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The multiphonon method previously developed for a system containing an even number of fer-
mions is extended to the case where this number is odd. Recursion formulas well suited for realistic
applications to odd-mass nuclei are given for overlaps and matrix elements of one- and two-body

operators.

I. INTRODUCTION

The multiphonon method (MPM) has been developed
to study the observed anharmonicities of the vibrational
motion in even-even deformed nuclei. The method
presents two main advantages. First it is, to our
knowledge, the only method that takes fully and properly
the Pauli principle into account; second, it is an exact di-
agonalization of the model Hamiltonian and avoids there-
fore all of the problems inherent to any perturbative
treatment.

Two general formulations of the multiphonon theory
for a system containing an even number of fermions (even
case) have been given in Ref. 1, hereafter quoted as paper
I. The first one is a generalization of the Wick’s theorem
to phonons. It leads to compact and elegant expressions.
The second one, based on recursion formulas, is more
easily handled in realistic numerical calculations. The
latter one has been successfully applied to nuclear struc-
ture problems such as quadrupole and octupole vibra-
tions in even-even deformed nuclei.>”* A simple version
of this method, where only one type of phonon is con-
sidered, has been extended to the case of an odd number
of fermions (odd case)’ and applied to the odd-mass light
Actinium.®

The aim of this paper is to extend the general formula-
tion of the MPM based on recursion formulas to the odd
case. In Sec. II, it is shown that the matrix elements
needed in the odd case can be expressed in terms of ele-
ments to be calculated in the even case. Among the latter
some have been given in I. They are given once again in
Sec. III in a slightly different form in addition to new
terms needed to the odd case. Illustrative examples are
given in Sec. IV, while conclusions are drawn in the last
section.

II. EXPRESSIONS FOR THE ODD CASE

As in paper I the phonons (Q:-r are defined as a superpo-
sition of two fermions

Q=1 2 afal (1)

1 ,ut ,u v
where the :natrix X; is antisymmetric and where the
operator a, creates a fermion (e.g., a quasiparticle)
characterized by quantum numbers summarized by label

42

w. In order to take the Pauli principle properly into ac-
count the full commutation rules of these phonons are
considered

(Q,@)=—1Tr(X, X,)+ 3 (X, X,),ala, . 2)

pv

In the even case we introduce, as previously done, multi-
phonons states noted

k,)=|k,,kq, ... k)

=ehH"eh - eh*l0), 3)
where, for convenience
K,
T k,.— (@,)
Q1) Tkt )

We shall further introduce the notation |k, —k; ) to label
the multiphonon state (3), where k; has been replaced by
k;,—1.

It seems worthwhile to remind the reader that the mul-
tiphonon states (3) do not form a basis in the strict
mathematical sense. As a consequence, we need to calcu-
late the overlap matrix of states (3) in addition to the usu-
al one- and two-body operator matrix elements.

AsinI, wenoteby 4/, ... ,(k;;k,) the matrix element
of the product

t t
Pj—a*aTa vovdtraaa

(5)
i J

which contains / creation operators o' and Jj annihilation

operators a. For instance

A% (ky;k,)=— A7 (k;;k,)
=0, ()"0 a,a,
xeh e @h"y . ®
It is clear that
Al ksk)=A8 (kK . )

In the odd case, the multiphonon states write
Ik, A= ehH - (oh*allo) . (8)
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To avoid confusion, we introduce in this case the nota-
tion

Tij(k’,k';k,k)=(k;k’IPijlk,k) . 9)
Here also one has a relation similar to (7)

oAk A=TE . (kA KAL) . (10)
Note the appropriate order of the subindices in (7) and
(10). As a consequence, we can restrict ourselves to ele-
ments A" and T where i > jor j <i.

