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The anomalous signature-dependence of proton h,;,, rotational bands in '**!'*’"Ho, '*Tm,
161,163.165] yy after the first band crossing is described in the framework of a model of particles plus
symmetric rotor. We take into account rotor’s degree of freedom that it undergoes y vibration
about an axially symmetric equilibrium deformation. By using a set of moments of inertia such that
the largest one is around the shortest axis, the essential features of all the energy spectra are repro-
duced. We have calculated magnetic dipole and electric quadrupole transition strengths with the
wave functions obtained, and have found that virtually every characteristic feature of the available

experimental data is well reproduced.

I. INTRODUCTION

It was found in 1981 that the energy spectrum of the
negative-parity yrast rotational band of 'Tm is anoma-
lous in its dependence on a quantum number called signa-
ture.!”® Since then the same kind of anomaly has been
found in 'SHo,” !'STHo,”~!! 1811y,12 18y 13 and
1651 u.14~17 This anomaly has long challenged us for an
explanation. Recently we have proposed a model, in
which the anomaly of *’Ho has been well reproduced in
a natural way.'® In this paper we will extend numerical
calculations to the other nuclei and compare the theoreti-
cal results with the experimental data. In order to test
the validity of the model, magnetic dipole and electric
quadrupole transition strengths will be calculated by us-
ing the wave functions obtained and the predictions will
be compared with the available experimental data.

We will devote the present section to a brief descrip-
tion of the phenomenon of interest. Signature is a quan-
tum number related to the invariance of a system with
quadrupole deformation under its rotation by 180°
around a principal axis. Thus we can call the symmetry
turn-about invariance. When the system is axially sym-
metric, only the turn-about around principal axes other
than the symmetry axis can be used to define the signa-
ture quantum number. Signature takes on only two
different values in odd- A nuclei, according to the total
spin. It is customary to assign

—1 (1.1)

a, = %( - 1 )1
as the signature quantum number to a state of spin I of
an odd- 4 nucleus.

In Bohr and Mottelson’s strong coupling model, a rota-
tional band is characterized by its intrinsic structure and
is a sequence of levels differing in spin by 17#. Signature
now splits such a rotational band into two families, each
consisting of levels differing in spin by 27 according to
Eq. (1.1).

The significance of signature is easier to see in the low-
lying negative-parity rotational bands of the odd-4 Ho,
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Tm, and Lu isotopes which we are interested in. The in-
trinsic structure of these bands is such that the last odd
proton moves in the orbitals originating from h,, ;.
They are called unique-parity orbitals because they are
isolated in energy from other orbitals of the same parity
and therefore are rather pure in j quantum number. To a
good approximation we can assume that j is a good quan-
tum number in these orbitals. Then, each of these bands
is split into I = (mod2) and I =j +1 (mod2) families ac-
cording to signature. It is observed that the energy spec-
trum and the reduced M1 transition probabilities of a
unique-parity rotational band depend on signature in
characteristic ways. The I =j (mod2) sequence is shifted
downward in energy against the other. This is why the
I=j (mod2) sequence is customarily called the favored
band and the other, unfavored. B(M1;I—I —1)’s are
larger in many nuclei when the state I is a favored state
than when it is an unfavored state. The simple model of
a particle coupled to a symmetric rotor predicts such a
dependence of energy spectra and B (M 1)’s on signature
as a consequence of the Coriolis coupling, in accordance
with a great deal of experimental data. We will call such
a dependence of energy spectra and B(M1)’s on signa-
ture normal signature dependence.

It is important to note that the signature quantum
number is directly connected with the characteristic ener-
gy shift and alternating enhancement of M1 transitions
and that these are well understood theoretically in terms
of the simple particle-rotor model.

When we go up along such a negative-parity yrast band
we come across a discontinuity, sharp or broad, in the en-
ergy versus spin diagram. The widely accepted interpre-
tation of this discontinuity is that it results from the
crossing of two bands. One of them is just the rotational
band whose structure we have already discussed above.
It should be noted that the angular momentum of the last
odd quasiproton, which moves in the orbitals originating
from h, /,, aligns itself with the total angular momentum
to some extent. In the other band two quasineutrons are
excited in addition. They move in the orbitals originating
from the spherical i,;,, and align their spins with the to-
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tal angular momentum. It may be appropriate to call the
former band (7h,, ,,)! and the latter (7h,, ;) (vij; )%
Despite the difference between the configurations of the
two bands, the particles plus symmetric rotor model pre-
dicts that the correspondence of the signature quantum
number to energy favoredness or unfavoredness invari-
ably persists.

To our surprise the opposite to this prediction is ob-
served in '35 17Ho, 5%Tm, and 611631851y after the band
crossing: the I —j=even levels are found to lie higher in
energy than the I —j=odd levels where j stands for
hy,,,. We illustrate the energy spectra of those isotopes
in Fig. 1 in the form

EI)-E(I—-1)

o ,
! 21

Il

(1.2)

where E (I) is the energy of the state of spin I. In Fig. 1
black points are given to ©;’s when I belongs to the
favored band and open circles otherwise. The signature
dependence is normal when the open circles are above the
black points in the illustration. We see that the signature
dependence is normal up to the band crossing and that it
gets inverted after that for a rather wide range of spin.
Since the signature inversion is rather subtle and hard to
see, the spectra in the region of signature inversion are
magnified in the insets. This anomaly constitutes the
problem of signature inversion and seems to provide us
with an opportunity to learn about unknown aspects of
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nuclear structure.

Through the introduction of an equilibrium triaxial de-
formation'® or dynamical triaxial fluctuations around an
equilibrium axially symmetric deformation® into the
particle-rotor model we have learned that the triaxial de-
gree of freedom influences the signature dependence of
electromagnetic transition strengths. We have pursued
the dynamical view of Ref. 20 and proposed a model for
the signature inversion in a recent paper,'® which is a
straightforward extension of the model of Ref. 20. We
applied the model to '*’Ho and reproduced its anomalous
energy spectrum.

In this model the (mh, )" and (mh ;) (vij3,,)?
quasiparticle configurations are taken into consideration
explicitly. In addition to them we let the rotor undergo
y-vibration around the equilibrium axially symmetric de-
formation.

In classical language, y-vibration introduces time-
dependent deviations of the system from axial symmetry
and gives rise to two effects.

(1) It changes the mean field felt by quasiparticles lead-
ing to particle-vibration coupling.

