnetic transition probabilities for the lowest excited
states of the projectile and target nuclei for each system,
taken from the literature, ' were included in the calcula-
tions to account for the coupling effects. The barrier pa-
rameters for the three projectile-target combinations in-
vestigated here and the predicted values for 1 at energies
well below the fusion barrier are given in Table V. The
predicted cross sections are shown as solid lines in Figs.
5(a) and 6(a).

Coupled-channels calculations that treat the nuclear,
Coulomb, and centrifugal potential and the radial depen-
dence of the coupling matrix elements without approxi-

System

'Li+ '"Cs

Rb
(fm)

10.70
10.09
9.42

Vb

(MeV)

39.4
22.0
15.9

Rm

(MeV)

4.37
4.26
5.63

5.3
3.7
2.5

5.3
5.5
2.6

TABLE V. List of parameters for ccFUs calculations. The
position, height, and width of the barrier, and the average angu-
lar momentum and total spin used for the three indicated sys-
tems.
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mation are possible, though difficult and time consuming.
A comparison of CCFUS with the coupled-channels code
of Esbensen using the same coupling and barrier param-
eters is shown in Fig. 7 along with the results from CCFUS

for no coupling. In the sub-barrier region, the solution of
the coupled Schrodinger equations with the full Coulomb
potential yields a small monotonic decrease in the value
of I as the bombarding energy decreases. This nonzero
slope dl/dE, which results from the 1/r tail of the
Coulomb potential, was considered sufficiently small to
justify the use of the CCFUS code for the analysis of our
results.

B. Statistical model calculations

In this section we describe the statistical model calcu-
lations used to establish the relationship between the spin
distribution in the compound nucleus, formed through
various entrance channels, and the relative populations of
the ground and isomeric state in ' Ce. To study this
connection we used the predicted angular momentum dis-
tributions from CCFUS as input to a Hauser-Feshbach
compound nucleus decay code. The latter treats the
effects of successive evaporation of neutrons leading to
the ' Ce residue and the subsequent y-ray emission lead-
ing to the isomer or ground state. We chose the Monte
Carlo code PAcE (Ref. 33) because of its explicit treat-
ment of y-neutron competition. It also allows one to in-
corporate explicitly the low-lying levels of the residual
nucleus and, thereby, treat the last steps of the y-ray
deexcitation more accurately than was possible with the
earlier codes.

2. Results of the calculations

The calculated isomer ratios for ' C+ ' Te,
Li+ ' Cs, and He+ ' Ba are shown in Fig. 4. Figures

5(b) and 6(b) compare the calculated and measured iso-
mer ratios for ' C+' Te and He+' Ba as a function of
the center-of-mass energy, along with the experimental
results. The agreement of the calculations with the data
is very good below the barrier. For He+' Ba, there is a
general tendency at energies above the barrier for the
measured cross section and average angular momentum
to fall below the predictions for compound nucleus for-
mation. We expect that this is a consequence of incom-
plete fusion (or preequilibrium proton emission), which
preferentially depletes the higher partial waves for fusion,
and therefore would reduce both the cross section and
the angular momentum. Preequilibrium emission of a
neutron in the population of the 2n channel would reduce
just the angular momentum.

We find that the isomer ratio has nearly the same value
( = 1.5) for both the ' C+ ' Te and Li+ ' Cs systems,
even though the average orbital angular momentum for a
Li projectile is less than for ' C. This is a consequence

of the spin coupling mentioned above, which introduces
an extra spin angular momentum S=—,'+ —,

' in the case of
Li+' Cs. The intrinsic spin —,

' of He nucleus does not
significantly affect the predicted value of R (=0.8) for
He+' Ba. Thus the predictions of cCFUS for I at low

energies and the variation of I with the reduced mass
below the barrier are consistent with the measured values
of R, as shown in Fig. 4.