Our task in this section will be to calculate the TV ele-
ments in terms of 4% elements. We start with the over-
lap matrix elements

Tk, A3k, A) = (k,a,alk,)

=8,,, A%Kk.;k,)— A (k;k,) . (11)
For the one-body matrix elements, one gets similarly the

relations by writing a,. P; aI in normal order:

( k',a;‘.a]‘a;a;aZaIk, )

_ 40 "
8y 2 A T34 T0134 02

T4, (kA k,A)=

=81 454
Tih(k A5k, = (K ayaiajalaalk,)
=84l 811 423 — 8,413 +8,3477]
=81 435 T84
T (kA kM) = (kayalajmaalk, )
=8,1[814 433 —8,34

22 22 22
+ 8}\.’1 A 2A34 8A'2 A 1A34 + 84)&4 1203

— 40 40
81’4‘4 1230 +8AA’ A 1234

_ 3
813 A0 83 ATk

51 1+ 8)Jz[ 8A3 4 }‘lt -
—63,4 %gm +8,,-4 %%34 -

V(KA 3k, A)=—TR(K Ak A)=(K.a,alalalk,)
=8, A3 (k};k,)—8,, 4 (k};k,)
+8u 413k k,)— Ay (Kr5k, ),
(12)
LKAk A)=(K.aalaalk, )
=8,18,,4%(k!;k,)—5,., 415 (k!;k,)
—8,, AN (kl;k,)+8,, 41 (K.;k,)
A2, (Kk,) . (13)

It is seen that T2 can be deduced from A% and 47!,
while T!! is calculated from A%, 4'! and 4%2. We re-
mind the reader that 43! and 4% can be obtained from
A% as shown in I. As a consequence the one-body ma-
trix elements for the odd case can all be obtained with the
help of formulas given in I.

For the two-body operators, the relations are a little bit
more elaborated. But they are still easily obtained by
writing a;. P; aI in normal order. One gets

A (14)

_814A 353}\’ —4 ‘1‘%3?»}\'4 ’ (15)

11
8)»4Al3

A (16)

where, for simplification, the arguments (k,;k,) of all 4 have been omitted. It is found that 7% can be deduced from
A% and 4°, T3 from A%, 43! and 4* and finally T2 from A'', 4%, and 4%,

In L it has been shown that A ' , A*!, and 4?2 can be expressed in terms of 4% and 4%, Using a similar method, we
now show that the new quammes A1, 4%, and 43 can be obtained from the knowledge of 4 and A4%. Explicitly
one gets

A ase (ks k, ) = (K.alalalalalak, ) = 3 (Kalalalal(k, —k,)[alae Q1) | (17)

i

which according to the commutator given in relation (A1) of the Appendix leads to

EE

Ay (k3K )= 12345y(k;7k —k,). (18)

In a similar way

A 123456(k, (k a1a2a3a4a5a6k >_ 2 (k a1a2a3a4(k k [a5a6, Ql ]>+ 2 (k’a1a2a3a4(k k k )C (l,_])) s

i<y
(19)
where
CRi, ) =[las26 01,01 .

If one uses relations (A2) and (A3) one gets
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ABuse(kk, )= — T (X, )56 4 1934 (k1 k, —k)+ 3 E S (X)s.(X; gy 4 930 (K3 K, —k, =) (20)

1 i<jij pv

where 3 is the sum over all permutations of indices i and j. Note that, for i = j, one gets a factor 2!( X;)s,(X;)g,, and
that this (2!) disappears with the factor 1/2! contained in (Q7)? as defined in (4). Finally

Ahass(k;3k,) = (K, alasalaasack, )

= 3 (kjalajk,—k;—k)CHG, )0+ 3 (kiala)(k,—k,—k;—k)C1,(i,j,k)) @n
i<j i<j<k
where
]):[[a§a4a5a(,,Q“’Qj+] )
and

Cm i,j,k [Cn L Jj) Qk]
Using relations (A4) and (AS) one obtains
A ]23456(kr7kr) 2 2 2 [(X 6(Xj )4#‘(Xi )46(X ) +(X ) 5(X ]A 123p k’,k,_kl—kj)

i<jij u

- 2 2 2 SV(Xk) 123/,tvp(k' kr—ki_kj—kk) ’ (22)
i2j<kijk uvp
where Z,Jk is the sum over all permutatlons of indices i, j, and k.