(2) It allows the system to undergo three-dimensional
rotation. This gives rise to rotation-vibration coupling.

The isotopes of interest are supposed to have axially
symmetric deformations. The dependence of the mo-
ments of inertia on ¥ in the neighborhood of a prolate ax-
ially symmetric deformation is very crucial. We have
found in Ref. 18 that the moments of inertia in the irrota-
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FIG. 1. Experimental energy spectra of '*>'*"Ho, '**Tm, and '*:!¢*!9Lu in the form of ©,, which is defined in Eq. (1.2). The black
and white points correspond to I=favored and unfavored, respectively. Black points above white points mean signature inversion.
A part of the spectra is illustrated with a four times larger scale in insets.
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tional flow model (IRF) do not lead to an anomaly of the
energy spectra. An important feature of the IRF mo-
ments of inertia is that the largest moment of inertia is
around the axis of intermediate length. To reproduce the
anomalous signature dependence we need a set of mo-
ments of inertia such that the largest and intermediate
moments of inertia are around the shortest and inter-
mediate axes, respectively. The longest axis is the sym-
metry axis when ¥y =0° and the moment of inertia around
the symmetry axis must be zero. Hence, the moment of
inertia around the longest axis is expected to be propor-
tional to y? in the neighborhood of ¥ =0°. We will refer
to this kind of moments of inertia as the Largest-around-
Shortest (L-a-S) moments of inertia in this paper. This is
the same feature that the classical rigid body moments of
inertia have. It should be understood that presently we
are not interested in the global behavior of the moments
of inertia but only in their behavior in the neighborhood
of a prolate axially symmetric deformation.

The model, which we know is able to reproduce the
anomalous signature dependence of the energy spectrum
of 1*"Ho, should be tested further. First we will apply it
to the above-mentioned Ho, Tm, and Lu isotopes to see
whether or not the model is able to describe the anomaly
in those isotopes. Then we will use the wave functions
obtained to predict M1 and E2 transition probabilities.
The predictions will be compared with experimental data
when available. This is expected to provide a good way
to test the model.

II. THE MODEL

A. Hamiltonian

The present model is a straightforward extension of the
model of Ref. 20 to include not only one-quasiparticle
configurations but also three-quasiparticle configurations.
We write down the total Hamiltonian of the particles
plus symmetric rotor model with the y-vibrational degree
of freedom as

H=H . .+H +H,, . 2.1

particle

The first term, H ., is separated into the energy for
protons and neutrons in the unique-parity orbitals
(Jp=hy1,2> jn=1I13,2) and the effective interaction be-
tween them:

Hparticle :Hp +Hn +Hpn . (2.2)

The Hamiltonian for protons (7=p) and neutrons (7=n)
is expressed as

_ +
H‘r_ 2 (ejTQ—‘)\‘r)cj’_ch’_Q
(9]
+

1 t
?A,rz (C;:ijTQ +Cj7ﬂcj':h) N
Q

with 7=p,n , (2.3)

where ¢” and ¢ are creation and annihilation operators,
respectively, for particles of the indicated quantum num-
bers. We use the following phase convention for time re-
versal:

.
e=(—1/"%_ . (2.4)

In Eq. (2.3), A, stands for the Fermi energy and A, for
the pairing energy gap. Using the Bogoljubov transfor-
mation

t o
Cjﬂ_ujﬂajﬂ Uanj?)_‘ (ujﬂ,vaZO) N (25)

we express H,+H, in a diagonal form with respect to
the quasiparticle operators a'and a:

Hy,= 3 31/(6 q=A)+A2a) ga; 4. 26

T=p,n Q

The Nilsson energies in Eq. (2.3) are given to a good
approximation as

ejTQ=qTB(jTQI Y2,0|j7(l>

1[s ] 302G, 1)
R qTB——jT(—j‘TT (r=p,n),
(2.7)
where
q.= —fwy(N.+3), (2.8a)
with
fiwg="Hdo(1—£87— 188%) 71/ (2.8b)
and
1/2
Foy=414"17 MeV, 5=% % B. (2.8¢)

In Eq. (2.82), N,=5 and N, =6 for the rotational levels
under study.

H,, in Eq. (2.2) represents the effective interaction be-
tween proton and neutron:

o L tot
Hpn - zg (jp,u,j,,v| Vp't |]P§’J"n):cfp”cj"vcj” "Cng: ’
1vén

2.9)

where : : denotes the normal product with respect to the
quasiparticle vacuum. As for the effective proton-
neutron force we adopt the quadrupole-quadrupole force

2
VP" =X 2 ) ( —1)#rp2Y2,/1(9p7¢p )rnZYZ,—#(en)qsn ).
w=—
(2.10)

The second term in Eq. (2.1) is the sum of the rotation-
al energy and the kinetic (T, ) and potential energies of
y-vibration of the rotor:

3 2
H=7 2@ (I, —J)+T,+1C,v?,
k=1 K

2.11)

where J, = j,.tj, In the present model we start with

the general form of moments of inertia which were given

by Belyaev for quadrupole deformations:?!

J,=4B* B, —B,cosy,— B,cos2y,)sin’y, , (2.12)
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where y,=y — 2mk(k=1,2,3). In this expression, By, B,
and B, can be any function of the invariants B° and
Bcos3y. In this study we assume these factors to be con-
stants for simplicity.

Expanding the moments of inertia around y =0° and
keeping only the lowest and second lowest order terms in
v, we obtain

9,=9 1+—\72_§a7,7/+0(}/2) (2.13a)
Ty=9 [1——2a y+0(y?

)= e a,y (y°) (2.13b)
I, =49y’ +0(y") , (2.13¢)

where

J=3B%B,+1B,+1B,), (2.14)
J'=3BXB,—B,—B,), (2.15)
a,=(B,—1B,+2B,)/(By+1B,+1B,) . (2.16)

The choice of B,=const and B; =B, =0 corresponds to
the IRF moments of inertia and leads to @, =1. On the
other hand an appropriate choice of B, B, and B, gives
a negative value to a,, which is a characteristic of the
L-a-S moments of inertia. We assume a,=—1 in our
study. This value of a, corresponds to B,+ 1B,
+3B,=0.