VII. DETERMINATION OF THE AVERAGE
ANGULAR MOMENTUM FROM THE ISOMER RATIO

1. Input parameters

Wherever possible we adopted input parameters deter-
mined from analyses of previous experiments on similar
systems. The fusion of ' 0 with Sm isotopes has been
studied extensively and xn partial cross sections are avail-
able. ' ' A good fit to the xn distributions for the Sm
isotopes was obtained using the level-density parameter
of a = A /8. 5 and reduced y-transition strengths of
0.025, 0.01, 9.0, and 1.2 W.u. for the E1, M1, E2, and M2
transitions, where W.u. represents Weisskopf unit. "
Most of the calculations presented in this work used the
rigid body moments of inertia calculated by Sierk for
the spin cutoff factor in the level-density formula of Gil-
bert and Cameron. The remaining input parameters,
such as the optical-model parameters for transmission
coefficients, were as described in Ref. 33. Whenever the
ground-state spin of an entrance channel nucleus was
nonzero ( Li —', ,

' Cs —,', He —,
' ), the distribution of the to-

tal spin in the compound nucleus, J=l+S&+Sp was
computed and used in the evaporation calculation. A de-
tailed discussion of the statistical model calculations,
their sensitivity to variation of input parameters, and of
the relationship of the angular momentum and isomer ra-
tio is relegated to the Appendix.

The preceding section has shown that the distribution
of angular momentum predicted by a barrier penetration
model is consistent with the experimentally observed iso-
mer ratio. In this section we want to turn the problem
around and, starting with the experimental value of the
isomer ratio, determine a characteristic quantity of the
distribution of the initial angular momentum without
particular reference to a model for fusion. It is clear that
this characteristic quantity will be the average value of
the initial distribution. Our determination will be model
independent to the extent that there is a one-to-one
correspondence between the isomer ratio and average an-
gular momentum, i.e., that the deduced average is in-
dependent of the other, and unknown, moments of the
distribution. In this process of relating the average angu-
lar momentum to the isomer ratio, we regard the statisti-
cal decay calculation, with the parameters determined as
described in the preceding section and in the Appendix,
as given.

The sensitivity of the isomer ratio to the average angu-
lar momentum was investigated by making two types of
calculation. In the first type, a series of different distribu-
tions was used, all distributions having the same average
value, but different shapes. These distributions, a trian-
gle, a square, a delta function, and a theoretical distribu-
tion deduced from a barrier penetration model at
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E, = 35MeV
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E, = 35MeV

0.00
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5.
FIG. 10. Several partial-wave distributions used to investi-

gate the sensitivity of the calculated isomer ratio to the shape of
the angular momentum distribution. We investigated a delta
function, a sharp-cutoff (Fermi) distribution, a rectangle, a Fer-
mi function (dashed curve), and the CCFUS prediction. The
resultant values of R are presented in Table VI.

p
0 2 4 6 8 10

FIG. 11. Experimental {solid circles) and calculated isomer
ratios (solid lines) for ' C+' Te at E, m =35 and 40.5 MeV.
This shows the dependence of the calculated value of R on the
average angular momentum for a Fermi function with fixed 61
and variable Ip.

E, =35 MeV, are shown in Fig. 10. They have the
same area and a fusion cross section of 0.143 mb. In the
case of the square distribution, this leads to a violation of
unitarity for the lower partial waves, and for the delta
function as well. However, this is irrelevant for the
present discussion in which we are only concerned with
the effect of the shape of the distribution on the resulting
value of R. Table VI gives the results of calculations with
PAcE for each of the distributions shown in Fig. 10 for an
excitation energy of 34 MeV in the compound nucleus,
which corresponds to a center-of-mass bombarding ener-

gy of 35 MeV. Note that the fraction of the cross section
in the 3n channel and the value of R are practically in-
dependent of the shape of the distribution. Similar re-
sults are obtained at E, =40.5 MeV. If we repeat this
procedure at E, =45 MeV (5 MeV above the barrier
energy) where the average angular momentum 12'' is
twice that of the isomer, we observe a wider range in the
values of R obtained for different distributions having the
same average value. However, the values obtained for
the sharp-cutoff, square, and barrier-penetration distribu-

tions still differ by less than 16%.
The second type of calculation determines how the iso-

mer ratio varies with the average angular momentum,
again for a fixed compound nucleus excitation energy. In
this calculation we used a Fermi function defined as