Here also the 1/p! contained in Q )P compensates the p! obtained from identical terms in 3 when p =2 (or p =3),
i.e., when 2 (or 3) indices among i, j, and k are equal. To summarize this section, it has been shown that the overlaps
and matrix elements of one- and two-body operators of a system with an odd number of fermions can all be expressed in
terms of the quantities 4%, 4%, 4% and 4 of the even case.

III. CALCULATION OF THE A4 %%, 4%, AND A4 % MATRIX ELEMENTS

To calculate the matrix elements A4 or, equivalently, A% we use the same techniques as in relatlons (17), (19), and
(21). The game consists of commuting all annihilation operators a of P, with all the phonons Ql , SO as to arrive to the
action of the a on the vacuum. In this procedure one needs only to retain the successive commutators whose action on
|0) is nonzero. Using the displayed formulas given in the Appendix one gets successively:

AR (k;k,)=— A%(Kk,;k,)=(K.aq,ak, )= 2<k (k, —k;)CP(i )+2<k ,— ki —k;)CH 3, )
=—2(X,)12A°0k +222 WAk, —k —k;), (23)
1Sy dj opv
A% (K k, )= A%, (ks k, )= (K.a,a,aa.k, ) = > (k,(k,—k, —k,)C 0, )
1<y
+ 2A<k',<k,— —k, =k, )CH, (G, ), k)Y + zk ](k’,(k,—k,—kj—kk—k,)C?‘},l(z’,j,k,ID
1<j<k i<y<k<

P 4
=3 33 (DTN, (X)) g A®(K) Kk, —k, — k)
1< 0y

9 4
+ 2 E z 2 ( —l)a+b(Xl )ab(X_[ )cy(Xk )dvAfz(z(k’r’kr_kl -_kj_kk)

<j<kijk pv
I
+ < 2 2 ];L 2\(Xk)p(Xl> Aﬁ?fpo(k,r;kr—-kt_kj_kk_kl)
1<) = tjkl pvpo
L < +b+1 00
=3 3 3 (=D X, ) (X, )y A%(K 3k, —k, —k;)
1<y iy
r 4
33 3D X, ) (X, ARk, —k, — K~k X Lo
1< <k ijk
P
+ 2 [XX, A4O(klr;kr_kl—k/_kk_kI)XkX/]IZfM ) (24)

IA
~
IA
=~
IA
<
=
=
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where 3*is the sum over all permutations P, of the four indices 1234 such as @ <b and ¢ <d and where obvious nota-
tions have been introduced for the summation over the greek indices.

AL (ksk,)=— A(l)g3456(k, =(k,a 0,030,050k, )

Ekzk(k'(k —k—k; =k )CE G k) + S E(k(k —k,—k,—k, —k)C¥1, G j, k1))
iSj<k iy i<j<k=I ikl
P
+ 3 > (kj(k,—k,—k;—k,—k;—k, )CH11, (i, j,k,l,m))
1<y<k<I<m ijkim
'/)
+ 2 <k’r(kr_ki_kj_kk_k1—km—kn)C(l)(l,llll(i’j’kvl’m’n”

P 6
— ZE _1a+b+c+d(X’)ab(
ijk

X))o (X )op APK, K, —k;— K — k)

P 6
+ 222(_1)HMHM(Xi)ab(Xj)cd(Xk Jerl X)) pu A0 (KK, —k—k, —k, —k;)
iSj<k<=<I ijki uv
P 6
+ 2 2(—1)a+b(X )ab( )CA(Xk) (Xl)ev(Xm )jp
1275k <1<m ijkim huvp
X AX (Kik,—k,—k,—k, —k;—k,)
+ E 2 ) (Xk)S\(XI) (X )SU(Xn)6r
i£j<k<I<m=n ljklmnkyvpaf
XA),uvpa'(k k k "‘k —'kk_k[ km_kn)
P 6
=— 33 (=Dt (X)) g (X ) oy AX(K K, — k=K —ky)
i<j<kijk
P 6
- 22(_1)a+b+c+d(Xl )ab(Xj)cd[XkAzo(klr;kr_ki—kj_kk_kI)X[]ef
i<j<k<I ijkl
Y 6
+ a+b(Xi)ab[XijA4O(klr;kr-k1_k1_kk_k1_km )XIXm]cdef
1<j<k<I<m ijkim
P
+ S XXX, A®K;k, —k,—k,—ky —k —k,, —k,)X;X,, X, 1123456 »
iSj<k<I<m<n ijklmn