Using the moments of inertia of Egs. (2.13) we can
write the rotational energy as

2 2
> ;; I.—J, )2 =H_,+H v » (2.17)
k=1 K
where
# #
H =213 +I_J,
rot 2:7(1 15)— 2JI JJ_+I_J,)
JyJ_+J_J,), (2.18)
Hgin=— h7[12+12)—(1J+IJ)
rot-vib = ‘/3 2.7 +

+JL +J2)]. (2.19)

Following Eq. (9.25) of Ref. 21 we express the kinetic
energy of y-vibration for small y’s,

H_ 3, =q.B |(cosy —1) 3 (j,Q1¥,01j, Q)¢ gc; o+
Q0

\/2

—=q.By 2 (j, Y, +Y, —2|JfQ>Cj a€j o, with 7=p,n

# 19 3
= |V (2.20)
" 28B, v d >
where
B;,=BO—B2—B1cos37/z3—2—2-+O(72) . (2.21)

Thus we have constructed an approximate Hamiltoni-
an for y-vibration as

JU 0 O N )
v B, v Ay | ¥y
%1 [ —Jr+1C (2.22)
g2, y? 0 TR '
where B, means B (y=0°) of Eq. (2.21). In Eq. (2.22)
we replace [I;—J;=R; with eigenvalues A

(A=0,%£2,%+4,...). Then the wave functions of y-
vibration are solutions of

vlb“/}An ’}’) EAnden(y (2.23)
Their eigenvalues are obtained to be
E¥,=Q2n+iA[+DE, (n=0,1,2,...), (224)
where
172
# | S
E =17 % (2.25)
"6 | B,

We define the matrix element of y between the vacuum
and the y-vibrational state as

b={(A=2,n=0|y|A=0,n =0)

= [7 b yin(¥)lyldy (2.26)
where we assume ¢/,,(y)’s are normalized. Then we ob-
tain

1= mﬁ:"‘ . (2.27)

BVB,C,

Once we assign definite values to the parameters f3, J,
E,, b2, and a,, then By, By, and B, of Eq. (2.12) are
determined uniquely. In Appendix B we give explicit ex-
pressions of B, B, and B, in terms of the parameters.

The third term in Eq. (2.1) represents the particle-
vibration coupling:

Him :Hp-v1b+Hn-vib ’ (228)
where
1 . . A .
775 SinY S Gy, ,+ Yzﬁzljrﬂ)cfrﬂlcjrﬂ
Q0
(2.29)

Summing up the partial Hamiltonian described above, the total Hamiltonian is written as
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H=H,, +tH,+H,+H, (2.30)
where H , represents the sum of all the y-dependent terms:
Hy=Hvib+Hrotv1 Hp v1b+Hn-vib . (231)

Explicit forms of the Hamiltonian matrix elements are given in Appendix A.

B. Model space

The basis functions consist of one-quasiproton states with the y-vibrational degree of freedom:

172
21 +1

= 125 [Dhx (@)W1 )] ,OY +(= 1) 7Dy (@) p,()a] 00 (K=p+A>0), (232

p,An

and one-quasiproton and two-quasineutron states with the y-vibrational degree of freedom

21 +1

|WMK |y — :
167

p,oT,An

72 )
[i),l‘,K(w)tle,,(y)a}ppaj-nga;",!O)+(—-l)Iﬂf’i)ﬂ,ﬁ,((m)tﬁ_,,,,,(y)a;p'apaf al _0)]

Jpr =%y

(K=p+to+7+A>0, 0>7), (2.33)

where p, o, 7, and A denote the projection of the spins of quasiparticles and y-vibration on the symmetry axis of the ro-
tor. In the present model we take into account the vacuum (A=n =0), and the state of one y-vibrational quantum
(A==2,n=0).

When we work in the space of two-quasineutron configurations of the BCS approximation, the spurious states related
to violation of particle number conservation inevitably creeps in. The spurious states are of one-quasiproton and two-
quasineutron configurations and can be written as

(N, —COIN, lon|wME) (2.34)

where ﬁ,, is the number operator for i,;,, neutrons. We have rigorously eliminated them out of the basis functions in
this study.

C. Magnetic dipole transitions

The M1 operator in the laboratory system assumes the form

1

M (M1)= zlsojlv(wwt;(m), (2.35)
where J, (M 1) is the M1 operator in the intrinsic system:
172

M (M) =py [T, +(8) =8 Viput (&), — 8 Vim] » (2.36)

4r

where p is the nuclear magneton. In terms of the spin and orbital g factors we write the g factors of quasiparticles in
unique-parity orbitals as

ng=—27(—],1—~—{[] A D=L A1)+ 21g (1) + [ G+ D+ +1)—21g, (1)}, with 7=p,n . (2.37)
T T
In the present study we assume ggx =Z/ A4 for the rotor and the bare values for g, and g,.
Matrix elements of the M1 operator are reduced to the expressions
172

3
K —
(WLE MOV Y =py o2 DA

n'n

8,18k k8,,0a a8k VI T +1)

1
ban 2 Bk 48y e WIKWII'K +v)(0la, o jpua) 00

v=—1

+(gjp_gR)

—
F(=1) P84k Bk 108y —pa1Bpr AL 1=1I"— 1)

X (0la, e ljp,la |0) (2.38a)
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172

CWEEL MDY =py 3 Lr+n

(gjn _gR )Sn‘n

X [ap,paA,A S Skk 480+, K WII'K +v)(0ljy 0] ya] —,,[0)

v=1=*1
r-j .
+(—1) jpSK'KSK,l/zsp',—p80+f,15/\',—A(I%l“1u"’%)(O'Jn,-lajnaa;”,—aﬂl())

(2.38b)
172

<WIKUTAn”‘/M“M1 “\Ppar/\n> .uN 3 (2I+1) 6

n'n

81 18k'k8pD0150 DA AER VII+1)

t(8) ~8r) [85168,8an 2 8k k +10, p+ MIKIV|I'K +v)(0|aj oy |0)
v=—1
+(_1)1’ 5K1<5K1/25p —p+180 Y —A(I—l_”p_%
X<O|aj p— l_]pﬁla |0)
1
+(gjn—gR) Sp'paA'A 2 8K"K+V(IK1V‘I'K +V)
v=—1
X(80',0+v8'r"r(Olaj",a+vjnva;"a'0>+80‘081’,7+V<O‘ajn,r+vjnva;nr|0>)
e
F(=1)" P88k n8y 8 AUTE1I—1I'— 1)
X(So',—‘rs‘r',fa+l(0|aj",a—ljn,*laj'n0|0)
+8, 118, _,,<Oiaj , 1],,41(1 L0)) ) , (2.38¢)
where
(Ola; ,joa; J0Y=p (r=p,n), (2.392)
(Ola; yurjraral 0)=F + Wi G A D—ppEl) (r=p,n) (2.390)
jopttdr 1% V3 Uj ylj ux1 TV )05 1)V I plpx T=pn), .
, 1 —
<0|],,‘i1aj"0a}”,,[,;1|0> +7~(—1) U(ujnavj",oil——vjnguj",gi,)\/j,,(j,,-H)—a(ail). (2.40)

