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Reconstruction of isospin and spin-isospin symmetries and double beta decay
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It is shown that the nondynamical violation of the isospin and Wigner SU(4) symmetries, induced

by the Hartree-Fock-BCS approximation, can be circumvented by using the quasiparticle random-

phase approximation. The suppression mechanism for the PP-decay transition rates, proposed by
Vogel and Zirnbauer, is found to be closely related to the restoration of SU(4) symmetry. It is sug-

gested that the extreme sensitivity of the PP-decay amplitude on the proton-neutron coupling is a
consequence of the explicit violation of the SU(4) symmetry and therefore an artifact of the model.
A prescription is given for fixing this interaction strength within the quasiparticle random-phase ap-
proximation itself, which in this way acquires predicting power on both single and double P-decay
lifetimes.

The inverse of the total lifetime for a double beta-decay
(PP) process may be cast into the form'

&)~', = 1~2„I'&2.+ IriI'I~0„l'~0„,

where Pz„and , JKo„are nuclear matrix elements for the
two-neutrino mode (PPz, ) and the neutrinoless mode

(PPo, ), respectively; the quantities 92„and Qo„are the
corresponding kinematical factors. The physically in-
teresting quantity is the lepton violating parameter q,
whose extraction from experimental data depends criti-
cally on the theoretical estimates of both JR& and A.o .

Until recently, theoretical calculations of the PP2„de-
cay rates were systematically larger than the correspond-
ing experimental values; the discrepancy was particularly
pronounced in the ' ' Te isotopes. Vogel and Zirn-
bauer (VZ) have recently made iinportant progress in
this regard. They have applied the quasiparticle
random-phase approximation (QRPA) and shown that
the ground-state correlations (GSC), induced by the
proton-neutron (PN) residual interaction, play an essen-
tial role in reducing the PP2„decay probability. In ob-
serving this suppression mechanism a zero-range interac-
tion was used and the consequences of the SU(4) symme-
try on the JM, z„amplitude were discussed in the context of
a schematic model. Subsequent studies, ' most of them
performed with realistic effective interactions, lead essen-
tially to the same conclusion: when evaluated within the
QRPA, irrespective of the force employed, the predicted
life times are very sensitive to GSC within the particle-
particle (PP) channel. The same effect appears in the
description of ordinary P+-decay processes' and so far
no satisfactory interpretation of this phenomenon has
been put forward.

The aim of this paper is to point out that the extreme
sensitivity of the Gamow-Teller (GT) PP2 amplitude,
Af2„, to model parameters is closely related to the self-
consistence between the residual interaction and the aver-
age mean 6eld, as well as to the supermultiplet structure
in spin and isospin space. Moreover, it is suggested that

physically meaningful nuclear parameters within the VZ
model are those that lead to the maximal restoration of
the Wigner SU(4) symmetry. As a frame of reference, the
results for the Fermi (F) PPz„amplitude, Az„, and the
isospin invariance, will be used.

It is well known that, even when the isospin-breaking
Coulomb force is not included in the Hamiltonian %, the
whole structure of isospin invariance may be demolished
in an approximate treatment of the eigenstates of &. In
other words, the isospin-invariance breaking arises from
the approximation that is introduced and not from the in-
teraction. As a matter of fact, Engelbrecht and Lemmer
have pointed out that, in nuclei with ground-state isospin
To=(N Z)/2) 0, —the isospin invariance is explicitly
broken by the Hartree-Fock (HF) field as well as by the
Tamm-Dancoff approximation (TDA). They have also
shown that the isospin-conserving description is
recovered if the PN correlations, generated within the
random-phase approximation (RPA), are included in the
HF ground state in a self-consistent way. Lee has ex-
plored this notion in more detail by introducing into the
picture the Coulomb interaction, which leads to a
dynamical breaking of isospin symmetry. His conclusion
was that the isospin impurities in the ground state are
also greatly reduced by the PN correlations.

While the RPA correlations for F transitions are close-
ly related to the isospin symmetry, the quantitative
features of correlations for GT transitions depend on the
more detailed properties of %. Owing to the strong
spin-orbit interaction in the HF field, the SU(4) symmetry
is badly broken in medium and heavy nuclei and the jj-
coupling scheme is established. The PN correlations,
which are responsible for building up the GT resonance,
may be viewed, however, as a trend away from the jj cou-
pling towards the LS coupling and the SU(4) symmetry.
This is reflected by the experimental energy differences
between the GT and F resonances

E E" =(263 ' ' 3—7T A ') MeV—
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which decreases as the mass number increases. The first
and second terms arise, respectively, from the spin-orbit
splitting and the PN correlations and have a tendency to
cancel each other.