1
Tl 1+exp[( I —I0 ) /b I]

for the shape of the initial spin distribution with fixed hl
and variable 10. The results are shown in Fig. 11 (solid
lines) for E, =35 and 40.5 MeV along with the experi-
mental values of R. Neglecting any contribution to the
total error from uncertainties in the statistical model pa-
rameters, the values of the average angular momentum
corresponding to the experimental isomer ratio are
(5.4+, '0)fi and (7.2+0.4)fi, respectively. We deduce a
value of 1=(11.8+0.5)fi at E, =45 MeV. Our esti-
mates of the average angular momenta at these three
bombarding energies, when uncertainties in the statistical
model analysis are taken into account, are (5.4+, ~)vari,

TABLE VI. Statistical model calculations for ' C+'"Te at E, =35 MeV using input angular
momentum distributions having approximately the same I =5.3A, but different shapes (Fig. 10).

Shape

Delta function
Rectangle
Fermi (sharp cutoff)
Fermi
ccFUs

Ip

(fi)

8.0
5.4

0.01
1.8

5.3
5.5
5.2
5.3
5.3

Width
(fi)

0
2.3
2.0
3.0
3.0

1.44
1.54
1.54
1.33
1.31

3'
(%)

72.9
70.9
73.0
71.6
71.0
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FIG. 12. Observed isomer ratio (right ordinate) and the de-
duced J (left ordinate) for the system ' C+' Te.

E, MeV

FIG. 14. Observed isomer ratio (right ordinate) and the de-
duced J(left ordinate) for the system He+" Ba.
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(7.2+I'5)IrI, and (11.8 I'9)A.
This procedure to determine the average angular

momentum (use of a Fermi function for the shape of the
initial distribution with fixed b, l and variable 10) has been
repeated for all three systems. A smooth curve was
drawn through the experimental value of the isomer ra-
tios. Values from this curve were then converted into an-
gular momentum at selected energies. The results are
given in Figs. 12—14. Note the constant value of the an-
gular momentum obtained at the lowest energies in each
of these three systems.

VIII. ADDITIONAL REACTIONS

In addition to the reactions described above, we have
also measured the isomer ratios and 3n cross sections
produced in the fusion reactions ' Ba( He, 3n)' Ce and

Ba( He, 3n)' Ce in the bombarding energy range
E, =18.5-24.8 and 33.2—36.9 MeV, respectively. The
results are summarized in Tables VII and VIII. Isomer
ratios and 3n cross sections for both these systems were
also measured by Kiefer and Street and by Montgomery
and Porile, while Matsuo et a/. reported measure-
ments only for ' Ba( He, 3n )' Ce. Our measurements of
the 3n cross sections agree very well with those obtained
by Montgomery and Porile and show discrepancies with
the other two sets of data. The isomer ratios for

Ba( He, 3n)' Ce also agree with those measured in
Refs. 23 and 39, while our results for the isomer ratios for

Ba( He, 3n)' Ce lie in between those reported in Refs.
23, 39, and 40.

The purpose of these measurements was to make an in-
dependent determination of the absolute angular mornen-
tum by deducing it from the measured absolute cross sec-
tion at an energy well above the Coulomb barrier ( Vb is
approximately 16 MeV for both systems). All calcula-
tions indicate that the angular momentum distribution
has a triangular shape in this energy region and that the

2.5

0.0 I I I I I I I I t I I I I I I

20 25 30
0.0

TABLE VII. Isomer ratios and 3n cross sections for
He+" Ba. The errors include statistical and estimated sys-

tematic errors.