D. Electric quadrupole transitions

We can write the E2 operator as

M(ED)=e B |cosy Do)+ —=siny [D() +D2 (w)]

zecB'Z)ﬁO( ‘/ —=v[Dh(0)+D} ()] |, (241

where the effective charge of the rotor e, is assumed to be

ec=T3Tr—eZR2 , (2.42)
with
Ry=1.24"3fm . (2.43)

In this expression it is assumed that the rotor has a uniform charge distribution. In Eq. (2.41) we have ignored the con-
tribution from the quasiparticles. This is a reasonable approximation because the E2 transition in the isotopes of in-
terest are dominated by the contribution from the collective rotation.
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Matrix elements of the E2 operator are of the following forms:

VK IMUED|WE, ) =e BV 2T +1

X |8, Sk kOp A8, IK20|I'K)
‘/ 2 8k k+9n A+ ATV, [y[AnYUK2VII'K +v)
=,
1 Il_-] ’ ’

+5 -0 "8k —k +20y— O —n+2{ A=2,n" |y |An YUK2—2|I'K —2) (2.44a)
<\P11§\n ”./l/l (E2) ”‘Pp a'rAn)zo ’ (2.44b)

(WK A MUE)| WK, ) =e BV 2T +1

8,p0000r |8k kOaady L(IK20|I'K)
+-L S Sk k+Oa s S ATV ly|An YUK 2v|I'K +v)
\/2 v=12 ' '
1 j ’
+ 72( —1 ) p6K',—K+28p',7p80’,7757‘,*~06/\',—/\+2( A=2,n’ly[An)

X(IK2—2|I'K —2) (2.44c¢)
III. NUMERICAL RESULTS AND DISCUSSION tion Y. Experimental values are first given to them, when
available, and kept throughout fixed or varied slightly to
A. General obtain a good fit to the data. Energy gaps are derived
from the binding energies of the neighboring nuclei?? and
We first summarize the parameters involved and de-  are kept fixed. We use the average of deformations of the
scribe how we fix them. The parameters involved are axi- neighboring even nuclei obtained from B(E2)’s (Ref. 23)
ally symmetric equilibrium deformation 3, Fermi ener- as a starting value of the deformation 8 and vary it to
gies A, and A,, energy gaps A, and A,, reciprocal mo-  some extent to achieve a good fit to the experimental
ment of inertia #°/2J, excnatlon energy of y-vibration data. The values of B actually used are listed in Table I
E,, the matrix element of ¥ between the vacuum and y- together with the starting values. The starting values of
vibration b, and the strength of p-n quadrupole interac- the Fermi energies are obtained by putting the selected

TABLE 1. The values of the parameters used. We have started with the values listed in the lower column for S, A’s, and #°/2J.
They are obtained from the B (E2) measured for the neighboring even-even nuclei (Ref. 23), by putting the proper neutron and pro-
ton numbers in the ordinary Nilsson diagram and from the energy spectra of the adjacent even-even nuclei. Then they are varied to
obtain a good fit to the experimental data. The values actually used are given in the upper column. A’s are given in the form of [n,0]
where A=¢€, +o(€,+;—¢€,) with n taking on 1,2,3, ..., for Q= ;, 3 f, .. . A’s are estimated from the binding energies of the adja-
cent even-even and odd- 4 nuclei, and kept fixed. E ,’s are the average of the experimental excitation energies of y-vibration in the
adjacent even-even nuclei (Ref. 24). b?is about 1.6 times of the measured values for '**Gd (Ref. 25).

2

B A, A, 27 (MeV) A, (MeV) A, (MeV) E. (MeV) b?

13%Hogs 0.23 [3,0.8] [1,—1.0] 0.045 1.4 1.1 1.03 0.06
(0.21) ([4,0.0]) ([1,—0.5) (0.057)

137Hog, 0.27 [3,0.9] [2,0.0] 0.024 1.2 1.3 0.89 0.06
0.27) ([4,0.0)) ([2,0.0) (0.028)

135 Tmy, 0.25 [4,0.0] [1,0.0] 0.031 1.3 1.2 0.82 0.06
(0.24) ([4,0.3) ([2,0.0D (0.036)

1 Lug, 0.22 [4,0.2] [1,0.0] 0.035 1.3 1.2 0.82 0.06
(0.21) ([4,0.4]) ([1,0.0D (0.044)

193y, 0.25 [4,0.2] [2,0.0] 0.029 1.2 1.2 0.84 0.06
(0.24) ([4,0.5) ([2,0.0D) (0.031)

1951 ugy 0.27 [4,0.2] [2,0.2] 0.024 1.2 1.2 0.86 0.06

0.27) ([4,0.6)) ([2,0.5]) (0.024)
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deformation and proton or neutron number on the
Nilsson diagram. Then we varied them in the neighbor-
hood of the starting values to achieve a good agreement
between the calculated and experimental spectra. The
starting and the employed values are listed in Table I.
Excitation energies of y-vibration are taken from the ob-
served values in the neighboring even nuclei.?* We need
B(E2;2; —0;) of the neighboring even-even nuclei to
fix b2

B(E2;2] —0]) |'”
B(E2;2; —0;)
In some nuclei B(E2;2;)—0;)’s have been measured:
b?=0.038+0.001 ('**Gd),”®  0.025+0.001 ('**Gd),?
0.017+0.002 ('*Gd),¥ 0.014+0.004 (®Dy),?® 0.026
+0.002 (1%Er).?’ We have found that these values are
too small to reproduce the signature inversion in our
model and used b?=0.06. The use of a value for b2
larger than measured may be justified to some extent as
follows. We have introduced only one state to represent
y-vibration, while its strength is actually fragmented over
several states. It is, therefore, reasonable to assign a
larger value than measured to b? in order to let the y-
vibrational state introduced represent the actually frag-
mented strengths. We assume the following value for y:

(3.1)

TV 4r Mo

= + = , 3.2
X005 s Al 3.2

V,=130 MeV,

where (r*)=0.9544" fm*,

(r?)=0.874%" fm? and #iw,=414 ~!/* MeV. This was
suggested by Bohr and Mottelson,*® and gives y ~0.004
MeV/fm* for 4 ~160. Finally the moment of inertia at
equilibrium #2/2J(B,y =0°) is varied around the value
obtained from the ground-state rotational bands of the
neighboring even nuclei. The starting and employed
values are listed in Table I. It is satisfying that the phe-
nomenologically varied values are not far from the start-
ing values. It should be noted that good parameter
values are searched phenomenologically referring only to

the energy spectra but not to other observables such as
B(M1)s.