The pp2, amplitudes will be approximate ass

I)=
F. F, —+Quip/2+ 1

where Af2„(I=O)=—Jltz„and At2 (I= 1 )=jkto2T, IO+ & is
the ground-state wave function of the initial nucleus,
8(I) represent either the F operator t+ (I=0) or the GT
operator at+ (I= 1), and the sum extends over a com-
plete set of intermediate nuclear states I

I+;a ); the nota-
tion for the energy denominator, given in units of m„ is
rather obvious.

The QRPA equations read

(s +e„cv —)X „(I;a)=—g [A(pn, p'n', I)X „(I;a)+B(pn,p'n', I)Y „(I,a)],
p'n'

( s + c,„+co ) Y „(I;a }= —g [3 (pn, p 'n ',I ) Yz.„(I;a ) +B(pn, p 'n ', I )X~.„.(I,a )],
p'n'

with submatrices

A(pn, p'n', I)=(u~u„u~ u„+u~u„u~ u„)F(pn, p'n', I)+(u~u„u~ u„+u~u„v~ u„)G(p. n, p'n', I),
B(pn, p'n', I}=(v u„u v„+u u„v u„)F(pn, p'n', I) (u u—„u u„, +v u„u u„.)G(pn, p', n', I),

(2)

where F and G are respectively the particle-hole (PH) and
particle-particle (PP) matrix elements as defined in Ref. 9.
The quasiparticle energies are expressed in standard form

s,=(e,—A,,)(u, —u, )+26,,u, u, , (3)

where the subscript ~ stands for p or n; e, and A,, are, re-
spectively, the single-particle energies (SPE) and the
chemical potentials, and

b,,= —
—,
' gj,,j, 'u&u, G~""(rr, r'r', 0), (4)

is the energy gap, with j,= (2j,+ 1)'
The energy difference that appears in (1) is related to

the QRPA energy ru as

and the transition matrix elements are expressed by
means of the forward and backward going amplitudes X
and Fin the form

&I'all«»IIO+ &
= X &pllo(»lln &[u u.X.(I a)

pn

+u u„Y~„(I;a)],

&0 II«I)III;a&= y &pII(»lln &[;u.X,.(I;a)
pn

+u u„Y „(I;a)].

fulfill the sum rule

s+(I;res}=S+ (I), —S (I ) =0, JR2,(I ) =0 . (6)

While for the F transitions the relations (6) should be ex-
act results when the Coulomb force is excluded, they only
may be considered as first approximations for the GT
processes. Within the BCS approximation and QTDA
the above mentioned symmetries are always explicitly
broken and therefore the conditions (6) are never fulfilled.
Contrarily, within the QRPA these liinits can be achieved
if"

X „(I,res) - u u„&p II GII n &,

Y~„(I,res }-—v u „&p II 6 I I
n & .

After substituting (7) into (2) the following set of equa-
tions can be derived for the isobaric-analog state (IAS)

U„" u

S+(I)—S (I)=2T (02I+I) .

In the limit of exact isospin and Wigner SU(4) sym-
metries all of the S+(I) strength is concentrated in the
resonant (collective) state

I
I+;res &, there is no P+

strength and the PP„decay is forbidden, i.e.,

Furthermore, the transition strengths

S+(I)= ps+(I;a),

with

where

F

feS J J n
U

p
n P

jzj~ '(u„uz )F(pn, p'n ';0—),

and
and

b, ", = —
—,
' gj,j, 'u, v, G(~~, r'r', 0) .
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From (4), (5), and (8) one immediately sees that

~p Jn
(9)

Thus, only within a self-consistent QRPA calculation the
conditions (6} are fulfilled for the F transitions, or
equivalently the explicit breaking of isospin symmetry in-
duced by the QTDA is circumvented. In other words: (i)
the same residual interaction should be used in solving
the gap equations, both for protons and neutrons and for
the PN particle-particle channel, i.e., G~"=G and (ii}
the symmetry energy contained in the proton SPE
(ez=e„+5&—

Ui i, where hc is the Coulomb dis-
p

placement energy) should be equal to the symmetry ener-
F 10

gy UJ, =J„~

For the further discussion of PP amplitudes we borrow
now the 5 interaction '

V= C(c,P—, +~,P, )5(r), C=—4m MeV fm

with different strength constants ~, and u. , for the PH,
PP, and pairing channels and calculate the ' Te nucleus.
In order to determine the appropriate single-particle
spectra and the interaction strengths c P"' we follow the
prescription proposed by Conci et al. ,

"which consists in
utilizing the experimental data together with a Wood-
Saxon plus BCS calculation. This procedure yields
c.,""'=24 and 31 for neutrons and protons, respectively.
The coupling strengths in the PH channel are taken from
Ref. 12, namely, c-, =55 and c., =92 while ~, and c.,
are treated as free parameters. Two different calculations
are described.