{MeV) R from x ray R from 447 keV (mb)
E, MeV

FIG. 13. Observed isomer ratio (right ordinate) and the de-
duced J (left ordinate) for the system Li+ ' Cs.

36.9+0. 1

35.1+0.1

33.2+0. 1

7.8+0.4
6.6+0.3
5.6+0.3

8.4+0.5
6.5+0.4
5.4+0.3

1200+180
1115+170
880+130
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TABLE VIII. Isomer ratios and 3n cross sections for
'He+'"Ba. The errors include statistical and estimated sys-

tematic errors.

15.0

12.5 41.5 h
13/2+ 176

I I I I I I

E,
(MeV}

24.9+0.1

22.8+0. 1

21.5+0. 1

20.3+0. 1

18.5+0. 1

2.8+0.2
2.1+0.2
1.7+0. 1

1.5+0. 1

1.2+0. 1

2.7+0.3
2.4+0.3
1.7+0.4
1.5+0.4
1.3+0.2

R from x ray R from 447 keV
a
(mb)

520+105
450+90
445+90
333+66
264+55

0
10.0

a5

7.5

95h 1/2

195
Hg

5.0

average angular momentum can be deduced from the
cross section by using a share-cutoff approximation. The
bombarding energy ranges were selected so that the 3n
channel leading to ' Ce exhausts between 75—95 % of the
total fusion cross section. In addition, the He+' Ba
system populates the same excitation energy and angular
momentum in the compound nucleus as does &zC+ ' Te
at the bombarding energies used in the previous measure-
ments. Figure 15 displays and summarizes the deduced
values of J as a function of the excitation energy in the
compound nucleus ' Ce (or ' Ce for one reaction) for all
systems studied in the present work.

For the He+' Ba, the values of I (in units of II1) ob-
tained from the isomer ratio and (in parenthesis) from the
sharp-cutoff analysis of the cross sections are 9.5+0.4,
(9.8+0.7), 9.8+0.5, (10.4 +0.8), and 10.2+0.5,
(10.7+0.8) at E, =33.2, 35.1, and 36.9 MeV, respec-
tively.

15
12' + 128'
7L + 133C

He + Ba
10—

2.5 "c + '"w

O.o
48 50

I I I I I I I I

52 54

E, MeV

I I I I I I

FIG. 16. Experimental isomer ratio for the system ' C+ ' W
as a function of the bombarding energy.

The same approach in the He+' Ba reaction (and
including the ground-state spins of He and ' Ba)
gave values of I (in units of fi): 5.0+0.5, (4.8+0.4),
5.3+0.5, (4.8+0.4), and 5.7+0.6, (5.4+0.4) at
E, =21.5, 22.8, and 24.9 MeV, respectively.

We have also extended this study of the average angu-
lar momentum for fusion using the reaction

W(' C,3n)' 'Hg. The ratio of the population of the
isomeric (J = —", +) and ground ( —,

'
) states in ' Hg also

exhibits an energy dependence characteristic of a con-
stant average angular momentum in the entrance channel
below the barrier (see Fig. 16). The analysis is still in pro-
gress. However, the constant I observed for sub-barrier
fusion leading to a system with different mass and spins
from ' Ce indicates the universality of this phenomenon.

IX. SUMMARY

). ".5' &&

1$,~ )/)

jZ) L1

&& He + ' Ba

He + ' Ba

0

E„MeV
50

FIG. 15. Experimental average angular momentum as a func-
tion of the excitation energy in the compound nucleus for all the
systems studied in this work. Note the overlap of four different
entrance channels in the region of excitation from 32 to 38
MeV. The error bars represent the uncertainties in the average
angular momentum due to the experimental uncertainty in the
isomer ratio.