B. Energy spectra

The calculated energy spectra are presented in Fig. 2.
We readily see that the characteristic signature inversion
after the band crossing is reproduced in agreement with
experimental data for all the nuclei studied here. The
correspondence between theory and experiment is best
for *’Ho and good for '*Lu and '*Lu. The theoretical
result becomes less satisfactory compared with experi-
ment for Tm and '"*'Lu and possibly for >*Ho where
the experimental information is insufficient. It is ap-
propriate to say that the correspondence becomes poorer
for nuclei where the energy spectra deviate more from
the rigid rotor spectra. The general trend of ©; is rather
flat in the experimental data while it increases with I in

161Lu 163Lu 165Lu
20+ H
=
Q
= 1o} » 4
~
~
T oLl .
w
\ 155Ho 157Ho 159Tm
= 20} 1
w
1]
€3]
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1 2‘1 31 1.‘1 5l‘| 61 I 11 21 31 41 51 61 I 11 21 31 41 51 61 I

FIG. 2. Calculated energy spectra which are to be compared with Fig. 1. See Table I for values employed for the parameters.
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the theory. This disagreement is supposed to come main-
ly from the assumption of rigid rotation in the model.
Aside from this limitation, it is remarkable that the
anomaly is described in terms of the present simple mod-
el. We denote the wave functions obtained here as ¥ _, g,
which we naturally propose as proper wave functions.
This overall success gives strong support to the present
model and motivates us to look into it in more detail. We
calculate the expectation values of the various terms of
the Hamiltonian with the wave functions obtained and
display the results for *’Ho in Fig. 3 in the form of

O,(H,)=[{I|H;|I)—I—1|H,|[I—1)]/(2]) (3.3

where H; is either H ,, H ap.’ H y» OF H . We immedi-
ately notice that H, ,, works to produce the normal signa-
ture dependence in the present calculation as is expected,
and that the oscillation of ©,;(H ) grows with spin.
What we see here is the well-known effect of the Coriolis
interaction. On the other hand, the quasiparticle energy
term (H_, ) is found to work for the anomalous signa-
ture dependence. This can be understood as follows.
First we should note that the rotor carries an extra
amount of angular momentum in an unfavored state.
This is because the difference of the total spin I and the
particle spin j,|I —j|, is an odd integer in an unfavored
state; while the spins of the ground-state band of the ro-
tor, which constitutes dominant components in an odd- 4
nucleus over the y band, are even integers so that the
minimum value of the rotor spin, R, is I —j +1in an

L-a-S moments of inertia
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FIG. 3. Expectation values of H,,,, H,, H, , , and H,,, in the
form of ©,(H;) for *"Ho. See the text for their definition [Eq.
(3.3)]. This is a decomposition of the spectrum shown in Fig. 2
and naturally the L-a-S moments of inertia are used.

unfavored state and / —j in a favored state. This means
that the particle has more freedom in its orientation
within the given geometry between I, R, and j in un-
favored states. The particle or particles probably make
use of this extra freedom to lower the quasiparticle ener-
gy in unfavored states more than in favored states. We
find that (H p,,) works to produce the anomalous signa-
ture dependence also, although its magnitude is small. It
is important to note that (H, ) makes a large contribu-
tion to the signature inversion and that the oscillation of
©,(H,) grows with spin at almost the same pace as that
of ©,;(H ). Thus the inverse signature dependence com-
ing from (H ) competes with the normal signature
dependence produced by (H,,) over a wide range of
spins. This behavior is essential for the successful repro-
duction of the signature inversion in the present model.
We show ©,(H, , +H,+H,,) by dotted lines in Fig. 3,
which is seen to overcome ©,(H ;).

We are very much interested in how the y-vibrational
excitation and the ¥ dependence of the moments of iner-
tia influence various physical observables. To study such
effects, we prepare two other kinds of wave functions (1)
by excluding the y-vibrational excitation from the space
or (2) by replacing the L-a-S moments of inertia with the
IRF ones. In both cases the same values as given in
Table I are assumed for the parameters. We denote the
wave functions thus obtained as ¥, , and Wgg. Obvi-
ously these wave functions do not describe the energy
spectrum well but are expected to serve for comparative
studies. To avoid confusion we remark again that it is

IRF moments of inertia
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FIG. 4. The same quantities as given in Fig. 3 but the IRF
moments of inertia are used. In contrast to Fig. 3, H, shows a
stronger normal signature dependence and H, has a normal sig-
nature dependence.
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W, s that we propose as proper wave functions.

We have calculated the quantities of Eq. (3.3) with the
wave functions W g and illustrate them in Fig. 4. This is
to be compared with Fig. 3. One can see that this time
©,(H,) makes a contribution to the normal signature
dependence. This is a fundamental difference between
the use of the IRF moments of inertia and that of the
L-a-S ones, and this is why we need the L-a-S moments of
inertia. It is desirable to understand in a non-numeric
way how the signature dependence is related with the y
dependence of the moments of inertia employed. This
remains to be studied.

C. Magnetic dipole transitions

A great deal of observed magnetic dipole (M 1) transi-
tions connecting favored and unfavored rotational levels
show pronounced regular signature dependence. The
observed signature dependence is such that
B(M1;I1—1I—1)’s from favored to unfavored are larger
than those from unfavored to favored. The M1 transition
operator consists of the angular momentum operators of
the constituents and its matrix element between Q=1
and Q= —1 in the particle-rotor model contains the
same phase factor as that of the Coriolis coupling. Thus
the M1 transition is an observable that depends on signa-
ture as the energy spectrum does and it has been rather
well understood with the simple particle-rotor model.
Now we know that some nuclei show signature inversion
in their energy levels and that it can be understood if the
y-vibrational excitation is taken into account and if the
moments of inertia with a specific property are assumed.
Then it is very interesting to see how the y-vibrational
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excitation and specific dependence on y of the moments
of inertia influence M1 transitions. Thus we have calcu-
lated M1 transition probabilities using the wave functions
obtained. We illustrate the result in Fig. 5 together with
the available experimental data.