where 3° is the sum over all permutations P, of the six
indices 123456 such as a <b,c <d, and e < f, where 3°
is the sum over all permutations P of the six indices
123456 such as @ <b and ¢ <d <e < f, and where again
obvious notations have been introduced for the summa-
tion over greek indices.

IV. ILLUSTRATIVE EXAMPLES

In the first example, where only one type of the collec-
tive phonon is considered, the formulas become much
simpler, as shown in Ref. 5. For instance the overlap ma-
trix formula decouples from the others and reads

k
TOk'N; kM) =84 3 (X2 A%k —1;k—1)  (26)
=0
with the definition

(XO)AA'ZSAN . (27)

(25)

As a second example, we choose the case where two
types of collective phonons are introduced. This case
may still be numerically tractable in realistic situations.
The recursion formulas for 4% and 4% have been ex-
plicitly given in our previous works (see, e.g., Ref. 3). We
therefore only indicate how to display the “new” relation
(25) for A%(p'q’;pq), where p and p’ are relative to the
first type of phonon while q, and ¢’ deal with the second.
The two phonons Q1 and Q2 are defined as in relation (1)
by matrices X, and X, respectively. We first indicate the
meaning of the sum ¥,;<;<,. It runs over four terms.
The first one has i =j =k =1, contains a sum of 15
different products X, X, X, in factor of 4%(p'q";p —3,9),
the second one has i =j =1, k =2, contains all possible
different products of the type X,X,X, in front of
A®(p'q’;p —2,q9 —1). The contribution of the two other
terms where i =1, j =k =2, and i =j =k =2 can be de-
duced from the two preceding ones by interchanging the
roles of p and ¢ simultaneously with those of X, and X,.
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In a similar way, the sum 3, < ,<k <; Tuns over five
terms leadmg to A®(p'q";p —4,9), A®p'q’;p —3,9—1),
A®p'q';p —2,9 —2), 20(p'q’,p —1,g—3), and
A®(p'q’;p,q —4), with the appropriate coefficients. The
sum 3, <<k </<m contains products of five X and brings
therefore six contributions in 4A*(p’,q’;p —a,q +a —5),
where a varies from O to 5. Finally the sum
2,< jSk<ISm<n introduces products of six X in front of
A®(p’,q';p —b,q +b —6), with b varying from O to 6.

V. CONCLUSIONS

In this paper it has been shown that the general recur-
sion formulation of the multiphonon method for a system
with an even number of fermions can easily be extended
to the case of an odd number of fermions. The price to
pay is to calculate the matrix elements of the product of
six annihilation operators between the multiphonon
states of the even case.

In practical situations, the quality of the results to be
obtained within this method greatly depends on the space
of the multiphonon states (8). One needs to make an ap-
propriate choice of the collective phonons used as the
building blocks of the multiphonon theory and a suitable
selection of the odd fermions involved. The correspond-
ing limitations will essentially be of numerical order.