We have measured the ratio of the yields for the isomer
(J = —", , tI&2=34.4 h) and ground state (—,

'+, 9.0 h) of
Ce produced in the sub-barrier fusion reactions
Te(' C,3n), ' Cs( Li,3n), and ' Ba( He, 2n), by ob-

serving the delayed x and y rays emitted in the decay of
these states. We deduced the average angular momentum
J from the experimentally isomer ratio with a statistical
model. The values of J thus obtained exhibit the predict-
ed behavior of the average angular momentum at low en-
ergies and the expected variation with the reduced mass
of the entrance channel. The isomer ratio technique can
be an important tool for determining the average angular
momentum in sub-barrier fusion. These measurements
are of interest because they provide an independent ex-
perimental approach to the problem, recently pointed out
by Vandenbosch, ' that for energies below the barrier,
theoretical values of the average angular momentum fre-
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quently disagree with those deduced from y-ray multipli-
cities and fission angular correlations.

ACKNOWLEDGMENTS

We are pleased to acknowledge a number of helpful
discussions with R. Vandenbosch. We thank H. Esben-
sen for performing coupled-channel model calculations
for the ' C+' Te system. This work was supported by
the Director, Office of Energy Research, Office of High
Energy and Nuclear Physics, Nuclear Physics Division,
of the U.S. Department of Energy under Contract No.
DE-AC03-76SF00098.

APPENDIX

Relationship of angular momentum and isomer ratio

The statistical-decay model enables an examination of
the sensitivity of the isomer ratio to the initial angular
momentum distribution in the compound nucleus and, of
course, to the parameters (level density, moment of iner-
tia, etc.) that govern the neutron and y-ray decay. The
sensitivity of the isomer ratio to the angular momentum
distribution in the entrance channel is illustrated in Fig.
17. The results of three types of predictions for
' C+' Te are shown there, along with the experimental
isomer ratios. The horizontal bars give the isomer ratio
produced by decay of a compound nucleus having a
unique angular momentum and excitation energy. Thus

Ce nuclei produced in a collision at E, =37 MeV
and having a total angular momentum of 6' would, after
decay, produce an isomer ratio of about 3, whereas simi-
lar nuclei having an angular momentum of zero A would

produce an isomer ratio of only 0.4. The dashed line is
the isomer ratio resulting from a triangular, sharp-cutoff
distribution with a total fusion cross section given by the
prediction shown in Fig. 5(a). The solid curve is the same
calculation as shown in Fig. 5(b). These calculations
show that the isomer ratio is quite sensitive to the com-
pound nucleus angular momentum, particularly for
values comparable to the spin of the isomeric level. Fig-
ure 17 thus shows that the isomer-ratio method is capable
of testing whether the average angular momentum lead-
ing to fusion becomes constant below the barrier or con-
tinues to decrease.

Spin fractionation

Only those collisions that lead to the 3n channel (or the
2n channel in the case of He+' Ba) provide informa-
tion on the angular momentum, since the isotopes on ei-
ther side of ' Ce are stable. This introduces a bias in the
measurement, because the angular momentum influences
the number of neutrons emitted, an effect referred to as
spin fractionation. Figure 18(a) shows the predicted rela-
tive intensities of the 2n, 3n, and 4n channels for
' C+' Te. The 3n channel is the strongest over the en-

ergy region in which the average angular momentum is
expected to be constant. This minimizes the effect of spin
fractionation and is one of the reasons why this particular
system was chosen for this study.
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FIG. 17. Sensitivity of the calculated isomer ratio to the an-

gular momentum in the compound nucleus. The isomer ratio is
calculated for a unique angular momentum (horizontal bar), a
sharp-cutoff distribution as described in the text (dashed curve),
and the same calculation shown in Fig. 5(b) (solid curve). The
experimental values are indicated by the points with error bars.