First of all we should note that the B(M1)’s calculated
are in good agreement with experimental data with
respect to order-of-magnitude values both below and
above the band crossing in all the nuclei where experi-
mental data are available.

We will compare the B(M1)’s calculated in more de-
tail with experimental data. Below the band crossing, the
B(M1)s calculated have the normal signature depen-
dence for all the nuclei in good agreement with experi-
mental data. The signature dependence of the B(M1)’s
calculated compares well with the experimental data for
1611y and 'SLu. The dependence looks somewhat too
large for "’Ho and too small for '**Tm compared with
the data.

The signature dependence of the B (M 1)’s calculated is
seen not to be normal in some nuclei for a few transitions

immediately after the band crossing, as in the 3—5—»%,
3,3 and ¥ -2 transitions of '*Ho. Except for

these few transitions, the B(M1)’s calculated show the
normal signature dependence after the band crossing as
well as before it.

The experimental data on '*"Ho obtained by Radford
et al.'® show the normal signature dependence in 12
transitions out of the 14 transitions from £ —$ to
¥ 3 except for the two transitions of £ —3 and
¥ 4. This agreement gives strong support to the
present model.

On the other hand the theoretical results do not seem
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FIG. 5. Calculated and experimental B(M1;1—1 —1)/ B(E2;I—1I —2) along the negative parity yrast bands of '*>'*’"Ho, '**Tm,
and '¢1183165Ly, Experimental data are taken from Ref. 10 for '*’Ho, Ref. 5 for '**Tm, Ref. 12 for '®'Lu, Ref. 13 for '®*Lu, and Ref.

17 for '®°Lu.



in accord with the experimental data on '*'Lu that show
inverted signature dependence for the 7 transitions from
¥ — 3l to 4 — 2. This is the only case where the present
calculation disagrees with experimental data. In the
present model we assign specific numerical values to the
parameters by referring to the energy spectra. Since the
level schemes of the nuclei under study are quite similar
to each other, the adopted values of the parameters are
similar and we obtain from them wave functions which
vary gradually from nucleus to nucleus. Therefore, it is
improbable that completely opposite signature depen-
dences will be predicted for ""Ho and '®'Lu in the
present theoretical framework.

Now we investigate how the y-vibrational excitation
and the dependence on ¥ of moments of inertia affect the
dependence of M1 transitions on signature. For this pur-
pose we have calculated the M1 transition strengths using
the wave functions Wz and ¥, for the case of "*"Ho,
and illustrate the results in Fig. 6 for comparison togeth-
er with those already given in Fig. 5 which were calculat-
ed with ¥; , . Immediately we notice in the figure that
the ¥ dependence of the moments of inertia has a close
relation with the dependence of the M1 transitions on sig-
nature: if the y-vibrational excitation is not taken into
account, the M1 transitions show a pronounced normal
signature dependence. If the IRF moments of inertia are
used, the y-vibrational excitation works to enhance the
normal signature dependence of the M1 transitions. On
the other hand, if the L-a-S moments of inertia are used,
the y-vibrational excitation seems to reduce, or even to
invert at least instantaneously, the normal signature
dependence in the M1 transitions. This effect to reduce
or to invert the normal signature dependence of the M1

B(M1;I->I-1) H\2

1121 31 41 51 61
2 2 2 2 2 2

FIG. 6. Comparison of the effects of y-vibration and different
sets of moments of inertia on B(M1)’s. B(M1)’s calculated
with or without the y-vibrational excitation, and with different
sets of moments of inertia. The y-vibrational excitation
influences signature dependence of B(M1)’s differently with
different moments of inertia.
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transitions is, however, not very large so that the signa-
ture dependence of the M1 matrix elements gets reduced
in magnitude but remains normal except for a small re-
gion of spin after the band crossing in a few cases.

D. Electric quadrupole transitions

Electric quadrupole (E2) transition probabilities with
a spin change of 14 were measured for '*’Ho some years
ago and it was reported that quite strong signature
dependence was observed in B(E2;1—I —1)’s; B(E2;1,
favored—I — l,unfavored) are much stronger than
B(E2;I,unfavored—1I — 1,favored) before the band cross-
ing as well as after it. This report motivated theoretical
studies on the signature dependence of the
B(E2;I1 -1 —1)s. Calculations were carried out in the
model of a quasiparticle coupled to a triaxial rotor and it
was concluded that such signature dependence is evi-
dence that the nucleus has an equilibrium triaxial
shape.!® Then the problem was studied in the model of a
quasiparticle coupled to an axially symmetric rotor which
undergoes y-vibration.?® It was found that the dynami-
cal fluctuation in the y direction gives rise to rather
strong signature dependence in the B (E2)’s, which is of
the same size as that obtained by assuming a permanent
triaxial deformation. However, both of the models pre-
dicted a weaker signature dependence of the B(E2)’s
than was measured. Recently Radford et al. performed
a spectroscopic experiment on '’Ho and measured vari-
ous observables including the B(E2;1 —I—1)s.' The
newly obtained B(E2;I—1I —1)’s show a weaker depen-
dence on the signature than those of the previous experi-
ment, with no obvious discrepancy with the predictions
of the dynamical or the static triaxial models.

Now in this study we ascertain that the IRF moments
of inertia are not appropriate in ¥ dependence, and that a
correct set of moments of inertia must be the L-a-S ones.
In Ref. 20, however, the IRF moments of inertia were
adopted and rather strong signature dependence was pre-

TTTT YT Ty rrorrT

FIG. 7. B(E2;I1—1—1)’s for ""Ho in the form of Q" cal-
culated with different models: with the y-vibrational degree of
freedom with the L-a-S (full line) or IRF (dash-dotted line) mo-
ments of inertia and without it (dashed line).
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dicted for the B(E2;I—I —1)’s. Thus we might ask
whether the conclusion of Ref. 20 is still correct or not
and whether different signature dependences are predict-
ed or not for the B(E2;I—1I —1)’s with the L-a-S mo-
ments. We have calculated the B(E2;I—I —1)’s with
the wave functions ¥ , s as well as Wgg and ¥, and
the results are presented in Fig. 7 in the form of Q!
which is defined as

167 B(E2:T I —i) |

5 (IK20|I —iK)?