Several applications to nuclear structure problems are
possible within this formalism. One of the most interest-
ing is the study of vibrational states in odd-mass nuclei,
where the odd particle couples to the vibrations of the
core. In particular, it is worthwhile to search how the
anharmonicities of the vibrations obtained in even-even
deformed nuclei®* are modified by the presence of the
odd quasiparticle in odd-mass nuclei. For the octupole
vibrations with K =0, the results obtained* in even-even
nuclei have shown that one can safely restrict the multi-
phonon basis to one basic phonon. As a consequence, it
is probable that the extension to odd-mass nuclei given in
Ref. 5 can also be used for heavier Actinides. For the y
vibrations, where one has to introduce, at least two basic
phonons, the extension to odd-mass nuclei leads to nu-
merical problems that may still be tractable. Two open
questions may find their answer in this application: (i)
can one explain, in a microscopic way, why the K —2 vi-
brational level has always an energy lower than its K +2
partner? (ii) Where should one search for the K +4 levels
arising from the “two y phonon” state? We would like to
emphasize two problems encountered in the applications
of the multiphonon method. The first one is of numerical
order: with the actual computer facilities, realistic calcu-
lations have to be restricted to two basic phonons. As a
consequence, we cannot yet evaluate the importance of
the coupling to the noncollective degrees of freedom and
are forced to restrict the applications to nuclei where
only two vibrational degrees of freedom are strongly col-
lective. The second one is related to the cases where the
pairing correlations play an important role. The fer-
mions introduced in the multiphonon theory become

quasiparticles and one has to take care of the particle
nonconservation problem. From the applications to the
even-even deformed nuclei, we learned that for the lowest
vibrational states (e.g., those having main components of
their wave function on one and two phonons states) the
deviation of the number of particles remains small (of the
order of 1). We may therefore expect, with some
confidence, that the effects of the particle nonconserva-
tion may also be small in the odd-mass nuclei, at least for
the lowest-lying states.

Finally, we would like to remind the reader, that in the
multiphonon approach, the Pauli principle is fully taken
into account. Furthermore, by taking into account the
total model Hamiltonian (i.e., the total residual interac-
tion) one can push the calculations further than the usual
RPA and further than the quasiparticle-phonon nuclear
model developed by Soloviev and his co-workers.”

APPENDIX

In this Appendix, we summarize the different commu-
tators necessary to the proofs given in the main text.
First, we wrlte the commutation rules of the phonon
operator Q, defined in (1) with pairs of fermions

3 (X)yaia;, (A1)
M

[a]e,, Q1=

and

[0,05,0]1= — (X, + 3 [(X)ate,— (X))yatal] .
I

From these relations, one deduces

[a,0,,0110)=—(X,),, (A2)

and
=[[a,0,Q/], Q; iy
=2[(X,~)1”(Xj)2v+(
nv

11’]

Xj )l,u(Xi )2v]a;ai

<—|-

) (A3)

_22 X )ll,L

ij pv

']:—I-

where 25 is the sum over the 2! permutations of the in-

dices i and j. Note that this permutation arises since
C(i,j)=C{(j,i), which derives from

t Aty t At

[a10,,0;Qj =[5, 0, Q/'] .

Second, we give explicitly the commutators of operator
P,;=a'aaa,



1458 R. PIEPENBRING 42

CP [a,a2a3a4,Q I=—(x, )34a';a2+(Xi )24aJ1ra3—(Xi )230‘{0‘4
¥ ot t ot
+2 ala aza,—(X; )y 0,000, (X, )0 0,0005]
BN=ICE0,0]1= 3 |3 100Xl (X1 X, )= (XX, ) Yl
jo|nu
t ot t tot ot
+2[ 4,,a a,aia,—(X; )y, (X )sa,, alala;+(X, b X aaiay] o, (A4)
and
CH LR =[CH 0=~ 5 5 (X)X, )Xo alalalal (A5)
1jk pvp

The commutators C needed in Sec. III are more involved. It would be cumbersome to give their full explicit expres-
sions. We therefore restrict ourselves to the parts of these that contribute to C|0).

The commutators for Py, =a,a,a;a, have been given in I, we repeat them here in a slightly different presentation.
The first commutator

+
C04 )=[aa,a304,Q,]

contains six terms of the type (X,),,a.a, and four terms of the type ¥ ,(X;),, #aba ay that do not contribute to
C%(i)|0). Here the set (abcd) results from a permutation of set (1234). The second commutator

CH, H=[C%(i) Qj].

contains a constant term that will be given explicitly, 12 different terms of the type 2# ab (X)) ad and six terms
of the type 3,(X;),,(X; )bvaTaTa a4, which will all appear under the summation 2,],