FIG. 18. Effects of spin fractionation on the deduced l.
Three exit channels (2n, 3n, and 4n) are shown in (a) as a per-
centage of the total fusion cross section. The predicted l for the
compound nucleus (solid line), 3n (dashed line), and pre-y emis-
sion channels (dot-dashed line) are shown in (b).
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The effect of spin fractionation and the consequence of
neutron evaporation on the average angular momentum
are illustrated in Fig. 18(b). The solid line is the predict-
ed average angular momentum in the compound nucleus.
If in the Monte Carlo calculation we select from all par-
tial waves only those that eventually populate the 3n
channel, and calculate their average angular momentum,
the dashed line is obtained. At higher energies in the
fusion entrance channel the evaporation of four neutrons
preferentially removes the lower partial waves, resulting
in an increase of the average of the spin distribution for
the 3n exit channel. Conversely, at lower energies the
evaporation of two neutrons results in the lowering of the
average spin. Overall, spin fractionation has a small
effect on the observed average of the spin distribution and
it vanishes in the vicinity of the Coulomb barrier at
E, =40 MeV, where the 3n cross section is at a relative
maximum and the point at which I, is becoming a con-
stant. The dot-dashed line in the figure is the average an-
gular momentum of the ' Ce nucleus before emission of
any y rays, i.e., the entry-state average angular momen-
tum. The difference between the dashed line and dot-
dashed line is the average angular momentum removed
by neutrons. Again, this is not a large effect, and we see
that, above 40 MeV bombarding energy, it cancels the
effect of fractionation. Of course, all these effects are au-
tomatically taken into account when the statistical model
is used to predict the isomer ratio from an initial angular
momentum distribution.

We are now in a position to investigate the predicted
slow decrease of the isomer ratio for bombarding energies
below 38 MeV, even when the input average angular
momentum is a constant [Figs. 4, 5(b), 6(b), and 12—14].
This slow decrease is a consequence of three factors. The
first is the decreasing excitation energy in the compound
nucleus (at constant angular momentum). This effect is
easily seen in Fig. 17. The second factor is spin fractiona-
tion [Fig. 18(b)]. An additional factor that would con-
tribute to a decrease in the value of R at lower energies is
a continued decrease in the average angular momentum,
as is predicted to occur when the full nuclear plus
Coulomb potential is used instead of a parabolic approxi-
mation. However, the difference in the predicted slopes
of l in the region 35—40 MeV is too small to be detected
in this experiment.

Discrete lo~-lying levels

The level density in the statistical model for the initial
population in ' Ce from the entry point to 2 MeV of ex-
citation energy is approximated with the usual formu-
lae. Below 2 MeV excitation energy, individual discrete
states are used. Clearly, the absolute value of the isomer
ratio can depend sensitively on the final stages of the p-
ray decay and it is a distinct advantage to be able to use
discrete states in the calculation. The principal sources
of information on the level scheme of ' Ce are Refs.
36—38. Low-spin levels have been studied in the radioac-
tive decay of ' Pr (Ref. 36) and thermal neutron capture
in ' Ce, and high-spin levels (in the band built on the
isomer) in the (alpha, xn) reaction. These three
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FIG. 19. Known low-spin levels (crosses), known high-spin
levels (small stars) built on the isomer, and interpolated
intermediate-spin levels (diamonds) in '"Ce used in the statisti-
cal model calculations and discussed in the text. The yrast lines
of Sierk (solid line), of Gilbert and Cameron (dashed line), and
that corresponding to a rigid-body moment of inertia with
ro = 1.20 fm (dot-dashed line) are also shown.

methods, however, do not reveal the intermediate-spin
states, levels with —', and —', . Since such levels must be
present, we therefore added some states with appropriate
spins and excitation energies to the calculation. The
choices of spins and excitation energies represented a
reasonable interpolation of the trends in level density for
the low- and high-spin regions. (We also were guided in
the placement of these intermediate-spin levels by the lev-
el scheme for ' Sn, which has an —", ground state and a
shell-model configuration of three neutrons in the h»&2
shell. ' Ce, has a structure of three neutron holes in a
filled h»zz shell. ) The known and added states below 2
MeV that were used in the final calculations of the isomer
ratio are shown in Fig. 19.