QW= (i=1,2), (3.4

where K is set equal to I for ’Ho. As was found in
Refs. 19 and 20, the particle plus symmetric rotor model
without the y-vibrational excitation predicts practically
no signature dependence in the B(E2;]—I —1)s. We
find that W;_, ¢ as well as W g predict quite similar and
recognizable signature dependence in the B(E2)’s, i.e.,
the B(E2;I—1I —1)’s are predicted to be larger for the f
(favored) to u (unfavored) transitions than for u to f by
both of them. There are two different features between
the B(E2;I—I —1)’s calculated with ¥; s and ¥ [ge.
One is that the signature dependence predicted by ¥, , ¢
is larger than that by Wz before the band crossing, i.e.,

(1 _h
—u Qu—.f

(0. +0.". 072

reaches approximately 37% in the case of ¥, , ¢ while
only 20% for Wgg. The other is that the B(E2)’s de-
crease more rapidly for Wz than for ¥ .

In Fig. 8 we present the results calculated with ¥ , ¢
for all the isotopes studied in this paper together with the
experimental data for 'Tm.® We notice that the
B(E2;I1—1I —1)’s predicted look quite similar for all the

) (3.5)
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FIG. 9. Calculated and experimental B(E2;I—I—1)/
B(E2;1—1—2) for """Ho and '®Lu in the form of Q'"'/Q'%,
where K is set equal to I for "*"Ho and J for '*Lu. Experimen-
tal data are taken from Ref. 10 for '*’"Ho and Ref. 17 for '*Lu.

isotopes. We observe also a sort of regularity in the
B(E2)s. This is a reflection of the similarity and regu-
larity of their energy spectra. Unfortunately the experi-
mental information is not sufficient enough to say any-
thing conclusive about the regularity. In Fig. 9 we illus-
trate Q"' /Q? for "Ho and '%°Lu for which experimen-
tal data are available.!“!” Although the theoretical
values are within the error bars, it is hard to derive a
meaningful conclusion from the comparison because of
large error bars.

We will see how B(E2;I—1I —2)’s are influenced by
the y-vibrational excitation. In Fig. 10 we show the
B(E2;1—I —2)’s calculated with ¥ , 5, ¥jgp, and ¥V, ,
in the form of Q'?. The y-vibrational excitation gives
rise to weak but noticeable signature dependence in Q¥
before the band crossing. The difference, Q}?, f-—Q,ﬂZ_),u,
does not exceed 8% of their average. In Fig. 11 we
present our prediction for the Q?”s together with experi-
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FIG. 8. Calculated B(E2;I—1I —1)’s in the form of Q'!’ and experimental data (Ref. 6). K appearing in Q'!’ [see Eq. (3.4)] is set

equal to % for 1555"Ho and **Tm and % for l61.163, 1657
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FIG. 10. B(E2;I—I—2)s in the form of Q‘? calculated
with or without the y-vibrational excitation and with different
sets of moments of inertia. The dashed line represents the cal-
culations without y-vibrational excitation. Both of full and
dash-dotted lines show the calculations with the y-vibrational
excitation with the L-a-S or the IRF moments of inertia, respec-
tively.

mental data for '*’Ho'! and **Tm.® The prediction and
the experimental data are consistent in the sense that
they do not show any strong signature dependence, but
are not in the sense that the experimental data on *"Ho
seem to indicate quite irregular behavior around 7 =1,

=4, and I =3 while the theoretical values vary regu-
larly with spin.

=1
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IV. SUMMARY AND CONCLUSION

We have performed a numerical study in the frame-
work of the model proposed in a previous paper with the
intention of determining whether the model contains in it
the essential degrees of freedom involved in the signature
inversion observed in the light Ho, Tm, and Lu isotopes
by applying it to various nuclei.

The model is an extended version of the particle-rotor
model. The system is assumed to have an axially sym-
metric equilibrium deformation and to undergo -
vibration around it. Two types of configurations are ex-
plicitly taken into account: an h,;,, quasiproton is
present in one and two i3 ,, quasineutrons in addition to
an h,, , quasiproton in the other. These configurations
are necessary to describe the proton h, , band of the nu-
clei of interest and its band crossing. We have first calcu-
lated the energy spectra of 135, 157THo, 1Tm, and
161,163,165\ by employing the Largest-around-Shortest
moments of inertia, and successfully reproduced the sig-
nature inversion of these isotopes by adjusting the in-
volved parameters to some extent. It should be noted
that the adopted values of the parameters are all around
what are expected from circumstances. These successful
results give strong support to the conclusion derived in
the previous paper: the y dependence of the moments of
inertia influence the signature dependence of the energy
spectra decisively and the irrotational flow model mo-
ments of inertia are inappropriate. The appropriate y
dependence of the moments of inertia is such that the
largest one is around the shortest axis of a triaxially de-
formed shape and the next to the largest is around the
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FIG. 11. Calculated and experimental Q?". K =1 is given to "**'*"Ho, '*Tm, and K = to '*"'**'®Lu. Experimental data are

taken from Ref. 11 for "*"Ho and Ref. 6 for '*Tm.
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axis of intermediate length. Up to recently we had prac-
tically no knowledge about the ¥ dependence of the mo-
ments of inertia. We have learned through the present
study that the signature inversion observed in these nu-
clei provides an opportunity to discuss this subject.

We have obtained the wave functions by referring only
to the energy spectra concerned. It is, therefore, interest-
ing and meaningful to see what the model predicts for
other observables and to see how the predictions compare
with experimental data when available. First we have
studied B(M1;I—I—1). When we calculate B(M1)’s
with no y-vibrational excitation taken into account, they
are predicted to have quite a strong normal signature
dependence. If we take into account the y-vibrational ex-
citation and assume the IRF moments of inertia we see
an enhancement of the normal signature dependence in
the calculated B(M1)’s. If the y-vibrational excitation is
considered in combination with the L-a-S moments of in-
ertia we find that the calculated B(M1)’s have normal
but weaker signature dependence. Thus the y-vibrational
degree of freedom works to enhance or reduce the normal
signature dependence depending on the moments of iner-
tia employed. A very important point of the results is
that the predicted signature dependence of the B(M1)’s
is normal everywhere before and after the band crossing
in most nuclei studied. There are a few exceptions where
a few transitions just above the band crossing show the
inverted signature dependence. Thus, the present model
almost always predicts the normal signature dependence
for the B(M1)’s in spite of the signature inversion in the
energy spectra. This prediction is in good agreement
with the experimental data on '"’Ho. The agreement is
good for Tm also. The result for *'Lu seems to
disagree with the data. It is inevitable that the present
theory predicts very similar behaviors of B(M1)’s for
157Ho and for '®'Lu, because the wave functions are gen-

erated by referring only to their energy spectra which are
quite similar to each other. The present theory predicts
an appreciable amount of increase of the B(M1)’s at the
band crossing in association with the rotation alignment
of (viy,,)* quasiparticles. This is in excellent agreement
with all the experimental data.