Calculation I(CI): The experimental values of neutron
SPE are used and the proton SPE are adjusted according
to e =e„+b,z —U"; c~P" is fixed at the value of 28

p It

for both neutrons and protons.
Calculation II (CII): The SPE as well as the strengths

c ~"' were taken from the experimental data as explained
previously in the text.

The calculated values of S and A, z„, within the

QRPA, ' are displayed in Fig. 1. The most relevant is-
sue, which becomes self-evident at a first glance, is the
great similarity between Atz„and Az„. That is, both am-
plitudes are very sensitive to the GSC within the PP
channel and pass through zero in the vicinity of the mini-
ma of S . In the following use will be made of this simi-
larity in order to draw conclusions about the physical
value of v, , after separating the explicit breaking of the
SU(4) symmetry from the dynamical one.

As expected, when the condition of self-consistency (9)
is satisfied (or equivalently when the isospin symmetry is
strictly conserved) JM,z„—=0 and S":—0. In varying u,
when ~~" is constant, a fictitious degree of freedom is in-
troduced; thus, the variations of JKz„and S" within CI,
exhibited in Fig. 1, just only put in evidence the lack of
self-consistency between the residual interaction and the
mean field. It is clear that even after introducing isospin
impurities, i.e., when the condition (9) is not valid
anymore, the value of ~, should not be varied indepen-
dently of the value of ~,'". Moreover, from CII it seems
reasonable to state that the self-consistency between ~,p

and ~p" is now achieved at the minimal value of S",
which represents the amount of dynamical violation of

etry and for which, -=~"' and ~zF„=0
The preceding results suggest that the physically sound

value of o, , for a given value of c &"', is that which mini-
mizes S . In other words, it might be expected that at
this value of u, the explicit violation of SU(4) symmetry
should be totally removed and that the minimum of SoT
should measure the extent to which the SU(4) is broken
by the dynamics of %. In this regard, one sees, from
comparison of the lowest values of S in CI and CII,
that not only the spin-orbit splitting but also the isospin
impurities play an important role. However, both mini-
ma of S are located almost at the same value of
c, (=-37) and the corresponding JKz, amplitudes are
very nearly equal' (=——0.03). The location of the
minimum of S+ does depend on ~,"' and it is moved to
higher (lower) values of c, when uP" is increased (de-
creased). The results for JKz, obtained at the minimum
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FIG. 1. The matrix elements A, 2 and the transition strengths S for '"Te. The results from CI and CII are indicated, respective-
ly, by dashed and solid curves. The values of JKz obtained at the minimum of S with the SPE from CI and with c,"'=15,20, 25,
30, and 35 are shown by dark circles.
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of S with the SPE from CI and with ~,"'=15, 20, 25,
30, and 35 are shown in Fig. 1 by dark circles. Once the
above-mentioned constraint between ~, and c~,

"' is im-

posed, i.e., after circumvented the explicit violation of the
SU(4) symmetry, the variation of JMz, with respect to

is of minor importance and A, 2,, does not pass
through zero anymore. This is consistent with the recent
observation of Muto and Klapdor in the sense that the
vanishing of A, 2„ is an artifact of the model (see also Ref.
15).

We summarize our viewpoints and conclusions as fol-
lows: (1) The extreme sensitivity of the JMz, amplitudes
to the GSC within the PP channel, shown in Fig. 1, is
artificially generated by the explicit violation of isospin
and SU(4) symmetries. (2) The destructive interference
between the forward and backward going terms in the
P+-GT amplitude, pointed out by VZ, is a consequence

of the approximate validity of (7), or more precisely of
the restoration of the SU(4) symmetry. (3) In order to get
reliable theoretical results for the PP-decay lifetimes
within the QRPA, the breaking of isospin and SU(4) sym-
metries induced by the HF-BCS approximation should be
circumvented. (4) After fixing the PN coupling within
the PP channel, as suggested here, it is not necessary to
resort anymore to experimental data on /3+ strength in
order to estimate this model parameter. Thus the VZ
model is supplemented now with the predicting power on
the lifetimes for both single and double P decays.
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