Figure 20(a) shows the effects on the isomer ratio of
different treatments of the level structure below 2 MeV.
Figure 20(b) shows the density of levels corresponding to
these different combinations. If the low-lying structure is
represented by a level-density formula, and only the
ground and isomeric states are considered explicitly, the
dashed curve in Fig. 20(a) is obtained. If only the known
discrete states below 2 MeV are included, the isomer ra-
tio given by the dot-dashed line results. Including an ex-
tra six levels of intermediate-spin results in the solid
curve. Inclusion of these extra levels in the calculation
increased the decay to the ground state and thus lowered
the predicted isomer ratio. Including another 8 states
(for a total of 14 extra states) made no significant
difference in R, and calculations were conducted with
only 6 extra states. Note that even the difference in the
isomer ratio calculated with only the known states and
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100

yp—

instead of to the ground state, the calculated isomer ratio
would increase from 2.0 to 2.6 and the deduced l would
decrease from 5.6A to 4.5A. Table IX shows for three
bombarding energies the changes in the deduced l when
the decay of the —,

' state is switched to the isomer. These
uncertainties may be reduced at a future time if a more
complete level scheme is determined.
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FIG. 20. Effects of intermediate-spin levels on the predicted
isomer ratio. In (a) we show the three cases discussed in the text
of adding six levels, using only the known levels, and using only
the ground state and isomer. In (b) we show the number and
spin values of (i) the known levels, (ii) the six additional interpo-
lated levels, and (iii) a total of 14 additional interpolated levels.

with the 6 extra states is quite small.
Because of their intermediate spins, the low-lying —,

and —', levels in ' Ce represent a dividing point for y-ray
transitions eventually leading to the isomer or to the
ground state. Depending on the relative energies and on
the parities, either a —', or a —', level could shift the y-ray
intensity passing through it entirely to the ground state
or to the isomer. An upper limit on the uncertainty in
the predicted isomer ratio arising from a lack of
knowledge of the details of the level scheme can be es-
timated, therefore, by determining (in the calculation) the
number of transitions feeding the lowest —', state (one of
the six states added to the level scheme). At E, =38
MeV, this is about 5% of all compound nuclear decays.
If all of the decays of this state were to go to the isomer,

The moment of inertia is a sensitive parameter in the
statistical calculation. ' Figure 19 shows the yrast
lines corresponding to the different moments of inertia
discussed in the following. In the region of excitation
from 2 to 5 MeV, the yrast lines specified by both Gilbert
and Cameron ' and Sierk are generally consistent with
the positions of the known yrast states above the isomer
in ' Ce when the pairing energy of 1.1 MeV is con-
sidered. However, on the basis of this comparison the
Gilbert-Cameron moment of inertia appears to be a lower
limit for this nucleus. Note that the moment of inertia
taken from the Gilbert-Cameron systematics and used
in the calculations with a = A/8. 5 corresponds to a rigid
body with ro = 1.05 fm in contrast to the value of
ro = 1.20 fm, which was used to define I„ in previous sta-
tistical model calculations. ' ' ' Therefore, with
reference to these earlier studies, IGc =0.76I„. The mo-
ment of inertia given by Sierk is obtained from a
rotating-liquid-drop model which incorporates the finite
range of the nuclear force. It is angular momentum
dependent and, in the region of 1—3 MeV of excitation, is
close to I„;s (r&=1.20 fm).