We have then calculated B(E2;I—I —1) with the
wave functions obtained. An important feature of the
calculated B(E2)’s is that the y-vibrational excitation
gives rise to an appreciable amount of signature depen-
dence and that quite similar signature dependences are
obtained with either the IRF moments of inertia or the
L-a-S moments of inertia. No disagreement is observed
between the calculated B(E2)’s and the experimental
data. The B(E2)’'s must be measured with higher pre-
cision for more critical discussion.

In conclusion, the present study has shown that the
characteristic signature inversion of the energy spectra of
the Ho, Tm, Lu isotopes as well as most of the M1 and
E2 transition probabilities can be described by taking
into account the y-vibrational excitation around an axial-
ly symmetric deformation and assuming the L-a-S mo-
ments of inertia.
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APPENDIX A: MATRIX ELEMENTS OF HAMILTONIAN

In this appendix we give explicit forms of the matrix elements of the Hamiltonian. To express these matrix elements

compactly we define the following abbreviations:

E/,uz\/m (r=p,n), (A1)
(= (u; 1y g0, 05, OV G A D—pp—1) (r=p,n), (A2)
@) =(=1" ", o,y =0) t, y VGG, A D—plp—1) (r=p,n) (A3)
[(uu)z]ﬁzé[[(uu);]2+[(uu);+1]2—[(uv);]2—[(uv);+]]2} (r=p,n), (A4)
[(ww)(uw)], =3[ (uu)(uu), | —(wo)(w), ] (r=p,n), (AS5)
[(uu)(uv) ], = 5[ (wu)(wo); — +(wo)(uu); ], (A6)
Cuudji=(u; u, =0, ;) =2Y, ljun) (r=p,n), (A7)
(uv >ZE(—1)j"+#(ujn#vj"#_2+vjnﬂuj"“A2)<j,,,#—2|Yz,kzlj,,ﬁﬁ , (A8)
Vonlpspor)=(—1 yn ujpp'ujppujnavj",—vjpp,vjppvjngujn,)(jpp'yj,,ﬂ Voulipprino ) (A9)
Von(p'o"spo ) =( Ujptj,o¥jp¥),0 +Ujpp’ui,,o‘vj,,p”j,,0 1ipp'sjn0 |V lippsjn )
_(-—1)0""(ujpp:vj”a'ujppujna+v}pp'uj"(,vvjppuj"a)(j,,p',j,,-UiV,,,, lppsin—0") . (A10)
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In the formula below the quantum numbers, A and n, are to specify the wave functions of y variable.
(1) Matrix elements between one-quasiproton states (K'=p'+A'>0, K =p+A >0, K'<K):

2
U, |HIUE ) =8 08,1,BxnBn |E) o+ E Ry A LU +1) =K1+ 7 [

# -
— 7 1Bk k18 o Baat(—1 )8k 8k1 /28y, e 18n, - A1 VI F1—K (K — D(uu

ay #2
V329
XCA=2,n"ly|An VI +1D)—K(K —DJIUI+1)—(K — 1)K —2)]

I
[51< K- 26pp81\ A—2 T (=1 jP‘SK ~K+26p —paA —a+2]

I—j
—‘/g _2?[51«,1( 10y o+ 10a A2 T (1) P88k 128y, —p—1Oa, —a+2]

X{A—=2,n'ly|An )\/I(I+1)—K(K—1)(uu)”+1
2a
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where A=n=0 stands for the ground state of y-vibration and A==2, n=0 for the state of one y-vibrational quantum.
(ii) Matrix elements between one-quasiproton states and three-quasiparticles (one-quasiproton and two-quasineutron)

states (K'=p'+A'>0,K = p+a+T+A>O o>T):

1_
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(iii) Matrix elements between three-quasiparticles (one-quasiproton and two-quasineutron)

(K'=p'+o'+7+A'>0,0'>7,K=p+o+7+A>0,0>7,K'=K):

(A12)

states
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APPENDIX B: RELATION BETWEEN MOMENTS
OF INERTIA AND PROPERTIES OF y-VIBRATION

B, and C, appearing in Eq. (2.22) are related to E,
and b? through Egs. (2.25) and (2.27). Eliminating C,
from these equations we obtain

hZ
BY = ﬁ . (B1)
B°E,b

On the other hand, Eq. (2.21) gives

BY=B’Y(7/=O")=BO—Bl—B2 . (B2)
Equations (B1) and (B2) lead to

ﬁZ
B,—B,—B,=——— . (B3)
0 1 2 /32E,,b2

We can solve Eqgs. (2.14), (2.16), and (B3) with respect to
By, B, and B,:

2 ¥
BO=—ﬁ—2 l2‘21+ 12 , (B4)
382 |3 #  Eb
4t |2—a, 29 1
= - (B5)
' 9g | 6 # Eb?
2 | 2a,—1
Bz—_—zﬁ_z. _7’—AZ__ 12 (B6)
93 6 # E,b

| fz

3
1 4

[\ 1

[

[ F

’ 1
O 1 i L 1 .

0° Y 60°

FIG. 12. The dependence on y of the moments of inertia
used for *’"Ho. The unit is J [see Eq. (2.14)]. Only their values
and first derivatives at ¥ =0° play roles in the present model.

The values of B, J, E y» and b? used in the calculation
for ’"Ho and a,=—1 give B,=149, B, =128, and
B,=—121 in units of #°/MeV. The moments of inertia
corresponding to these B’s are illustrated in Fig. 12.
They are not symmetric under the ¥ —60°—y transfor-
mation, reflecting nonvanishing B, term.

*Present address: Shizuoka Institute of Science and Technolo-
gy, 2174-1 Toyosawa, Fukuroi, Shizuoka 437, Japan.
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