P
CHENIOY =3 LX) 10X )34 —(X)13(X; )ga+(X;)14(X;)53110) (A6)
ij

It can be seen easily that relation (A6) is equivalent to Egs. (3.26) and (3.27) of I. In a similar way, the third commuta-
tor

Co G, j, k) =[C%% i, j), 081

contains under the summation lek six different terms of the type ¥ ,.(X;)q(X;) (X )dva;at that contribute to
C%,(i,j,k)|0) and will be given below, and four different terms of the type

E(X,) (X )bv(Xk )Cp HC( (01 ad s
Hvp
Clll lj, IO)_ 22 lZ(X (Xk )4,,—(X,)13(Xj)2#(Xk )4‘,+(X,)14(XJ )Zp(Xk )3v+(X )23( ) (Xk)
ijk uv
—(X,)2(X)) (X 3 (X34 X))1 (X ) afas|O) (A7)

It can easily be seen that relation (A7) is equivalent to Egs. (3.29) and (3.30) of I. Finally the fourth commutator gives
Chi ik, D) =[C?‘:1 ij,k), 0]

—2 S (XX X3, (X)) gpapanalay, - (A8)
ijkl pvpo
If we go to Py =aa,a;304a500, WE have to calculate the six successive commutators. C{®(i) contains 15 terms of the
type (X;),a.aqa, ar and six terms of the type ¥ ,(X,),,a aba a,a,ay, where set (abcdef) is deduced from set
(123456) by permutation. As a consequence C%°/0)=0. The second commutator CY%(i, ) contains, under the summa-
tion 2,’;, 45 different terms of the form (X;),,(X,).a.a,, 60 different terms of type 3 ,(X; ), (X )qla*ada ay, and 15
different contributions in

> (X, Jau( X, )bvalaf,acadaeaf .
uv

None of these terms contributes to C??(i,j)IO). The third commutator contains, under the summation 25,(, 15 con-
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stant terms, 90 terms of the form 3 ,(X; )y (X;)q (X)) af, 90 terms

enu

E(Xl )ab(Xj )cy(Xk )dva
uv

¥
LA A

and 20 terms in

S (X)au X )p Xp)epopalanaga ey .
uvp

Only the constant terms contribute to C¢,(i,/,k)|0) and one has
P
C1 (1,510 == 3 {(X)12(X))34(Xs dso— (X, ) 120X )35 Xy g (X ) 120X, )36 X Das
ijk
—(Xi)13(X] )2a( X )56+(Xi)13(Xj)25(Xk )46"(Xi)13(Xj)26(Xk )as
F(X0)14(X;)23( X )56 = (X, ) 140X )a5( Xy )36 (X, )14( X )a6( X )35
—(Xi)IS(X_/ )23( Xy )46+(XI)IS(X‘)24(Xk )36—(XI)15(XJ )26( Xk )34
H(X;)16(X ;)23 X )as — (X, )16( X, )2a( X )35+ (X,)lﬁ(Xj)zs(Xk)36}|0). (A9)
The fourth commutator contains, under the summation 2,1,(,, 45 different terms of the type
3l Xi)ap (X)) ea (X Do Xy )fv a*a that contributes to Cffm(’ Jj,k,1)|0) and will be given below, 60 different terms

of the type E#Vp X )en( Xy g (X)) and 15  different terms of the  type
zuvpa (Xl )ay(Xj )bv(Xk )Cp(XI )daa,uavapaaaeaf’

ep@plyapQ s

C1111 lJ’k”O)_EE 12X)34
ijkl Ay

Xi)13(X,) )2a+ (X5 )14(X; )23 1(X ) (X, Do

—[(x —(X,)15(X, )35+ (X,
—(X)13(X; a6+ (X, )4
—(X,)14(X; g5 + (X, )5
—(X,)14(X, )36+ (X, )14

+[(Xi)12 ')36
H(X,)12(X; )ss

—[(X;)1( X, a6

+[(X1)12(Xj)56_
‘[(Xi)lz(X')45—

J

+[(X, )]3(X )46"‘

J

_[(X: )13(X )56_

J

(X;)15(X; )36 (X ) 4

J

(X, 140X, )35+ (X, )y
(X,)14(X )36+ (X, )14

J

X,)231(Xi)ar (X} ey
X)X )0 (X))s,
X, )24)(X1 30X ey
X, )20 )X )3 (X)),
X, )25 )X )3(X) gy,
X, )34 )X )0(X) gy
X, )34 (X )50 (X5