In order to study the dependence of our method of
deducing average angular momentum from isomer-ratio
measurements on the moment of inertia used in the sta-
tistical model calculations, we have made the following
comparison. We deduced the average angular momen-
tum for fusion from the total fusion cross section that we
infer from the 3n cross sections measured in the present
work. This is done for ' C+' Te, He+' Ba, and
He+' Ba at bombarding energies above the barrier

where the angular momentum distribution has a triangu-
lar shape, and where values of the angular momentum
can be determined by using the sharp-cutoff approxima-
tion. Figure 21 shows the values of J thus obtained for
' C+' Te (open circles), He+' Ba (open squares), and
He+' Ba (open rhomboids) as a function of the excita-

tion energy in the compound nucleus ' Ce. The average
angular momentum obtained from evaporation-residue
measurements of the total fusion cross section for
' C+' 'Te (Ref. 41) are displayed in Fig. 21 as small

TABLE IX. Uncertainties in the deduced average angular momentum.

(MeV)

35.0
40.5
45.0

5.4
7.2
11.8

Experimental

uncertainty in R
(W)

+06—1.0
+0.4
+0.5

Replace Sierk

by Gilbert-Cameron
(fi)

+0.6
+0.9
+ 1.2

Switch
2

state

decay to isomer
(A')

—1.1
—1.5
—1.8

Combined

error

+0.8—1.5
+ 1.0—1.5
+1.3—1.9
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FIG. 21. Average angular momentum as a function of the ex-

citation energy in the compound nucleus ' Ce deduced from

the total fusion cross section that was inferred from the 3n cross
sections measured in the present work: "C+"Te (open cir-

cles), He+" Ba (open squares), and 'He+ '"Ba (open rhom-

boids), and from evaporation-residue measurements for
' C+' 'Te (small stars) (Ref. 41). The solid lines represent the

values of J deduced from isomer ratio measurements and statist-

ical model calculations using the moment of inertia given by
Sierk (Ref. 34), while the dashed lines are those deduced using

the moment of inertia of Gilbert and Cameron (Ref. 35).

stars. The solid lines represent the values of J deduced
from isomer-ratio measurements and statistical model
calculations using the moment of inerta given by Sierk,
while the dashed lines are those deduced using the mo-
menta of inertia of Gilbert and Cameron. In general,
and particularly for He+ ' Ba, the larger moments of

inertia predicted by Sierk give better agreement with the
angular momenta deduced from the cross sections.

Therefore, on the basis of this comparison as well, we
take the Gilbert-Cameron moment of inertia to represent
a lower limit for our statistical model calculation. At
E, =38 MeV, changing from the Sierk to the Gilbert-
Cameron yrast line changes the calculated isomer ratio
from 2.0 to 1.7. This would change the deduced I from
5.6A to 6.4'. Table IX gives the corresponding changes
in angular momentum at three energies. The combined
errors given in the main text were computed by adding in
quadrature the error from the uncertainty in the isomer
ratio with the maximum change in J associated with the
change in the moment of inertia or in the decay of a
lowest —,'state.

Earlier statistical model analyses of isomer ra-
tios ' ' ' required a moment of inertia substantially
less than I„s(typically one-half) in order to reproduce the
measured isomer ratios. For example, Montgomery and
Porile obtained I/I„=0.35 in their analysis of
He+' Ba. Since their experimental values and ours

agree, the difference must arise from the respective sta-
tistical model analyses. Their statistical analysis was
based on the method introduced by Huizenga and Van-
denbosch. The codes used today, e.g. , FAcE, are based
on the same physical model, but make fewer computa-
tional approximations and are able to incorporate more
experimental information, such as individual states in the
last stage of decay. Also, much more information is now
available on the level schemes than was the case 20 (Ref.
39) and 30 years ago. There is an indication in Fig.
20(a) that the inclusion of discrete levels in the calcula-
tion may be at least part of the reason for the different
conclusions on the moment of inertia. Note that if the
discrete levels in ' Ce are omitted (and represented by a
Fermi-gas level density), the predicted isomer ratio in-
creases by a factor of 2 for ' C+' Te. In order to At the
(smaller) experimental value in this case, a smaller mo-
ment of inertia would have to be used in the calculation.
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