(Xi)15(X) )36+ (X, 16(X ) )35 1( X )an (X )y,

FLX1(X 56— (X, )150X g (X1l X Das 10X )03 (X))

F X )23(X; )45 — (X )24(X )35+ (Xi)a5(X) )34 J(XG ) 12(X) g
—X3)23(X) D6 = (X )24l X )36+ (X, )26( X, )30 J(Xi )12(X) s,
(X )23(X; )56 = (X )a5(X )36+ (X, )a6( X, )35 1( X )12(X) gy,
(X7 24X )56 (X, )2s( X )a6+ (X )a6( X )as (X4 ) 13( X )y,
LX)30(X, 56— (X, 350X Das (X 36X )as (Xp )1 (X) )y Jahas|O) (A10)
The fifth operator contains under 2‘,-/;,(,," , 15 different terms of the form

S (X)a(X)ea(Xi)au X))o X ) ppranane
Auvp

which contributes to C%,,,(i, j,k,I,m)|0) and are given below and six different terms of the form

S (X)X X ) el X g X, opatiapaianana
Auvpo
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C¥ini ik, L, m)|0) = — 2 2 X
ijklm kuvp

—(X,)130X)oa (X g X))s (X,
= (X)15(X ) (Xi )3, X))y X o (X,
X5 (X))

(X, )4v<xm
S0 ANG SING BIG AN AWEP AN
(X)) X )s,

+ (X)X (X )

(X )a5(X ;)1 (X )3y

(X )36( )ll(Xk)

X ;)30 (X e (X5 (X g

(X140 (X )3, (X)) X, Dy
16X )oa X )3 (X)) X s,

— (X240 X, )12 (X 3 X))y X D
6= (Xi 260X )12 (Xi )3, X)) X, )s,
X )13 X0 XD e X Do

F(Xas X)) 13Xk )0 X )30 (X D

— (X )46l X)) 3 X )2 X )3 X )5, + (X560 X )13 (Xp )3 (X )3, (X, )4p]aka ralaflo) .

Finally, the sixth and last commutator leads easily to

=23 X

ijklmn pvpo v

Chin ik, Lm,n)

which contributes to C%,,,,(i,j,k,l,m,n)[0).

To shorten as much as possible the relations (A6), (A7),

ed notations:

P 4
CHUENOY=T 3 sg(P)X;) g (

i

X,)al0) .

)ZV(Xk )3P(X1 )4(7(Xm )ST(Xn )(,La*aJra*aT aTaJr

(A1D)

; (A12)

A9), (A10), and (A11), we introduce the following abbreviat-

(A6")

where 3% is the sum over all permutations P, of the four indices 1234 such as a <b and ¢ <d. Note that

sg(P,)=(—1)ato+1

d 4
CHi i), k)oY =— 2 3 2 s8(PIX )y (X))o (X )gyex y a,lo), (A7)
ijk uv
Cll] lj, 10>~ Ezsg P6) ( )Cd XA ef10> (A9’)
1jk
where ¥ ° is the sum over all permutations P of the six indices 123456 such as a <b, ¢ <d, and e < f. Note that
sg (P6):(_l)a+b+c+d
(A10")
C%,. i, j,k,D]0) = 222sg(P6 WX ap (X )oq( Xy )1 (X)) fya allo) .
ijkl pv
Finally,
i &
CHIL ik Lm)0) =3 3 3 sg(PEIX, ) (X)) (X ) g X)) X, ) ppaiapasag|0) (A11)

ijkl Apvp

where 3¢ is the sum over all permutations P of the six indices 123456 such as a <b and ¢ <d <e <f. Note that

sg(Py)=(—1)2+°,

*Laboratoire mixte IN2P3/CNRS-UJFG, France.
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